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E1icHIRO KAZUMORI

This paper investigates the asymptotic behavior of a Bayesian Nash
equilibrium in uniform price double auctions among buyers and sellers
with a unit demand and supply who receive private signals indepen-
dently and identically distributed conditional on the unknown state with
the monotone likelihood ratio condition and have interdependent values
with a strictly private value element. Every nontrivial mixed strategy
Bayesian Nash equilibrium converges to the fully revealing rational ex-
pectation equilibrium as the number of buyers and sellers increases and
the bid step size goes to zero. A monotone pure strategy Bayesian Nash
equilibrium exists in sufficiently large finite economies, and provides a
consistent and asymptotically normal estimator of the unknown value
when the set of possible bids is continuous.

KEYWORDS: Double auction, information aggregation.

1. INTRODUCTION

The role of market prices in an economy with dispersed information has been a
central question in modern economic theory. In a seminal paper, Hayek (1945) argued
that the price mechanism is an effective method of communicating information and
utilizing knowledge initially dispersed in the economy. Examples of applications of the
idea include the efficient market hypothesis in asset pricing and the use of prediction
markets to estimate uncertain parameters in the economyl.

One approach to study the properties of the market price is a rational expectation
equilibrium which extends the notion of the Walrasian equilibrium to the economy
under uncertainty. Grossman (1981) showed that a fully revealing rational expectation
equilibrium price in an Arrow-Debreu complete market is the sufficient statistic for all
of the economy’s information. But Grossman and Stiglitz (1980) and others pointed
out that the rational expectation equilibrium does not formulate the process by which
players incorporates the private information into the price.

This observation prompted an investigation of the properties of the market price
formed through auction and bidding processes. In a pioneering paper, Wilson (1977)
claimed that a Bayesian Nash equilibrium price of the first price auction among sym-
metric buyers with common values could be a consistent estimator of the unknown
value. Subsequently, fundamental papers by Milgrom (1979, 81) and Pesendorfer and
Swinkels (1997) extended the result to one-sided uniform price auctions with common
values and obtained necessary and sufficient conditions for the consistency.

These papers developed the asymptotic theory of a Bayesian Nash equilibrium in
one-sided auctions with common values. In view of the Wilson (1977)’s conjecture that

IThis version: December 21, 2008.
1See Arrow et al. (2008) for a recent proposal to facilitate the development of prediction markets. Segal (2006) pointed
out the need for a theoretical foundation of the prediction market.
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2 EIICHIRO KAZUMORI

a theory of price formation can be consistent with a theory of value, and of the fact
that many financial markets are organized as large double auctions, it is of significance
to study the asymptotic properties of a Bayesian Nash equilibrium in double auctions
with interdependent values.

In an important contribution, Reny and Perry (2006) developed the key model of
uniform price double auctions among buyers and sellers with interdependent values.
Reny and Perry (2006) offered a through analysis of the single crossing conditions
(Athey (2001)) of the double auction game and demonstrated that, generically, there
exists a nontrivial monotone pure strategy Bayesian Nash equilibrium in sufficiently
large finite economies, and that the Bayesian Nash equilibrium converges to the fully
revealing rational expectation equilibrium in the large economy as the number of buyers
and sellers increases and the bid step size goes to zero.

The goal of this paper is to extend and strengthen the universality of the informa-
tion aggregation result of Wilson (1977), Milgrom (1979, 81), Pesendorfer and Swinkels
(1997), and Reny and Perry (2006), among others, by studying the asymptotic prop-
erty of a Bayesian Nash equilibrium of uniform price double auctions among buyers
and sellers who receive private signals independently and identically distributed con-
ditional on the unknown state with the monotone likelihood ratio condition and have
interdependent values with a strictly private value element. The main results are:

(a) when the bid grid sizes is sufficiently small, a nontrivial mixed strategy equilibrium
exists in the finite economy, and it is asymptotically equivalent to the fully revealing
rational expectation equilibrium in the large economy as the bid grid size goes to
ZEero

(b) when the set of possible bids is continuum, a monotone pure strategy equilibrium
exists in the large finite economies, and it provides a consistent and asymptotically
normal estimator of the unknown value with the rate of convergence O(1/n).

In short, the results generalize the results of Reny and Perry (2006) by showing that
information aggregation takes place not only in a monotone pure strategy equilibrium,
but also in a more robust way, in a larger class of mixed Bayesian Nash equilibria, and
that a Bayesian Nash equilibrium price is not only a consistent estimator of the un-
known value, but also an asymptotically normal estimator with the rate of convergence
O(1/n).

An intuition is as follows. In the finite economy, the structures of one-sided auctions
and double auctions differ since buyers and sellers want to influence the market clear-
ing price in a different way and employ asymmetric strategies. But in a large economy,
buyers and sellers are price takers. Consequently, ex ante buyers and sellers have a sym-
metric best response even when the strategies to which they choose the best responses
are asymmetric. Thus, the structure of double auction game among ex ante symmetric
buyers and sellers is closely related to the structure of one-sided uniform price auction
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game among symmetric buyers as the number of buyers and sellers increase. This as-
ymptotic equivalence between one-sided uniform price auction and uniform price double
auctions allows us to extend the monotonic structure of one-sided uniform price auction
to the two-sided uniform price auction in the large economy.

The key structure is that the double auction game in the large economy satisfies a
best response strict single crossing property to a Bayesian Nash equilibrium strategy®.
That is, incremental returns from a low bid to a high bid, which is a best response,
cross zero at most once, only from below, as a function of a player’s signal. In other
words, if a player with some signal prefers a high bid to a low bid as a best response
to a Bayesian Nash equilibrium strategy, then a player with a higher signal strictly
prefers this high bid to this low bid. To show that the best reply strict single crossing
property holds in the double auction game in the large economy, we first start with
a local comparison when the distance between the high bid and the low bid is small.
Since a signal is affiliated with the state, a player with the higher signal has a more
favorable estimate of the value of the good. When the distance between the high bid
and the low bid is small, the increase in the estimate of the value of the good outweighs
the possible increase in the expected price. Thus, the high bid is preferred to the low
bid for a high signal. Even when the distance between the high bid and the low bid
is large, it is still strictly preferable for a player with the high signal to increase a bid
incrementally.

There are two important consequences of the strict single crossing property. The first
consequence is that a player’s equilibrium strategy has monotone supports. When a
player’s decision problem satisfies the strict single crossing condition, every selection
from a best response is monotone nondecreasing in a player’s signal®. Therefore, the
smallest bid of the support of the best response strategy of a player with a higher signal
is at least equal to the largest bid of the support of the best response of a player with
a lower signal.

The second consequence is that the single crossing property implies an existence of
winner’s curse. When a player uses a strategy whose supports are monotone in signals,
losing the good at the tie actually conveys a good news compared with winning the
good at the tie at an equilibrium, since losing the good at the tie indicates there are
more higher bids than the case of winning the good at the tie. An implication is that,

2This single crossing property is different than the single crossing conditions (SCC) for games of incomplete information
introduced by Athey (2001), and throughly analyzed by Reny and Perry (2006) for the double auction game. Athey
(2001)’s condition requires that a best response satisfies single crossing property to every monotone strategy of other
players. In contrast, the condition here requires that a best response satisfies the strict single crossing property to every
equilibrium strategy of other players. This condition is satisfied in private value models and versions of this condition are
studied in the interdependent value models of Pesendorfer and Swinkels (1997) and Reny and Zamir (2004).

3See Milgrom and Shannon (1994), Theorem 4’. This monotonicity is stronger than monotonicity in a strong set order
commonly used in monotone comparative statics. It is a consequence of the fact that the best response in this model
satisfies a strict single crossing property, stronger than the standard single crossing property in the sense that it requires
that the incremental return to a best response crosses zero at most at a single point.
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for a sufficiently small bid grid size, when two players are tied for some bid, a player
with a higher signal prefers to change the bid to break the tie.

Using these ideas, the results of the paper can be summarized as follows. We begin
with the double auction game when the set of possible bids and the set of signals are
finite in the finite economy. By introducing a possibility of nonstrategic bids and then
taking the probability to zero, we can show that there exists a nontrivial mixed Bayesian
Nash equilibrium. We then increase the number of buyers and sellers in the economy.
When the best response satisfies the strict single crossing condition, a player’s best
response has a monotone support. We then take the bid grid size go to zero. Winner’s
curse effect then implies that players with distinct signals will place distinct bids. It
follows that the limit equilibrium as the bid grid size goes to zero is separating and
does not involve a tie. This implies that the equilibrium is characterized by the limit
of the first order condition of the double auction game with a positive bid grid size. It
follows that a bid is equal to the expected value of the good conditional on the bidder
being on the margin. Consequently, the limit equilibrium is symmetric and increasing,
and equivalent to the fully revealing rational expectation equilibrium.

We then consider a behavior of a Bayesian Nash equilibrium in the large finite econ-
omy. Since the payoff changes continuously from the finite economy to the large econ-
omy, the best response strict single crossing property holds in the large finite economy.
Thus a Bayesian Nash equilibrium in the large finite economy has monotone supports.
We then take the signal grid size go to zero. Since every Bayesian Nash equilibrium
with a finite set of signals has monotone supports, a Bayesian Nash equilibrium when
the set of signals is continuous has also monotone supports. When the set of possible
bids is finite and the set of possible signals is continuous, the Bayesian Nash equilib-
rium has to be pure and monotone almost everywhere. As the bid grid size becomes
small, winner’s curse effect and a strictly private value element in the value implies that
the limit strategy profile does not involve tie, thus we have a monotone pure strategy
equilibrium in the double auction game with a continuous set of bids and a continuous
set of signal in the large finite economy.

We next study asymptotic distributions, which will be useful when comparing as-
ymptotic efficiency of exchange mechanisms, in constructing confidence intervals, and
in conducting hypothesis testing. The asymptotic behavior of a Bayesian Nash equilib-
rium price consists of the sample size effect which deals with the asymptotic behavior
of order statistics and the strategic effect which deals with players’ misrepresentation
of bids from price-taking behavior. In contrast to a case of one-sided auctions (Hong
and Shum (2004)), we need to deal with not only a buyer’s misrepresentation but also
a seller’s misrepresentation. But both buyers’ and sellers’ misrepresentation will vanish
at the rate of O(1/n), since, for every possible state, due to the conditional indepen-
dence of the signal distribution, a room that a player can manipulate the market price



A STRATEGIC THEORY OF A MARKET 5)

without changing allocation vanishes at the rate of O(1/n). It follows that the strate-
gic effect is asymptotically negligible and that the asymptotic behavior of a Bayesian
Nash equilibrium price can be evaluated based on the asymptotic theory of an order
statistics.

The organization of the paper is as follows. Section 2 defines the model. Section 3
contains the main results of the paper. Section 4 provides a detailed sketch of the
proof. Section 4.1 discusses the existence of a nontrivial mixed strategy Bayesian Nash
equilibrium of the double auction game in the finite economy. Section 4.2 studies the
asymptotic behavior of a nontrivial mixed strategy Bayesian Nash equilibrium. Section
4.3 deals with the existence of a monotone pure strategy equilibrium in the large finite
market with a continuous set of signals and a finite set of bids. Section 4.4 examines
asymptotic normality. The supplement to the present paper contains the proof.

1.1. Related literature

This paper puts together three strands of the literature: one-sided uniform price
auctions with common values, uniform price double auctions with private values, and
uniform price double auction with interdependent values.

One-sided uniform price auction with common values. Milgrom (1981) developed the
canonical model of a one-sided uniform price auction of a fixed number of units among
buyers with unit demand, symmetric values, signals distributed iid conditional on the
state, and the monotone likelihood ratio condition. Milgrom (1981) showed that a
symmetric monotone pure strategy Bayesian-Nash equilibrium converges to the true
value of the good when the distinguishability condition (Milgrom (1979)) is satisfied.
The equilibrium identified by Milgrom (1981) is also the unique equilibrium of the
uniform price double auction game among ex ante symmetric buyers and sellers in the
large economy.

Pesendorfer and Swinkels (1997) showed that the symmetric monotone pure strat-
egy Bayesian-Nash equilibrium of Milgrom (1981) is indeed unique among symmetric
strategies, and that when the signal conveys only a limited amount of information, the
equilibrium price converges to the true value of the good if and only if the double large-
ness condition (i.e. both the number of units of the good and the number of bidders
who do not receive the good grow large) holds. In our double auction setting, buyers
and sellers are asymmetric in the finite economy. But since buyers and sellers will be
symmetric in the large economy, their uniqueness result extends to the double auction
in the large market.

Hong and Shum (2004) established the rate of convergence and asymptotic distrib-
ution of a monotone pure strategy equilibrium in uniform price and English auctions
under Wilson (1977) and Pesendorfer and Swinkels (1997) assumptions on the infor-
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mation structure. In our double auction setting, buyers and sellers are asymmetric and
there is not any closed form representation of the equilibrium strategies. But since
misrepresentations by buyers and sellers vanish sufficiently fast, it is still possible to
derive the asymptotic distributions.

Uniform price double auction with private values. Rustichini, Satterthwaite, and Williams
(1994) considered k-double auctions among buyers and sellers with unit demand and
supply and independently distributed types. They showed that the equilibrium bid
converges to the truthful bidding at the rate of O(1/n). In our setting, players have
interdependent values. But since the distribution of signals is iid conditional on the
state, the probability that there is a bid in an interval increases at the rate of O(1/n)
at each state, thus it is possible to extend their results.

Jackson and Swinkels (2005) showed existence of a nontrivial mixed strategy equilib-
rium in the large class of private value auctions. We extend their result to an interde-
pendent value setting by introducing asymptotic expansion of payoffs around the limit
where the probability of perturbation is zero.

Cripps and Swinkels (2006) showed that in uniform price double auctions among buy-
ers and sellers with multiple units of demand and supply and much weaker assumptions
of distributions (no asymptotic atoms, no asymptotic gaps, and z-independence con-
ditions), every nontrivial mixed strategy equilibria are asymptotically unique and effi-
cient. In our setting, the values are nonprivate. But in our model, the strictly increasing
private value element of the values, ex ante symmetries and monotone likelihood ratio
conditions provide a set of conditions under which their asymptotic uniqueness and
efficiency can be extended, and they serve a first step to generalize their results to a
nonprivate value setting.

Uniform price double auction with interdependent values. In Reny and Perry (2006)’s
analysis, they first showed existence of a monotone pure strategy Bayesian Nash equi-
librium in the large economy and its convergence to a fully revealing rational expec-
tation equilibrium as the grid size goes to zero. Then they constructed a monotone
pure strategy Bayesian Nash equilibrium in large finite economies by showing that the
strict single crossing condition holds in large finite economies. In contrast, we first show
existence of a nontrivial mixed strategy Bayesian Nash equilibrium in the finite econ-
omy and then show that it converges to the monotone pure strategy equilibrium of the
double auction game in the large economy. A difference between the approach by Reny
and Perry (2006) and ours is that they established a strict single crossing condition as
a response to every monotone strategy of other players, and that we need to show a
strict single crossing property only for (possibly mixed) equilibrium strategies.
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2. THE MODEL
2.1. Players

We first define the information structure which generates the state and the signals.

1. The state variable. Let 6y € (0,1) be the true state of the world. §y is unobservable,
and each player considers it as a realization of a random variable 6. Each player has a
correct and common prior that 6 takes a value in [0,1] with the distribution function
Fy and the density function fy.

ASSUMPTION 1 (a). There exists fo < oo such that for every 0, 0 < fy(0) < fy < oo.
(b). fo is continuous.

2. The signal. Let X; be a random variable which represents player i’s private infor-
mation about 6. X; takes values in [0,1] according to the distribution Fy,g(x;|0) and
the density function fx,|g(x;|0).

We now define order statistics and quantile functions which play important roles in
analysis of auctions.

3. Order statistics and quantile functions. If the random variables X1,...,X,, are arranged
in the order of magnitude, we write Xy, >...> X,,.,. For example, X,,., implies the
mth highest out of n random variables.

For a given «, for each 6, let

z;(0) = sup{>; : Fx,9(z:(0)]0) < a}.

That is, given 0, x;(0) is the largest signal such that there are more than 1 — « of
players whose signal is equal or higher than z;(9).
For each z;, let

0(zi) = {0 € [0,1] : Fx,jp(w]0(x;)) = a}t.

That is, when the signal is x;, 0(z;) is the state under which there are 1 — « of players
whose signal is equal or above ;. When Xj is continuous, for each x;, z;(0(z;)) = x;

and for each 6, 0(z;(0)) = 0.

4. Assumptions on the conditional distribution X; given 6. We first distinguish between
two assumptions on the common support of a signal X;.

The first assumption is that the support of the signal is finite with the signal grid
size v > 07,

4When there are multiple xy which will give z; as the ath percentile of the distribution, we choose an arbitrary one and
fix it.
5The assumption of a discrete set of signals is used, for example, in Pesendorfer and Swinkels (1995).
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ASSUMPTION 2 The common support of X; is Xy, = {0,y...,1}.
The second assumption is that the signals are continuum.
ASSUMPTION 3 The common support of X; is X = [0,1].
We consider the following conditions on the behavior of fy,g(z;|0).

ASSUMPTION 4 (a). The signals {X;} are independent and identically distributed
conditional on 0 with the distribution function Fy,g(xi|0). (b). For each x;, fx,g(i|0)
is continuous in 0 € [0,1]. (c). When X = [0,1], for every 0, fx,j9(xi|0) is continuous in
;. (d). There exists f1 < oo such that for every 0 € [0,1] and z; € X, 0 < fx, 9(2i|0) <
f1- (e). The family of conditional density functions fx,(xi|0), indezed by 0, satisfies
the monotone likelihood ratio property. (f). z;(0) =0 and x;(1) = 1.

Assumption 4 (a) and (e) imply that random variables §,X7,..., are affiliated (Milgrom
and Weber (1982a)). Assumption 4 (e) ensures that z;(#) is a nondecreasing function
of 6 and that 6(x;) is a nondecreasing functions of ;. Assumption 4 (g) implies that
every signal can be on the margin. This assumption was used in Proposition 1(d).

We next define players’ objective functions.

5. The value function. Let v(6,z;) denote the actual value of a unit of good to player i.
Player ¢ puts zero value on further units of the good. We assume following conditions.

ASSUMPTION 5 (a). There exists 0 < v < T < oo such that, for every 6 and z;,

0<u< %geﬁl < @. (b). There exists 0 < A < X\ < oo such that for every 6 and x;,
A< % < \. (¢). There exists 0 < T < 0o such that, for every 6 € [0,1], v(6,0) =0

and v(0,1) = 7.

Assumption 5 (c¢) means that, when the signals are extreme, values are privatef’. Tts
role is to ensure that a player with a lower signal will have a low estimate of the value
of the object regardless of the state®.

As explained in Introduction, a player’s objectives are different depending on whether
a player is a buyer or a seller.

SReny and Perry (2006) also make an assumption about the behavior of the value function at the boundary.

"The probabilities that a player has these exterme signal can be arbitary small.

8As a concrete example, consider a political prediction market where X o takes a value of 1 if a candidate is elected
and 0 otherwise, and X; is the impression of the candidate held by a player. When a player has a good impression of the
candidate (that is, the signal x; is high), it will not only provide a favorable assessment about electability of a candidate
and but also a higher possibility that the player will be able to work with the candidate for a future project, regardless
of whether the candidate will be elected to this particular pubic office. Thus, a player with a higher signal will value the
candidate higher than a player with a lower signal regardless of whether the candidate will get elected or not. Furthermore,
if a player has really a good impression of a candidate, the player will value the candidate highly regardless of the outcome
of a particular election.
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6. Endowments. Let e; € {0,1} denote player i’s endowment. Players with e; = 0 are
potential buyers and players with e; = 1 are potential sellers.

7. Ex post utility function. Let u;(6,x;,p,q;) be player i's ex post utility function when
the state is @, the signal is x;, the market clearing price is p € R, and the allocation is
¢ € {0,1}". We assume

(v(0,x;) — p)g; if © is a buyer

ui(0, i, p, q;) = { (p—v(0,2;))(1 — q) if i is a seller

We assume that every player is risk neutral.

2.2. Rational expectation equilibrium in the large economy
We now consider the rational expectation equilibrium in the large economy.

8. The large economy. The large economy has a unit mass of players of whom a €
(1/2,1) are buyers and 1 — « are sellers.

9. The rational expectation equilibrium. A rational expectation equilibrium in the large
economy is a price function p*¥(f) and an allocation g;(z;,p"**(0)) such that
(a) a player chooses the excess demand taking his signal, the price, and the information
contained in the price as given'.

(b) The demand and the supply balance at each state.

In the large economy, the actual distribution of players’ signals is equal to the prior
distribution of signals. Thus, given the state, there are no uncertainty about the dis-
tribution of players’ signals. It follows that the rational expectation equilibrium in the

large economy is defined as a function of the state variable 6.

10. Characterization of the rational expectation equilibrium. Reny and Perry (2006),
Proposition 3.1 (i) derived a fully revealing rational expectation equilibrium in the
large economy.

LEMMA 2.1 (RENY AND PERRY (2006)). There is a unique fully revealing rational
expectation equilibrium in the large economy with p™F(0y) = v(0o,2;(00)).

In this equilibrium, for each state, the fully revealing rational expectation equilibrium
price will be the expected value of the good of the player who is on the margin'!.

9We sometimes denote uy, to be an ex post payoff function of a buyer and u, to be an ex post payoff function of a seller.

10We assume that when a player is indifferent between g; = 1 and 0, a tie will be broken in a way so that the resulting
allocation is consistent with the market clearing condition.

"Even when the distribution of the signal is discrete, the argument in Reny and Perry (2006) can be applied and Lemma
1 holds. To see this, first note that v(0, z;(f)) is a strictly increasing function of # since even when z;(#) is nondecreasing
and constant, v is still strictly increasing in the first argument 6. Thus, given the price v(6g, z;(0p)), a player can infer the
state 0g. Then, a player strictly prefers to be assigned a good if the value is strictly higher than v(6g, 2;(6p)), which takes
place if the signal is strictly above z;(6y). A player does not want to be assigned a good if the signal is strictly less than
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2.3. Bayestan Nash equilibrium in uniform price double auctions
We now specify a Bayesian Nash equilibrium of the uniform price double auction.

11. Consider a sequence of auctions where the nth auctions has n players of whom npg
players are potential buyers and ng players are potential sellers. That is n = npg + ng.
Let Ny, N, B, and N,, g denote the set of players, buyers and sellers in the nth auction.
It follows NV, = N, p U N, 5.

We consider central rank case auctions (Hong and Shum (2004)) where the double
largeness condition (Pesendorfer and Swinkels (1997)) holds and the supply grows
proportionally to demand.

ASSUMPTION 6 A sequence {ng,np} satisfies the following conditions: (a). 0 < 2% <
%. (b). 1imn_>oo % — 1 — (.

We suppose that the prices are formed through a uniform price double auction (Rusti-
chini, Satterthwaite, and Williams (1994), Wilson (1995), Cripps and Swinkels (2004),
and Reny and Perry (2006)).

12. Bids. Each buyer submits a bid and each seller submits an offer. Let b; denote the
bid or the offer submitted by player ¢ and let b = (by,...,by,).

We distinguish between two assumptions about the set of possible bids. The first
assumption is that the set of possible bids is finite and the bid grid size is A. Let
Ba = {0,A2A,....,b} U b denote the set of possible bids when the bid step size A is
positive where v(1,1) < b < oo is the largest possible bid and b is a nonparticipation
option with zero expected payoff regardless of the behavior of other players.

The second assumption is that the bids are continuum. Let By = [0,b] Ub denote the
set of possible bids in this case.

13. The price function. Let py(b) denote the market price p,(b) in the nth auction
when players submits bids b = (b1, ..., b,). We assume that the price is determined by
the k-double auction pricing rule. That is, for a fixed k € [0,1],

pn(b) = (1 - k)bns—i—l:n + kbngzn

14. The allocation function. Let ¢,(b;,b—;) be the allocation of player i in the nth
auction when player ¢ bids b; and other players’ bids are b_;. When a player’s bid or
offer b; is higher than b, .,, then the player is assigned a unit of the good. When b;
is lower than b, .,, then the player is not assigned a unit of good. The ties will be

x;(0p). When the signal is equal to x;(y), the player is indifferent whether a good is assigned or not. By breaking ties in
a way consistent with the market clearing condition, the price function p*¥%(0y) = v(0o, x;(y)) satisfies the conditions
for the rational expectation equilibrium.
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broken symmetrically among buyers and sellers'?, independently from other events in
the game. That is, ¢,(b;,b—;) satisfies the following condition:

1if b; > bnszn-

gn(bi,b_i) = { 1 with probability ”S,]‘.,'bjffj;b"sm'if bi = b,
Vi=Ungn

0 else.

Let G(v,f,A,n) be a non-cooperative game induced by a double auction when the
support of the signal is X, the information structure is f, the size of the economy is
n, and the bid step size is A.

15. Distributional strategies. Player i’s distributional strategy (Milgrom and Weber
(1985)) in G(v,f,A, n) is a probability measure i, A ,,; on Ba x Xy with its distribution
function H, A p(bi,x;) and the probability mass function h. A ,i(bi,z;) such that the
marginal distribution on X, is equal to Fx,(x;).

Given a distributional strategy fiy A i, let 8, A, be a corresponding behavioral
strategy in the sense that 3. A ,, ;(2;) is a random variable whose distribution over Ba
corresponds to the distribution of bids conditional on x; according to Hy Ay ;(bi]x;).

Let suppHy, A n,i(bi|7i) denote the support of 8. A ,, ;(2:).

Let Ba be the set of possible behavioral strategies when the set of possible bids is
Ba.

We say that a strategy is pure if there exists a function 3, a ,, ;(%;) such that H, A, ;(bi,z;)
puts a probability 1 on the set {(z;,8 A 5.i(%i))}z,cx,- A pure strategy is monotone if
B+ an(xi) is a nondecreasing function of z;.

Given a set of strategies by players other than ¢, we can write down player ¢’s objective
function as follows.

16. Expected payoffs. Let Uy A n(ibi,05 A —i) be player i’s interim expected payoff
in G(v,f,A,n) when player i’s signal is x;, a bid is b;, and other players place bids b_;

according to strategies 5 A ,, _;. That is,

Uy an(Tis biy B3 A p,—i) = Eg x1x,[wi(0, 2iy pn (i b—i), gn(bi, b—i))].

Let 7y A n,i(Bi,85 A n,—i) be player i’s ex ante expected payoff function in G(v,f,A,n)
when the strategy profile is 5 A -

We are now in a position to specify a Bayesian Nash equilibrium of the double auction
game.

17. Bayesian Nash equilibrium. A Bayesian Nash equilibrium of G(v, f,A, n) is a profile
of distributional strategies 57  , where (a) every buyer chooses the symmetric strat-

12See Reny and Zamir (2004) and Reny and Perry (2006) for a discussion of the implication of symmetric tie-breaking
rules.
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egy and every seller chooses the symmetric strategy'® and (b) each player’ s strategy
satisfies the best response property. That is, for every 1,

B, Am,i € arg max Ty Ami(BAi B3 Am—i)-

A,iE0A

18. A nontrivial Bayesian Nash equilibrium. We say that an outcome according to a
strategy profile is nontrivial if trade occurs between buyers and sellers. We say that a
Bayesian Nash equilibrium is nontrivial if the probability the outcome according to the
equilibrium strategy profile is nontrivial is positive. Let 7(55 A ,,) denote the probability
that an outcome according to 51;7 A 1s nontrivial. A Bayesian-Nash equilibrium B*A,n
is nontrivial if 7(85 A ,) > 0.

19. A Bayesian Nash equilibrium price. Let P, x,,(85 A ,,) be a random variable which
represents the price generated by the equilibrium strategy profile 5; A of the double
auction game G(v,f,A,n).

3. THE MAIN RESULT

20. The main proposition of the paper states asymptotic properties of a nontrivial

Bayesian-Nash equilibrium of the uniform price double auction game.

(a) Given Assumption 1, 2, /, 5 and 0, there exists a signal grid size ¥ > 0 and a
bid grid size A > 0 such that for every 0 < v < 7 and 0 < A < A, there
exists a nontrivial Bayesian-Nash equilibrium Bi"y An Of the double auction game
G(v.f.Am).

(b) Given Assumption 1, 2, 4, 5, 0, and with conditions in Proposition 1(a), every
sequence of nontrivial Bayesian-Nash equilibrium 5;} An 18 asymptotically outcome
equivalent to the fully revealing rational expectation equilibrium in the large economy
identified in Lemma 1 as the number of players n — oo and the bid step size A — 0.

(¢) Given Assumption 1, 3, 4, 5, 6, and conditions of Proposition 1(a), there exists
7 such that for every n > m, there exists a montrivial monotone pure strategy
equilibrium B*An of the double auction game G(f,An).

(d) Given Assumption 1, 3, J, 5, 6 and condition of Proposition 1(a) and 1(c), there
exists a nontrivial monotone pure strategy equilibrium g, of the double auction
game G(f,n) and it satisfies the following relationship

V(P (8,) — v(0o, zi(6o))

d a(l —a)

o N0 i)

((%((90, x;(00)) 00(x;(0p)) N 0v(0y, x;(0p))

13The assumption that equilibrium strategies are symmetric among buyers and also among sellers can be relaxed at the
cost of additional notations.

)%) as n — oo.
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We now offer an interpretation of Proposition 1 and its relation to the previous results.

21. Part (a) says that there exists a mixed nontrivial Bayesian-Nash equilibrium of the
double auction game with a finite set of signals and a finite set of bids in the finite mar-
ket. It extends the existence result of Jackson and Swinkels (2005) in the private value
environment to an interdependent value environment'?. It also complements the result
of Reny and Perry (2006) by showing that there exists a mixed strategy equilibrium in
the small finite market, even when Reny and Perry (2006)’s Theorem 6.1. (i) does not

ensure the existence of a monotone pure strategy Bayesian Nash equilibrium'®.

22. Part (b) says that every nontrivial mixed strategy equilibrium in the finite economy
converges to the fully revealing rational expectation equilibrium in the large economy. It
extends Theorem 6.1. (ii)-(iv) of Reny and Perry (2006) by showing that information
aggregation can take place in the larger class of nontrivial mixed strategy Bayesian
Nash equilibria. It also extends Theorem 1 of Cripps and Swinkels (2006) by show-
ing that asymptotic uniqueness and efficiency of mixed strategy equilibria in private
value uniform price double auctions can be extended to a class of interdependent value
uniform price double auctions.

23. Part (c) says that there exists a monotone pure strategy equilibrium of the double
auction in the sufficiently large finite economy. This result was first proved by Reny
and Perry (2006) as Theorem 6.1 (i).

Part (a), (b) and (c), taken together, generalize Theorem 6.1 of Reny and Perry (2006)
in the following sense. Reny and Perry (2006) Theorem 6.1 showed that the uniform
price auction among sufficiently large number of buyers and sellers has a monotone pure
strategy equilibrium in the sufficiently large finite economies where bidding behavior is
arbitrary close to a price taking behavior, the market clearing price is arbitrary close
to the rational expectation equilibrium price, and the allocation is arbitrary close to
efficient. This paper shows that every nontrivial mixed strategy equilibrium, including
the monotone pure strategy equilibrium identified in Reny and Perry (2006), satisfies

these properties!©.

14To be precise, Jackson and Swinkels (2005) assumed a continuum set of bids and signals, while the result here assumes
a finite set of bids and signals. It is straightforward to extend the existence result of Part (a) to the case of a continuum
set of signals. But an assumption of a finite set of bids is somewhat necessary since it is harder to deal with discontinuities
due to ties in the interdependent value models without monotonicity structure of equilibrium strategies.

5Reny and Perry (2006) considered a continuum set of signals and the finite set of bids, while the result here assumes
a finite set of bids and signals. It is straightforward to extend the existence result of Part (a) to the case of a continuum
set, of signals.

16Ty be precise, the first result (asymptotic uniqueness and efficiency of nontrivial mixed strategy Bayesian Nash
equilibria) assumes the finite set of signals and the second result (existence of a monotone pure strategy Bayesian Nash
equilibrium in the sufficienlty large economies) assumes the contiuum of signals, while Reny and Perry (2006) assumes
the continuum of signals.
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24. Part (d) says when the signal is continuum, the Bayesian Nash equilibrium price
of the double auction is not only a consistent and asymptotically normal estimator of
the value of the good. It follows that the Bayesian Nash equilibrium price provides a
consistent and asymptotically normal estimator of the uncertain state of the world.
This result extends the result of Reny and Perry (2006) by showing that a Bayesian
Nash equilibrium price is not only a consistent estimator of the value but also an
asymptotically normal estimator. Also this result generalizes the asymptotic normality
result of Hong and Shum (2004) in the one-sided auctions to a uniform price double
auction.

We now provide a short sketch of the proof. We elaborate a detailed sketch in the
next subsections.

25. Proof of Part (a). We first define a modified game G(~,f,A, n,d) where a nonstrate-
gic bidding takes place with probability 6. When the set of possible bids is finite, the
mixed extension of the game is continuous. When there is a possibility of nonstrategic
bidding, buyers and sellers place a serious bid to trade. Thus, there exists a nontrivial
Bayesian-Nash equilibrium 3 A ,, 5 of G(v,f,A,n,d). Furthermore, since buyers and
sellers prefer to bid seriously even with small §, the limit strategy profile Bi;? An 88
d — 0 is a nontrivial equilibrium of G(v,f,A,n).

26. Proof of Part (b). Consider a limit 83 A of a sequence of nontrivial Bayesian Nash
equilibria {85 A ,} of G(7,f,A,n). Since the payoff function of G(v,f,A,n) converges
to the payoff function in the large economy G(v,f,A) as n — oo, 37 A is a nontrivial
Bayesian Nash equilibrium of G(v, f,A). Then we consider the behavior of 57 A for small
bid grid size A. In the large economy, a player’s bid cannot affect the market clearing
price and every player faces a symmetric distribution of strategies of other players.
Thus, buyers and sellers’ decision problems are symmetric. Then, for sufficiently small
A, a best response to 5; A satisfies the strict single crossing property. It follows that
FA has monotone supports. When we take the bid grid size A — 0, winner’s curse
effect implies 37 A will be separating. Thus the limit 3" is characterized by the limit
of first order conditions for a Bayesian-Nash equilibrium in G(v,f,A). It follows that
the limit equilibrium is outcome equivalent to the rational expectation equilibrium.

27. Proof of Part (c). From Part (b), we know that the best response to 37 A sat-
isfies the strict single crossing property for G(v,f,A). Since the convergence of the
expected payoff of G(v,f,A,n) to that of G(v,f,A) is uniform when the set of signals
and the set of bids are finite, for sufficiently large n, the best response to 6; A, Satisfies
strict single crossing property. It follows that both buyer’s and seller’s strategies have
monotone supports. We now set the signal grid size v — 0 and consider G(f,A,n).
Then, since equilibrium strategies have monotone supports for every v > 0, the limit
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equilibrium B*A,n also has monotone supports. Since the set of signals is continuum and
the set of possible bids is finite in G(f,A,n), BA ,, has to be pure and monotone almost
everywhere.

28. Proof of Part (d). We first extend the result of Part (c) to G(f,n) by taking
the bid grid size A — 0. Since the equilibrium strategies 52,71 is monotone, winner’s
curse effect implies that the limit strategy profile 5 does not involve ties and thus a
monotone pure strategy Bayesian Nash equilibrium. We can now derive the asymptotic
distribution of ) by decomposing into the difference between v(6(zpg:n),Tngm) and
v(0,z;(0)) and the difference between v(zo(Tn:ng),Tnmg) and [,. The first difference
can be evaluated by the delta method. The second difference goes to zero because [
converges to v(0(x;), x;) at the rate of O(1/n).

4. PROOF
4.1. Proof of Part (a)
We begin with the definition of the modified game.

29. The modified game G(v,f,An,d). Given G(v,f,An), let G(v,f,An,0) denote the
game where, in addition to players in N, there is a nonstrategic player 7 who partic-
ipates in the auction as a buyer with probability §/2 and participates as a seller with
probability d/2. Either as a buyer or a seller, 7 bids uniformly over b U {0,A,2A,...,b},
independent of other events in the game. Let HZ A denote its distribution function and
let hz A denote the probability mass function.

The auction mechanism treats players in N, and a nonstrategic player ¢ symmetri-
cally. Let pn(bi,b_i,lri) and qn(bi,b_i,lri) be the market clearing price and the allocation
of player ¢ when players N,, submitted bids (b;,b_;) and a nonstrategic player i sub-
mitted a bid b..

30. We now introduce notations to describe strategies and equilibrium of the modified
game G(v,f,An,0).

Let Ba . be player i’s distributional strategy in G(v,f,A,n,0). Let Ha 55, be its
distribution function and let ha , 5.i(b,x;) be its probability mass function.

Let Uy An,s.i(Ti,bi8y, A ns5,—i) denote player i’s interim expected utility given z;, b;,
and 0, A ¢ —; Where the expectation is taken over the participation and the distrib-
ution of bids by nonstrategic bidders, in addition to the distribution of the state and
other players’ signals conditional on x;. Let m A 5.5i(8+.An.6i8+.An6.—i) denote the
ex ante expected utility given players’ strategies 5, A 5 and 5y A 5 —i-

81. Continuity of ex ante payoff functions 7y A n.5(By A nsisBy.Ans—i)- We first note
that the payoff function 7, A , s is continuous, since the set of possible bids B is finite
and we consider distributional strategies.
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LEMMA 4.1 7y A6 (By,a0.6,0:05,8m,0,~i) @ continuous in (B A p.s,i:04,8m,.8,-i)-

32. Definition of a best response correspondence. Let ® : BA X Ba — Ba x Ba denote
a correspondence defined by

argmaxg cp, Wy,A,n,b(Bg)a B'y,A,n,d,ba i) B'y,A,n,é,lw
np—1 buyers
B%A,n@y ooy 67,A,n,5,3)
ng sellers

argmaxg cp. Ty An,s (BV,A,n,é,bv 0y, A m.5,b:

¢(6’Y,A,n,5,b7 67,A,n,5,8) -

np buyers
/
557 57,A,n,5757 ) B’y,A,n,(S,S)

ng—1 sellers

This correspondence takes bidding strategies of a buyer 5, A ,, 55, and a seller 5, A ,, 5 s,
and returns a best response of a buyer when all other buyers follow (., A , 5, and
every seller follows 5. A ,, 55, and a best response of a seller when every buyer follows
B .Amsp and all other sellers follow 5, A 5, 5 -

3. Existence of a nontrivial Bayesian Nash equilibrium (37  ,, 5. Since the set of distri-
butional strategies is compact and ex ante payoff function 7, A , 5 is continuous, there
exists a fixed point of ®, which is a symmetric Bayesian equilibrium. Furthermore, since
a nonstrategic player offers a serious bid with a positive probability, this equilibrium
is nontrivial.

LEMMA 4.2 There exists A > 0 such that for every 0 < A < A and § > 0, there
exists a nontrivial Bayesian-Nash equilibrium 5, A , 5 of G(7, f, A,n,0).

We now take the probability of nonstrategic bidding § — 0.

4. Construction of an equilibrium of G(7,f,A,n,d). Let {5 A, 5}s be a sequence of a
nontrivial Bayesian-Nash equilibrium G(7, f, A,n,d). Then there is a subsequence ¢ and
a subsequence limit 37 A ,, such that 83 A, 5 — B3 A, in the sense that, for each z;
and b;, the probability that a player with signal x; chooses a bid b; converges as § — 0.
Since the expected utility function 7, A 5 s 18 continuous, 6:’ An 18 an equilibrium of
G(v,f,A,n). Since the probability of trade 7 is a continuous function of equilibrium
strategies, the probability of trade also converges.

LEMMA 4.3

(a) 85 An s a Bayesian Nash equilibrium of the double auction game G(v,f,A,n).
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(b) For each x,
%E% T, A6 (85 A ns170) = Ty.an (85 A nlTo0)-

We now suppose that Bf;’ Apis trivial and derive an estimate of the distribution of

bids.

35. Estimates of the distribution of bids in G(v,f,A,n,0) for small §. Suppose that
B35 A is trivial. That is, 7, A (83 A ,) = 0. The only way that 37 A ,, can be trivial is
that sell bids will be very high and buy bids will be very low. Consequently, when ¢ is
small, the probability of a high buy bid and a low sell bid need to be very small.

LEMMA 4.4 Suppose B;A,n is trivial. Then, for every x;, 0 < b; <b,
W 7 & g (Dif 23) = 0

and 0 < b; < b,
%1_{% hTy,A,n,(S,s(bi‘xi) = 0.

We now consider whether a seller with a low signal might prefer to lower the offer
rather than the high offer required to sustain a trivial equilibrium.

36. An alternative strategy. By Assumption 5 (c), v(xg,0) = 0 for every z(. Then, for
sufficiently small A > 0,

Pr{z; € &, :v(1,1) — 6A — v(1,2;) > 0} > 0.

We note that this A are independent of other structure of the economy.
Consider an alternative strategy for seller ¢+ whose signal z; satisfies the above con-

dition such that whenever the equilibrium sell bid is at least v(1,1), seller ¢ lowers the
bid to v(1,1) — 2A.

87. The change in payoffs from the alternative strategy. Let W, , be the ng-th highest
bid among bids by players other than i, that is, W;,, = bnS:’ N, U —{i}]" There are four
cases to be considered.

(a) Consider the case W;,, = v(1,1). An offer of v(1,1) can be accepted (subject to
ties). An offer of v(1,1) — 2A will be accepted. But the sales price will be lower
with an offer of v(1,1) —2A. An upper bound of the loss from changing to an offer
of v(1,1) — 2A can be obtained by assuming that both offers will be accepted for
sure. The k double auction pricing rule implies that the loss is bounded above by
2A.

(b) Consider the case W, ,, = v(1,1) — A. An offer of v(1,1) is above W, so it will
not be accepted. An offer of v(1,1) — 2A is below W;,, so it will be accepted.
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With an offer of v(1,1) — 2A, the sales price is between W;, = v(1,1) — A and
v(1,1) —2A. The lowest possible price is v(1,1) —2A. On the other hand, the largest
possible value is of the good is v(1,z;). Thus the lower bound of payoff from sales
is v(1,1) — 2A — v(1,x;).

(¢) Consider the case W;,, = v(1,1)—2A. An offer of v(1,1) is above W, so it will not
be accepted. An offer of v(1,1) — 2A is equal to W, so it can be accepted. When
there is a sale, the lower bound of payoff from sales price is v(1,1) — 2A — v(1,z;).

(d) When W;,, < v(1,1) — 2A, both offers of v(1,1) and v(1,1) — 2A is above W;,,.
Consequently, neither offers will be accepted and payoffs are zero.

The gain from the sales at case (c) is larger than 4A and the loss of sales at case (a)
is at most 2A.

It remains to evaluate the probabilities of case (a) and case (c). We use an asymptotic
expansion method to evaluate the distribution of the equilibrium bids at small 6 by
ignoring the higher order terms in terms of . For sufficiently small 9§, the probability
of event (a) and (c) can be approximated by the probability that a nonstrategic player
i chooses a bid of v(1,1) and v(1,1) — A, respectively. Since Hg’ A is uniform, these
probabilities are approximately equal. Consequently, the expected benefit from new
sales outweighs the expected cost of lower prices from existing sales.

LEMMA 4.5 Suppose that B:A,n is trivial. Then there exists 0 > 0 and A > 0 such
that for every 0 < 6 < and A < A, the set of signals such that every seller i with the
signal in that set prefers to deviate from By Ay, 5 has a positive measure.

This is a contradiction to the assumption that 57 A ,, 5 is an equilibrium of G(v, f,A, n, §).
Consequently, it has to be that a Bayesian Nash equilibrium 6; A 18 nontrivial. This
establishes Part (a) of Proposition 1.

4.2. Proof of Part (b)

Having established existence of a nontrivial Bayesian Nash equilibrium of the double
auction game in the finite economy, we now study its asymptotic properties.

38. Convergence to a Bayesian-Nash equilibrium of double auction in the large economy.
It follows from Part (a) that for sufficiently small A, there exists a sequence of nontrivial
mixed strategy equilibria {5 A ,, fn- Let 85 A = (85 A 5,55 A s) be its subsequence limit.
We need to show that B;’ A is a nontrivial equilibrium of the double auction game in
the large economy G(v,f,A). For that purpose, we show that the ex ante payoff func-
tion my A n,i(B5,An.irBy.An—i) of G(7,f,A,n) converges to the ex ante payoff function
7.0, (85 8085.a4) of G(7,f,A). The change in the ex ante payoffs is the sum of two
effects:
(a) The first effect concerns the effect of change of strategies from 37 A ,, to 83 A while
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keeping the size of the economy n constant. This term 7y A 5,i(85 A 50285 An,—i) —
T Ami (B3 A5 B3 a,) converges to zero since (37 4 ,, converges to 37 .

(b) The second effect concerns the effect of the change of the size of the economy n
while keeping the strategy (37 a ,, constant. This term 7 A n.i (85 A p.isBy.An—i) —
T A (85, AnisBYy.Am,—i) converges to zero because of convergence of the empiri-
cal distribution of bids generated by B?;, An converges to the distribution of bids
generated by (7 A ;-

It remains to show that 3 A is nontrivial. To see this, suppose 37 A is trivial. Then,
it follows that for sufficiently large n, the probability of trade under B; A has to be
very small. But an argument similar to a previous lemma implies that it cannot be the
case. Thus we have

LEMMA 4.6 37 A is a nontrivial Bayesian Nash equilibrium of G (v,f,A).

We now examine the structure of a best response to 51;7 A- We first begin with its
symmetry.

39. Symmetry of interim expected payoffs and best responses. Let BRy A i(%i, B3 A b By.A,5)
be the set of best responses for player ¢ when, except for player 7, all buyers use
B3 ap and all sellers use 7 A ;. Then, since buyers and sellers are symmetric in val-
ues and informations, their interim expected payoff functions are symmetric. That
is, and since they face a symmetric distribution of bidding strategies of other players,
their best responses are symmetric. That is, there exists a best response correspondence
BRy A(%i,85 A p:85,A,s) common to every player i, such that BRy A(2:,85 A 585 As) =
BRy Ai(2i,85 A p:B5 ) for every i. That is, although buyers and sellers’ best responses
are asymmetric in the finite economy, players’ best responses will be symmetric in the
double auction in the large economy.

We now proceed to examine its monotonicity structure.

40. The strict single crossing property. Let b; € BR’Y,A(:Ci7/6iky7A7b7/8%k/7A7S)‘ We now want
to show that the best response to )\ satisfies the best reply strict single crossing
property'’. That is,

If b; is a best response for x; to (B3 A p: B5.A.s);

then, for b; > b;, Tj > x;,

U%A(mi, bz‘,ﬁ:’A’b,ﬁi;,A,S) > U’y,A(miab%Bj;,A,baﬁiky,A,s)
if b; is preferred to a lower bid by a player with the signal x;
— Uy, a(Ti, bi, By A b B5,8,5) > Uy a(Tiy biy B3 A B5.05)

then b; is still, and strictly preferred to the lower bid by a player with the higher signal T;

1"Reny and Zamir (2004) first introduced a notion of the best reply single crossign condition (BR-SCC).
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and, for b; < b;, x; > x;,
* * 7 *
Uy A%, b3y By A by B3 ALs) = Usy a2y biy B3 Ap B .A5)
if b; is preferred to a higher bid b; by a player with signal x;
* *x R * *x
- U’Y,A(gb bi? ﬂf}/,A,b? 67’A73) > U’Y,A(gb bi? ﬂf}/,A,b? B'y’A,s)‘

then b; is still, and strictly preferred to the higher bid by a player with a lower signal x;
Intuitively, the strict single crossing property holds when the incremental return from
b; to b; € BRy A(B5 Ap B A,s) crosses zero only once, only from below, and at most
at a single point.

We now proceed to show that the best response correspondence BR, A satisfies the
strict single crossing properties. We proceed in the following steps.

41. We first estimate the effect of a change in the signal from z; to T; on the estimate
of the value of the good. The change is the sum of the following two effects:
e Private value effect: By Assumption 5, a player with a signal T; increases the
estimate of the value of the good at least by A(Z; — z;).
e Affiliation effect: By Assumption 4 and 5, the estimated value is nondecreasing in
the signal.
Thus, in total, the value estimate increases at least by A(T; — z;).

Next we establish the strict single crossing property holds locally.

42. Local strict single crossing property. Suppose that b; and b; are one grid size apart
(b; — b = A).
e The change in the estimated value is at least \v.
e On the other hand, the possible increase in the payment is bounded above by
b —b; = A.
Thus, for sufficiently small A, the increase in the expected value of the good outweighs
the possible increase in the payment, and the strict single crossing holds.

Lastly, we extend the local result to a more general case.

43. Strict single crossing property in a general case. Suppose that the difference b; — b;
is more than one grid size apart. We sketch the argument in three cases.
e Suppose that no other players place a bid between b; and b;. It follows that the
player with signal x; should have a nonnegative payoff from winning with the price
b;, otherwise the player could have lowered the bid. Then, a player with the high
signal 7; should have a positive expected payoff from winning with the price b;.
Thus, even when the probability that the price is b; increases with signal T;, the
player with signal Z; strictly prefers b; over b;.
e Suppose that there is another player, with signal lower than T;, who places a bid
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between b; and b;. It follows from the previous local argument, the player with
signal T; will prefer to increase a bid incrementally from b; to b;.

e The remaining case is that the player who places a bid between b; and b; has a signal
strictly higher than 7;. But in this case, this player should have strictly preferred
b; over the bid between b; and b; in the first place, which is a contradiction.

Therefore, we have

LEMMA 4.7 There exists A > 0 such that for all 0 < A < A, in the double auction
game in the large economy G(v,f,A), a best response to an equilibrium strateqy 61;7 A
satisfies the strict single crossing property for bids in the range of the equilibrium prices.

The first important consequence of the strict single property is that the distribution
of bids according to 5; A has supports nondecreasing in signals.

44. Monotone supports. Since the player’s best response satisfies the strict single cross-
ing property, a Monotone selection theorem (Milgrom and Shannon (1994), Milgrom
(2004)) implies that every selection from a best response correspondence is nonde-
creasing in the player’s signal. A consequence is that an equilibrium strategy Bi‘y A has
monotone supports in the sense that every selection from suppﬁ? A(;) is nondecreas-
ing in x;. That is, for the minimum bid placed by a player with a high signal is no less
than the maximum bid placed by a player with a low signal.

LEMMA 4.8 37 A(z;) has monotone supports in the range of the equilibrium prices.

Strict single crossing property in a decision problem itself still does not imply that the
optimizer is strictly increasing'®. That is, it is still possible that the minimum bid placed
by a player with a high signal is equal to the maximum bid placed by a player with a
high signal so that Bi'; A is not separating. But in affiliated value auctions, monotonicity
of bidding strategies can affect a player’s inference, and thus choice, through winner’s
curse, and it will lead to a separation of Bi;, A for A sufficiently small.

45. Winner’s curse and separation at 6,*% A- The next step is to show that players with
distinct signals will place distinct bids. Suppose otherwise that players with two distinct
signals T; > x; place the same bid in b; according to SA with positive probability.

First, a previous lemma implies that winner’s curse is present at the tie. That is,
when the state is higher, the bids will be higher, and a player is more likely to lose the
tie. It follows that the expected value of the good conditional on the event of losing
the tie at b; is higher than the expected value of the good conditional on the event of
winning at the tie at b;.

18See Athey, Milgrom, and Roberts (forthcoming) for a counterexample.
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On the other hand, since bidders with distinct signals bid the same amount, it has to
be that the player with signal Z; should have a negative expected payoff from losing
the tie at b;, otherwise the player will increase the bid to outbid the player with the
low signal. Also, the player with signal x; should have a positive expected payoff from
winning the tie at b;, otherwise the player will decrease the bid so that the player will
not be tied with the player with the high signal.

These three conditions are mutually exclusive. Therefore,

LEMMA 4.9 There exists A > 0 such that for all A < A, for every player i # j,
signal ; # xj, and a bid b which is in the range of the equilibrium price, Pr(B ;(vi) =
b) - Pr(Bh j(2) = b) = 0.

We now proceed to prove Proposition 1 part (b).

46. Asymptotic equivalence of 51;7 A to a fully revealing rational expectation equilibrium
as A — 0.

We now take A — 0 and consider the property of a limit strategy profile Bi"y Winner’s
curse effect will imply that there would not be a tie at 6,”;, thus Bf; is a Bayesian Nash
equilibrium of G(v f).

We now consider the first order condition at G(,f,A). Let b; be a bid which is in the
support of 37 A(x;). Then,

> (U(@, :CZ) — (bZ + A))q(bZ + A, b_i)hA(b_Z"ZC_Z')
X :p(b;,b_;)=b;+A
f9|Xi(6 xi)d:ci
+f X @Om) = b1 albi b)) halbile)
XX x Xy p(bi,b_i)=b;
fo)x,(0lzi)dz;
< 0.
The first term deals with the case where a bid b; + A wins the good at the price b; + A.
The second term deals with the case when the bid of b; previously lost the tie but now
a bid b; + A wins the tie. Similar condition holds for a change in bid from b; to b; — A.

The previous lemma implies that there will not be a tie between bids by players
with different signals for sufficiently small A. Thus, for A small, a changing a bid
a little bit will not affect the allocation. Furthermore, winner’s curse effect implies
that there would not be a tie at the limit strategy profile 37(z;). It follows that,
q(b; + Ab_;) — q(b;,b—;) as A — 0. Therefore, the first order condition implies that
E[(v(0,X;) — b;)| X; = x;,p(b;,b—;) = b;] = 0. In words, the bid is equal to the expected
value of the good conditional on the bid being on the margin.

Given the monotone likelihood ratio condition, the bidding strategy is strictly in-
creasing in x;. This implies that the limit strategy B*A,b is outcome equivalent to the
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fully revealing rational expectation equilibrium. Thus we have:

LEMMA 4.10 The limit strategy profile 6: s outcome equivalent to the fully revealing
rational expectation equilibrium identified in Lemma 2.1.

This lemma concludes the proof of Proposition Part (b).

4.3. Proof of Part (c)

This subsection studies the property of a Bayesian Nash equilibrium in the double
auction game in the large finite economies. We begin with understanding the rela-
tions between the double auction games in the large economy and in the large finite
economies.

47. Uniform convergence of the interim expected payoff functions from G(~,f,An) to
G(7v,f,). We saw in Lemma 4.6 that the ex ante payoff functions in G(v,f,An) as
the size of the economy increases. Since the set of possible bids and the set of possible
signals are both finite, the convergence is uniform.

LEMMA 4.11  Suppose 35 a , — B5 a-Then,

U’y,A,n,i(xia bi? Bi;’A,n,b) B'i;,A,n,s) — ’Y,A(xia bi? B:,A,bv Bi/,A,s) asn — oo

uniformly for player i, signal x;, and a bid b;.

Lemma 4.11 implies that, when the economy is sufficiently large, (a) the difference of
the expected payoffs between the large finite economy and the large economy is small,
and (b) the difference of payoffs between a buyer and a seller is small.

48. Best responses. It follows from the previous lemma that for sufficiently large n, a
player’s expected payoff in G(v,f,A,n) will be very close to the player’s expected payoff
in G(v,f,A). Since the set of signals and the bids are finite, for sufficiently large n, a best
response to 37 A ,, in G(7,f,A,n) is also a best response to 83 A of G(7,f,A). To see this,
suppose that by 5, ; is a best response for a player with signal x; to 3 A ,, in G(7,f,A,n)
but not to 83 A of G(v,f,A). Then, there should be a best response b, which does
better than b, ; to 85 . That is, Uy A (24,05, A psBAs) > Uy a(2isbn,i,8A 5,84, 5)-But
it follows from Lemma 4.11 that, for sufficiently large n, b; does better than b;, in
G(7,f,A,n). It is a contradiction to the fact that b; ;, is a best response to (BA p, 5,54 n.s)
in G(v,f,A,n). Since the number of possible combinations of z; and b; is finite, it is
possible to find a finite lower bound n.

LEMMA 4.12  There exists n such that for every n >n, for every player i and for every
signal x;,
BR'y,A,n,i (CCZ', B*A,n,lﬁ B*A,n,s) C BR'y,A(xia B*A,ba B*A,s)'
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This relation of best responses between double auction games in the large finite
economy and in the large economy allows us to extend the best response strict single
crossing properties to the large finite economy.

49. Strict single crossing properties in the large finite economy. Consider a buyer with
signal x;,; and a bid by A i € BRyAnb(TniB5 Anp05Ans) We now increase the
signal from z; to T; and we would like to see that a buyer with signal T; still and
strictly prefers ba 5, ; to a lower bid b; < ba 5, ;. That is,

U’y,A,n,b(Tiv bA,TL,i) B*A’n,ba B*A,n,s) > U’y,A,n,b(Tiv bia 6Z,n,ba B*A’ms)-

From Lemma 4.12, b, A 5,; is also a best response of a buyer with signal z;,; to ﬁf;? A
in G(v,f,). It follows from the strict single crossing condition of the double auction in
the large economy (Lemma 4.7) that

UW,A(T% bA,n,’b B*A’ba B*A,s) > UW,A(T% bia B*A,ba B*A’s)'

From Lemma 4.11, for sufficiently large n, the distance between U’y,A,n,b(TiabA,n,iaﬁ*A,n,baﬁ*A,n‘
and Uy A n(Ti,0A n,i,85 A 5,85 A,5) and the distance between Uy A n,5(Ti,0i585 A p.p:85 A n.s)
and Uy A(Ti,0i,85 A p,05.as) Will be sufficiently small. Therefore, the best response
strict single crossing condition holds for sufficiently large finite economies.

LEMMA 4.13  There exists A > 0 and n<oco such that for all 0 < A < A and n >n,
the uniform price auction game in the large finite economy G (v, f,A,n) satisfies a best
response strict single crossing property for bids in the range of the equilibrium prices.

50. Monotone and separating supports in the large finite economy. 1t follows from a
reasoning similar to Lemma 4.9 that both the support of equilibrium strategies of
buyers and sellers increase monotonically in signals and the supports are separating
for sufficiently small A.

LEMMA 4.14  There exists A > 0 and n < oo such that for all A < A and n >n, (a).
ﬁ;A’m has a monotone supports. (b). for each player i, signal x; # x;, and a bid b;
which is in the range of the equilibrium price, Pr(85 A ,i(x:) = b;) - Pr(B3 A pi(75) =
b;) = 0.

Reny and Perry (2006) considered the setting where the set of possible bids is finite
and the set of possible signals is continuous. We now take the signal grid size v — 0
and characterize a Bayesian-Nash equilibrium B*A,n of the double auction with a finite
set of possible bids in the large finite economy with continuum signals G(f, A, n).
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51. We approximate G(f, A,n) by a sequence of double auction games with a finite
set of signals {G(7,f,A,n)}y by approximating the posterior distribution fx,g(x;|0)
with {fx,,(2i|0)}+. Specifically, for each § and v > 0, let

fon(6) — §+77//22 fx,0(xi|0)dx; if 2; = kv € [0,1] for some k € N.
10 0 else
It follows from Lemma 4.15 that G(v, fy,A,n) has a nontrivial Bayesian-Nash equilib-

rium Bf;’ A With monotone and separating supports for each v > 0.

52. Bayesian-Nash equilibrium of G(f,A,n).Let Bx, be a limit strategy profile of
{85.Anty as v — 0. Since fyx, ,(0]|z;) converges weakly to fyx,, BA, is a Bayesian-
Nash equilibrium of G(f, A,n).

Furthermore, since every Bi'; A has monotone and separating supports and Bi'; An
changes continuously in n,ﬁz’n also has monotone supports. Since the set of possible

bids is finite and signals is continuum, 5Z,n is monotone and pure almost everywhere.

LEMMA 4.15 There exists n < oo such that for n >n, there exists a monotone pure
Bayesian Nash equilibrium B*A,n of the double auction game in the large finite market

G(f.An).

Lemma 4.15 corresponds to Theorem 6.1 (i) of Reny and Perry (2006). This concludes
the proof of part (c).

4.4. Proof of Part (d)

In this subsection we establish the asymptotic normality of a monotone pure strategy
Bayesian Nash equilibrium price. We first show that a monotone pure strategy Bayesian
Nash equilibrium exists of the double auction game with a continuum set of bids in
the large finite economy.

53. Bayesian-Nash equilibrium of the double auction game in the large finite economy
G(fn). Let Ba, be a sequence of monotone pure strategy equilibria in G(f,A,n). Let
B, be a limit of {8A ,}a as A — 0. 3, is a strategy profile in the double auction
game with a continuum of bids G(f,n). Due to winner’s curse effect, when there are
ties in the limit, a buyer with a high signal prefers to increase the bid in the sufficiently
large finite economy. Analogous relation holds for a seller. Therefore, the limit strategy
profile does not involve a tie among players. Therefore, (5, does not involve a tie and
is a monotone pure strategy equilibrium of G(f,n).

LEMMA 4.16 There exists n< oo such that for each n >n, there exists a nontrivial
monotone pure strategy equilibrium B, in the double auction game in the finite market

G(f.n).
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We now study the limit behavior of 5} as n — oc.

54. Asymptotic outcome equivalence to the fully revealing rational expectation equilib-
rium in the large economy. Let 5 denote a limit of a sequence of monotone pure
strategy equilibria 5 in {G(f,n)}n. Since [, does not involve a tie due to winner’s
curse effect and the outcomes in the finite economies converge to the outcome in the
large economy. it is possible to extend Lemma 4.11 to show that 8* is a nontrivial
monotone pure strategy equilibrium of G(f). Furthermore, analysis of the first order
conditions show that, similar to Lemma 4.10, $* is outcome equivalent to the fully
revealing rational expectation equilibrium in the large economy.

LEMMA 4.17 Asn — oo, a nontrivial monotone pure strateqy equilibrium () in the
double auction game G(f,n) is asymptotically outcome equivalent to the fully revealing
rational expectation equilibrium identified in Lemma 2.1.

We now study the asymptotic behavior of P,(5;) — v(6o,x;(00)).

55. Decomposition of /n(Pn(B;,) — v(0o,xi(6p))). Let P,(0p) be the transaction price
where each player uses a bidding strategy in the rational expectation equilibrium
v(0(x;),x;). Since buyers and sellers can bid asymmetrically in the finite market, the
transaction price PPNE(3%) can very well be different from P, (). Then we split the
difference as follows:

Vn(Pu(B;,) — v(bo, z:(00)))
= V/n(Pu(bo) — v(0o, 2(00))) + vn(P,(55,) — Pu(bo)).

the sample size effect the strategic effect

56. The sample size effect. Our analysis is based on a standard result of the asymptotic
distribution order statistics of a continuous random variable (David and Nagaraja
(2003)):

Vi (Xogon — i(00) —>dN(0 ol ~ ) )

" fx.p0(i(00)100)
Since P, (60) = v(0(Xngm)  Xnen)s vV1(FPn(bo) — v(0o, zi(00))) can be evaluated by ap-
plying the delta method (e.g. van der Vaart (2000)).

57. The strategic effect. We first derive the condition that the strategic effect will be
asymptotically negligible. Let

() = Pr(vn(Py(8%) — v(0(2i), 0)) < @) —
Br(Vn(Pa( bo) — v(0(xi),00)) < ).
Suppose, hypothetically, that every player use the same strategy. In this case, 7,,(x)



A STRATEGIC THEORY OF A MARKET 27

can be evaluated as

. 1 Hn(v(g(xi)veo)"i_%) ng—1 _ 4\n—ng
() = Beta(ng,n —ng + 1) /HS(U(Q(%WOH%) RS

where H,, is the distribution of P,(0y), H;: is the distribution of P,(f}), and Beta(a,b)
denotes a beta function. By evaluating this integral, we can show that it is suffice
that the distribution of bidding strategies HnBN E converges H at a rate faster than
O(1//n)

By extending the argument to the case where buyers and sellers use asymmetric
strategies, we can see that it is suflice that both H) , and Hj , converge at the rate

n,s
faster than O(1/+/n).

58. The rate of convergence of B, and 3, ;. It now remains to show that 3, and
B.s converge to v(6(x;),7;) at a rate faster than O(1/y/n).

We first show that the size of misrepresentation v(0(z;),z;) — 3;, ;(z;) converges to
0 at the rate of O(1/n). To see this, consider a buyer who bids below v(6(x;),z;) and
increases a bid from b; by a small amount €. This change in the payoff is the sum of
the following two effects:

e If the bid b; is on the margin and losing and if there is a bid between b; and b; + ¢,
then the bid b; + ¢ wins.

e If the bid b; is on the margin and winning, then increasing the bid from b; to b; + ¢
will increase the payment.

As the number of buyers and sellers increases, the probability that a buyer or a seller
have placed a bid in the interval [b;,b; + €] increases at the rate of O(n). On the other
hand, a probability that a buyer wins at bid b; will not drift as the n increases. That is,
as n — 0o, even if a buyer increases a bid just a small amount of ¢, the buyer can win
the good additionally with a significant probability while the cost from this increased
bid is small. The rate by which the buyer can profitably increases a bid is O(1/n),
corresponding to the rate of increase in the probability that there will be a buyer and
seller in the interval.

Since the same argument holds for the seller, the asymmetry between the buyer and
the seller will vanish at the rate of O(1/n) and their equilibrium bidding strategies
will approach to the rational expectation equilibrium demand and supply at the rate

of O(1/n).

Thus we have,

LEMMA 4.18 Let P,(5}) be a Bayesian-Nash equilibrium price in an equilibrium 3,
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in the large finite economy G(n). Then,

Vn(Pa(8,) = v(00, 7i(00))

B all — )
N 0000
(av(eo, z;(00)) 00(x;(6p)) N (0o, zi(6o))
0 O O

)%) as n — oo.

If we hypothetically set the value function v(6g,x;) = 6, the limit distribution in
this case will be the same with the limit distribution of the one-sided uniform price
auction of Pesendorfer and Swinkels (1997) derived by Hong and Shum (2004), due
to the asymptotic equivalence of one-sided uniform price auctions and uniform price
double auctions. Lemma 4.18 concludes the proof of part (d).

The Center for Advanced Research in Finance, the University of Tokyo, 7-3-1 Hongo, Bunkyo-ku,
Tokyo, Japan 113-0033.
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Preliminary and

Eiichiro Kazumori

This supplement presents the proof of Proposition 1 in the main paper.

5. INTRODUCTION

In this supplement we proceed as follows. In section 2, We explain the proof of
Proposition 1(a). Section 3 contains the proof of Proposition 1(b). Section 4 the proof
of Proposition 1(c). Section 5 is devoted to the proof of Proposition 1(d). All symbols,
definitions, and assumptions are as given in the text.

6. PROOF OF PROPOSITION 1(A)
6.1. Lemma 2.1

LEMMA 4.1. In G(v,f,An,0) and G(v,f,A,n), for each player i, for each strategy profile

of other players 8_; a s, the ex ante payoff function myi(BAn.siB8ans—i) s contin-
uwous in player 1's strategy 52', An-

PROOF: Before proving the lemma, we first transform the seller’s payoff by a term
which is independent of the seller’s choice variable'. Then we show that the ex ante
expected payoff function 7; ,(8; A 5,8 A ns) is continuous in G(v,f,A,n). The proof
for G(v,f,A,n,d) is analogous.

60. Definition of a modified seller’s payoff function in G(v,f,A,n). Let p,(b—;)
denote the market clearing price calculated hypothetically assuming that every bidder
but ¢ submits the bid b_;. For each 7« € Ny, define a modified interim expected payoff

!This device was first introduced by Reny and Perry (2006).

30
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Ui (2,008 p i) by

Uy (i, bis BA . —i)

- /[01] 2
"PBA X . X BAxX X ... x X

n—1 ng—1

(Pr(bi, b—i) — v(bo, )
the profit when the seller sells the good
(1 - qn(biv b—l))
the probability that an offer b; sells
han,—i(b—ilr—i) fo x_,x, (00, T—i|zi)dOo

the density of the state and the other player’s bids given x;

0.1] BA X ... X BAxX X ... X X

n—1 ng—1

(pn(b—i) — v(0o, xi))

the adjustment term intended to approximate p,(b;,b_;)—v(6o,x;)

han,—i(b—ilz—i) fo x_,1x, (@0, T—i|w;)dxo.

This device was first introduced by Reny and Perry (2006). Uy, ;(2i,bi,8 5, —;) is ad-
justed by the term which is independent of seller i’s choice variable b;.As the size of
the economy n grows large, the payoff function of a seller converges to the payoff of a
buyer with the same signal and the bid given other players’ strategies.

61. Definition of the modified game. Suppose that, in G(~,f,A,n),the seller’s pay-
off function is replaced from U, ; to U/” Then, for each seller i, a bid b; is a best
response to 5_; a ,, in a game where the seller’s payoff function is Uy, ;(i,0;,8 p —;) if
and only if it will be so in a game where the seller’s payoff function is Uy, ;(24,0:,8 5, —i)-
Therefore, these two games are strategically equivalent. Therefore, it is without loss of
generality to consider the game where the seller’s payoff is U ,, (zi,b:,6_; a n.s). Here-
after, to simplify the notation, we denote U; (,b;,8_; A ,,) by U{’n(xi,bi,ﬁ_i’A’n).

We now show that the ex ante payoff function 7;,, 5(8; A n:B—i Ans) of G(7,f,A,n,0)
is jointly continuous in players’ strategies.
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62. Expansion of 7, 5(8; A n,B_i An.sm) We note

Tin.8(Bi,Am,6.m> B—i.Am.5.m) (1)
= > Uins(@i, 05, B Ansm)i,Ansm(bi, i)
l?A:KEV
— )
—~—

this is the probability that there is a nonstrategic bid

2. I 2
BaxXx /[0’1] BA X ... X BaoxX...x X

n—1 n—1
wi(z0, 74, pu(bi, b—i, b7), qn(bi, b—i, b7))
the ex post expected payoff with a nonstrategic bid
h_i Am,sm(b—i ‘m—i)fO,X,AXi (20, z—i|7i)

the conditional density of the state and the other players’ bid given the signal of player ¢

he) ]

{
the density of a nonstrategic bid
hi An.s.m(ilzs) fx, ()
the density of a player’s bid and a signal
+ (1-9)
this is th e case where there is no nonstrategic bid
> o >

BaxX
AX BA X ... X BaAxX...x X

n—1 n—1

u; (o, i, p(bi, b—;), q(bi, b—;))
the ex post payoff without a nonstrategic bid
hi,Ansm(b=ilr—i) fo x_,x,(T0, T—i|x;) ]
the conditional density of the state and the other players’ bid given the signal x;
hi An.s,m(bil@i) fx, (24).

That is, a player’s ex ante payoff m; ;, 5(8; A .6 m:B—i An.sm) is the sum of payoffs when
there is a nonstrategic bidder and when there is no strategic bidder. When there is a
nonstrategic bidder, the expected payoff is obtained by taking expectations in terms
of other players’ signal and bids, the state, and the behavior of a nonstrategic bidder
given the player’s signal.

63. Convergence of strategies in G(v,f,A,n,0). We note, in G(v,f,A,n,0), both
the set of possible signals and the set of possible bids are finite in G(v,f,A,n,d), a
distributional strategy 3; A ,, 5 is defined by a (b/A +1) - (1/v + 1) dimensional finite
dimensional vector {h; A n.5(bi|%i) }p.e By 2.ex- Therefore, we can define a topology on
a set of strategies in a standard way. That is, a sequence of distributional strategies
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Bi Ansmsm = 1,2,....,converges to 3; A , 5 as m — o0, if and only if, for each b; and w;,
Hm 7 A5 (Di|23) = hi A5 (bi] 7). (2)
m —0o0

That is, for each signal z;, for every bid b;, the probability that a player uses a bid b;
given signal x; converges.

64. Joint continuity of 7;, 5(3; A nsB8—ians) in G(7,f,A,n,0). Suppose that By
substituting (2) into (1), we obtain

77;!:1—1)1100 ﬂ-i7n76(/8i7A7n757m7 /B_iaA7n767m) - 7.ri’/n?(s(/BZ.7A7TL75’ /B_i7A7n76). (3)

6.2. Lemma 2.2

LEMMA. There exists A > 0 such that for every 0 < A < A and § > 0, there exists a
nontrivial Bayesian-Nash equilibrium Bx , 5 of G(7,f,A,n,0).

PROOF: We first show existence of a Bayesian Nash equilibrium and then show that
this equilibrium is nontrivial.

65. Definition of a best response correspondence. Recall the definition of ®p 4, 5 :
BAa X BA — Ba X Ba from the text:

‘I)A,n,é (ﬁA,n,(S,ba BA,n,(S,S)
/
argmaxg ez, Tn,A06(Bb: BAnsyr - BAnGb BAnss - BAans,s)

o np—1 buyers ng sellers
= /
arg maxg cp Wn,A,(S,S(BA,n,&b? "'BA,n,(S,baBsa 6A,n,5,37 ZE%) 6A,n,5,s)
np buyers ng—1 sellers

That is, ®a ¢ returns a best response of a buyer when all other buyers use S 5
and every seller uses a5 and a best response of a seller when every buyer uses
BAnsp and all other sellers use Sa s -

66. Existence of a fixed point of ®, , 5. We will show existence of a fixed point of
PA 5 by showing that ®p ,, 5 satisfies the conditions for Kakutani fixed point theorem.
e Nonemptiness. Follows from continuity of mwa , 5, established in Lemma 4.1.
e Closed graph. It follows from continuity of 7 , s and the Maximum theorem.
o Convex-valued. It follows from (1) that m, A s is a linear function of h; A ,, 5(bi|%;).
Therefore, ® ,, 5 is convex-valued.
Since Ba is a compact, convex subset of ((1/7)+1)-((b/A)+1) dimensional Euclidean
space, and since ®p , 5 is nonempty, has a closed graph, and is convex-valued, then it
follows from Kakutani’s fixed point theorem that there exists a fixed point 3}j ,, 5 of

PA G

It remains to show that 4 , 5 is nontrivial.
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67. Assumption of triviality. Contrary suppose that (3, s is trivial. Then, by
definition in the text, the probability of trade between buyers and sellers is zero. By
the definition of trading rule, almost surely, the highest buy bid in the support of the
buyer’s strategy is strictly less than the lowest sell bid in the support of the seller’s
strategy. It is because, otherwise, a buyer’s buy bid would be at least equal to a seller’s
sell offer with a positive probability, and it would lead to a trade with a positive
probability.

68. Conditions for the support of seller’s trading strategy. We now claim that,
in order for B*A’n’(; to be trivial, it has to be that every sell offer in the support of the
seller’s bidding strategy, including the one of a nonstrategic seller, is at least 7 = v(1,1).

Suppose not and that the seller will choose an offer strictly less than 7 with some
positive probability. Then, with the positive grid size A > 0, a seller’s offer will be
equal or less than 7 — A with some positive probability. In order for this equilibrium
to be trivial, it has to be that all buy bids have to be strictly less than 7 — A almost
surely.

We now show that then there will be some buyers who wants to trade with these
offers. By Assumption 5 (c), when z; = 1, v(xg,1) = 7 for every xy. By Assumption 4
(c), for every xg, the probability that z; = 1 conditional on xg is positive. Suppose that
a buyer with x; = 1 bids 7 — A instead of an equilibrium strategy which will ensure
the triviality. Then, this bid 7 — A wins with some positive probability, since the sell
offer is equal or less than 7 — A with positive probability and all buy bids are less than
7 — A almost surely. When the buyer trades, from the k-double auction pricing rule,
the transaction price is equal or less than 7 — A. Therefore, the buyer gets a positive
expected payoff for every z(y € [0,1]. Since the buyer’s payoff at any trivial equilibrium
is zero, the buyer prefers to deviate. It is a contradiction. Thus it follows that every
sell offer in the support of the seller’s bidding strategy is at least T.

69. Derivation of contradiction. But in G(v,f,A,n,0), there is a positive probability
of a sell offer less than v(1,1) because of a nonstrategic bidder. It follows that Sj ,, s
cannot be trivial.

6.3. Lemma 2.3
LEMMA. (a). BA,, is a Bayesian equilibrium of G(7,f,A,n); (b).

x0). (4)

%im TA,n,é(B*A n,o SL’Q) = TA,TL(B*A n
=0 31y ’

PROOF: We proceed in three steps. We first prove the statement (a). Then we derive
a formula for 7a ;, 5(8°A . s/70) and show it converges to Ta ,(8A ,|70) as 6 — 0.
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70. Equilibrium conditions for 52,71- By definition, B*A’n is a Bayesian equilibrium
if, for every player i, every possible strategies 5; A ,,

Tni (B*A,n,iv B*A,n,—z') > Tni (BA,n,iv B*A,n,—i) (5)

Let {8ans}ts denote a sequence of distributional strategies such that Sa ,, 5 — Ban-
Since B} ;5 18 an equilibrium,

Tn6,i(BAns.is BAns —i) = Tnsi(Bansi BAns—i)- (6)
Therefore, in order to establish (5), it is suffice to show that

%1_{1(1) Wn,cS,i(B*A,n,é,i’ B*A,n,é,—i) - W”ﬂ'(BZ,”ﬂ" B*Au"v—i) (7)
and

(%li}%) ﬂ-n75’i(/BA7n7577:7 B*A,n,d,—i) - ﬂn7i(6A7nai’ B*Aana_i) (8)

That is, it is suffice to show that the expected payoffs in G(v,f,A,n,d) converge to the
expected payoff in G(~,f,A,n).

We now show (8). An argument for (7) is similar.

71. Decomposition of 7, 5:(8a n.5.i0Ans—i) = Tni(Ban,isBAn—i)- We note
Tn,d,i (ﬂA,n,é,z’a B*A,n,(i,—i) — Tny (BA,n,iv B*A,n,—i) (9)
= [ m0i(Bansi BAns—i) — Tni(Bansi BAns—i)]

change in the probability of participation by a nonstrategic player
while strategies fixed

‘f’[ﬂn,i(ﬂA,n,é,i? B*A,n,é,—i) o W”ai(ﬁﬁ,nﬂ” B*A,n,—i)}

change in player’s strategies
without taking into account of a nonstrategic player

That is, the change in expected payoff can be decomposed into the change caused by
a change in the probability of participation by a nonstrategic bidder and the effect
caused by a change in players’ strategies without taking into account of a change in
the probability of a nonstrategic bidding.

We now evaluate these two terms one by one.

72. Convergence of the first term of (9). We note that, for the first term of (1),

6 Z [/[0 1]( Z ui(x(%aji)p(bi)b—iybi\%CJ(bi,b_Z’,b’Z?))
BaxX "t BA X ... X BAxX...x X

n—1 n—1
hams,—i(b—ilv—i) fo x 1 x, (20, T—il i) e (b) [ha 6.3 (bil ) fx, (07)
— 0asd—0
Thus, from similar calculation for the second term of (1) that 7Tn7(571'(5A7n75,i,627n75’_i) —
Tn,i(BAans.isBAns—i) = 0
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73. Convergence of the second term of (9). It follows from (1) that

Tn,i(BiAns Bians) = Tni(BiAns Boian) (10)

= 2 [/[0 1 2 ui(wo, T, p(bi, b—i), a(bi, b-i))
BaxX "7 BA X ... X BAxX...x X

hans,—i(b—ilv—i) fx x,(T—ilzi)|hansi(bil i) fx, (2:)

> [/[0 1] 2 wi(z0, 74, p(bi, b—), q(bi, b—;))
BaxX " BA X . x BAxX... X X

n—1 n—1

ham—i(b—ilv—i) fx_ x,(@—ilwi)|ha pni(bilz:) fx, (2i)-
Then, we have

%1_1’)% 7Ti7n(61'7A,n,57 B—i,A,n,é) = Wi,n(ﬁi,A,na B—i,A,n)- (11)

75. Conclusion of the proof. It follows from (9) and (11), that (8) holds. Similarly,
(7) holds. Therefore, (5) holds.

Having established convergence of expected payoffs, we now show that the proba-
bility that an equilibrium is nontrivial converges from G(v,f,A,n,d) to G(v,f,A,n).
For that purpose, we first derive the probability that an equilibrium is nontrivial at

G(v.f.A,n,0).

76. Calculation of the probability that an equilibrium is nontrivial. Let Sx ,, 5
be a strategy profile of G(v,f,A,n,d). We note that

an outcome is nontrivial
<= the highest buy bid is equal or higher than the lowest sell offers
Thus,
Pr (an outcome is nontrivial)
= Pr(the highest buy bid is equal or higher than the lowest sell offer)
Thus we need to calculate this probability.

78. Decomposition into cases depending on the behavior of a nonstrategic
player. The probability that the highest buy bid is equal or higher than the lowest
sell offer can be calculated by conditioning on the behavior of a nonstrategic player.

e (a) the nonstrategic player 7 does not participate
e (b) 1 participates as a buyer
e (c) 7 participates as a seller.
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That is, the probability that a strategic profile is nontrivial is
TAn6(BAn,570) (12)
= (1= 0)Tans(BanslTo.t is not active)

) - ..
+§TA,n,5(5A,n,5‘x07 i participates as a buyer)

) - ..
+§TA7n75(BA7n75‘CCQ, i participates as a seller).

We now calculate the first term.

79. The case when i is nonactive. Let b1.n, be a random variable which indicates
the highest buy bid. Let b,.,, be a random variable which indicates the lowest sell
bid. Then trade takes place if and only if b1.,, > by g:ne. Thus we next calculate these
probability distribution function of by.,, and by4:p..

80. The probability distribution function of by.,,. For each x;, each buyer chooses
a bid according to a behavioral strategy ha » 5 (bi|2;). Consequently, a probability that
a buyer chooses a bid b; in state zq is

> hamsp(bilzi) fx,0(xilzo)- (13)
xieé‘dy
Thus the probability that a buyer will choose a bid equal or less than b; is
> > hansp(bilzi) fx,o(xilzo). (14)
bi<b,; z,EX
Since players’ signals are independently distributed conditional on xg, the conditional
probability distribution function of by.y,, is, from (14),

Pr (bi:n, < bilzo) = ( >, 2 hA,n,é,b(béJTi)ine(fEMo)) : (15)

That is, the probability that the maximum buy bid is less than b; conditional on z is
given by the probability that every buy bid is less than by conditional on xg.

81. The probability mass function of b;.,,,. It follows from (15) that the probability
that b1.y,, takes a value of b; conditional on z is
Pr(b1.n, = bi|xo) (16)
= Pr (b, < bilxo) — Pr(bim, < b — Alxg)

= (Z > hA,n,(S,b(b“fEi)fXZG(ximo))

bi<b; m,€X

—( >, > hA,n,a,b(b§sz’)fxie(%fvo)) :

b, <bi—A x,EX
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82. The probability distribution function of b, . Similarly, the probability
that a seller chooses a bid b; in state zp is ¥y.cx, hA,n,é,s(bi‘xi)in]Q(mi’mO) and the
probability that seller ¢ will choose a bid equal or less than b; is

> > heans(bilzi) fx,(wilzo). (17)

bi<b; 7;€X

Since a seller’s signal is independently distributed conditional on xg, the probability
that the minimum sell bid by, .y is less than b; is given by, from (17),

Pr (bnszns < bzlx()) (18)
ng
= 1- (1 > > hs,A,n,a(béfvz')fxie(fﬁﬂfco)) -

That is, the event that a minimum bid is less than b; is a complement of the event that
there is a bid above b;.

83. The probability mass function of b, ., . It follows from (18) that the proba-
bility mass function of by, .y is
Pr(bpgns = bilzo) (19)
= Pr(bngms < bilxg) — Pr(bngng < bi — Alxo)

1— (1— >y hs,A,n,cS(b“fEi)le0($i|m0)) ]

bi<b; ,€X

- {1 — (1 - Z Z hs,A,n,(S(b“xi)inO(fEixo)) ]

bi<b—A z,€X

- (1— > > hs,A,n,d(b;377;)in9($2'|$0))

b, <bi—A x,EX

— (1— > 2 hs,A,n,a(bgxi)fxie(%fl?o)) :

bi<b; ,€X

84. Calculation of the probability of trade. For each value of the minimum sell
bid hygng = b, 0 < by < b, trade takes place if the maximum buy bid by.,, > b;.
Since the minimum sell bids A, ., and the maximum buy bids by.,, are distributed
independently conditional on xg, the probability that trade takes place given Ay, .n, = b;
is

b/gb Pr(bim, = b;\xo) Pr(bygns = bilxo). (20)

By summing up, the probability that trade takes place conditional on the state xy and
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that 7 being not active is, from (20),

TA’n’(;(ﬁA’n’(gka,g is not active) (21)
- Z Z Pr(bliTLB - b;|$0) Pr(bnsins - bZ‘ZC())
bi€Ba b >b;

We now consider the second case of (12).

85. The case where 7 participates in the auction as a buyer. Let bl;\ N, 5] be

a random variable which indicates the highest buy bid among the bids by N, p U 1.
Then trade takes place if and only if bl:| N, 5] > bpging. Oince we already calculated the
probability distribution of b,.,,, we need to understand the probability distribution

of b1:|Nn7BU2|'

86. Calculation of the probability distribution function of b1;| N, Uil" Since bids
by buyers in N, p and a bid by a nonstrategic buyer are independently distributed

conditional on xg, the probability distribution function of the maximum bid among
bids by i € N, p Ui is

Pr by i < bilo) (22)
np
= | X X hpansilz) fx,o(@ilzo) > ha(bh) ] -
b/ <b, e X b <b;

87. The probability mass function of b1:| N, pUil* Thus, the probability mass func-
tion of by.,, conditional on xg is 7

Pr(b1:|Nn,BU§| = bj|zo) (23)
np
= | X X hpans®ilz) fxo(ziro)de; > hi(by)
b <b; o€ X b <b:

( > > hb,A,n,&(b{ixi)inQ(xixo)dxi) ( > hg(bé))

88. The probability that (4 , ; is nontrivial when 1 participates in the auction
as a buyer. Similarly to (21),

TA’n’(;(BA’n’(;kEO,E is a buyer) (24)
= > > Pr(bi:‘Nn Ui = Vi) Pr(bngng = bilxo).
b€ Ba b,>b; ’

We now consider the third case of (12).

89. The case where i is a seller. Let b be a random variable which

| N, sUi:| N s U]
indicates the lowest sell bid among sell bids by ¢ € N,, g Ui. Then trade takes place if
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bting 2 O\N, GGl IN, o]

90. Calculation of the probability mass function of b‘ N Following a

- sUil:|N,, Ui
similar reasoning in the case ¢ is a buyer, the probability that the maximum bid among

bids by i € N, ¢ U7 is less than b; is given by

ng
= 1— (1= 3 > hsans(bilz)fxe(@ilzo)dr: | |1— 3 hy(bs) |-
bi<b; x,€X b <b,
Thus, the probability mass function of bnSU?:nSU? conditional on zg is
Pr(by, Uil i, sui) = bilzo) (26)

— (1 > hs,A,n,cS(b;’xi)inH(xi|x0)dxi) (1 > hi(b@)

b <bi—A z,€X bl <bi—A

— (1 > o hs,A,n,d(béﬂfz‘)ine(sz'ﬁfo)dﬂfi) (1 D hi(bg)

b, <b; z,€X b;<b;
91. Calculation of the probability of nontriviality when 7 is a seller. Similar
to (21),
TAjnj(g(ﬁA’n’(gL’L'(),g is a seller) (27)

- b eBZ {b} bgb Pr(bizn,, = bilo) Pr(bnsui:nsu? = bilzo).
7 AT Y i Vi

The trading probability 7 ;,5(8a . 5/70) is obtained from substituting (21), (24), and
(27) into (12). We now proceed to show Part (b) of the lemma. We first decompose the
change into two terms:

92. Decomposition of 74, 5(8A ns170) — TA(BARlT0). We now decompose the
change in trading probabilities as follows:
Tan,6(BAnslT0) = Tan(BAnlTo) (28)
= [Tans(BAnslz0) = Tans(BA ulz0)]
+ [Tans(BAnlzo) — Tan(BAnlwo)].
That is, the change in the probabilities that an equilibrium is nontrivial is decomposed

into the effect of changes in B*A,n,é while keeping the probability of nonstrategic bidding
constant and the effect of changes in ¢ while keeping the strategy constant.

We now deal with these two cases one by one.

93. Convergence of T, 5(8A .5/70) — TAans(BAnlT0). We first consider the case
that ¢ is not active and show that, as B*A,n,d — B*An

TAM’(;(B*A,%(;kE(),E not active) — TA’n’(;(B*A’n‘L’E(),g not active) (29)
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In view of (21), it is suffice to show Pr(by.,, = b;|xo) and Pr(b,,.n, = bi|zo) calculated
when players follow B ,, 5 converges to Pr(b1., = bi|zo) and Pr(bygns = bilxo) calcu-
lated when players follow (3} ,, for each b; € Ba. For Pr(by., = bi|xg), we recall, from
(16),

Pr(blan = bi|a:0) (30)

np
- (Z > hA,n,(S,b(bz'LTi)fXZG(ximO))
b <b; e

— ( > > hanspbilzi) fx,o(wilwo)dz;
b<b—A 2, €X

Then, Pr(b1:n, = bilro) under 84 ,, 5 converges to Pr(bi., = bi|rg) under B3 ,. Simi-

larly, Pr(bpgng = bil7o) converges as SA ,, 5 t0 BA - Thus (29) holds. Following similar

reasoning, it is straightforward to show the other terms of (12) also converge. Thus,

the convergence of the first term of (28) holds.

94. Convergence of 7 ;. 6(8A ,|70) — TAn(BAlT0). For the second term of (28),
when the strategies B*A,n are fixed and d goes to 0, the convergence follows from the
fact that 7a 5,.6(8a nl70) is a continuous function of 4.

It follows that, from (28), TA n.s(BAn.slT0) = Tan(BAnlT0) as 6 — 0.

6.4. Lemma 2.4

LEMMA. Suppose B*A,n is trivial. Then, for every x;, 0 < b; <7,

lim han.sp(bilzi) =0 (31)

the probability that a buyer will bid anything other than lowest possible bid of 0,
will go to zero

and 0 < b; <7,

%li% hz,n,é,s(bi‘xi) = 0. (32)

the probability that a seller will bid less than the highest possible value
will go to zero

PROOF. Suppose that the conclusion does not hold. Suppose that, although (31) holds,
there exists b; < ¥ and a signal x; such that

%li% hz,n,é,s(bi‘xi) > 0. (33)
Then, there exists a signal 2} such that for every x,

v(z0, 7)) > b;. (34)

]
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Suppose a buyer with a signal x; chooses to bid b;,although (31) requires that the player
with signal z; will not bid b;. It follows from (31) that buyers with other signals will
not place a competing bid, that is, a bid higher than b;. It follows that a buyer ¢ will
get the good with a positive probability. From (34), the expected payoff is positive. It
is a contradiction to the assumption that S} ,, is an equilibrium.

6.5. Lemma 2.5

LEMMA. Suppose that 3% is trivial. Then there exists 6 > 0 and A > 0 such that for
every § < & and A < A, the set of signals such that sellers with a signal in that set
prefer to deviate from (3 a ,, 5 has a positive measure.

PROOF:

95. Introduction. We first recall from the text that the definition of the alternative
strategy from the text. We first evaluate the change in expected payofts, by evaluating
the gains from an additional sales and the losses from a lower price for existing sales.
We then evaluate the likelihood of these events by evaluating the probability of these
events using an asymptotic expansion.

Jackson and Swinkels (2005) provided an ingenious proof about existence of a non-
trivial mixed strategy equilibrium in a large class of private value double auctions using
a device of a nonstrategic bidder. This proof builds on their argument to show exis-
tence of a nontrivial mixed strategy equilibrium in an uniform price double auction
with a finite set of possible bids in an interdependent value setting. The argument here
assumes a strictly private value element and the private value at the boundary to avoid
nontrade equilibrium seen in, for example, in lemon’s market. Also the argument here
uses asymptotic expansion to simply the estimation of trading probability when the
probability of nonstrategic bid is sufficiently small and close to zero.

96. Definition of alternative strategies. From the text, consider a signal x; which
satisfies the condition of
v(1,1) — 6A —v(l,z;) >0 (35)

For sufficiently small A, the probability that a player gets the signal which satisfies
the condition of (35) is positive. Now consider an alternative strategy for a seller
that whenever the equilibrium sell bid is at least v(1,1),the seller lowers the bid to
v(1,1) — 2A.

We first introduce notations on the order statistics by other players’ bids.

97. Notations. Let W;,, be the ng-th highest bid among bids by players other than
1, that is, Wi,n = bns:’N UG- (i} Let W, 5, be the ng + 1st highest bid among bids by
players other than 7. That is, W;,, = bns+1:|N UG-
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thereare | N, ;| bids

above v(L.1)
w,,+ v(LD) a bid of v(1,1) sells
depending on the tie-breaking rule
T the price is v(1,1)
w,, +Vv(LD-2A  abid of (1,1)-2A sells
the price is k max (¥, ,,v(L1) -24)
+1-kw(1)
FIGURE 1.—

Using this notation, we can estimate the change in the expected payoffs.
98. Change in expected payoffs for seller ;. We would like to estimate

UA,n,&S(mi? U(L 1) — 24, ﬁii,A,n,é) - UA,H,5,S($i7 U(la 1)7 ﬁiz’,A,n,é) : (36)
the seller’s payoff from bidding v(1,1)—2A  the seller’s payoff from bidding v(1,1)

99. Decomposition into cases depending on W;,,. The change in outcomes and

payoffs will depend on the behavior of the highest bid among bid made players other
than 7.

e Case 1. W;,, = v(1,1).

e Case 2 W;, =uv(1,1) — A.
e Case 3. W;,, =v(1,1) — 2A.
o Case 4. W;,, <v(1,1) — 2A.

We consider each case one by one.

100. Case 1: W;,, = v(1,1). In this case,
e An offer of v(1,1) may be accepted (subject to ties). The price is v(1,1).
e An offer of v(1,1) — 2A will be accepted. The price is k(max(v(1,1) — 2A, W, ,,) +
(1—FE)v(1,1).
The maximum loss can be obtained by making the assumptions that
e An offer of v(1,1) will be accepted for sure.
e The sales price is v(1,1) — 2A.
With these assumptions, the maximum loss in payoff is

E[v(1,1) = 2A — (1, 1)|z;, Win = v(1,1)] > —2A. (37)

We now turn to the second case.

101. Case 2. W;, = v(1,1) — A. In this case,
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e An offer v(1,1) will not be accepted.

e An offer v(1,1) — 2A will be accepted. The sales price is k(v(1,1) — 2A) 4+ (1 —

F)(v(1,1) — A).

there are | N, | bids above

v, -A

+v(D) a bid of (1,1) does not sell
W, |
w_ +v(L)-2A abid of v(1,1)-2A sells
the price is k(v(1,1)-24)
+1-k)(v(L,1)-4)
FIGURE 2.—

Assuming that the sales price is v(1,1) — 2A, the minimum gain is
E[v(1,1) — 2A — v(1, 2;))|xi, Wipn = v(1,1) — A
> v(1,1) — 2A —v(1, )
> 4A from (35).

We now turn to the third case.

102. Case 3. W;,, = v(1,1) — 2A. In this case,
e An offer v(1,1) will not be accepted.

(38)

e An offer v(1,1) —2A may be accepted (subject to ties). When an offer of v(1,1)—2A

is accepted, the price is v(1,1) — 2A.

. + V(LD a bid of v(1,1) does not sell
thereare | N, ;| bids

above v(1.1) - 2ZA

W, +v(LD-2A abid of ¥(1,1)-2A sells
subject to tie-breaking rule
the price is v(1,1) - 2A

FIGURE 3.—

The payofts from sales is at least

v(1,1) —2A —v(1,2;) > 0 by (35).

(39)
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The probability of sales from an offer of v(1,1) — 2A is positive depending on the
number of bidders who is tied at v(1,1) — 2A. In order to obtain the lower bound of
the benefit from the alternative strategy, we assume that the probability to be zero.

103. Case 4. W, ,, < v(1,1) — 2A. Neither of v(1,1) and v(1,1) — 2A will be accepted.
In this case, the change in payoff is zero.

From the above cases, we can estimate the change in expected payoff from the alter-
native strategy.

104. An estimate of change in expected payoffs. Collecting (36),(37), (38), and
(39), the change in expected payoff is

Ui,A,n,é(ajz’a U(L 1) - 2A7 Bii,A,n,é) - Ui,A,n,(S(:Uiv U(L 1)7 Biz’,A,n,é) (40)

> (=2A) Pr(W;p = v(1,1)]2;)

Therefore,

Ui,A,n,é(xia U(la 1) — 24, Bii,A,n,é) - Ui,A,n,5(xi7 U(L 1)? ﬂti,A,n,é) >0 (41)
& Pr(Wi, =v(1,1)|x;) < 2Pr(W;, = v(1,1) — Alz;).
Thus it remains to show (41).
bi|X; = x;) for § small. For

In order to show (41), we now estimate Pr(W;, =
= b;| X; = x;). We first simply the

that goal, we first derive the formula for Pr(Wm
expression by conditioning on the state xg.

105. Conditioning Pr(W;, = b;|X; = x;) on xp. We note
Pr(Wi, = bi|X; = x;) (42)
= /Pr(Wm = b;|0 = 0, X; = ;) fp x, (wo| i) dxo
= [ Pr(Wip = bil0 = 20) foyux, (wol:)daro”

107. Decomposition depending on the behavior of a nonstrategic bidder.



46 EIICHIRO KAZUMORI

We now decompose the

PI‘(W@n = bi‘e = $()) (43)
= Pr(W;,, = b;|0 = 20,1 nonactive)(1 — )
A
+Pr(W;,, = bi|0 = 0,1 buyer)(§/2)
B
+Pr(W;,, = b0 = o, i seller)(5/2).

C
We now calculate A, B, and C. Before starting the calculation, we recall the distrib-

ution of bids by buyers and sellers.

108. Calculation of A. We first decompose A into cases. We observe

Pr(W,; , = bi|0 = 20, nonactive) (44)
= Pr(W,,, = b;|0 = 20, nonactive, there is a buy bid at b;)
Al
Pr(there is a buy bid at b;|0 = z¢, % nonactive)+
A2
Pr(W,;, = b;|0 = x0, i nonactive, there is a sell bid at b;)
A3
Pr(there is a sell bid at b;|6 = 2,7 nonactive)
A4

We consider Al.

109. The distribution of bids in case A1l. We note that
(Wz-,n — b;|0 = x0,7 nonactive, there is a buy bid at bi) (45)
out of n — 1 bids (other than a bid by seller 7)
there are ng — 1 bids equal or above b;
there is a buy bid equal to b;
and there are n — ng — 1 bids strictly lower than b;
Let j denote the number of sell offers equal or above b;. We note that, there are
freedoms for ng — 1 sell bids after taking off one seller whom we have been working on.
Given j, we can determine the distribution of bids.
e since there are ng — 1 bids in total equal or above b; (other than a buy bid equal
to b;), there will be ng — j — 1 buy bids
e since there are ng — 1 sell bids (other than the seller whom we have been working
on ), n — j — 1 sell bids below b;
e since there are np — 1 buy bids (other than a buy bid equal to b;), np —ng+ j buy
bids below b;

The distribution of bids is given in the following table.
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bid # of buy bids | # of sell bids | total # of bids
equal or above b; | ng—7 —1 Ji ng — 1
below b; np—ng+j | ng—j—1 ng — 1
total # of bids ng — 1 ng — 1 ng+ng — 2
It follows that
Pr(W,;., = b;|0 = 20, nonactive, there is a buy bid at b;) (46)
= > Pr(Wi, = b, jsell bids equal or higher than b;
0<j<ns—1
|70, 7 nonactive, there is a buy bid at b;) (47)
(ng —1)!

0<j<ng—1 Jl(ng —j —1)!
(1 - HA,n,é,s(bi - A‘xo))jHA,n,é,s(bi - A‘Jfo)ns_j_l
(nB — 1)'
(ns —j — Dlnp — ng + j)!
(1= Hans(bi — Do) Hp g g.p(bi — Dlarg)"s "7,

We now estimate (46) around § = 0 as follows. First we estimate the distribution of
bids around ¢ = 0.

110. Asymptotic estimation of the distribution of bids. It follows from (31) and
(32) that
HA p.5.5(bilrg) — 0 for every 0<b; < v(1,1). (48)

the probability that a sell bid take the value strictly less than v(1,1)
goes to zero

and

HA p.5.5(bilzo) — 1for every 0<b;<v(1,1) (49)

all the buy bids will concentrate on 0
so the probability that a buy bid take the value above 0 goes to zero

Thus, for sufficiently small 9, given that the set of possible bids is finite, there exists
€ > 0 such that

HA p.5.5(bilg)<e for every 0<b; < v(1,1), (50)
HA,n,é,b(bz"xO)Zl — ¢ for every 0<b; < wv(1,1), (51)
haons.s(bilzo)<e for every 0<b; < v(1,1), (52)

the probability that a sell bid will be less than v(1,1) goes to zero
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and

WA .5 p(bilo)<e for every 0 < b; < wv(1,1) : (53)

the probability that a buy bid will be more than 0 will go to zero

We now estimate (46) by finding the principal term.

111. Asymptotic estimation of (46). We note, by substituting (50) and (51) into
(46),
o 1 —Hpp5.5(bi — Alxg) = 1 —e. That is, a probability that a sell bid is higher than
b; — A\ is very high.
® Hp p5.5(b; — Alzg) ~ €. The probability that a sell bid is less than b; — A is very
low.
® 1 — Hpp55(bi — Alzg) = €. The probability that a buy bid is higher than b; — A
is very low.
® Hp p5p(bi — Alzg) = 1 — e. The probability that a buy bid is less than b; — A is
very high.
Thus,(46) has the principal term from setting j = ng — 1. That is, the probability is
highest when the number of the seller who bids highest is largest. In this case, we can
evaluate each term of (46)

% = 1 when j = ng — 1. That is, since every seller bids equal or above b;,
there is only one possible combination.

o (1— Hp sps5(bi — Do) Hasns(bi — D)™ 77 & (1 —)"5710 ~ 1. That s,
since every seller bids equal or above b; and it is a high probability event that a
seller bids high, it is a high probability event.

(np—1)! = 1. That is, since every buyer bids strictly less than b;. there

(ns—j—)!(np—ns+j ) )
is only one possible combination.

o 1 — HA,b,n,d(bi — A|J30))n_jHA7b’n’5(bi — A|J30)n3_ns+j ~ (1 — 8)”3_1 ~ 1. That is,
since every buyer bids less than b; — A and since it is a high probability event that
a buy bid is less than b; — A, it is a high probability event.

By combining these four terms, we get
(Al) = 1 (54)

We then calculate A2.

112. Calculation of A2. We observe
Pr(there is a buy bid at b;|§=x0,imonactive) ~ npge (55)
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113. Calculation of A3. We note, as in case of Al,
(Wz-,n = b;|0 = 20,7 nonactive, there is a sell bid at bi) (56)
out of n — 1 bids (other than a bid by seller 7)
there are ng — 1 bids equal or above b;
there is a sell bid equal to b;
and there are n — ng — 1 bids strictly lower than b;
Let 5 be the number of sell bids. There are ng — 2 freedom of sell bids other than the
sell bid by the seller ¢ we have been working on and the seller who will bid b;.
For each 0<j<ng — 2, the distribution of bids will be determined as follows:
e since there are ng — 1 bids in total equal or above b; (other than a buy bid equal
to b;), there will be ng — j — 1 buy bids equal or above b;
e since there are ng — 2 sell bids (other than the seller whom we have been working
on ), n — j — 2 sell bids below b;
e since there are np buy bids, ng —ng + j + 1 buy bids below b;
The distribution of bids is given in the following table.

bid # of buy bids | # of sell bids | total # of bids
equal or above b; ng—j—1 ] ng — 1
below b; np—nsg+j+1| ng—2—j ng — 1
total # of bids npg |Np.s| — 2 ng+ng — 2
It follows that
Pr(Wi, =b|0 = 0, ¢ nonactive, there is a sell bid at b;) (57)
= > Pr(W;, = b, jsell bids equal or higher than b;
0<j<ng—1
|20, 7 nonactive, there is a sell bid at b;) (58)
(ng —2)!

0<j<ms—1 JH(ns —j —2)!
(1 = Happ,s(bi — Ax0)) Hap,s,s(bi — Alag)™s ™77
(nB)!

(ng —j—DUnp —ng+j+1)!

(1= Hpmop(bi — Do) 7T Hp g gp(bi — Alag)™s s
It is maximized at j = ng — 2. We now evaluate each term at
Thus,(46) has the principal term from setting j = ng — 2. That is, the probability is
highest when the number of the seller who bids highest is largest. In this case, we can
evaluate each term of (57)

% = 1 when j = ng — 2. That is, since every seller bids equal or above b;,
there is only one possible combination.

o (1— Hﬁﬁm’(g(bi — A‘xo))jHAﬁ’n’(g(bi — A|x0)ns_j_1 ~ (1-— 6)”5_160 ~ 1. That is,

since every seller bids equal or above b; and it is a high probability event that a




50 EIICHIRO KAZUMORI

seller bids h1gh it is a high probability event.
® oo 1),((7;‘53) ns T = "B That is, since there are only ng — 1 sell bids equal

or above b;, it has to be one buy bid equal or above b;,and there is npg possible

combination.

o (1—Hppns(bi — Do) 7 Hp y 1 5(bi — Alwg)" =T+ ~ . That is, since one

buyer has to bid above b;, it is a probability € event.

By combining these four terms,

(A3) = npe. (59)

114. Calculation of A4. We recall

Pr(there is a sell bid at b;|0=x0,/monactive) (60)

~ nNnge

115. Calculation of A. We can now collect these terms to estimate A. That is,
A = (Al)-(A2) + (A3) - (A4) (61)
= 1-npe+npe-nge
~ MNRBE.

An intuition is as follows. When there is no nonstrategic bid, in order for the ngth order
statistics out of the bids other than seller 7 equal to be b;, there are two possibilities.

The first possibility is that a bid b; is provided by a buy bid. In this case, the proba-
bility is highest when every ng — 1 seller stays above b; and every np buyers stay below
b;. In this case, one buyer bids b;, and it is the event which take place with probability
E.

The second possibility is the case where a bid b; is provided by a sell bid. In this case,
even when every remaining ng — 2 seller stays above b;, there is only ng — 1 bids out of
the sellers which will be equal or above b;. It implies that there has to be one buy bid
equal or above b;. In this case, one seller has to bid below v(1,1) and one buyer has to
bid above 0, thus it is the event which take place with probability £2.

Therefore, asymptotically, the first possibility dominates the second.

We now calculate B,that is, Pr(W; ,, = b;|0 = x0,i buyer).

116. Decomposition of B. We now decompose the event Wi,n = b;|0 = o, buyer
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by conditioning on the behavior of a nonstrategic bidder. We note

Pr(Wi, =bi|0 = 0,1 buyer) (62)
= Pr(W,,, = bi|0 = x0,i buyer, there is a buy bid at b;)
B1
- Pr(there is a buy bid at b;|0 = xg, 7 buyer)+
B2
Pr(W;,, = b;|0 = x0,i buyer, there is a sell bid at b;)
B3
- Pr(there is a sell bid at b;|6 = 2,1 buyer) +
B4
Pr(Wi, = b0 = T, 1 buyer, there is a bid by a nonstrategic bidder at b;)
B5
- Pr(there is a nonstrategic bid at b;|0 = x¢,% buyer)
B6

That is, the probability that Wi,n = b; takes the value b; can be calculated from the
case where there is a buyer who bids b;,or the seller, or the nonstrategic bidder.

We now calculate B1, Pr(W;,, = b;|0 = 7,7 buyer, there is a buy bid at b;).

117. Decomposition of B1.In this case, the distribution of bids is

(Wi,n — b;|0 = x0,7 buyer, there is a buy bid at bi) (63)
out of n bids (other than a bid by seller 7, but with a nonstrategic bid)
there are ng — 1 bids equal or above b;

there is a buy bid equal to b;
and there are n — ng + 1 bids strictly lower than b;

B1 can be further decomposed depending on whether 7 bids equal or above b;.

Pr(Wi, =b|0 = 0,1 buyer, there is a buy bid at b;)
B1
= Pr(W,,, = bi|zo, buyer, there is a buy bid at bi, 1 bids strictly above b;)
B1-1
-Pr(7 bids strictly above b;|xq, 7 buyer, there is a buy bid at b;)
B1-2
+Pr(W; n, = bi|zo, i buyer, there is a buy bid at bi, 4 bids strictly below b;)
B1-3
- Pr(7 bids strictly below b;|zg, 2 buyer, there is a buy bid at b;)
B1-4
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118. Calculation of B1-1. We consider

[(Win = b @ buyer, there is a buy bid at bi, 1 bids equal or above b;]

out of np buy bid, (ng — 1) sell bids, and a nonstrategic bid,

there are ng — 2 bids equal or higher than b;

N——
there should be ng bids above or equal b;

and there is a nonstrategic bid above b;
there is one bid at b; by a buyer

and
there is one bid equal or above b; by a nonstrategic bidder ¢
and
there is one bid at b; by a buyer
and
there are n — ng + 1 bids lower than b;

Let j denote the number of sell bids above b;. There are ng — 1 freedoms of allocation
of sell bids after a seller whom we have been working on.

For each 0 < 7 < ng — 1, the distribution of bids will be determined as follows:

e since there are ng — 2 bids in total equal or above b; (other than a buy bid equal
to b; and a bid by a nonstrategic bidder 5), there will be ng — 7 — 2 buy bids equal

or above b;

e since there are ng — 1 sell bids (other than the seller whom we have been working
on ), n — j — 1 sell bids below b;
e since there are np — 1 buy bids (other than the buyer who bids b;), there are
ng —ng + j + 1 buy bids below b;

The distribution of bids is given in the following table.

bid # of buy bids | # of sell bids total # of bids
equal or above b; ng—j—2 Ji ng — 2
—
there is a buyer bid at b;
% bids equal or above b,
below b; ng—ng+j5+1| ng—j5—1 n—ng
total # of bids ng — 1 ng —1 ng+ng — 2
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It follows that the principal term is obtained by

(B1-1) o
= Pr(W;,, = bi|zo,7 is buyer, there is a buy bid at b;,i bids above b;)  (65)
(ns —1)!
0<j<ns—1 Jl(ns —j —1)!
(1 — Hx ano(bi — D|20)) Hy an,s(bi — Alwo)"™ ™7
1—e g
(ng — 1)!
(ng —j —2)/(np —ng +j + 1)
(1= Hppns(bi — o))" 27 Hp (b — Ala)"» 4L

€ 1—¢

We note that, from (68), it follows that the principal terms is obtained by setting
J =ng — 2.In this case,

o  (ns—1)! = ng—1. It is because, since there is a buy bid above b; and a nonstrategic

jlns—j—1)
bid equal or above b;, in order for the number of bids equal or above b; to be equal
to ng, it has to be that one sell bid is below b;, and there is ng — 1 possible
combinations for this.

o (1— Hppnss(bi — Dwo)) Haps.s(bi — A|wo)s ™~ ~ €. 1t is because, one sell bid

has to be strictly below b;, and it is a probability ¢ event.

(ns_l_j()?(i ;1_)7'13 T = 1. It is because every np buy bids stays strictly below b;.

o (1— Hppngsp(bi — Dwo)) > THp 550 — Do) e s T2 x 1.

By combining these four terms, we get

(B1—1) ~ (ng — 1)e (66)

Intuitively, in order for the ngth bid equal to b;, at least one sellers need to bid less
than b;, which occurs at the probability at the order of £.

119. Calculation of B1-2. We note

Pr(7 bids equal or above b;|xq, 7 buyer, there is a buy bid at b;) (67)
B1-2
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120. Calculation of B1 — 3. We note
[Win= b; conditional on i being a buyer, there is a buy bid at bi, 7 bids strictly below
out of n bids
by np buyers, (ng — 1) sellers, and one nonstrategic bidder
there are ng — 1 bids equal or higher than b;
and
& there is one bid at b; by a buyer
and
there is one bid strictly below b; by a nonstrategic bidder 7
and
there are n — ng + 1 bids lower than b;
Let j denote the number of sellers who bids equal or above b;. There is a ng — 1
degrees of freedom available sell bids.
For each j, the allocation of bids will be determined as follows:
e since there are ng — 1 bids in total equal or above b; (other than a buy bid equal
to b;), there will be ng — j — 1 buy bids equal or above b;
e since there are ng — 1 sell bids (other than the seller whom we have been working
on ), n — j — 1 sell bids below b;
e since there are np — 1 buy bids (other than the buyer who bids b;), there are
ng — ng + j buy bids below b;
The distribution of bids is given in the following table.

bid # of buy bids | # of sell bids total # of bids
equal or above b; | ng—j —1 Ji ng — 1
N——
take off a bid by a buyer at b;
below b; ng —ng+J ng—j—1 n—ng—1
total # of bids ng — 1 ng — 1 ng+ng — 2
It follows that the principal term is obtained by
(B1-3) (68)
= Pr(W;,, = bi|zo,7 is buyer, there is a buy bid at b;,i bids above b;)  (69)
(ng —1)!

0<j<ms—1 JH(ns —j —1)!
(1 — Ha ans(bi — Dlzo)) Hay ap (b — Alzo)™ ™!
1—¢ €
(TLB — 1)'
(ns —1—j)(np —ng +J)!
(1= Hppns(bi — Alao))" ™ 7 Hppps(bi — Alwg)"> "™

€ 1-¢




A STRATEGIC THEORY OF A MARKET 55

We note that, from (68), it follows that the principal terms is obtained by setting
7 =ng — 1.In this case,
% = 1. It is because every remaining sell bid stays equal or above b;, and
there is only one possible combination for this.
o (1—Hp ps.5(bi—Alwo)) Hp ps.s(bi — D|wg)™s 771 ~ 1. It is because every remain-

ing sell bid stays equal or above b; is a high probability event.
® ot ]()n(fl 31)7'15 I = = 1. It is because that every remaining buy bid (other than
the one bidding b;) stays below b;.
o (1= Hppgp(bi — Do) VI Hp (b1 — Dlag)™~555+1 1. Because every re-
maining buy bid stays below b; is a high probability event.

By combining these four terms, we get

(B1-3) =~ 1. (70)
Intuitively, when there is one buy bid at b;, it is suffice that all remaining sell ng — 1
bids stay at v(1,1) in order to have W;, = b;.
121. Calculation of B1-4. We note

Pr(7bids strictly below b;|xg, tbuyer,there is a buy bid at b;) (71)
(+1)
(X+1)

We now collect terms for Bl1.

122. Calculation of B1.We now combine these terms to calculate

(Bl) = (Bl—1)-(Bl—2) (72)
+(B2—-1)-(B2-2)
&y G
(s )<%+ Ty
(54 1)
@H) )

The intuition is as follows. When 7 is a buyer, there is a buy bid at b;, there are two
possibilities about the behavior of b;.

The first possibility is that ¢ bids strictly above b;. In this case, there are already 2
bids equal or above b;. Therefore, it has to be that one sell bid has to be less than b;.
It is a probability € event.

The second possibility is that 7 bids strictly less b;. In this case, there is one bid equal
or above b; by a buyer, Therefore, it is suffice that every remaining ng — 1 sell bid stay
equal or above b;, and it is a high probability event.
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Therefore, the probability of the second event dominates the probability of the first
event.

We now consider B2.

123. Calculation of B2. We note

Pr(there is a buy bid at b;|0 = x¢,7 buyer) (74)
B2

= nphansp(bilzo)
~ npe (75)

We now consider B3

124. Calculation of B3. We consider Pr(W;,, = b;|0 = To,i buyer, there is a sell bid
at bz)

out of n bids
— N there areng — 1bids equal or higher than b;

Win = bi there is a sell bid at b; (76)
and there are n — ngbids strictly lower than b;
B3 can be further decomposed depending on whether 7 bids equal or above b;.
Pr(Wi, =b|0 = 0, ¢ seller, there is a sell bid at b;) (77)
B3
= Pr(W,,, = bi|zo, 7 buyer, there is a sell bid at bi, 4 bids strictly above b;)
B3-1
-Pr(7 bids equal or above b;|zg,7 buyer, there is a sell bid at b;)
B3-2
+Pr(Wi = bilzo, i buyer, there is a sell bid at bi, 1 bids strictly below b;)
B3-3
- Pr( bids strictly below b;|zg, 2 buyer, there is a sell bid at b;)
B3—4

We now need to calculate B3-1.
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125. Calculation of B3 — 1. We consider

Wi,n — b;conditional on 7 buyer, there is a sell bid at b;, bids strictly above b,

out of n bids
by np buyers, (ng —1) sellers, and one nonstrategic bidder,
[ ——
other than the seller who is deviating
there are ng — 2 bids equal or higher than b;
N—_——

there should be ng bids above or equal b;
and there is a nonstrategic bid above b;
= there is one bid at b; by a seller

and
there is one bid equal or above b; by a nonstrategic bidder 7
and
there is one bid at b; by a seller
and
there are n — ng + 1 bids lower than b;

Let 7 denote the number of sellers who bid equal or above b;. Since there are ng — 2
freedoms of sell bids other than the seller we have been working on and the bid at b;,

For each j,the distribution of bids will be determined as follows:

e since there are ng — 2 bids in total equal or above b; (other than a sell bid equal to
b; and a nonstrategic bid), there will be ng — j — 2 buy bids equal or above b;

e since there are ng — 2 sell bids (other than the seller whom we have been working
on and a sell bid at b;), n — j — 2 sell bids below b;

e since there are np buy bids, there are ngp — ng + j + 2 buy bids below b;

The distribution of bids is given in the following table.

bid # of buy bids # of sell bids total # of bids
equal or above b; ng—2—3j j |Np.s| — 2
N——

there is a sell bid at b;
there is a nonstrategic bid above b;

below b; ng — |Nps|l+7+2||Nys|l—2—7 n— |Nps|
total # of bids ng |Np.s| — 2 ng + |Np,s| — 2
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It follows that the principal term is obtained by

(B3-1) -

— Pr(Wi,n = b;|xo, 7 is buyer, there is a sell bid at b;, 1 bids above b;) (79)
(ng — 2)!
0<j<ns—1 Jl(ns — j —2)!
(1- HA,n,é,s(bi - A‘IO))jHA,n,é,s(bi - A‘:Co)ns_j_Q
1—e €
nB!

(ns —2— j){(np — ng +j +2)!
(1= Hpman(bi — A|70))" ™27 Hp s p(bi — Alag) "2+,

€ 1-¢

We note that, from (68), it follows that the principal terms is obtained by setting
j =ng — 2.In this case,
° #ﬁ;), = 1. It is because every seller will stay above b; and there is only one
combination.
o (1—Hppgs(bi — Alwo)) Haps.s(bi — O|wg)™s ™72 ~ 1. Because it is a high prob-

ability event that every seller will stay above b;.
|
° (ns—2—j)!((2i);ns_ T = 1. It is because every buyer will stay below b; and there is
only one combination.
o (1—Hppnop(bi — A|2o))" 27T Hp p55(bi — Do) s T72 ~ 1.1t is because every

buyer will stay below b; and there is only one combination.

By combining these four terms, we get

(B3—1) ~ 1 (80)

We now consider B3-2.

126. Calculation of B3-2. We note
Pr(7 bids equal or above b;|xq, 7 buyer, there is a sell bid at b;)

b—=0;
A
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127. Calculation of B3 — 3. We note
Wz-,n = b;conditional on 7 buyer, there is a sell bid at b;, 7 bids strictly below b;

out of n bids by np buyers, (ng — 1) sellers, and one nonstrategic bidder,

there are ng — 1 bids equal or higher than b;
and
there is one bid at b; by a seller
~
and
there is one bid strictly below b; by a nonstrategic bidder 7
and

there are n — ng + 1 bids lower than b;
Let 5 denotes the number of sellers who bid equal or higher than b;. There are
0<j<ng — 2 freedom of the number of sell bids after the seller we have been working
on and the seller who bids b;.
The distribution of bids are
e since there are ng — 1 bids in total equal or above b; (other than a sell bid equal to
b;), there will be ng — j — 1 buy bids equal or above b;

e since there are ng — 2 sell bids (other than the seller whom we have been working
on and a bid at b; ), n — j — 2 sell bids below b;

e since there are np buy bids, there are ng — ng + j + 1 buy bids below b;

The distribution of bids is given in the following table.

bid # of buy bids | # of sell bids | total # of bids
equal or above b; ng—1—y ¥ ng — 1
below b; np—nsg+j+1| ng—2—j n—ng—1
total # of bids npg |Nps| — 2 ng+ng — 2
It follows that the principal term is obtained by
(B3-3) (81)
= Pr(W,,, = b|zo, i is buyer, there is a sell bid at bi, 7 bids strictly below(8R)
(ng — 2)!

0<j<ne—1 Jl(ng — j —2)!
(1= Haps,5(bi — Dx0)) Han,5(bi — Og)™ ™72
1—€ 5
nB!
(ng —j — 1)!(ng —ng +j + 1)!
(1 — Hp s p(bi — D|20)" 7" Hp s p(b; — Dlag)™ s+,
N 1-¢
We note that, from (68), it follows that the principal terms is obtained by setting
Jj =ng — 2.In this case,
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° % = 1.Since every seller’s bid is equal or above b;.
o (1—Hp png5.5(bi—A|20) Hp ps.5(bi — Alwg)"s™772 & 1. Since it is a high probability
event that ever seller’s bid is equal or above b;.

(np)! — i i i ,
® T ne—ns T = B Since, in order to have ng bids equal or above b;, when

1 bids strictly below b;, it has to be that one buy bid has to be equal or above b;.
There is ng possible choices.

o (1—Hpnsp(bi— A|x0))”_2_jHA7n757b(bi — A\|wg)"s~"s T+ ~ ¢, Since, it is an event
with probability € that one bid is equal or above b;.

By combining these four terms, we get

(B3 —1) =~ npge. (83)

128. Calculation of B3-4. We note
Pr(7 bids strictly below b;|zg, 2 buyer, there is a sell bid at b;)
(Z+1)
(X +1)
129. Calculation of B3. We now combine the above calculations to get
B3 = (B3—-1)-(B3-2)
+(B3—3)- (B3 —4)

b,
— EA 1
(x +1)

b
by
+TLB€.(%+)
(x+1
b—b,
= EA 1.
(x +1)

Intuitively, when there is a sell bid at b;, there are two possibilities.

The first possibility is that ¢ bids strictly above b;. In this case, if every seller bids
equal or above b;, there are just ng bids equal and above b;. Thus it is suffice that
every seller bids equal or above b; and every buyer bids below b;. It is an event with
probability O(1).

The second possibility is that ¢ bids strictly below b;. In this case, if every seller bids
equal or above b;, there are only ng — 1 bids equal or above b;. That is, it is needed that
one buyer bids equal or strictly above b;. It is an event with probability O(¢).

Since the probability of the first possibility dominates the possibility of the second
possibility, it is an event with probability O(1).
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130. Calculation of B4. We note

Pr(there is a sell bid at b;|0 = g, tbuyer) ~ nge. (84)

We now move to the calculation of B5 where there is a nonstrategic bid at b;.

131. Calculation of B5. We consider Pr(W;, = b;|0 = zo,1 buyer, there is a non-
strategic bid at b;). We note that

Wi n = biconditional on 7 buyer, there is a nonstrategic bid at b;

out of n bids by np buyers, (ng — 1) sellers, and one nonstrategic bidder,
there are ng — 1 bids equal or higher than b;
and
there is one bid at b; by a nonstrategic bidder
and
there are n — ng bids strictly below b;

Let j denote number of possible sell bids equal or above b;. Since there are ng — 1
degree of freedom about the bids by the seller, 0<j<ng — 1.

For each 7, the distribution of bids is as follows:

e since there are ng — 1 bids in total equal or above b; (other than a sell bid equal to
b;), there will be ng — j — 1 buy bids equal or above b;

e since there are ng — 1 sell bids (other than the seller whom we have been working
on ), n — j — 1 sell bids below b;

e since there are np buy bids, there are ng — ng + 5 + 1 buy bids below b;

The distribution of bids is given in the following table.

bid # of buy bids | # of sell bids total # of bids
equal or above b; ng—1—7 Ji ng — L

a nonstrategic bid at b;

below b; np—nsg+j+1| ng—1—j n—ng
total # of bids ng |Np.s|—1 ng+ng —1
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It follows that the principal term is obtained by
(B5) (85)
= Pr(W;, = bi|zo,7 is buyer, i bids b;) (86)
(ng —1)!
0<j<ng—1 jHns —j —1)!
(1— HA,n,5,s(bi - A‘xO))jHA,n,é,s(bi - A‘550)715_]_1
1—¢ €
”I”LB!
(ng—1—j)l(np—ng+j+1)!
(1= Hpp5p(bi — Do) 7 Hp g p(bi — Dlag)™ "5+
€ 1—¢
The principal terms is obtained by setting 7 = ng — 1.In this case,
—1\!
% = 1.Since every seller chooses to bid equal or above b;, there is only one
M ns—j-1)!
possibility.
o (1—Hp pss(bi—A|xo)) HAps.s(bi — Al|zg)"s~7~! 2 1. Since it is a high probability
event that every seller bids equal or above b;.
° (ns—l—j)!((zjf;)ins T = 1. Since every buyer chooses to bid strictly less than b;, it
is the only possibility.
o (1— Hpnsp(bi — Owo)) 2T Hp p55(bi — O|wo)"» s ~ 1. Since it is a high
probability event that every buyer bids strictly below b;.
By combining these four terms, we get (B5) ~ 1.

132. Calculation of B6.We observe

Pr(there is a nonstrategic bid at b;|0 = z0,7 buyer) =

We now calculate B.

133. Collecting terms for B. We have

Pr(W;,, = b;|0 = xo, ibuyer) (87)

= Bl1-B2+ B3-B4+ B5- B6
b; b—b;
Y 1 27U
(%+)-RB€+ 7 “NRBE + 7 -1
(x +1) (x +1) (x +1)
1

= - 1.

(x+1)
Intuition is very simple. For all three cases where a buyer, a seller, or a nonstrategic
bidder places a bid at b;, when a nonstrategic bidder places a bid b;, every seller
bids equal or above b;, and every buyer bids below b;, the probability is highest and
dominates other possibilities.

1-

&Q

~~
~
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134. Calculation of C'. This case is symmetric to B. Thus,

1 (88)

By collecting above cases, we can derive the formula for Pr(W;, = b;|0 = xo).

135. Formula for Pr(W;, = b;|0 = o). From (43), (46), and (88),
Pr(Wi, = bi|0 = xo) (89)
= Pr(W;, = b;|0 = x0,1 nonactive)(1 — §)

A

+Pr(Wipn = bi|0 = 0,1 buyer)(§/2)
B

+Pr(W¢)n = b;|0 = :Eo,g seller)(d/2)
C

npe-(1—9)+2x

Q

T 1-(6/2)

e

~ npge — J.
T E

which is independent of b;. Intuitively, for sufficiently small £ and J, the most probable
case is that (1) every ng — 1 seller chooses a bid equal or above b;, one buyer bids b;,
and every other buyer bids strictly below b; (this corresponds to the first term), and
(2) every ng— 1 seller chooses a bid equal or above b;, every buyer chooses a bid strictly
below b;, and a nonstrategic bidder chooses a bid b; (this corresponds to the second
term). Since a nonstrategic bidder chooses a bid uniformly over Ba, the probabilities
is approximately uniform, independent of the specific value of b;.

136. Verification of (41). It follows from (89) that

Pr(Win=v(1,1)|z;) = Pr(W;, =v(1,1) — Alx;). (90)
It follows from (90) that (41) holds.

7. PROOF OF PROPOSITION 1(B)
7.1. Lemma 3.1

LEMMA. S is a nontrivial equilibrium of G(v,f,A).

PROOF.

137. Overview of the proof. We first derive the double outcome functions in the
large economy G(7,f,A). We then show that 5 is an equilibrium of G(v.,f,A). Finally,
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we show that F7 is nontrivial. We first begin with the definition of the price and the
allocation function in the auction mechanism in the large economy.

138. The price function p(b). Let b be a profile of bids. Given a profile of bids b, we
can construct an empirical distribution function of b as follows. Let ;4 be an uniform
measure on the unit interval. Since the set of possible bids B is finite, it is legitimate
to define, for each b; € Ba,

ulbs) = {5 € 0,1] : b = b}. (91)

p(b;) is the ratio of players who bid b;. By definition, >y cp, (i) = 1.
We now recall that 1 — « is the ratio of the seller in the economy. We define

p(b) = min{b; € Ba : b/;}u(bi) <1-—a}l. (92)
and
]_)(b) = max{bi € Ba : bé,ﬂ(bi) >1— Oz}. (93)

That is, p(b) is the smallest bid such that the ratio of bids equal or above b; is less
than 1 — . p(b) is the largest bid such that the ratio of bids equal or above b; exceeds
p(b). Here p(b) and p(b) is an extension of by, and 41, in the finite economy to
the large economy.

The market clearing price p(b) is determined as p(b) = k p(b) +(1 — k)p(b)°.

139. The allocation function. A bid which is greater than p(b) is sure to be assigned
a good, since the ratio of bids above p(b) is less than 1 — a. But the players who bid
p(b) may need to be rationed.
q(bi, b—i) (94)
1if b; > p(b)

= { 1 with probability S=4-HUEH=POit 5(h) > b; = p(b)

0 else.

Given these price and the allocation functions, we can define the game induced by
the double auctions defined by p(b) and q(b;,b—;).

140. Notations for the double auction game in the large market G(v,f,A).
Let Uj(zi,b;,0_;) and m;(B;,6_;) be the interim and the ex ante expected payoff at
G(.f,A). Let BR;j(x;,8_; ) = arg maxy, U;(x;,b;,0_; o) be player i’s best response to
other players’ strategies 5_; A.

#When there are multiple possible values of p(b) and p(b) which are consistent with the definition of (92) and (93)
because of negligible number of bids, we will choose the one which will be consistent with the behavior of the market
clearing price in the finite economy. That is, we define p(b) and p(b) as the limit of by, ;|.n,| and b|n, g|+1:|N, |-
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141. Definition of the limit strategy. As defined in the text, let SA = (84 3,5 5)
be its subsequence limit of a sequence of a nontrivial mixed strategy equilibria B*A,n as
n — oo.

We now show that g% is an equilibrium of G(v,f,A). Following the discussion in
the text, we show 7, (A n.iBAn—i) = Tni(BAiBA—i) as and 7, (Ba ,08A —i) —
Ti(BA»BA. —i)- We first show the convergence in terms of the buyer’s payoff. The ar-
gument for the seller’s payoff is similar.

142. Show 7, i(BA nisBAn—i) = Tni(BaisBA,—;)- By definition.

T (B*A,n,fh B*A,n,—z’) (95)
= [, = > wi(wo, @i, pbis bi), q(bis b—i) )by i (bil i) D25 A g (b—il i)
[0, ]Xx...x/'\,’ BAaX...XBa

Jfo.x. x_, (w0, zi, v—i)dzo
Bian — Bi implies that bz, (bilz;) — hi A(bi|7;) for every z; and every b;. Thus,
Tin(Bian085ian) = Tin(Bia.BLia) as Bian — Bia-
Having shown the convergence of 7,;(8a y.isBAn —i) = Tni(BAsBA. —i), we would
like to show that my, ;(8A ;,0A i) — Ti(BA,0A —i). For that purpose, We first take a
look at the ex post payoff function.

143. Decomposition of the ex ante payoff function in terms of allocation and
price. By definition,

Tn,i(BAis BA,—i) (96)
= Joy> . X > [o(wo, i) = p(bi,b-i))a(bi, b))

X Xfy X ... X Xﬂy BAX"'XBA
n—1

ha i (bil i) ha n,—i(b—ilx—i) fx,0(zilz0) fx (2 —il20) fo(z0)dxo

= [/[0’1]2( > v(zo,z) Do q(bi,b_i)hap—i(b_ilr_;)

A XL x A BaX...xBa

n—1

fx jo(@—ilwo))ha ni(bil i) fx,10(xilzo) (97)
— /[071] > > Yoo p(bi,b—i)q(bi, b—i)hap —i(b—i|z—;)

Xy Ay XX Ay Bax..xBa
n—1
Fx_jo(x=ilz0))ha n,i(bilzi) fx,10(xi]20) fo(zo)do. (98)
Thus, it is suffice to show weak convergence of the distribution of the price and the
allocation conditional on x( as the size of the market increases. In order to show this,
we first define the empirical distribution of bids and its convergence.

144. The empirical distribution of bids. The empirical distribution function of
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bids by,.....by is

n
Hy(V) == 3 1p<p- (99)
1=1

SERS

That is, the distribution function has a jump of % at each bid. Then, decomposing the
empirical distribution function into the buyer’s and sellers’ bids distribution.

1
H,(t) = = | X Lpr + 2 1bl<b'] (100)
ieNmB Z.EJ\[n,S
np | 1 ng |1
= —|— Y Ly<y|+—|= X Ly<y|.
" 1MBjeN, 5 i€N, g

145. Convergence of the empirical distribution of bids. By assumption 4, con-
ditional on x, players’ signals are iid. Thus, as n increases, for each of buyer and seller,
the empirical distribution of bids according to 5 ; converges uniformly to the distrib-
ution of bids under 4 ;. Since, as is seen in (100), the distribution of bids is a convex
combination of the distribution of buyers’ bids and the distribution of sellers’ bids,
the empirical distribution of bids under the strategies S ; in G(v,f,A,n,d) converges
uniformly to the distribution of bids in G(v,f,A) under the strategies S ;.

146. Convergence of the distribution of the price. Since the distribution function
of the order statistics is a continuous function of the distributions function of bids,
by the continuous mapping theorem, the empirical distribution of order statistics also
converges uniformly in the distribution of order statistics. By k-double auction rule, the
price is a convex combination of the ngth and the ng + 1st bids. Thus the distribution
function the price in the finite game G(v,f,A, n,d) under the strategies Bi A converges
uniformly to the distribution function of the price in G(v,f,A) under the strategies 3; .

147. Convergence of the distribution of allocation. We note, by fixing S, the
probability that a bid b; win is
Pr(qi(bi, b—i) = 1|zo) (101)

ng — #(] : bj > Wi,n)

#(] : bj - Wi,n)
1-— Pr(bj > Wi,n|x0)

Pr(b; = Wj n|z0)
The last line follows since the distribution of bids converges. Therefore, the distribution
of allocation also converges.

= Pr)zr(bi > Wi,n|330) + . P;Lr(bi = Wijn|ajg)

— Pr(bi > W@|£IJQ) +

- Pr(b; = Wilxp) as n — oo.

148. Convergence of the expected payoffs. From the arguments above, since
Tin (87 A nsBia ) is a continuous function of the allocation g, and the price p,, and py,
and g, converges in distribution for each xq, 7; ;,(8; a,8%; o) converge to m; (58 A,82; A)-
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149. Nontriviality of 5\. Suppose g} is trivial. Then, it has to be that for very
large n, the probability of trade has to be arbitrary small. This implies that even the
seller with signal x; = 0 will choose to bid at least v(1,1), although there are some buy
bids (in order to keep the probability of trade positive). But then the argument similar
to the previous Lemma shows that these sellers will prefer to trade by decreasing the
bid, and it is a contradiction to an assumption of that G is trivial

7.2. Lemma 5.2

LEMMA. In G(v,f,A), there exists A > 0 such that for all A < A, for every player
i, player i's best response to 6;‘ A Satisfies the strict single crossing condition for bids
b; > b; such that b; is in the range of equilibrium prices.

PROOF.

151. Introduction. The argument is based on the point made in the text that buyers
and sellers in G(v,f,A) are symmetric. we then show that when a player has a more
optimistic signal, the expected value of the good increases with a uniform lower bound
of the rate of increase. Then we study strict single crossing conditions for adjacent
signals and bids. Then we extend the local single crossing condition to a more general
case.

Pesendorfer and Swinkels (1997) provided a strikingly beautiful proof that the single
crossing condition holds for the best response to a mixed strategy equilibrium in a
one-sided uniform price auction with a continuous set of bids among a finite number
of symmetric bidders. The proof here extends their argument to show the strict single
crossing condition holds for best response to a possibly asymmetric mixed strategy
equilibrium in a large uniform price double price auction with a finite set of bids in the
large economy with a finite set of signals.

152. Symmetry of payoffs functions between buyers and sellers in G(v,f,A).
Let ¢ € N, 5. In the large economy, a player’s bid is negligible. Thus it does not affect
the market clearing price of the double auction in the large economy. That is, p,(b—;)
will converge to p(b;,b—;) as n — oo. Thus,
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dim Up (i, bi, Ba,—) (102)
= [ X X (plbibi) = vlwo, @) (1 = q(bi b))

XX... XX BAaX...XBa
h(b—ilz—i) fo,x x, (w0, T—i|z;i)dzo

-/ X > (plbi;b—i) — v(wo, zi) ) h(b—iz i)

XX..xX BAX...XBA
fo.x . x, (w0, w—i|z;)dzo

:/ 3 > (v(zo, i) — p(bi,b—i))q(bi, b—i))h(b—i|lz—;)

XX..XX BAX...XBa
fo,x . x, (0, —i|w;)dzo
which is equal to a buyer’s payoff in G(v,f,A). That is, in G(~v,f,A), buyers and sell-
ers have symmetric payoffs. Let U(x;,b;,8_; ) denote the payoff function common to
buyers and sellers. Let BR(z;,/3) denote a best response correspondence of player with
signal x; when all other players follows strategy [, which is common to buyers and
sellers.

Let me now introduce notations to define strict single crossing condition.

153. Setup. Let T; > z; and b; € BR(z;,64 4,8A ). Then it follows that

U(zi, bi, BAp BAs) — Ulzi, biy BAy: Bas) > 0. (103)
we now would like to show
U(Ti, bi, Bap: Bhs) — U(Tis bis Ba g, Bas) > 0. (104)

That is, we would like to show that when a player with a signal z; prefers b; to b; and
a signal increases from gz; to T;, then a player with a signal T; still prefers b; to b;. We
now focus on the argument for The other condition of strict single crossing condition

We now introduce a useful event to express (103) and (104).

154. The event of winning from increasing the bid. When a player increases a
bid from b; to b;, a player wins a tie at price b; and will be possibly tied at price b;. Let
Y (b;,b;) be this event, that is, an event that a bid b; may not lead to an assignment of
the good with positive probability the but a bid b; will lead to an assignment of the
good with positive probability given other players use an equilibrium strategy Sh .

The event Y (b;,b;) may be empty if bids b; and b; are too high so that both bids lead
to the assignment for sure or too low so that both bids will not lead to an assignment
for sure. To deal with this possibility, we first define the range of prices which can take
place with positive probability when buyers and sellers choose strategies 52,17 and 627 5
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155. The range of equilibrium prices. Let pmin(ﬁ*A?b,B*A’S) and p"**(BA 5,07 5)
be the lowest and the highest prices that can arise with a positive probability as an
equilibrium outcome of (B4 ;,0A 5)- Let P(Ba 4,07 5) be the set of prices which take
place with positive probabilities given that players use strategies 52,1; and B*A’S.

Given this definition, we only consider cases where Y (b;,b;) is relevant.

156. Cases when Y (b;,b;) is nonempty. We note that

bi < P (BA g, Bas) and by > p™™ (B4 4, BA ) (105)
—  [(Y(b;, bi)|xo) > 0.

To see this, suppose b; < p™™(8x 3,04 5) and b; > pmin(ﬁz’b,ﬁz’s). Then, with some
positive probability, b; will not be assigned a good and b; will be assigned a good and

F(Y (bi;bi)|z0) > 0. On the other hand, if b; > p™(84 1,04 5) or b < p™™(Ba p,0.s);
then both bids b; and b; have the same outcome. By Assumption 4, f(x;|xg) > 0 for
every x;. Thus, if f(x;,Y (b;,b;)) > 0 for some x;, then f(z;,Y (b;,b;)) > 0 for every z;.
Therefore, for every z;,the support of f(x;,Y (b;,b;)) is the same and equal to {(b;,;) :
bi < p™*(BAp.0a.) and by > p™™ (B4 4,04 )} Hereafter, in the rest of the analysis,
we consider b; and b; such that b; < PP (BapBhs) and b; > pmin(ﬁz,b,ﬁz’s).

In order to evaluate the marginal change in expected payoffs when a signal changes,
we decompose the change into the change which comes from the change in the expected
value of the good and the change which comes from the change in the expected payment.

157. Decomposition of payoffs. We note that
U(fUi?Bz'?B*A,baﬁ*A,s) o U('xi?biaﬁz,bﬂz,s) (]‘06)
= E(0X)|X; = 3, Y (bi, bi)] — Elp(bi, b—i)| Xi = x;, Y (b;, bi)]

where the first term denotes the change in the estimated value and the second terms
denote the expected changes in the price.

We first estimate the change in the expected value of the good when a player’s
signal increases. For that purpose, we first consider a property of the distribution of 6

conditional on X; and Y (b;,b;).

158. Monotone likelihood condition for f x, y(20|2i,Y (b;,b;)). From conditional
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independence, it follows that

fo.x.x (o, i, Y (bi, bi))
fx, v (@i, Y (bi, bi)
by definition of conditional expectation
[x,yi0(i, Y (biy bi)|20) fo (o)
fx.y (@i, Y (b, bi))
by definition of conditional expectation
[x,0(@ilzo) fyjp(Y (bis bi)|0) fo (o)
fx.y (@i, Y (b, bi))

by conditional independence

(107)

forx, v (wolzi, Y (bi, b5)) =

The likelihood ratio for Ty > x is

(7.7
= T wm N by (107) "
i) (W>

~

by rewriting

.

|~ |
1| IS L@' IS~
N S gl (=]
S | N S | N

.

Therefore, f(xo|z;,Y (b;,b;)) satisfies the affiliation inequality. Intuitively, f(xolz;,Y (b;,b;))
is considered a garbling of f(xg|z;,x—;) and x_; does not affect the statistical relation-
ship between 6 and X;*.

Building on this property of the conditional distributions, we can now estimate the
change in the expected value of the good.

4Pesendorfer and Swinkels (1997) proposed this interpretation.
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159. Lower bound of the rate of change of F [U(mo,xi)]xi,Y(bi,@)}. We note
E [v(x0,7:) [T, Y (bs, 0i)| — E [v(wo, z3)]zi, Y (bi, bi)] (109)
= Ev(wo, T[T, Y (b, b5)] — E [v(wo, z)|Ts, Y (bs, bs)]
private value effect while keeping the conditioning information constant
+ Ev(wo,z)|m, Y (bi, bi)| — E [v(wo, zi)|zi, Y (bi, b))
common value effect while keeping the private value element constant
by adding and subtracting E [v(zo, z;)|Z;, Y (b;, b;)]
> ANTi — ;).
For the last inequality, for the private value effect, by Assumption 5, v(zg,z;) is increas-
ing in x; with uniform lower bound of the rate of increase A. Thus, the difference is at
least A(T; — z;). For the common value effect is nonnegative because of the affiliation
inequality (108) and Theorem 5 of Milgrom and Weber (1982a).

We prove the single crossing conditions using mathematical induction. As a first step,
we consider the local case where two bids are adjacent and then extend to then case
where two bids are more than one bid step size apart.

160. Strict single crossing condition for adjacent signals and bids. Suppose
that two bids are adjacent (b; = b; + A) and two signals are adjacent (T; = x; + 7).
Take A to be sufficiently small so that

Ay > A. (110)
Then,
U(Tivbivﬁz,bvﬁz,s) - U(Tivbivﬁz,bvﬁz,s) (111)
= E[v(0X)|X; =7, Y (bi, b;)] — E[p(bi, b—i)| Xi = T, Y (b, bi)]
> Ew(0X;)|X; = 2, Y (i, bi)] + Xy

by (109)
—(Elp(bi, b-i)|Xi = 23, Y (b, b)) + A)
upper bound of the possible increase in payment
= (B[o(6X)[Xi = 2, Y (bi, bi)] — Elp(bs, b-i)| Xs = 2, Y (bi, bs)])
>0 by (103)

+(Ay —A)
N———
>0 by (110)
> 0.
That is, when b; — b; is sufficiently small, the increase in the value estimate outweighs
the possible change in the price and the single crossing condition holds. Finally, we
note that it is immediate to extend the argument to the case where the two signals are

more than ~ apart.
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We now move to the next step of the induction. For a simplicity of the argument, we
consider the case where bids are two step size apart. We start by defining cases.

161. Strict single crossing conditions for the case of b; = b;+2A and 7; = z;+1.
Let

T = inéag(({xz b+ A€ BR($i,5*A,b75*A,s)}- (112)

That is, 7; is the highest signal such that a player with signal z; will bid b; + A. Then,
depending on the bids at z;, there are three possible cases.

e There is no z;. That is, no player bids b; + A.

o 7; <.

e I, >Tj.
To see this, please consult the figure below.

L‘IH. L Iore TTTTTEEET e m-;--.-m-.-

case
X ex X, >X,
FIGURE 4.—

We now consider the first case where there is no 7;. In this case, we decompose the
change into two cases where the price is b; and where the price is b;. When there are
no bids at b; + A, then it has to be that player with signal x; has nonnegative payoffs
from winning at b;. Thus, even when the price b; becomes more likely, the player with
signal T; has a positive expected payoff. We elaborate this intuition below.

162. Decomposition of payoffs. We note that 106 can be further expanded into
U(i, biy Baps Ba,s) — Ui bis B BAs) (113)
= Pr(p(b) = bl Xi = 4, Y (bi, b;)) [E[o(0X3)| Xi = x4, Y (b, bi), p(b) = bi] — by] +
Pl“(p(b) = BZ|XZ = Ty, Y(bl,gz)) [E[U(@Xz)le = Ty, Y(bz,gz),p(b) = Ez] — Ez} .
That is, the change in payoffs come from the case of winning the tie at the price b; and
the case of winning (may be at the tie) at the price b;.

We first estimate the expected payoff from winning at the price b;.
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163. Estimation of F[v(0X;)|X; = 7;,Y (b;,b;),p(b) = b;] — b;. By assumption, it is
a best response for a player with signal z; to bid b;. Then, it has to be that winning
at the price b; provides a nonnegative payoff, otherwise the player could bid b; + A to
avoid this outcome keeping the payoffs from other events the same. That is,

E[U(QXZ)lXZ = Xy, Y(bl,gz),p(b) = 62] — bz > 0. (114)
From 109 and 114, we can estimate
E[’U(@XZ)‘XZ = Zj, Y(bi, bi),p(b) = bi] —b; (115)
> E[v(0X;)|Xi = 24, Y (b, bi),p(b) = bi] + Ay — b;
> 0.

That is, a player with the high signal gets a positive expected payoff from winning at
the high price.

We now consider two cases: (a) the probability that the price is b; decreases with the
high signal and (b) the probability that the price is b; increases with the high signal
and show that the single crossing condition holds for both cases.

164. Case (a). This is the case where

Pr(p(b) = BZ‘XZ = Zj, Y(bZ,BZ)) S Pr(p(b) = 62|X2 = Xy, Y(bz,gz)) (116)

Since the prices can be either b; or b; conditional on Y'(b;,b;) given that no one bids
b; + A, it follows that

Pr(p(b) = bi|Xi =7, Y (i, bi)) > Pr(p(b) = bl X = 24, Y (i, bi). (117)

It follows from (113) that the marginal increase in the expected payoff from a higher
bid is decomposed into

Ui, bi, Bap: Ba,s) — Ui, bis Ba b BAs) (118)

= E[U(QXZ)‘XZ = TZ,Y(Z_?Z,EZ)] —

bi Pr(p(b) = b;| X; = T, Y (bi, b)) — b; Pr(p(b) = bi| X; = T, Y (b;, by)).
That is, the change in the expected payoff from a higher bid is decomposed into the
change in the expected value from winning at the high bid (and losing at the low bid)
and the expected change in the payment.

Now from (109),

E[’U(QXZ)‘XZ =i, Y(QZ,BZ)] > E[’U(@XZ)‘XZ = Z;, Y([_)l,gz)] (119)

That is, the change in the expected payoff increases when the signal increases. It

remains to evaluate the change in the payment when the signal changes.
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165. Change in the expected payment. From (116) and (117),
b Pr(p(b) = bi| Xi = 7, Y (b, b)) +
b; Pr(p(b) = b;| X; = m;, Y (b;, ;)
< biPr(p(d) = bil Xi = 2, Y (bi, bi)) +
bi Pr(p(b) = bi|X; = z;, Y (bi, bi)-
That is, since the probability of the high price (b;) is lower when the signal is high by
the assumption of (116), it has to be that the expected payment decreases.

(120)

We now have the estimate of changes in the expected value of the good and the
expected payment. Thus,

166. Strict single crossing for case (a). Therefore, by substituting (119) and (120)
into (118), we get
U(Ti, bi, BAp BA,s) — Ui biy Ba s O s)
> U(zu Bia B*A,lw B*A,s) o U(ﬁu by, B*A,b? B*A,s)
> 0 from (103).
Intuitively, in this case, when the signal increases, the expected value of the good

increases and the expected payment decreases. Thus the player with the high signal
still prefers the high bid.

167. Case (b). This is the case where
Pr(p(b) = 0| X; = T, Y (b, bi)) > Pr(p(b) = bi| Xi = 2, Y (i, by)) (121)
It follows that

Pr(p(b) = b;|X; = Ti, Y (bi, b)) < Pr(p(b) = bi| Xi = 2z, Y (b;, bi))- (122)
From (113), we have
U(f% bi? B*A,b? B*A,S) o U(Tlxa bia B*A,b? /B*A,S) (]‘23)

= Pr(p(b) = bi|Xi = i, Y (i, by))
[E[0(0X:)|Xi = T3, Y (bs, bi), p(b) = bi] — by] +
Pr(p(b) = Ez‘Xz =7, Y(bz,gz))
[E[U(QXZ”XZ = Ty, Y(QZ,EZ),p(b) = E@] — Ez} .
That is, the change in the expected payoff is the weighted sum of the payoff when the
price is low (b;) and high (b;).
We first evaluate the change in the expected payoff when the price is high.

169. Expected payoff when the price is high. We recall, following the same line
of calculation of (107) and (108),
E[v(0X:)|Xi = i, Y (bi, b:), p(b) = bi] (124)

> E[(0X;)|X; = z;, Y (b;,b b
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That is, the player with the high signal has the high expected value of the good.

Ti,Y(bi,bz')) (125)

Blo(0X)1X; = 21, Y (b, 5:),p(b) = ] ~ B.
That is, the player with the hlgh signal has the higher expected payoff from winning
at the high price compared with the player with the lower signal. Since the player with
the low signal has a nonnegative expected payoff from winning at the high price, the
expected payoff from winning at the high price is positive for the player with the high
signal. Since the probability that the price will be high increases when the signal is
high in this case, the expected payoff from the high price will be higher.

Using this information, we can study single crossing condition for case (b).

171. Strict single crossing condition for case (b). It follows from (113) and
(125), if there is a violation of single crossing conditions, it has to be that

(126)

[E[v(0X;)|X; = z;, Y (b;, bs), p(b) = b;] — by
That is, the expected payoff when the price is low should be lower with the high signal.
It follows from (122), for (126) to hold, it has to be that
E[v(0X;)|X; =i, Y (bi, bi), p(b) = bj] (127)
< E(0X;)|X; = 2, Y (bi, b;), p(b) = by].
That is, since the probability of the low price decreases with the high signal for case
(b), in order to have a lower expected payoff, it has to be that the expected value of
the good decreases with the high signal.
But from a similar calculation with (124),
E[v(0X;)|X; = 7, Y (b, bi), p(b) = by] (128)
> Bo(0X;)|X; = 2, Y (bi, bi), p(b) = by].
That is, monotone likelihood ratio conditions on the distribution ensures that the player
with the high signal has the higher expected value of the good than the player with
the low signal.
It follows that (127) cannot happen. Therefore, the single crossing condition holds.

So far we have covered the case where there is no 7;. We next consider the case where
T; < T; where, Z; is the highest signal who will bid b; + A as defined in (112).



76 EIICHIRO KAZUMORI

172. Decomposition of payoffs. This is the case where the highest signal who will
bid b; + A is very low, lower than z;. In this case, we decompose the difference in payoft
from a high bid for a high signal b; is decomposed into the sum of incremental change
in the payoffs:

U3, 55, B Ba.0) — Ui, by, B B3) (129)

= [U(TMEZ: B*A,bv B*A,s) - U(T“bl + A’ Bz,b’ 6275)}

+ {U(T%bz + Aa BZ,I)? B*A,s) - U(Tiabia B*A,lw B*A,s)} :
That is, the difference in the payoff is the sum of differences of the payoff when the
player with the signal T; increases the bid from b; to b; + A and the payoff when the
player increases the bid from b; + A to b;.

We first evaluate the first case, the payoff changes from b; + A to b; from the result
in the local case.

174. Change in the payoff from b; + A to ;. Since b; € BR(x,6A 5,04 5),
Ulzi, bi, Bap: Ba,s) — Ulaiy bi + A, BAp, BA ) = 0. (130)
Then, from (111),
U(%i, bi, Bap Ba,s) — UTi, bi + A, Bap, Bas) > 0. (131)

That is, since the higher bid b; is a best response for a player with signal z; and b; and
b; + A are adjacent, by applying the local strict single crossing condition above, the
player with the high signal Z; has the strictly prefers the high bid b;.

We now evaluate the second term.

176. Change in the payoff from b; to b; + A. It follows from the definition of z;

that

U(Zi bi + A, B s Bas) = Ui, bis B, Bas) 2 0. (132)
Then, it follows from the same argument of (111),

Ui, bi + A, BAp, Bas) — Ui biy Bap: Bas) = 0. (133)

Intuitively, the player with signal z; has b; + A as a best response. Since b; + A and b;
are adjacent, and since T; is higher than z;, by applying the local strict single crossing
condition, it follows that the player with the signal T; strictly prefers b; + A over b;.

178. Strict single crossing condition for 7; < T;. It follows from (129), (131),and
(133): we get U(T’hbiaﬁz,[ﬁﬁzys) - U(Tiab%BZ,b)BZ,s) > 0

So far we have considered the first two cases. It remains to consider the case of 7; > T;.
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179. Case where 7; >.7;. This is the case that there is a player who bids b; + A can
have a very high signal, higher than 7;. In this case, from (130) and (111),

U(fﬁi)Eia B*A,ba B*A’s) - U(i'laz—)l + A? ﬂ*A,ba B*A,s) > 0. (134)

That is, since a player with signal T; prefers to bid b; over b; + A, the player with
the higher signal #; will prefer to bid b; over b; + A by the local strict single crossing
condition. Since it is a strict condition, it is a contradiction to the assumption that
b; + A is a best reply for player with signal z;. Consequently, this case will not happen.
The figure below describes the argument.

Thus we covered the case of b; = b; + 2A and 7; = x; + ~. It follows from the
argument of mathematical induction that the single crossing condition follows for the
general case.
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7.3. Lemma 3.3

LEMMA. There exists A > 0 such that for all A < A, for each player i and j, signal
x; # xj, and a bid b; € Ba which is in the range of equilibrium prices,

Pr(Ba i(xi) = bi) - Pr(Ba j(z;) = bi) = 0. (135)

PROOF

181. Introduction. We start from assuming a contradiction. We first examine the
monotonic relationship about the distribution of the support of equilibrium bids and
then stochastic dominance relationship of the distribution of bids. It follows that there
exists a winner’s curse that for each price winning a good is a bad news compared with
losing a good. Its consequence is that it is not compatible that players with distinct
signals choose the same bid.

The arguments that there would not be a mass point in the distribution of equi-
librium bids in an interdependent value environment are presented, among others, in
Pesendorfer and Swinkels (1997), Athey (2001), Reny and Zamir (2004), and Reny and
Perry (2006). The proof here extends the argument to a possibly asymmetric mixed
strategy equilibrium in a large uniform price double auctions with a discrete set of bids
in an interdependent value environment.

182. Suppose that there is no A > 0 which satisfies (135). It follows that for every
A > 0, there exists player ¢,j and signal x; > xa ; and a bid b; A such that
Pr(6ai(rai) = bia) - Pr(Ba j(za;) = bia) > 0. (136)

That is, for every grid size A > 0, there are two signals za ; > xa ; and a bid b; o such
that players with these two signals will choose b; A with positive probability.

The strict single crossing conditions implies a monotonic relationship about the sup-
ports of the distribution of bids under B*A,b'

183. The supports of the distribution of the equilibrium bids of a buyer and
a seller. For each z;, let

suppBa p(7i) = {bi € Ba : hap(bilz;) > 0}.

and

suppBa (i) = {b; € Ba : ha s(bi|z;) > 0}.
In words, suppfa 4(;) is the set of bids that a buyer with signal z; will choose with
positive probability. For a buyer’s bid, let

P (B p(xi)) = maxsuppfSa (i)
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and
P (B (i) = minsuppBa p(;).
That is, since the set of possible bids Ba is finite, p"™®* (8 ;(x;)) is the largest bid that
a buyer with signal z; will choose with a positive probability. Similarly, p™ (/3 Ab(T5))
is the smallest bid that a buyer with signal x; will choose with a positive probability.
Similarly, for a seller, let

maX(BA 3(372)) = max suppBA,s(ﬂfi)

and
mm(ﬁA s(xz)) = min SuppﬁA,s(xi)'

The figure below explains these definitions.

P () L
; - ..............
p=f-(5‘h(_\;}) evemeescerenne DAY €S- bidl . o st . O —
X,
FIGURE 7.—

Since it is possible that the supports of the distribution of bids by the buyer and the
seller are different even though the buyer and the seller have identical preferences, we
define the union of the supports as follows:

184. The support of the equilibrium bids of buyers and sellers with the same
signal. For each x;, define suppfSa(z;) as follows:
e Suppose

max(p™(Bp A (i), P (Br.a(2i) < ™ (Bp.p:Br.n)

and .
min(p™**(Bp (7)), P (Ba a(wi) = P (Be,as Ba.n)-

It is the case where the maximum and the minimum bids are contained in the range
of the transaction price. In this case, we define

suppfa (i) = suppfa p(wi) UsuppfBa (xi).
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e Suppose

max(p"(Bp (i), P (Ba alwi)) > 0" (B Ay Br.a)

and .
min(p™*(Bp (@), P (Ba.al@i)) = ™ (Bp.as Bx,a)-

In this case, the maximum bids are above the range of the equilibrium prices. In
this case, we define
suppBa (@) = suppBp (i) UsuppBuy al@i) U™ (Bp.a:Br.n): D)
e Suppose

max(p™(Bp a2i)), 0" (Ba (i) < P (Bp,ns Ban)

and
min(p™ (B 4 (i), P (Br,a (i) < P™™(Bp.a,Br.a)-

In this case, the minimum bids are below the range of the possible equilibrium
prices. In this case, we define
suppfBa (w;) = suppBp a(2;) UsuppBy alxi) U0, p™(Bp.a, Br.a)l

Suppose

max(p™(Bp a(2i), P (Ba,a(2i) = P (Bp,n, Ba,n)

and
min(p™ (85 A (2:)), " (Br.a (i) < P™™(Bp.asBr.a)-

In this case, both the maximum bid and the minimum bids are above and below the
possible equilibrium prices. In this case, we define

suppBa (zi) = [0,0)].

This definition takes into account of the point where players can get the same outcome
for the bids outside the range of the equilibrium prices. The following figure explains
one construction of suppfa (z;).

We first compare the supports of the distribution of equilibrium bids for two signals
where both signals place bids in the range of equilibrium prices.

185. Monotonicity of the supports of the distribution of the equilibrium
bids when both signals place bids in the range of equilibrium prices. Let

T; > z; and b; €suppBa(z:)N P(BApP4,s) and by €suppBa (@) NP(BA 4,04 s)- Then
we claim that

Vb; € suppBa(zi) N P(BA p, BA.s), ¥bi € suppBa(Ti) N P(BA y, BAs), bi > ;. (137)
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That is, if we take two signals, then every bid which is in the support of the bidding
strategies of a buyer and a seller of a higher signal is higher than every bid which is in
the support of the bidding strategy of a buyer and a seller of a lower signal.

We now present the proof of the above claim.

186. Proof of the claim. Suppose otherwise. Then there exists b; €suppfBa (T;) N
L

P(BAp:PA.s) and by €suppfa (z:) P (B 4, 6A 5) such that b; < b;. Since, b; €suppfa
there exists a player (buyer or seller) that will prefer b; over other bid, including b;.
That is,

),

Ul(zi, biy BAp: B ) > Ulzi, biy B B.a)- (138)

Since T; > z;, the previous lemma implies that, the player with the higher signal 7;
will prefer b; as well.

U(Ti, bi, BAp Bx,a) > U(Ti, bis Ba by B .a)- (139)

This implies that both of the buyer with signal Z; and the seller with signal z; will
not choose b; over b;. It follows that b; ¢suppSa(T;). It is a contradiction. The figure
below summarizes the argument.

PP(Bxhs)
_.pfz}‘er‘s bids
- with signal X,
plaver's bids
BB with sigq;_l_g‘_.
340 Fra

I
|

FIGURE 8.—

We now extend the argument for signals which place a bid outside the range of
equilibrium prices.

187. Monotonicity of the supports of the distribution of the equilibrium
bids outside the range of equilibrium prices. Let T; > z; be two signals such

that suppBa (z;)N P(Ba p:BA.s) # ¢ and suppBa (T:)N P(Ba 4:8As) # ¢- That is, both
signals have bids in the range of equilibrium prices. We now show that
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W € suppBa(m)\P(Bh s Aa.) and b, < minP(F4 4 F..), (140)
b; ¢ suppfa(Ti).
That is, for two signals x; and T; which will place a bid in the range of equilibrium
prices, if a player with signal z; places a bid outside the range of equilibrium prices,
the player with signal Z; will not choose the bid.

189. Proof of the claim. To see this, let b; €suppfBa ;(a;) N P(BApBAs)- Then
b; > b, and

Ul(zi, bi, Bap: BAs) = Ulzi, b, BA b BAs)- (141)
Thus, by the previous lemma,

U(Tisbis BAp: BAs) > U(Tiy by, By BAs)- (142)
For b; €suppfi (i),

U(Ti, biy BAps Ba,s) = UTis bis B BAs) (143)

That is, from (141), (142), and (143),
U(Ti,bi, Bap BA.s) — Ulzi, b, BAp Bas)
= (Ui, bi, Bap Bas) — Ui bis Bag Bas))
— (U@, b1, B g Bhs) — Ui, bi, Bag BAs)
> 0
Therefore, b} ¢suppBp A(T;). This implies that only the lowest signal who will place a

bid in the range of equilibrium prices will place a bid outside a range of equilibrium
prices.

P“(ﬁ. ;ABA)
...... Wpiers b
5.w1th signal X,
player's bids . .
(8L B.) with signal x
.................................. .
X X
FIGURE 9.—

We further extend the result to a signal such that the player with that signal will not
place a bid in the range of equilibrium prices.
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190. Monotonicity of the support of the equilibrium bids of buyers for signals
who will not place a bid in the range of equilibrium prices. Let x; be such
that suppfSa (73)N P(BApPA,s) = ¢ and maxsuppBa p(z;) < minP (SR 4,04 ). Let
z; be any signal such that suppfa (2:)N P(BAp04A.s) # ¢- Then x; > a7

That is, a signal whose support of the equilibrium bid is less than the range of
equilibrium prices is less than any signal such that the player with that signal places a
bid in the range of equilibrium prices.

191. Proof of the claim. To see this, suppose, on the contrary that =} > x;. Let

bi esuppfBap(@i)N P(BApLAs) and by < minP(BR ;.04 ) and b; €suppBa ()N
P(BapBA.s)- Then, by construction,

b; > b;

Also, since b; is a best response for a player with signal x;,

U(xiabiaﬁz,baﬁz,s) > U(xiabgvﬁz,bvﬁz,s) (144)
Then, since the assumption is such that x} > x;,
U(:Uf“ bia B*A,ba B*A,s) > U(SU;, bfm 62,1)7 B*A,s)' (145)

This is a contradiction to the fact that b} is a best response to a player with signal 2.
The figure below summarizes the argument.

We have so far derived monotonicity properties of the supports of the distribution of
equilibrium bidding strategies. That is, the support of the distribution of equilibrium
strategies by a player with the higher signal is higher than the support of the distri-
bution of equilibrium strategies by a player with the lower signal. We now derive a
consequence on the distribution of equilibrium bids.
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192. Distribution of the equilibrium bids. Consider two signals z; < 7;. Let
H} ;(+|z;) and H ;(+|Z;) be the distribution function of an equilibrium bidding strategy
associated with signal z; and T;. Let b; be in the range of equilibrium prices. There are
several cases.

e Case where

suppSa (z;) C BA\P(Bap: BA,s) and maxsuppfSa (z;) < minP(Ba p, A s)

and

suppSa (Ti) C BA\P(BA(Bap BA,s))) and maxsuppBa(x;) < min P(SR 5, Ba )

This is the case where both signals have the support of the equilibrium bids less
than the range of equilibrium prices. In this case, for b; € P(BR 5,08A 5);

Hp ;(bilz;) = Hp ;(bi[T;) = 1.
e Case where

suppfa(z;) C Ba\P(BA(BAp Bas))) and maxsuppfa(z;) < minP (B4, Sa )
and
suppBa i(Ti) N P(BAp Bas) # ¢-

This is the case where the support of the distribution of a player with a high signal
has a bid in the range of an equilibrium bids. In this case, for b; € P(8A 3,5 5);

Hp ;(bilz;) =1 > Hp ;(b;i[7;).

e Case where
suppBa(z;) N P(Bap Bas))) # &
and

suppSA(Ti) N P(Bap Bas)) # ¢-

This is the case where the supports of the distribution of a player with a high and a
low signal place a bid in the range of equilibrium prices. Suppose b; € P(84 5,0 )
and b; < maxsuppfa(z;). In this case, a player with a higher signal T; will not
choose to place a bid on b;,

Hp j(bilz;) > 0> Hp ;(bi]7;) = 0.
For b; € P(BA(BAp:Ph,s)) and b; > maxsuppfSa (z;),from (137),

Hp ;(bilx;) = 1> Hp ;(bi]7:).
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The argument for the cases where a support of an equilibrium bids is higher than
max P(BA 3,07 ) is similar.
It follows from these cases that, for b; € P(BA(BA 5,07 .5))

Hp (bilaz) > HA ;(bi[T3). (146)

Intuitively, when a strict single crossing condition holds, it cannot be that a player with
a higher signal places a bid strictly lower than a bid by a player with a lower signal.
Otherwise, a player with a higher signal strictly should have preferred a high bid chosen
by a player with a lower signal. This implies that the support of an equilibrium bid by a
low signal is less than the support of an equilibrium bid by a high signal. It will implies
that the probability distribution of bids by a player with a low signal is stochastically
dominated by the distribution of bids by a player with a high signal.

We now derive a stochastic dominance relationship of the distribution of equilibrium
bids conditional on the state.

193. Stochastic dominance relationship of the conditional distribution of
bids. Recall

Hp p(bilzo) = > HAu(bilwi) fx,0(zilmo) (147)
$i€){
From (146), and (147),
To > xo — Hp y(bilzo) > Hp 3(bi|Zo) (148)
Similarly,
> xoy — HZ,s(b2|l0) > H*A,s(bZ‘TO) (149)

o
It follows from (148) and (149) that

aH A y(bizo) + (1 — ) HA 4(bi]2o) is nonincreasing in xo. (150)

Having established the stochastic dominance relationship about the distribution of
bids, we will now start working on existence of winner’s curse. As a first step, we study
how the allocation probability changes as the signal changes.

194. The allocation function at the tie. Suppose there is a tie at bid b; in the range
of an equilibrium price when the state is xg. Let q(b;,W/ = b;|xg) be the probability
that a player who bid b; will get the good when the market clearing price is b; and the
state is zg. We note
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e The ratio of goods available for buyers and sellers with bid b; is the amount of the
ratio of the good left after the goods are allocated to buyers and sellers whose bids
are strictly above ;. Noting that the set of possible bid By is finite, it is,

(1—a) (151)
~

total ratio of available goods

— | (1 = Hy A (bil2o)) +(1-a) (1 — H A(bilzo))
ratio of buyers who bid strictly above b; ratio of sellers who bid strictly above b;

= |aHp A (bilzo) + (1 — a)Hy a(bilzo)] -
e The ratio of buyers and sellers who bid exactly b; is

alp A (bilzo) + (1 — a)Hy a(bilo) (152)

the ratio of buyers and sellers who bid equal or less than b;

— | ap (b — Alzo) + (1 — @) Hy (bi — Alzo)

the ratio of buyers and sellers who bid strictly less than b;
It follows from (94),(151),(152),

Pr(q(b;, W = bi|lzg) = 1) 153
(H R A (bilxo) + (1 — a) Hy A (bilo)] —

(H B p(bilxo) + (1 — a)HY A(bilzo)]
— |aH A (bi — A|on) + (1= a)Hy A(bi — Alao)]

Il 3 Py (AT (oY SR (X))
(@0 b Al (=) T (5= Al))
(a5 A il0) T =) Ty o (4]70))

We now derive a monotonicity property of Pr(q(bs, W = bj|zo) = 1).

195. Monotonicity property of Pr(q(b;,W = b;|xg) = 1). It follows from (148) and
(149) that

aHp a(bilzo) + (1 — a)Hy a(bi]xo) is nonincreasing in . (154)
and
aHp a(bi — Alxg) + (1 — a) Hy A(bi — Alzo) is nonincreasing in xg (155)
It follows from (154) and (155) that
«
(aH A (bilzo) + (1 — @) Hy A (bil20))

(aHp a(bi — Alzo) + (1 — ) Hy a(bi — Alxo))
(aHE A (bilzo) + (1 — a)Hy A (bilzo))

increases faster than (156)

as x(o increases.
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Consequently, from (156),the numerator of (153) decreases faster than the denominator.
Therefore,

To > o (157)
—  Pr(b; wins |0 =9, W = b;) < Pr(b; wins |0 = zo, W = b;).

It follows that

To = o (158)
—  Pr(b; loses |0 =T, W = b;) > Pr(b; loses |0 = xog, W = ;).

That is, as x( increases, the distribution of bids by other players increases in the sense
of stochastic dominance, so the ratio of bids equal or above at x( increases. Given that
a bid b; is tied with W/, it implies that the ratio of bids strictly above z( is the same
in these two cases of xyp = z9 and x¢y = To. This implies that the ratio of bids equal
to b; is larger with ZTo compared with xg. It follows that the probability that a good is
assigned conditional on being at a tie will be lower with Ty rather with xg.

(157) and (158) imply that losing at the tie is a good news compared with winning
at the tie.

196. Winner’s curse. Consider a player with signal z; and a bid b;. The expected
value of the good from winning at the tie is E[v(0,X;)|X; = z;,W(0) = b;,b;wins at
the tie] and the expected value of the good from losing at the tie is E[v(0,X;)|X; =
x;,W(0) = b;,b; loses at the tie].

We first examine the monotone likelihood ratio condition for f(zo|X; = z;,W(0) =
b;,b; loses at the tie). We note that

fox. w(olxi, W(0) = b;, biloses at the tie) (159)
fo.x,.w (x0, 23, W(0) = b;, biloses at the tie)

Ix, w(xi, W(0) = b;, bjloses at the tie)
fx.vio(xi, W(0) = bi, biloses at the tie|xg) fo(o)

Ix,v(x;, W(0) = b;, b;loses at the tie)
fx,vio(zilro) Pr(b;loses at the tie|zo, W(0) = b;)
f(W (o) = bilzo) fo(xo)
Ix, v (x;, W(0) = b;, biloses at the tie)
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It follows from (159) that the likelihood ratio for Zp > zg is
fox. v (Tolxi, W(0) = b;, biloses at the tie)
fox, v (Tolxi, W(0) = b;, bjwin at the tie)

Pr(b;loses at the tie|[zy, W (0)=b;)
fx,v (x:,W(0)=b;,b;loses at the tie)

Pr(b;wins at the tie|zo,W (0)=b;)
Ix;v (x:,W(0)=b;,b;wins at the tie)

by (159)

Pr(b;loses at the tie[Zo, W (0) = b;)

Pr(b;wins at the tie[Tg, W(0) = b;)

Ix, v (xi, W(0) = b;, bywins at the tie)

.in,y(a:z-, W (0) = b;, bjloses at the tie)

Pr(b;loses at the tie|W(0) = b;, z)

Pr(b;wins at the tie|WW(0) = b;, x¢)
by (157) and (158)

fx,v(xi, W(0) = b;, bywins at the tie)

.thy(iﬁi, W(0) = b;, bjloses at the tie)

fox, v (olxi, W(0) = b;, biloses at the tie)

fox, v (zolxi, W(0) = b;, biwin at the tie)
That is, the variable # and the variable b; wins or loses at the tie satisfy the monotone
likelihood ratio condition. Thus, it follows from Theorem 5 of Milgrom and Weber
(1982a) and Assumption 5 that the value is strictly increasing in the state with a
uniform lower bound that

Elv(0, X;)|X; = x;, W(0) = b;, b;loses at the tie] (161)
> FEv(0, X;)|X; = x5, W(0) = b;, bj wins at the tie]
It follows that
E[v(0, X;) — b;| X; = z;, W(0) = b;, b;loses at the tie] (162)
> FElv(0, X;) — b;|X; = z;, W(0) = b;, b; wins at the tie]

Intuitively, winning at the tie suggests, compared with losing at the tie, that the state
is lower, thus the value of the good is lower. Since the value function is strictly increas-
ing in the state with a uniform lower bound, the expected payoff conditional on the

(160)

information of winning the tie is strictly lower than the expected payoff conditional on
the information of losing the tie.

We have deduced the existence of winner’s curse. We now derive consequences of
the assumption that bidders with distinct signals will submit the same bid. For that
purpose, we consider a property of a mapping Z(p) which gives the set of states such
that p is the market clearing price given that players choose strategies S;.

197. Monotonicity properties of Z(p).Consider two prices p < p which are in
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P(BApLA,s)- We first show that
for any zo € Z(p) and zj, € Z(p), z0 < (. (163)

That is, every state which will induces a lower price is lower than the state which will
induce a higher price.

To see this, suppose, on the contrary, that g > (. Then, for every b;, aHp A (bilzo)+
(1 —a)Hx a(bilzo) is nonincreasing in xy. It follows that p> p. It is a contradiction to
the assumption.

Next we consider another property of Z(p) such that Z(p) does not have a gap.

198. Z(p) does not have a gap. Suppose there are two signals xg < T( such that the
market clearing prices under zo and T¢ are both p. From (150), the market clearing price
p(BA(xo)) is monotone in xg. Thus, for any z¢ € [z0,To], p(BA(z0)) = p(BA(zo)) =
p(BA(To)). Thus, z9 € Z(p).

From these two properties, for each p € P(BA 5,04 ), there is an interval Z(p) C [0,1]
which yields p as an equilibrium market clearing price. We also note that Z(p) changes
’smoothly’ in p in the following sense.

199. Z(p) does not jump around. Let p< p be two consecutive prices in P(54 5,5 5)-
Let Z(p) be the set of signals such that the equilibrium outcome price is p. Let
2= sup Z(p). Then, there does not exist ¢ > 0 such that the equilibrium price with
z+¢ is P and the equilibrium price p’ with z+¢’.¢’ < ¢ is different from p.

To see this, suppose otherwise. Then, if the price p’ is lower than p, it will contradict

monotonicity property of Z(p) in terms of p and p/, and if p is higher than p,it will
contradict monotonicity property of Z(p) in terms of p’ and p.

Intuitively, we have already seen that the distribution of equilibrium bids is increasing
in the sense of stochastic dominance as the state increases. This implies that, as the

state increases, the market clearing price, which is a convex combination of the order
statistics of the distribution of bids, increases monotonically.

We are now able to study the first order conditions for the bidder with the high signal

JZ@)A.

200. First order condition for the bidder with the high signal. It follows from
the first order condition for the signal x; A that it has to be that a player with a signal
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z; A does not wish to increase a bid from b; A to b; o + A. That is,
Loz P@0:718) = (bia + 2)) (164)
qbia + AW =bia + A‘$O)f9]Xi($O|$i,A)de

T Jre o, V70 Ti) ~ Bia)

(L = q(bi,n, W = bj alwo)) forx, (zolzia)dxo
<0.
The first term of (164) evaluates the payoff of a player when a player’s new bid b; A +A
wins when the market clearing price is b; A + A and the player wins the possible tie
and the allocation is q(b; A + AW = b; A + Alzg). The second term of (164) evaluates
the payoff of a player when a player’s new bid b; A + A wins when the market clearing
price is b; A.

We have already seen the first order condition in the form of Y (b;,b;) in the previous
Lemma for example, in (113). The condition here, (164), explicitly deals with the
information about the state contained in Y (b;,b;) in the form of Z(b;) and Z(b;). The
reason that we use this formulation here is that, since we know now more about the
structure of the equilibrium strategies, we know more about the structure of Z.

202. The limit of the first order condition as A — 0. We now take A — 0. By
taking subsequences, let x; denote a subsequence limit of x; A, b; is a subsequence limit
of b; A, and q(b;,IW = b; alxp) is a subsequence limit of ¢(b; + AW = b o + A|xg), 21
be the limit of the interval of Z(b; A+ ) and Z3 be the limit of the intervals of Z(b; A).
Then,

/Zl(v(xo,a:i) — bi)q(bi,a, W = bilwo) f(xo|wi)dxo (165)
Jr/22(1}(360’ i) = bi)(L = q(bia, W = bi[wo))f(zo|w;)dzo<0

Given the monotonic structure of Z(p), we can draw inference on the payoff of a high
signal bidder at the tie.

204. Estimation of the payoff of a high signal player with losing at the tie.
From the monotonic structure of Z, let Tp be the common point of Z; and Zs.
e Suppose
U(To,wi) —b; > 0. (166)

That is, at the highest state where the price is b; A, it is profitable to own the good.
Then, since, for every xo € Z1, x¢g > Ty, it follows from (166) that

v(xo, ;) — b > 0. (167)

From G(b; A,W = bj|xzg) > 0 and (167), it implies that it is profitable to win the
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good when the state is Z; :

[, (0(e0,21) = b)lbe . W = bleo)f(zofas)deo = 0 (168)
Therefore, from (165) and (168), it has to be that
(v(zo, 25) — b;)(1 — q(bia, W = bi|x0)) f(zo]x;)dzg < 0 (169)
I,
e Suppose
U(f(),afi) —b; <0. (170)

That is, it is not profitable to own the good at the highest state where the price is
b;. For every xg € Z1, xg < To. Thus, from (170),

v(xo, ;) — b < 0. (171)
Therefore, from g(b; A,W = b;|xg) > 0 and (171),
/ZQ(U(ZU(),Z‘Z‘) —b;)(1 = q(bia, W = bilxo)) f(zo|xi)dxg <0 (172)

Consequently, (169) holds for all cases. That is, losing the tie at the price b; should not
be profitable.

For intuition, suppose otherwise and that losing the tie at the price b; is profitable.
Then, winning at the price b; + A when the market clearing price is b; + A is a better
news for the state than losing at the price b;. It is because, in order for the market
clearing price to be b; + A, the ratio of the bids equal or strictly above b; + A is at least
1 — «. In this case, it cannot be that the market clearing price is b;. This implies that
winning when the market clearing price is b; + A is a better news. This implies that,
if losing the tie at the price b; is profitable, winning at the price b; + A is profitable
for sufficiently small A, and it will provide contradiction to the assumption that the
player with the signal x; A does not wish to increase the bid to b; + A.

We bow consider the first order condition for the low signal.

205. First order condition for the low signal and its limit. It follows from (136),
as in the case of a high signal z; A, that a player with signal x; A prefers to increase
the bid from b; A — A to b; . That is,

/rz:er(biA—A)(U(xO’ zjn) = (bia — AL —qlbia — AW = bja— Alzo)) fox,(zo|zja)da

—l—/woez(biA)(U(fUO»%,A)_bi,A)Q(bi,AaW = by alzo) fo x, (w0l j,a)dzo
> ().

The first term expresses the payoff when the state is such that the market clearing
price is b; A — A and a higher bid of b; A wins the good even when the bid of b; A — A
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does not win the good. The second case expresses the payoff from when the state is
such that the market clearing price is b; A and a higher bid of b; A wins the good. The
first order condition implies that increasing the bid from b; A — A to b; A is preferable.

We take A — 0. Let z; be a subsequence limit of w; A, b; is a subsequence limit
of b; A, and q(b;,W = b; alzo) is a subsequence limit of ¢(b; + AW = b; A + Al|zg),
q(b;,W = b; alzo) is a subsequence limit of q(b; — AW = b; A — Alxg) for each 9,22 be
the limit of the intervals of Z(b; o), and Z3 be the limit of the intervals of Z(b; A — A).
Then,

/22 (’U(SU(), xl) - bi)q(bi,A, W = bz|330)f(330‘$2)d$() (173)

+ [, (Wlwo,2i) = bi)(1 = q(bia, W = bilxo))f (woli)dro > 0
207. Estimation of the payoff of a low signal player with winning at the tie.
Let g be the common point of Z5 and Zs.

e Suppose
v(zg, ;) — b > 0. (174)
Then, for every xg € Zo,
v(zo, ;) — b > 0. (175)
Therefore, from q(b;,W = b;|z¢) > 0,
/ZQ(U(:L«O, ;) — bi)q(bs, W = by|ao) f (0| z5)dzo > 0. (176)
e Suppose
v(zg, xj) — b <O. (177)
Then for every zg € Z3,
v(zg, xj) — b <O. (178)
It follows that, from 1 — g(b;,WW = b;|xg) > 0, by integrating,
/Zg(v(:co, ;) — ;) (1 — q(bi, W = bi|zo)) f(xo|z;)dxe < 0. (179)
It follows from (173) and (179) that
/ZQ(U(;UO, z;) — bi)q(bi, W = blao) f (xo|x;)dxo > 0. (180)

This implies that for a player with a low signal, it has to be that winning the tie at
when the market clearing price b; is profitable. To see the intuition, suppose otherwise
and assume that it is not profitable to win at the tie when the market clearing price is
b;. Then, for sufficiently small A, since losing the tie at b; — A is a worse than winning
the tie at the price b;, it will be that losing the tie at the price b; — A and winning the
tie by a higher bid of b; is still nonprofitable. This implies that the player with signal
xj A will not prefer to increase the bid from b; — A to b;, which is a contradiction.



A STRATEGIC THEORY OF A MARKET 93

We now consider the relationship between winner’s curse (162) and the first order
condition (172) and (180).

208. Derivation of contradiction. We note that from (162), for every x;,

(Aé(v(x07$i)_‘b@A)(l“Q(bLA7LVY::bLAJ$O))f(xOM%)d$O (181)
> /ZQ(’U(SUo, ;) — b; A)qi(bi, p(b) = bi|zo) f (zo|xi)dxo
Therefore,
0 > /22(1}(3;'0,3:@) — b)) (1 — q(bin, W = bjlzo)) f (o|ai)dg (182)
> /22(v(x0, ;) — bi)(1 — qi(bi, p(b) = bilwo)) f (wo|xi)dxo
> [é(v($o,$0 — b;)qi(bi, p(b) = bi|wo) f(wo|z;)dxo
> [ (v(zo,xj) — b;)qi(bi, p(b) = bilxo) f(wo|x;)dxo

The first inequality comes from (169).The second inequality comes from the affiliation
inequality and the strictly private value element. The third inequality comes from
(162).The fourth inequality comes from the affiliation inequality and the private value
element. The last inequality comes from (180).

(182) is not consistent. Consequently, the assumption (136) is not logically consistent.
Thus (135) holds.

7.4. Lemma 3.4

LEMMA. The limit strategy profile A is an equilibrium of the limit game G(v,f) and
s outcome equivalent to the fully revealing rational expectation equilibrium identified
i Lemma 1.

PROOF.

210. Introduction. We show that the limit strategy profile B*A,b is an equilibrium
of the limit game G(v,f). Then, we show outcome equivalence to the fully revealing
rational expectation equilibrium.

211. Consequence of the previous lemma. The previous lemma implies that for
sufficiently small A, players with distinct signals will place distinct bids so that the
tie with distinct signals will not take place with positive probability. Players with the
same signal choose the same strategy. In the large economy, the allocation probability
is symmetric among buyers and sellers with the same signal. It follows that for each
xp, as A — 0,

i Pr(q(bi, Fpp, O sl20) = 1) = Prg(bi; By, Bx|ro) = 1))- (183)
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Consequently, q(b;, 8 5,85 ) converges in distribution to ¢(b;,3y,85]70)-

212. Equilibrium conditions for 3. We first consider convergence of expected
payoff in G(~,f,A) to expected payoff in G(v,f).
Ui, bi, By Bis) — Ul bi, By, 55) (184)
= [(w(wo, 2:) = plbi, B py )a(bi, B )£ (xoli)dg
~ [ (o, z7) = p(bi. 5. B e, B3, B2ka0) ol
= [ w(wo, i) (albi, Baps B sl70) — a(bi, B3, B3lx0)) f (xola)dg
— [p(bi, B B s70)a(bis B, B s|70) — p(bi, B3, B3|x0)a(bis B, Bilo)]

f(zolx;)dxo.
From (183),q(bi,8A 5,8 slw0) — q(bi,B5,65]70) weakly, thus
Jim [ (o, 1) (abi, B, B lx0) — (b 57, 5]20)) (185)
f(xo|x;)dxo = 0.

For the second term, weak convergence of  , and 5 ¢ to 3, and B implies that for
each b;,

p(bis BA s BA slT0) — p(bis By, Bslxo) (186)
It follows from ( 186) that
llIl’l / 17B*A,baB*A,s|x0)q(biaﬁz7baBZ7S|$0) (187)

( bi, By, Bslw0)q(bi, By, Bslxo)]

f(zo|zi)dzo = 0.
Thus, it follows from (185) and (187) that

T U1, b5, B0 B.e) = Ul i, 5y, 57) (188)

We now characterize the property of 5; and % from the first order condition for 37
and .

213. First order conditions for (3} ;. Since 8 is an equilibrium of G(v,f,A), for
each b; € suppfa (i),

/| ez V(@0 7) = (b + 2)) (189)
q(bi + &N W = b; + A|xo) fo x, (ol i) dxo
+/xer(bi)(v<x0’$i) —b;)

(1 —q(bi, W = bil|z0)) forx,(wol|zi)dzo
<0.
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and
/xer(bi)(U(xO’ ;) — b;) (190)
q(bi, W = bi|zo) fo x,(zolzi)dzo
+ /xer(bi—A) (v(z0, i) = bi)

(1 —q(b;, W = b — Alxo)) fo x, (wo| i) dxo
> 0.
The first inequality says that for a player with signal x;, it is not preferable to increase

the bid from b; to b; + A. The second inequality says that it is preferable to increase
the bid from b; — A to b;.

214. The limit of the first order condition. Following the notation of the previous
lemma, we have, from (189),

/21 (v(o, 25) — bi)@(bia, W = bilao) fox, (wo|i)dao (191)

+ |, (w0, zi) = bi)(1 = q(bia, W = bilwo)) fyx, (wo|v:)dzo<0
and from (190),
/ZZ(’U(iUO,ZUi) = bi)q(bi, W = bi|zo) fox, (2o|zi)dzo (192)

+/Zg(’0($0>$i) — b)) (1 —q(bi, W = bi|zo)) fox, (wo| i) dzo=0.

216. Conditions for expected payoffs when the market clearing price is b;.
Following the steps of the previous lemma, from (191),

/ZQ(U(:EO’%’) — bi)(1 = q(bi,a, W = bi|0)) fo x (0| zi)dzo < O

and

Jy, (0o, 2) = bi) (1 = a(bs 2, W = bilo)) fop, (woli)dro > 0, (193)
and, from (161),

/, Wlwo, i) = bi)(1 = q(bi, W = bi|x0)) fox, (wols) dao (194)

2 /ZQ(’U(xm ;) — bi)qi(bi, W = bi|xo) fo x, (o |z:)do.
Therefore, from (193), and (194),

/22(U(x0’ i) = bi)(1 = q(bia, W = bilx0)) fo|x, (zo|2i)dxo = 0 (195)

and
J,, (wlo, i) = bi)(1 = q(bia, W = bila)) foyx, (woli)do = 0. (196)
From (195) and (196),

/ZQ(U(an ;) — bi)f9|Xi(xO|37i)d$0 = 0. (197)
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The argument is similar to the one used in the proof of 4.9. The difference is that,
in the proof of the previous lemma, the assumption was that these two first order
conditions about increasing the bid and decreasing the bid were derived for players with
distinct signals, and the winner’s curse condition was used to derive inconsistency of
the assumption that players with two distinct signals chooses the same bid. Here, after
the argument of the previous lemma, we already know that players with two distinct
signals will not choose the same bid, and the first order conditions were applied to
players with the same signal.

218. Interpretation of the conditions (197)
By rewriting (197), we get

E [U(Q, X@) — bi‘Xz' = Xy, W(Q) = bz'] = 0. (198)

That is,
bi =30 [v(&, Xz)|Xz = Ty, W(@) = bz] . (199)

This condition holds for both buyers and sellers, so we conclude that B*A,b is symmetric
among buyers and sellers. This is the equilibrium strategy derived in Milgrom (1981),
Pesendorfer and Swinkels (1997), and Reny and Perry (2006). In the large economy,
since buyers and sellers are symmetric, the equilibrium strategy in the finite one-sided
uniform price auctions continues to apply in the uniform price double auctions.

We now show that this bidding strategy is monotone in x;.

219. Monotonicity of b;. Let T; > x; and define, following (199),

Bz’ =E {U(Q, Xz)‘Xz =i, W(Q) = BZ} (200)
and
b =E[v(0, X;)|X; = z;, W(0) = bj] . (201)
Suppose
b > b;. (202)

Then, from (200) and (201)
E[v(0, X;)|X; = T, W(0) = bj] (203)
< Efv(0, X;)|X; = z;, W(0) = bi].
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On the other hand,
E[’U(@,TZ)‘XZ =T, W(Q) = bz'] (204)
—E [U(Q,QZ”XZ = Ly, W(e)
( E[v(0,7;)|Xi = T, W(0) = bj] )
—E[v(0,7)|Xi = z;, W(0) = bi]

common value effect

+< E[v(0,7;)|X; = 2, W () = b ) |

—E [0(0, ;)| X = z;, W(0) = bj]
private value effect
The first term is positive because X; is affiliated with 6 and from W (6) is monotone
in zp. The second term is also positive. We note that (203) and (204) are mutually
exclusive. Thus we conclude that (202) does not hold. Therefore we conclude b; > b;.

220. Asymptotic equivalence to the fully rational expectation equilibrium.
The above argument shows that the bidding strategy B*AJ) is pure, symmetric between
buyers and sellers, and strictly increasing in x; Since the market clearing price is deter-
mined by the 1—ath quantile of bids (counted from above), for each realization of state
xq it is determined by the bid of the bidder who is on the margin x;(xg). Therefore,
p(zo) = v(w0,73(20)). Thus, the equilibrium under 3j ; is outcome equivalent to the
fully revealing rational expectation equilibrium identified in Lemma 1.

8. PROOF OF PROPOSITION 1(C)
8.1. Lemma 4.1

LEMMA. Suppose B*An — [A and consider the interim expected payoff functions
Un,i(%i,0i,8A p.nsBA s.n) 10 the double auction game in the finite economy G(v,f,An)
and the interim expected payoff function U(x;,bi,0p p,8A ) in the double auction game

in the large economy G(7,f,A). Then, as n — 00, Up i(74,0i,8A b nsBA sn) — U@i,bis B4 5,5,
uniformly for player ¢, signal x;, and a bid b;.

PROOF.

222. Introduction. We show convergence for buyer 7. An argument for a seller is
similar, and uniform convergence across buyers and sellers can be obtained by taking
the largest bound out of the bound for buyers and sellers. First of all, the difference
between Uy, y(2i,0i,87 n pBAn,s) and U(xi,bi,B7 p,8a s) can be decomposed into the
differenced caused by the difference in strategies of other players an difference from
the size of the economy. We can deal with the first difference from the fact that the
behavioral strategies converge for each signal and bids. We can deal with the second
difference from the fact that the distribution of bids converges for each signal and bids.
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223. Decomposition of the difference. We note, by adding and subtracting U,, j(;,b;,/5

Un,b(x% bi, B*A,n,ba B*A,n,s) - U(xiv bi, B*A,lw B*A,s) (205)

— [Un,b(fﬂiv bi, B*A,n,ba B*A,n,s) - Un,b(xia bi, B*A,bv B*A,s)}
change in other players’ strategies
+{Un,b(xi7 bi, B*A,bv B*A,s) - U(xlv bi, B*A,ba B*A,s)}
change in the size of the economy

That is, the change in the expected payoff from Uy, y(4,04,8A 1,587 n.s) t0 U(24,05,8A 1,84 )
is decomposed into the change in the expected payoff from (1) the change in other play-
ers’ strategies while keeping the size of the economy fixed, and (2) the change in the
size of the economy while keeping other players’ strategies fixed.

We now consider the first term of (205).

224. Effect of the changes in other players’ strategies. We note, by definition
Un,p(%i, b3, B_i A ) (206)

- /[0 1] 2 2 (v(wo, 3) — Pn(bis b-i))q(bi, b—i)ha p,—i(b—ilz—;)
A X XX | BA X ... X BA

ng—1 L n—1
fo,x 1 x, (w0, w—i|z;)dxo.
That is, the interim expected payoff is obtained taking expectations in terms of the
distribution of bids of other players and the distribution of the state conditional on a
player’s signal.
It follows from (206) that the first term of (205) is
Un,b($i7 bi, 6Z,n,ba B*A,n,s) - Un,b($i7 bi, 52,1),7 B*A,s) (207)

B x ... x Ba (@0, i) = pn(bi, b—i))q(bi, b—i)

- /[0 1] 2 et
AL XA (han,—i(b—ilr—i) — ha —i(b—ilz—;))
ng—1
fo.x x, (@0, 2—i|;)dxo.

That is, the difference of the interim expected payoff between strategies (8 ,, 46 n.s)
and (B p,B8as) is expressed in terms of the differences in probabilities that these
strategies will assume for a bid profile b_;.

It follows from the assumption of the lemma that §j, — [BA. Since the sets of

signals and bids are finite and we assume buyers use symmetric strategies and sellers

use symmetric strategies, we have, for each buyer or seller i,
dim hani(bilzi) = hai(bilz;). (208)

That is, for each buyer or seller 7, b; and x;, for every ¢ > 0, there exists n; . 3,(¢) such
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that, for every n > n; 4. 1,(€),
|7, A (bil2i) = i a(bili)] < e (209)
It follows from (209) that, for every ¢ > 0, there exists

n(e) =

- max N 2. b (€
ie{bas}>$i€X%bieBA 1, T,y z( )

such that, for every n > n(e),
\hi A n(bilzi) — i A(bi|zi)| < € for every 4,b;, and ;. (210)

Now, there exists ¥ such that 0 < v(xg,z;) < U for every x¢ and xz;. It follows that
there exists f such that 0 < fo.x x(xo,x—ilzi) < f for every zg,z;, and z_;. Then,
0 < pn(bi,b—;) < b for every b; and b_;. Then, 0 < q(b;,b—;) < 1. It follows from (207)
that for every n > 0, there exists n(n) such that, for every n > n(n),

‘Un,b(xiv bi, B*A,n,lﬂ B*A,n,s) - Un,b(x% bi, 5ZA,n7 B*A,n,s)‘ <7 (211)
for every i € {b,s}, every x;, and b;.

We now examine effect of the change in the size of the economy. We note the distrib-
ution of bids conditional on signal z; and state xg. From Assumption 4, conditional on
g, x; does not affect the distribution of {x;} ;. Therefore, once we condition on wy,
the conditional distribution is independent of x;. (Of course x; affects the conditional
distribution of x( given z;).

225. The distribution of bids conditional on the state. Given signal x;, player 7
knows that the state xg is distributed according to the conditional density fy x,(wo|z;).
Conditional on xg, another buyer’s signal is distributed according to the conditional
density fx,p(zilzo). A buyer’s bidding behavior is characterized by the behavioral
strategy ha n5(bj|2;). Thus, the probability that another buyer’s bid is ¥ conditional
on z; and xq is described by

Pr(los,mn) = 3 hamalthlas)fxjox,(asloo. a2 (212)
Z’je ~

By Assumption 4, we have
Pr (b} |, xo) (213)

= > hpan(Vilzg) fxo.x (T5]T0, 27)
.’I}jEX,Y

= > hyan(Vilzg) fxe.x (z5]T0)
z;€X,
= Pr(b]zo)
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We now apply the Glivenko-Cantelli theorem to the distribution of bids conditional
on the state.

226. Application of Glivenko-Cantelli theorem. By (213), conditional on xy,
buyer’s bids are distributed independently and identically distributed. Let f (b}\xo)
be the probability mass function. Let [, —;(b}|zo) be the empirical probability mass
function of buyer’s bids by buyers other than ¢. That is,

1
S 1y (214)
np =1y 0

Fn’_i(bﬂxo) =

Then, by Glivenko-Cantelli theorem, for every o and every b} € B,

Fy,—i(b)|z0) — F(b}|2zo) almost surely (215)

We now derive the convergence of the distribution of bids given x;.

227. Convergence of the distribution of bids conditional on x(. It follows that,

for every b; and x;,
Fo,—i(bj = b}|x;) (216)
= [ Fo V|0, 2:) f (wola)do (217)
= [ Fu (Vo) f (wolws)daro
— [ F(t|20) f(wo|s)dao
= F(bj = bjlas)
That is, for each b; € Ba, the probability mass function of buyers’ bid by buyers other

than ¢, conditional on a player’s signal z;, converges as n — 0.

We now show that when player ¢ chooses a bid b;, the outcome of the auction game
in G(v,f,A,n) converges to the outcome in G(~,f,A).

228. Convergence of the market clearing price. By definition,

bnsn\{z} - b; (218)
Fn,—i(bi < b; — A|(L’Z) <«
Fn,—z’(bi > bé + A‘CCZ) > Q.

It follows from (216) that

=

bngn\{z} - ﬁ(b) (219)
Similarly,
bns—lzn\{i} — ]_)(b) (220)
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and

Therefore,

kbns+1:n\{i} + (1 - k)bnsn\{z} - k]_)(b) + (1 - k)]_)(b) (222)

Now, the only way that the market clearing price can be different from kp(b)+(1—%)p(b)
is

g1\ (it < bi < bpg—1:m)\ {3} (223)
We consider two cases.
o If p(b) = B(b), then, conditional on by, 1.\ (i1 < bi < b1\ (i}

kbpg 1\ (i) + (1 = k)bi — kp(b) + (1 — k)p(b) (224)
and
kb; + (1 — k)bnsn\{z} — k]_?(b) + (1 — /{J)]_?(b) (225)

o If p(b) < P(b), p(b) and p(b) are indeterminate because of b;. In this case, by a
convention adapted in the definition of p(b) and p(b), we can use choose the market
clearing price which will be a limit of the market clearing price in the finite economy.

It follows from (222), (224), and (225) that under strategies (84 5,84 ), for each b;,

Pn(bi, b—i|x;) — p(bi, b_i|7;) (226)

229. Convergence of the allocation. Following steps similar to the one in the proof
of the previous lemma,

qn (i, b—i|zi) — q(bi, b_;|;) (227)

We are now able to show convergence of expected payoffs.

230. Convergence of expected payoffs. From (226) and (227), it follows that, for
each b; and z;,

Unp(@i, bis BAp BAs) — Up(@is bis BAps B ) (228)
= E[(v(zo, zi) — pn(bi, b—i))qn(bi, b—i)|zi]
—E [(v(xo, z5) — p(bi, b-i))q(bs, b—i)|xi]
— 0 asn — oo.
We now combine (205), (211) and (228) to get for each b; and ;,

Un,b(’ri? bi, B*A,n,bv B*A,n,s) - U(xiv bi, B*A,ba B*A,s) — 0 asn — oo. (229)
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That is, for each ¢, there exists n(x;,b;,e) < oo such that for every n > n(x;,b;,e),

‘Un,b(xia bi, ﬂ*A,n,bv B*A,n,s) - U(xla bi, B*A,ln B*A,SH < €. (230)

It follows from (230) that, for each ¢, there exists n(e) = max, cx e, n(zi,bi,e) < 00
such that for every n > n(x;,b;,e),

‘Un,b(xiv bi, B*A,n,ba Bz,n,s) - U(xiv bi, B*A,bv B*A,s” <€ (231)

8.2. Lemma 4.2

LEMMA. There exists n such that for every n >n, for every player i and for every
signal x;, the set of best response BR; A(Ti,8A np,BAn.s) i G(v,f,An) and the set of
best response in G(v,f,A),BRA(%i,8A 1,07 s) satisfy the following relationship

BRn,i (ZIZ'Z‘, B*A,n,lw 52771,5) C BRA (wia B*A,ln ﬂ*A,s> (232)

PROOF.

232. Suppose that the conclusion does not hold. Then, there exists player ¢ and signal
x; such that there exists a bid b; which satisfies the following relationship:

b; € BRA,n,i(x%B*A,n,b?B*A,n,s) but b; ¢ BRA(:UZ'76>I<A,Z)76*A,S)' (233)

It follows from (233) that

Unp.i(z, buﬁZ,n,b,BZ,n,s) > Up,i(xi, b;,ﬁzyb,ﬁzys) for every b; € Ba (234)
and that there exists b € Ba such that
Ui, b7, Bap Bhas) > Ul@is bis Bap: Bhs)- (235)
Then, there exists 7 > 0 such that
n=U(z;, b, BAp BAas) = Ui, bi, Bap Bas) (236)

From the previous Lemma, there exists n(i,x;,b;) > 0 such that for every n > n(i,z;,b;),

| (xlv b// BA ,bs BA ) — Uy Z(xlv bl/? B*A,n,bv B*A,n,s)‘ < 77/2 (237)
and
‘U(xia bi, B*A,ba B*A,s) - Un,i(xia bi, B*A,n,bv B*A,n,s)‘ < 77/2 (238)
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It follows from (237) and (238),
Un 2'(372‘, bl'/v B*A n,bs ﬂ*A,n,s) - Un,i (xia bi, B*A,n,lw 52,7@5) (239)
> |U(xi, b, BAp: Bas) —1/2]
— U (4, bi, BAp Bas) +1/2]
= (x%b”?ﬁA b?BA ) (ajhbiaﬁz,bvﬁz,s) -1
> 0
But they are mutually exclusive. That is, for z; and for b;, for n > n(i,z;,b;),

Banz'(.fUZ', B*A,n,lw ﬂ*A,n,S) C BRA (Qf@', B*A,ba B*A,S)‘

Let n= max;c(p o1 z,ex, bieBa M(0,2i,0i). Then, since Xy and B are finite, n< co. For
any n >n, for every x; and b;, (232) holds.

8.3. Lemma 4.3

LEMMA. There exists A > 0 and n< oo such that for all 0 < A < A and n >n,
in the uniform price auction game in the finite economy G(~,f,An), for every player
1, a best response to an equilibrium strateqy B*An satisfies the strict single crossing
condition for bids in the range of the equilibrium prices.

PROOF.

234. Definition of strict single crossing conditions. It follows from the definition
that we need to prove

If b; is a best reply for x; to (BA np BAn.s),
then, for every b; > b; and every T; > x;,

* * * *
Un,i (xia bi? 6A7n7b7 ﬂA,n,s) > Un,i (337;7 bi? ﬂA,n,b’ BA,n,s)
if b; is preferred to a lower bid by a player with the signal x;

I Un,z’ (Tla bi? B*A,n,lw B*A")%s) > Un,i (T% bi7 B*A,n,ba B*A,n,s)

then b; is still preferred to a lower bid by player with the higher signal T;
and, for b; < b;, x; > x;,
Un,i (xia bi, B*A,n,ba ﬁ*A,n,s) > Un,i (xiv Eiv 62,71,()7 B*A,n,s)
if b; is preferred to a higher bid b; by a player with signal x;
- Un,i (2, bi, ﬂ*A,n,bv B*A,n,s) > Un (i, bi, B*A,n,bv BZ,TL,S)
then b; s still preferred to a higher bid by a player with the lower signal x;
We first choose a signal x;, a best response b; and consider a condition for an ap-

proximation n such that single crossing condition holds for an economy larger than
n
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235. Strict single crossing conditions for a single comparison of bids and
signals. Let b; € BRAni(i,8A np:BAn.s)- Let by € Ba and T; > w;. It follows from
the previous Lemma that, for sufficiently large n, b; is also a best response to (B*A,ba
Bas) in G(v,f,A). It follows that

U(.fi, bi7 B*A,ba B*A’n,s) > U(mla bia B*A,ba B*A,s) (240)

It follows from the strict single crossing condition of best response in the large economy,
for a higher signal Z; > x;, we have

U(Ti, bi, Bap BAs) > UTi, bi, Ba g, BAs) (241)
It follows that there exists n(T;,b;,b;) such that for every n > n(%;,b;,b;),
Ui,n(Tiy bi, 52,71,()7 B*A,n,s) - Ui,n(T’b by, B*A,n,lw BZ,n,s) >0 (242)

That is, a strict single crossing condition holds for a comparison between b; and b; for
a signal T;. It is because, a strict single crossing condition for the double auction game
in the large economy says that it is strictly preferable to increase the bid from b; to
b; for a player with signal 7;. Since the payoff of the double auction game in the large
finite economy will be very close to the payoff of the double auction game in the large
economy, the strict single crossing condition extends to the large finite double auction
game.

We now extend the argument to obtain strict single crossing condition for every
comparison in the double auction game in the large finite economy. It is because the
set of possible signals and the set of possible bids are finite.

236. Single crossing condition for all cases. Let

n= max . n(Ti, bi, b;) (243)
T,€X;,b,€BA such that there exists z;<ZT;
such that b; is a best response to x;

Then, for every n > 7,

Un,i (xia bi, B*A,n,ba B*A,n,s) > Un,i (:Ei, b, B*A,n,ba B*A,n,s)
and
Un,i(Tiv bi, B*A,n,bv B*A,n,s) - Un,i (Tia bi, B*A,n,ba B*A,n,s) > 0. (244)

From (244), the result holds.

The other direction of single crossing condition can be shown in a similar manner.

Intuitively, the previous paragraph showed that for sufficiently large n, a strict single
crossing condition holds for a set of a signal and two bids. Since the set of possible bids
and signals are finite, by taking the largest n which will work for all possible combina-
tions of a signal, and bids, we can ensure that the strict single crossing condition holds
of the double auction game in the large finite economy.
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8.4. Lemma 4.4

LEMMA. There exists A > 0 and n < oo such that for all A < A and n >n, (a) Bp,
has a monotone supports, and (b) for each buyer i # j, signal x; # x;, and a bid b
which is in the range of the equilibrium price,

Pr(Banp(xi) = b) - Pr(Ba pp(7j) = b) = 0. (245)
The similar condition holds for sellers.

PROOF.

238. Introduction. We prove the condition for buyers’ strategies. The argument
for the seller is similar. The argument is similar to the previous lemma extends to
the large economy. There are two differences. The first difference is that, since buyers
and sellers are asymmetric in the finite economy, the supports of the distribution of
buyer’s equilibrium strategies and seller’s equilibrium strategies are monotone in their
signals. The second difference is that, since a bid can affect a market clearing price
of the double auction in the finite economy. But these differences will not affect the
argument

239. Suppose that there is no A > 0 which satisfies (245). It follows that for every
A > 0, there exists buyer ¢,j and signal x; A > 7 A and a bid b; A such that

Pr(ﬁz,b,n(xi,A) - bi,A) ) Pr(ﬁz,s,n(mj>A) - bZ}A) > 0. (246)

From lemma 13, we derive some monotonic relationships of the support of the distri-
bution of equilibrium bids for buyers. We first define the support of the distribution of
equilibrium bids as we did in the previous lemma.

240. Monotonicity of the supports of the distributions of bidding strate-
gies. Consider two signals x; < T; and consider the distribution of equilibrium bids
Hp o, i(bilz;) and H , ;(bi|T;). Let b; be in the range of equilibrium prices. Then, we
have, for each of a buyer and a seller,

HA i (bilzi) >HRA 5, 5(bi|T3).- (247)
Let
Hp ,,.i(bilzo) = Zx HA pi(bilzi) fx,0(zil0) (248)
JTZ‘G
From (248)

To > 2o — HA 4, (bilzo) > HA 5, (bi] 7o) (249)
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Thus,
aHp p, p(bilmo) + (1 — ) HA 4, 4(bi]7o) is nonincreasing in xo. (250)

That is, even if buyers and sellers have asymmetric payoffs, each of a buyer and a seller’s
best response has supports monotonically increasing in bids, thus the distribution of
bids, which is a convex combination of bids by buyers and sellers, is stochastically
increasing.
From (250), we have monotonicity of allocation probability at ties, as in the previous
lemma. It follows that there exists a winner’s curse at winning the tie. That is,
Ew(0, X;)| Xi = xi, Wy —i(0) = b;, b;loses at the tie] (251)
> Ew(0, X;)|X; = xi, Wy, —i(0) = b;, b; wins at the tie]
This implies that
Ev(8, X;) — bi| X; = x;, Wy, —i(0) = b, biloses at the tie] (252)
> E[U(Q, Xz) — bz|Xz = x;, Wn’_z(ﬁ) = b;, b; wins at the tie]

8.5. Lemma 4.5

LEMMA. There exists A > 0 and n< oo such that for all A < A and n >n, there
exists a monotone pure strateqy equilibrium B*A,n in the double auction game in the

finite market G(f,An).

PROOF

242. We first extend the result of Lemma 4.4. to a setting with a continuous set of
signals. Since the distribution of signals with a finite set of possible signals converge
smoothly to the distribution of signals with a continuous set of signals, the limit strat-
egy profile is a Bayesian Nash equilibrium strategy profile. Furthermore, since every
Bayesian Nash equilibrium with finite set of signals has monotone and separating sup-
ports, the limit Bayesian Nash equilibrium strategy profile has also monotone supports.
Given that the set of possible bids is finite and the set of possible signals is contin-
uous, it has to be that the Bayesian Nash equilibrium is monotone and pure almost
everywhere.

243. Approximation by the game with a discrete signal. Consider G(f,A,n) be
a double auction game characterized by Assumption 1, Assumption 3-6. Thus we first
approximate game G(f,A,n) by a sequence of a double auction game G(v,fy,A,n). The
following figure explains the approximation.

We first verify that, given f satisfies Assumption 3 and 4, f, satisfies Assumption 4

e Assumption 4(a) holds.

e Assumption 4(b) holds since fsatisfies Assumption 4(b).
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e Assumption 4(c) holds since fsatisfies Assumption 4(c).
Thus it remains to show that f, satisfies the monotone likelihood ratio condition

(Assumption 4(d)). Let Ty > z¢ in [0,1] and T; >z; in X,. By definition, we need to
show, that, for each v > 0,

Ix.10.~(TilZ0) [x, 0.4 (@ilzo) — fx,0.~(TilZo) fx,10,-(@ilzo) > 0.

By the definition of f., it is equivalent to show that

Ti+7/2 _ z,+7/2 _
Lo Txetaiimo)da [ fx ol o) der (253)
Ti+y/2 _ z;+7/2
= L Sxio(ilTo)da; /L-—V/Q
> 0.

To show (253), we further approximate fx,|g(i|zo) by

Fx.jo(x}|To)da;

xi|zo) if x; =0,1/nv,2/n7,...,1 (254)
0 else

fx,0n(@ilz0) = { Fxipo

The following figure explains the approximation (254). We note

L) LR i i F(x,1x0)

- e
0 4 o

r r 3y
- i

%
FIGURE 12—

fx,0.n(i[T0) — fx,o(2i[To) weakly as n — oo (255)
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and
1
2 =1 > fxi0.0(27 |To) (256)
(2n —1) T — /252 <T;+/2
— /fﬂw/2 fx0(7|To)dz) as n — oo
T2_7/2 Xz|9 1 0 7

Also, we have

1
o — 1 2 fx,6.n(7 |T0) (257)
(2n )Ti—v/%x;’g@ﬂ/z

1
1 5 Fx10.0(27 [T0)
(2n —1) x,—v/2<x) <z, +7/2 o

1
BT Y > I 1.0 |20)

(2n —1) Ti—/2<2! <Ti+7/2

1
Y > Ix, 02} |zo)
(2n = 1) 4 jp<iri<p, 1n/2 o

1 1= "=
W[ > in\e,n(%h?o)in\e,n(ﬂ?i |Zo)
(2n —1) Ti— /20 <Tity /2,2, = [2<x <z, +7/2
— ) Fxio.n (@i 120) fx o0 (27 120)]
Ti—/2<a] <Ti+7/2,z;—/2<x{'<z;+7/2

B (2n - 1)2 = _ 1" _ 1t

Ti—/2<a) <T;+7/2,2;,—v/2<x] <z;+7/2

! =T—~/24n/v,x!'=T—~/2+m /v for some n,m

[Fxit0.m (@ 1T0) Fxgtom (2] [T0) = Fx 0.0 (2] |2o) 100 () |20)]

1
_ 1 > (258)
(2n — 1) Ty /252 <Tity /2,2, —/2<a) <z 4+ /2

! =T—~/2+n/y,x]'=T—/2+m/v for some n,m
[ Fxi10@—7/2+0/7[Fo) fx,10(T—/24m/T0)— x0T/ 241/ V|zo) fx,10(T—/ 2+m/v!£f();}59)

> 0

It follows from (256) and (257). By letting n — oo that f, satisfies Assumption 4(d).
It follows that there exists a nontrivial monotone pure strategy B*A’TW of the game

g(W?f’WA?n)'

244. Construction of a Bayesian-Nash equilibrium of G(f,An). Let 33, be
a limit of a sequence of a nontrivial Bayesian-Nash equilibrium strategy profile B*A,n,'y
of the game G(v,f,,A,n) as v — 0. We need to show that B*An is an equilibrium of
G(f,A,n). That is, for each i, for each Sa

Wn,i(ﬁz,n,iv B*A,n,—i) - ﬂn,i(BA,n,ia B*A,n,—z') > 0. (260)
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Let B~ be a strategy of the game G(v,fy,A,n) such that

BA,n,fy - BA,n Weak1y5 (262)

It follows from the fact that B*A,n,v is an equilibrium that, for each ¢ and for each

BA,MW

Tn,i (B*A,n,’y,iv B*A,n,'y,—i) - ﬂ-i,n(BA,n,%i? B*A,n,y,—i) > 0. (263)
We now need to show that
T, (B*A,n,fy,iv B*A,n,'y,—i) - ﬂ-n,i(ﬁz,n,ia B*A,n,—z’) (264)
and
Wn,i(BA,n,fy,iv B*A,n,*y,—i) - ﬂn,i(BA,n,ia B*A,n,—i) as vy — 0. (265)
We show (264). The argument for (265) is similar.
Tn,i (5A,n,%i7 BA,n,'y,—i) (266)
= > Uni(zi,bis Bapqy—i)hanq,i(bis i)
BaxX
= > > ui (o, x4, p(bi, b—3), q(bi, b))

BaxX BA X ... X BaxX...x X

n—1 n—1
hA,n,fy,—z'(b—ilx—i)fG,X_i]Xi,’y (x()? L—g ‘xi)]hA,n,%i(bi|xi>in,7($i)

— > >, wi(xo, x4, p(bi, b—i), q(bi, b—_;))
BaxX Ba X ... X BaAxX...x X

hoAn gy, —i(b—ilT—i) fo x 1 x, (20, T—i|wi)|hA i (bil i) fx, (1)
because Ay~ —i(b—ilT—i) = ha p~,—i(b—ilz—;) by (261),
fo.x x4 (@0, w—ilzi) — fo x x,(T0, 2—i|2i)

hany,i(DilTi) — hapi(bilz;) by (261)

and in,7(5Ui) — sz' (SUZ) by (261)
Therefore, (264) holds. Similarly, (265) holds. Thus (260) holds.

We now show that the important property of an equilibrium, monotonicity of sup-
ports, also holds for 84 ,, since 3 ,, , converges to S .

245. Monotonicity of supports of a Bayesian-Nash equilibrium as v — oo.
For each 4, let T; > x; and let b; be a minimum of the support of S ,, ;(7;) and let b;
be the maximum of the support of 3} ,, ;(z;). Then we claim that b; > b;.

That is, a Bayesian Nash equilibrium of the double auction game in the large finite
economy with a continuous set of signals satisfies the monotone support property.

246. Proof. We first consider the case that there exists some 7 such that both x; and
T; are contained in B,. Then, by the construction of X, for every v >~, z; and T; are
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contained in X,. Let E%i be the minimum of the support of the distribution of bids
according to A ,, ,;(T;) and b, ; be the maximum of the support of the distribution of
bids according to Bz7n7¢77(£¢). Then the previous lemma implies that by ; > b ;.

By definition 8}, ~; — Ba,- This implies that, since the set of possible bids is
finite, for each z; and 7;, for each b; € Ba, the probability that 52,7@,@',7 chooses a
bid b; converges to the probability that B*A’m chooses a bid b;. That is, therefore, the
supports of 84 , , ; under x; and T; converge to the supports of 33 ,, ; under z; and ;.
Therefore, it has to be that b; > b;.

It remains to consider the case where either z; and 7; are not contained in X’ for
any ~.In this case, since {X,}, is dense in [0,1], there exists a sequence of signals
{z; ~} and {7;  }which will be contained in some v, such that z; , — z; and T; , — ;.
Since the set of possible bids is finite and the payoff function is continuous in x; in the
mixed extension, the equilibrium strategies under {z;.} and {7;,}also converges to
equilibrium strategies under {z;} and {Z;} by the maximum theorem. Since b; , > b; -
holds for each ~, b; > b; follows.

The above result implies that the supports of equilibrium strategies B*A,n,fy,i have
supports increasing in the signal, and separating except at the boundary of the support.
Since the set of possible bids is finite and the set of possible signals is continuous, it has
to be that the support of the equilibrium strategies B*An,” has to be singleton except
for a finite number of signals. It implies that 33, ., is monotone and pure almost
everywhere.

9. PROOF OF PROPOSITION 1(D)
9.1. Lemma 5.1

LEMMA. There exists n< oo such that for each n >n, there exists a nontrivial
monotone pure strateqy equilibrium [, of the double auction game in the finite market

G(f,n).

PRrooOF.

248.Introduction. We first construct a strategy profile S from a sequence of a
monotone pure strategy profile {B*A,n}' If the probability that a tie occurs among
players in the B is zero, then an expected payoff of a player under A ,, converges to
an expected payoff under A, therefore G is an equilibrium. Therefore, we need to
consider whether a tie occurs among players in SA. Contrary suppose that there are
players with distinct signals who will choose the same bid with a positive probability.
It implies that, for sufficiently large finite game n, their bids are sufficiently close to
each other. This implies two conditions. A player with a high signal does not want to
extend the distance between two bids by increasing the bid and a player with a low
signal does not want to extend the distance between two bids by lowering the bid. But
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a player with a low signal. But the winner’s curse effect implies that a player with a
higher signal prefers to increase the bid sufficiently higher than a player with a lower
signal. These conditions imply that players with distinct signals will bid distinct bids.

In contrast to a previous lemma, we need to show that players with distinct bids will
place distinct bids with some distance. It is possible because the strict private value
element and a uniform lower bound on the rate of increase in the value as a function
of signals provides a lower bound of the increase in the expected value of the good.
Consequently, when the distance between two bids is smaller than this lower bound, a
player with a higher signal prefers to increase the bid further.

249.Construction of a limit strategy profile. From the previous lemma, there
exists a monotone pure strategy equilibrium {B*A,n} of the double auction game in the
large finite market G(f,A,n) for sufficiently small A and sufficiently large n. Consider
a sequence of a monotone pure strategy equilibrium B*A,n for A — 0. Since every bid
in B*An is bounded above by b and bounded below by b, by Helly selection theorem,
it is without loss of generality to assume that there exists a monotone pure strategy
profile 5* such that §; — % almost everywhere.

We now argue that 5* is a monotone pure strategy equilibrium.

250.Conditions for 5* to be an equilibrium. We note that 8* is an equilibrium if
for every 3%,

On the other hand, If there are no ties in G, it follows from an argument similar to
the previous lemma, that S is an equilibrium of the double auction game in the large
finite market G(f,A). Thus it now remains to show that 55 does not involve a tie.

251. Suppose, in order to derive contradiction, that §A involves a tie with a positive
probability. Then, there exists two distinct signal Z; and z; and a bid b; such that
players with signal T; and z; choose a bid b; under [A.

It follows that, for every d > 0, there exists A such that, for every A < A, there
exists two bids ba ; and ba ; such that (a) a player with signal z; chooses a bid ba ;,(b)
a player with signal ¥; chooses a bid EA,Z', and (c) ba; and EA,i are less than d apart.
Since B*An is a monotone pure strategy equilibrium, it implies that

252.First order conditions for a player with signal T;. A consequence of the
above condition is that a player with a signal T; does not prefer to bid above l_)AJ»,
otherwise the distance between two bids will be strictly more than d apart.
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It follows that, similar to (189)

v X0, 'IZ) — DPn

/{l'o:Wi’n:Bi,A“_A}( ( (E At A b—z)) (267)
Qn(ng‘i‘A W in(ﬁz,n, Z( ) — bzA+A‘ZC0)f9’X (Qfo‘xz)dmo+
* Sz, 00,70 = pnlBia,b)

(1- qn(bz,Aa W_in(Bam,—i(X=i)) = bi,alz0)) fox, (wo|wi) dro<0.
The first term deals with the case where a new bid EZ A+ A will win when the marginal
bid by other players is bZ A+ A. The second term deals withe the case where a new bid
b; A+ A will win and an old bid of bZ A Wwill not win when the marginal bid by other
players is b; o. The first order condition says that it is not preferable for a player with
a signal 7; to increase the bid from b; o to b; o + A.

253.The first order conditions of a player with a signal 7; for sufficiently
small A. In (167), we have seen that it has to be that the expected payoff from losing at
the lower price has to be nonpositive in the double auction game in the large economy
G(v,f,A). We will show that the same conclusion holds for G(f,An). That is,

/{%:W@nzgi’A}(U(u’UO, T;) — pn(bia, b)) (268)

(1 = qn(bs, 0 Weiin(BAn—i (X)) = bi.alwo)) fox, (xolzi)dzg < 0.
In other words,

E[v(0, Xi) — bi AlXi = 24, Wi, —i(BA n,—i(X—i)) = bi,a, bi aloses at the(29)
< 0.

254. Proof of the claim
To see this, suppose that, contrary to (268),

Jrouv 0y (00 T2) = pulBia b)) (270)

(1 - QR(Bi,A7 W—i,n(ﬂz,n,_i(X—i)) = B‘, ))fg’Xi(SL’()kL’i)dSL’Q > 0.
This implies that,

/{QJO:W_MZEM}(U(%, i) = Pu(bia, 0—i))(1 = qn(bia, Wi n(BA n—i(X—i)) = b; A

f9|Xi(xo\xi)dxo > 0.
Then, since players use a monotone strategy, the event that a player wins a tie when
the marginal bid by other players is Ei, A + A is a good news compared with the event
that a player lose a tie when the marginal bid by other players is E@,A- Therefore, it
follows that

)

/{:I:O:Wi,n:Bi,A+A} (U(I’O, 'IZ) - pn(BZ,A7 b—Z)) (272)

an(bi,a + A W_in(BAn,—i(X-i) = bia + A) fox, (xo|wi)dwo > 0.
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Also, from the pricing rule of £ double auctions, it follows that

pr(bia + A, b_i) — pu(bia, bi) <A. (273)
Therefore, for sufficiently small A, it follows that
o)t 3.8-0 o

Qn(gi,A + A, W—i,n(ﬁz,n,—z’ (X_;) = Ez',A + A)fg‘Xi(wo‘xi)dxo > 0.
Now, (270) and (274) imply that, it is strictly preferable for a player with signal z; to
increase a bid from b; A to b; o + A. It is a contradiction to the first order condition
(267).Therefore, it is not the case that (270) holds.

255.The first order conditions of a player with a signal z; for sufficiently
small A. We can run a similar argument for a player with signal x; where it is not
preferable for a player with signal x; to decrease a bid from ba ; to ba; — A. This
implies that, similar to (268)

Elv(0, X;) — bialXi = 25, W(BA . —i(X i) = bia, b awins at the tie] > 0. (275)

That is, it is preferable for a player with signal z; to win the good when the marginal
bid by other players is b; o. Otherwise, if it is not preferable for a player with signal z;
to win the good when the marginal bid by other players is b; A, for sufficiently small
A, it is not preferable to win the good with a slightly lower price of b; A — A even by
winning the tie lost by a smaller bid, thus the player will want to decrease the bid to
bian —A.

256.Winner’s curse. We have seen that, in the double auction game in the large
economy G(v,f,A) that a winner’s curse holds in the sense that losing a tie is a good
news compared with winning a tie when players use monotone strategies. In the similar
argument, we have,
Elv(0, X;) — Ei,A‘Xi = T, Wn,—i(ﬁz,n,—i(X_i)) = E@A,EZ"AIOSGS at the(2ig)
> Ev(0,X;) = b alXi =T, W(BA,—i(X—i) = bia, bia wins at the tie]
Intuitively, when other players use a monotone strategy, conditional on that the mar-
ginal bid by other players is b; o, a bid b; o is more likely win when the number of
competing bids is smaller, and it is the case when the state is lower. Since this in-
ference relation holds whether it is a large economy or a finite economy, the winner’s
curse relation holds.

257.Moving from 7; to z;. It follows that, since X;,X_; and 6 are affiliated, v(zg,z;)
is strictly increasing in x; with a uniform lower bound of the rate of increase A, and it
follows that
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Therefore, for sufficiently small d, since b; A — b; A < d, from (277),
Elv(8, X;) — b Al X; = Ti, W(BA 5, —i(X i) = bja, bi A Wins at the tie[278)
> Ev(0, X;) = bialXi =2, W(BA, —i(Xi) = bia, b A Wins at the tie].

258.Putting it all together. It now follows from (269), (276), and (278) that,

0 > Ev(0,X;) —balX; =71, Wi —i(Ban—i(X-i)) = bi.A, b; aloses at the tie]
> Ev(0,X;) = b Al Xi = Ti, W(BA . —i(X—i) = bia, bia wins at the tie]
> El(0,Xi) — bia|Xi =2, W(BA n,—i(X—i) = bia, bia wins at the tie]
> 0.

It is a contradiction, therefore, it cannot be that Z; and z; and a bid b; such that players
with signal T; and x; choose a bid b; under GA. It follows that $A is a monotone pure
strategy equilibrium.

9.2. Lemma 5.2

LEMMA. A nontrivial monotone pure strategy equilibrium ), in the double auction
game G(fn) is asymptotically equivalent to a fully revealing rational expectation equi-
librium.

PRrROOF.

258. Introduction. We proceed in two steps. First, we show that there exists a
monotone pure strategy equilibrium S* of a limit strategy profile 5% of the double
auction game in the large economy G( f). Second, we show that 5* is outcome equivalent
to the fully revealing rational expectation equilibrium.

First we construct the limit strategy profile 5*.

259. Definition of a limit strategy profile 5*. From Proposition 1(c), there exists
a nontrivial monotone pure strategy equilibrium ), of the double auction game in the
large finite economy G(f,n). Let {5} }, be a sequence of pure strategy equilibria of
G(f,n). Since for every bid in 3} is bounded above by b and bounded below by b, by
Helly’s selection theorem, it is without loss of generality to assume that there exists a
monotone pure strategy profile 5* such that 5 — 8%,

We now argue that 5% is a monotone pure strategy equilibrium of G(f).

260. Conditions for 5* to be an equilibrium. We not that 8* is an equilibrium of
G(f) if
U85, BL;) = U(Bs, BZ;) (279)

for every strategy 3;. Let {3, ;}» be a sequence of strategies which will converge to f3;.
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Since [ is an equilibrium of G(f,n), it follows that

Un(Bri> Br—i) 2 Un(Bris Bn,—i) (280)
for every strategy f3,, ;. We first show that

Un(Byi Bp.—i) = U (85, 62;) (281)
261. Conditions for (281). We note
Un(Bri» Bp.—i) = U(Bi, BZy) (282)

= |Un(Brris B—i) — Un(B7, B29)] + [Un(B7, 8%;) — U(BS, 84)]
That is, Un(B,,:,05. i) — U(B;,BZ;) is expressed as the sum of the two terms where
the first term U, (83, ;.05 —i) — Un(5;,5Z;) deals with the change in the strategies from
Bh.i to B; while keeping the size of the economy n constant, and the second term
Un(B5,6%;) — U(B;,8%;) deals with the change in the size of the economy n while
keeping the strategy profile 5; constant.

262. Convergence of Uy (3}, .5, —;) — Un(B;,8Z;). Since the discontinuity in payoffs
takes place only when ties occur with positive probabilities, and since ), does not
involve ties, it is suffice to show that the limit strategy profile 5* does not involve ties.

For that purpose, we can apply the argument of the previous lemma to 5. The
previous lemma shows that the limit strategy [, obtained as a limit of a sequence
of equilibrium strategies ﬁ; A as A — 0 profile does not involve ties since a player.
Similarly, we can show that the limit strategy 5* does not involve ties, since a player
with two distinct signals will place distinct bids.

Therefore, we have

Un(ﬁ;‘;,i, Br—i) = Un(B;, ;) — 0 as n — oo. (283)

263. Convergence of U, (5;,5%;)—U(8;,6%;). We have seen from above that §* does
not involve ties. Then, following an argument similar to that of the previous lemma,
since the empirical distribution of bids generated by (* converges in distribution to
the distribution of bids generated by 5* and payoffs are continuous at 5*, we have

Un(Bi,8%:) — U(B7,82;) — 0 as n — oo. (284)

It follows from (283) and (284) that (281) holds. We now consider the relation
between U, (8, .3, —;) and Up(B;,6~;).We consider three cases.

264. Cases for (;,07;). We can consider two cases:
(a) (B;,0%;) does not involve a tie with positive probability.
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(b) (B;,87;) involves a tie with a positive probability
We first consider the first possibility.

265. Convergence of Uy (53,,;,5, ;) — U(3;,6Z;) when (33;,5~;) does not involve
a tie. Suppose player i is a buyer (a case where player i is a seller is similar.) Suppose
(84,8%;) does not involve a tie. Then, even if (3, ;,0;, _;) involves a tie, there exists
another sequence of strategies {B;”}n such that 6;” — (; as n — oo and (ﬁlm,ﬁ;;_l)
does not involve a tie. Then, we can show that

Un(ﬁn,bﬁz,—i) — U(Bwﬂ*—z) (285)
Therefore, from (280) and (285), we have

U(Bi,8%;) = U(B;, BL)- (286)

We now consider the second case.

266. Case ((;,0";) involves a tie with a positive probability. Suppose a player
i is a buyer. Let x; be a signal such that player i with signal x; will bid 3;(z;) which
will involve a tie with 5_;(x;) with a positive probability.

We first construct an alternative strategy which does not involve a tie with 8_;(z;)
and still does at least equally well with S_;(z;) as §;(x;). Suppose that player i with
signal x; has a nonnegative expected payoff from winning a tie at a bid 3;(x;). Then,
winner’s curse argument shows that it is preferable to increase a bid a little bit from
B;(z;) to win the tie. Therefore, there exists a bid 3(x;) such that a player with signal
x; prefers over [;(z;). Similarly, when player ¢ with signal x; has a negative payoff from
winning a tie at a bid 3;(x;), there exists a bid S}(x;), which decrease a bid a little
bit from j3;(z;) to lose a nonprofitable tie. Thus we can define a strategy j3;(z;) such
that 3;(z;) is equal to §;(x;) when B3;(x;) does not involve a tie with 8*; and equal to
Bi(x;) when §;(z;) involves a tie with 3%, with positive probability. Then

It follows that there exists a sequence of strategies {Bn,z}n such that (a) Bw(ajz) —
B;(x;) for each x; and (b) Bm(%) does not involve 3, _;(z;) with positive probability.
Then, the equilibrium condition for ), implies that

Un(ﬁ;,ia 6;’;,—1') > U(Bn,ia ﬁn,—i) (288)

It follows from (281) and applying the argument used to establish (281) to Bn,i that

U(B;, %) > U(B;, B) (289)
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It now follows from (287) and (288) that
U6, B25) =2 U(By, B4)- (290)

We have now shown that §* is an equilibrium strategy. We now argue that §* is
outcome equivalent to the fully revealing rational expectation equilibrium.

267. First order conditions for z; at 5*(x;). We consider the first order condition
for x; that a player with signal x; does not prefer to increase a bid to 5*(z;) + A or
decrease a bid to 5*(x;) — A. The first condition is

J (o, i) = B (@) (1 = q(B* (i), W (w0) = B* (i) xo)) (291)
f(xo|x;)drodr_; +

J@o,x) = B (21)a(5" (x:) + A, W (xo) = 5" (1) + Alo))

f( olx;)dxodz_;

Here the ﬁrst term represents the expected payoff of winning the tie that a bid 5*(x;)
used to lose, and the second term represents the expected payoff from winning the tie
when the market clearing price is 5*(x;) + A.
The second condition is
[ (a0, z:) = B*(2:)) (1 = q(B*(2:) = A, W (x0) = 8" () — Alwo))  (292)
f(xo|x;)drodr—; +
(v(zo, xi) — B (x:))a(5" (i), W (zo) = 57 (w4)|x0))

(xo|z;)drodr_;

O\\

>

Here the first term represents the expected payoff of winning the tie that a bid
B*(x;) — A used to lose, and the second term represents the expected payoff from
winning the tie when the market clearing price is 5*(z;).

268. The limit of the first order condition as A — 0. It follows from the above
argument that the distribution of bids according to 5*(z;) does not involve a tie with
positive probability. It follows that
q(B*(@i) + &, W(xo) = 57 (x;) + Alxo)) (293)
— q(B"(x;), W(xg) = B*(x;)|x0) as A — 0.
It follows from (291) and (292) that

/SCO:W(:UO):B*(%)(U(JSO, z;) — () f (wo|zs)dxodr_; = 0. (294)

That is,
B (xi) = Elv(xo, xi)|wi, W(zo) = B ()] (295)
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269. Outcome equivalence to the fully revealing rational expectation equi-
librium. It now follows from an argument used in the previous lemma that

B (wi) = v(wo(ws), ;) (296)

and the outcome is equivalent to the fully revealing rational expectation equilibrium.

9.3. Lemma 5.3

LEMMA. Let P,(5;) be a price of a Bayesian Nash equilibrium (3, of the double auction
game in the large finite economy G(f,n). Then,
Vi(Pu(Br) — v(xo, zi(wo)) (297)
1—a)
2 N (0,
f)Q(iw(fEi(mO))

(30(%7%‘(370)) Oro(wi(w0)) 0@(3707162'(370)))2)
oxo ox; ox;
PRrROOF.
270. Overview of the proof. We begin by noting that
V(Pa(By) — v(zo, zi(20)) (298)

= Vn(Pa(zo) — v(w0, zi(x0)))
FVA(PA(S) — Paleo)
where P,(zg) is the price formed from the bids when every player i € N, bids
v(xo(x;),x;). The first term deals with the sample size effect. The second term deals
with the strategic effect which considers misrepresentation from the price taking behav-
ior. The proof proceeds in two steps. First we show that /n(P,(xg) — v(zg,z;(x0))) 4,

N(O a(1-a) (av(mo’xi<x0)) axo(gi(%)) -l—av(w%’mi(%)) )2) and second we show that /n(P,(3;)—

7f)2(i\9(wi(x0)) 0z z; T;
Pr(20)) 2 0.
We show them in case of & = 1 in the double auction pricing rule. The case for
k = 0 is similar. Then we can extend the result for a general k£ € (0,1) by sandwiching
arguments.

271. Evaluation of the sample size effect. By definition

Pn($0) = U<$O(Xn:ns)a Xn:ns) (299)

That is, P,(xg) is the expected value of the good conditional being on the margin by
a player with signal X,,.,..
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We recall, from David and Nagaraja (2004, Theorem 10.3) that, for each z,

V(X — 1(20)) wN(o ol ~ o) ) (300)

7 o(@iw0))

From Assumption 4, x¢(Xp.pn,) is well-defined and x5(Xy.n,) > 0.
Thus, we are now able to apply the delta method. According to van der Varrt (2000),

Theorem 3.1, when ¢ is differentiable at 2, and \/n(T,—0) % N(0,02), then /n(¢(T,)—
®(0)) A N(0,6(6)?0?). In the statement of the delta method, we set

¢(Xn:ns) = U(xO(Xnins>7 Xn:ns)- (301)
e 000 Xns), Xrins) 90( X
/ _ 0v(To Xn:ns 7XTLITLS x0 Xn:ns
¢ (Xnins) (9370 8Xn:n5 (302)
av(xO(Xn:ns)a Xn:ns)
* aAXn:ng
It follows that 9o, i(z0)) Do (o)
#mila) = =g B (303)
Jv(xo, xi(x0))
ox;
Thus,
VI(0(20(Xnins), Xnins) = v(0, 7i(0)) < (304)
a(l —a) 0v(zo,xi(x0)) Oxo(zi(z0))  Ov(xo, xi(20)) .9
N (07 1%, 0(xi(20)) O o, T om )

We now show the second assertion. We proceed as follows. First we consider the suffi-
cient conditions for the distribution of bids H;:(b;) under P, (5;,) such that /n(P,(5))—
P,(x0)) 2 0. Then we show that indeed H*(b;) satisfies the condition.

272. Conditions for/n(P,(5) — P,(x0)) 2 0.
We note that /n(P(xo) — Pu(xo)) —p 0 is equivalent to, for each a,
Pr(v/n(F,(8y,) — v(zo, zi(x0)) < a) (305)
— Pr(v/n(Py(z0) — v(zg, zi(x0)) < a) — 0 asn — oo.
It is equivalent to

n(a) . (306)

Pr(P.(8,,) < v(zo, zi(wo)) + ﬁ) -
Pr(P,(20) < v(x0, 7i(10)) + —=)

Jn

— 0 asn— oo.
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We recall that, from David and Nagaraja (2004, equation 2.1.6)
Pr(X;., <) (307)

. (7? ) F(z)/(1 - F(z))"™

j=1\J
1 F(x) ;4 .
= (1 — )"t
Beta(i,n — i+ 1) /0 ( )
In order to derive the condition, assume, first, hypothetically, that each player uses

an equilibrium strategy of a buyer ﬁz,b(%’)- Under this assumption, each player’s bid
is iid from the distribution H,, ;(b;). It follows from (306) and (307) that

_ 1 /Hn,b(v(zo,xi(mo))+ﬁ) pn—ng—1
Beta(n — ng,ng + 1) JHu(v(zo.i(20))+ %)
where H(b;) is the distribution function of bids when every player bids according to
the strategy v(xo(x;),z;).
As a next step, we now evaluate Beta(n — ng,ng + 1). We let

(@) (1 —1)"dt (308)

n—ng

o= (309)
Then, from (308) and (309) that
Beta(n —ng,ng + 1) = Beta(an,n —an + 1) (310)
We recall a standard result of
[(@)I'(y)
Beta(z, y) = ——2 ) 311
e (311)
where I'(z) is a Gamma function. It follows from (311) that
1 _ I'(n+1) (312)
Beta(an,n —an+1) I'(an)['(n —an +1)
We now recall Stirling’s formula for Gamma function:
21 x 1 2T x
[(z) =\ —(=)"(1+0(-)) = —(—)". 313
@)=\ ZEr o) ~ 2 (313)
By substituting (313) into (312), we get
1
(314)

Beta(an,n — an + 1)

Bty

/Q_W(%)om [ 2m (n—om+1)n_om+1
an\ e n—an+1 e

(n+ 1)n—|—1/2
\/ﬁ(an)an—lﬂ(n —an + 1)n—om+1/2
(n+1)"(n+1)/2
\/%nn@om—l/Q(l — a4+ %)nfanJrl/Q

Q
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We now evaluate
/HS(U(%%(%)HL)

n n—ns—l . ng
Hn(v(xo,a:i(xo))JrL)t (1 —t)"sdt.

In order to get the maximum of the integrand, we now maximize
gy =t "1 —1)" "
Then, by taking the logarithm,

log g(t) = (an — 1)logt + (n — an)log(1l —t)

The first order condition is

an — 1 n— an
Rewriting,

(n—an)t = (an —1)(1 —1)
Then,
tth+1)=an—1

It follows from (319) that

an — 1 1
= Qa
n+1 n

and

1
l—t~1—a+—
n

Then, by substituting into (315),

121

(315)

(316)

(317)

(318)

(319)

(320)

(321)

(322)
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Thus we now have, by combining (314) and (322),
(n+1)"(n+ 1)/2

) S e G ey (323)
(ae Dyan1g _ g Lyn-on
ﬂ?ﬂwffm+§gmwmwmm+}ﬂ

TR
: &anfl/Q(l . %)n’}ww? (324)
w?m%mmw%)ﬁmmmm+%n

~ )t 1)1/2—m
UTM@%M+%%%MMMM+%H

= Von Jall—a) (825)

m+¢ﬂ%mww@mm@ww&%§—Hﬂwmﬂum»+§%nm%>
It follows that
N (H;b(v(xo, zi(0)) + %) — Hy(v(z0, 2i(z0)) + %)) 0. (327)

is suffice for
Vi(Pa(By) ~ Palao)) 2 0

Similarly, we have

vn (Hﬁ,s(v(l‘o, 24(20)) + —=) — Ha(v(x0, 2i(0)) )) — 0 (328)

Bl

is suffice for
Vi(Po(By,5) = Pa(0)) = 0
It follows that, when (327) and ( 328) are satisfied,
a a

vn(max(H,, p(v(zo, zi(xo)) + %), Hy, s(v(xo, z4(x0)) + %) — Pp(x9)) — 0 (329)

and

ﬂMWMMmmw+%MmMmmw+%w&m»w<w»
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Then, since H,, is sandwiched between max(Hf?éVE,HgéVE) and min(HgéVE,HgéVE),
it follows that

V(Pu(By,) — Palxo)) — 0. (331)
It follows that (327) and (328) are sufficient conditions.

We have now derived that both buyers and sellers bids converge at the rate faster
than O(ﬁ) are sufficient. We now derive the rate of convergence of buyers and sellers

bids.

273. Rate of convergence. We first note that it is suffice to show that, ,for each
signal z;, the distance between v(wo(z;),z;) and the bids 3, ; and (3}, , vanishes at the
rate faster than O(ﬁ) Because, if it is so, the distribution of bids at b; according

to each of 3}, ; and 3], ;,which is bounded above by H,,(b; + O(ﬁ)), will converge to
H,(b;) at the rate of O(%)

To show the rate of convergence of buyers’ and sellers’ bids, we first derive the first
order condition for buyers and sellers.

274. First order conditions. We now derive the first order condition of a buyer
following Rustichini, Satterthwaite, and Williams (1994). Suppose a buyer i increases
a bid from b; to b; + Ab;®. This change in bids can change the outcome of the auction
for buyer ¢ in three cases:

e If a bid b; is between ng-1st highest bid and ngth highest bid out of np — 2 buyers
and ng sellers, and if there is a buy bid between b; and b; + Ab;, then a bid of b;
will not win, but increasing the bid to b; + A will win the good by surpassing the
bid by the buyer.

e If a bid b; is between ng-1st highest bid and ngth highest bid out of np — 1 buyers
and ng — 1 sellers, and if there is a sell bid between b; and b; + Ab;, then a bid of b;
will not win, but increasing the bid to b; + A will win the good by surpassing the
bid by the seller.

e If a bid b; is between the ng — 1 st highest bid and the ngth highest bid out of
ng — 1 buyers and ng sellers, then a bid of b; will win and increasing the bid to
b; + A will increase the payment by kA.

We now define the following notations.

Let

A = the event that b; is between |V, g|-1 st highest bid and |V, g|th highest bid out of

| N, B|-2 buyers andngsellers, and there is a buy bid between b; and b; + Ab;,
B = the event that b; is between |N,, g|-1 st highest bid and |N,, g|th highest bid out of

| N, g|-1 buyers andng-1 sellers, and there is a sell bid between b; and b; + Ab;,

6Here A represents a miniscule amount of the increase in bid in the model with a continuous set of bids.
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and
C' = b;is between theng — 1st highest bid and thength highest bid out of

npg — lbuyers and ngsellers

Let us consider the first case. The payoft change from this case is
( Enlv(zo, zi)|zi, A] — bi) - Pr(Alz;) (332)

The payoff change from the second case is
( Enlv(zo,xi)|2i, Bl —b;) - Pr(Bl;) (333)
The payoff change from the third case is
kA - Pr(Clz;) (334)
Therefore, the first order condition is, from (332), (333), and (334)

(Enlv(xo, zi)|xi, Al —b;) - Pr (Alz;) + (Enlv(zo, z)|xi, B] — b;) - Pr (B(33p)
—kA - 1:7)11‘ (C|CCZ) =0

A preliminary result. As a step for deriving the rate of convergence of bidding strategies,
we now evaluate the first order condition (335).
It follows from (335) that

( Enlv(zo, zi)|xi, Al = b;) - Pr(Alz;) — kA - Pr(Cla;) < 0. (336)
Therefore, it follows from (336) that
(Enlv(zo, zi)|zi, A) — bip) (337)
Pr,, (C|z;)
< EA—F—F—F—=
_ Pl"n (AlZL‘Z)
We now evaluate the right hand side of (337). We note that,
Pr,, (C|x;)
— 338
Pry, (Al;) (338)

B /Prn (Clao) fox, (wolzi)dxg
J Pry, (Alzo) fox, (zolwi)dzo
by conditioning and by the property that x; is redundant after conditioning on x

) /Prn (Clzo) fox,(xo|zi)dzo (339)
[ Pr, (A|zg) Pry(there is a buy bid between b; and b; + Abi)mei(xo\xi)dmo

by conditional independence. (340)
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In order to evaluate (338), we recall, from Lemma 5 in Milgrom (1979), that if there
is C' > 0 such that 72 < C for every i, then

>
< (. 341
Yibi (341)

Then it follows that, if we have, or each x,

Pr,, (C|xg)
——= 01 342
Pr, (Alzo) (1) (342)
and
Pr(there is a buy bid between b; and b; + Ab;) — O(n) (343)

Then we have (C] )
Pr, (C|z; 1
) (= 44
Pr,, (A|x;) O(n) (344)

Thus now we need to show (342) and (343). We first show (342).

275. Show (342). We note, given xg, each player’s signal is independently and identi-
cally distributed with the distribution F,|g(i|20). Given this independence structure,
we can
e Pr, (C|zp) corresponds to the probability M.y, in Rustichini, Satterthwaite, and
Williams (1994), page 1060 where the distribution of types in Rustichini, Satterth-
waite, and Williams (1994) is now Fx,|g(i|20)-
e Pr,, (A|xg) corresponds to the probability L,,,.,, in Rustichini, Satterthwaite, and
Williams (1994), page 1060.
It follows from Rustichini, Satterthwaite, and Williams (1994), equation (3.12), that
Pr,, (Cz) (345)
Pr,, (A|xo)
< 2P (@lo)(1+ =2)
ns

< 0(1)

Intuition is as follows: Both numerator and denominator calculate the probability that
b; will fall in the interval between adjacent order statistics of bids. In the numerator,
there are ng +ng — 1 bids and in the denominator there are ng 4+ ng — 2. This implies,
on one hand, there are more bids in the event in the numerator to fall in the interval.
But on the other hand, the length of the interval of the adjacent order statistics will
decrease at the rate of O(1/n). As a result of these two balances, the ratio does not
grow and decline even if n changes.

276. Show (343). We note, from Rustichini, Satterthwaite, and Williams (1994), (3.1)
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that
F;Lr(there is a buy bid between b; and b; + Ab; out of ng — 1 buyers) (346)

= (np — 1)hy, 4(bi)

= O(n)
An intuition is as follows. We are now considering a possibility that there will be a bid
hitting a fixed length of an interval. This probability increases at the order O(n) since

any one of ng — 1 buyers can hit the interval.
It now follows from (337) and (344) that

1
n

Eyv(zo, z;)|xi, A ] — by, — 0 at the rate O(—) (347)

We can now derive the rate of convergence of bidding strategies building on the
preliminary result

277. Characterization of the rate of convergence of bidding strategies. In the
previous calculation, we obtained a bound on

En[U(xm ml)|x’h A] - bi,n - O

by omitting terms for E,[v(zo,x;)|xi, B] — b;
We can now, by omitting the first term instead, following a similar procedure used
to derive (347), that

1
Env(zo, zi)|xi, Bl — biy — 0 at the rate O(ﬁ) (348)
It now follows from (347) and (348) that
1
Enlv(xo, )|z, A] — Eplv(xo, z)|x;, B] at the rate O(ﬁ) (349)

We note that these two conditioning events are only different by switching one buyer
and one seller. Since (349) holds for every z;, it follows that the distributions of bids
by a buyer and a seller converge at the rate O(%) Since the distribution of signals
is symmetric between a buyer and a seller, it has to be that the bidding strategies
converge. That is,

* * 1
Bn,b(ﬂfi) — an(:ﬁz) at rate O(ﬁ) (350)
This in turn implies that, since the buyer’s and seller’s strategies are getting symmetric,
by — Eplv(xo,x;)|x;, A (351)

—  Eylv(wo, z;)|2;, B]
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at the rate O(%) Since this holds for every n, it implies that asymptotically the equilib-

rium bidding strategies are symmetric across n. Thus, for each xg, by Glivenko-Cantelli

theorem, Ep[v(z0,7;)|7:,A] converges to v(zo(;),z;) at the rate O(L) as n — oc.
Thus (327) and (328) follow.
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