CAR

CEMTER FOR ADMAMNCED RESEARCH M FINANCE

CARF Working Paper

CARF-F-274

SDE WEAK APPROXIMATION LIBRARY (SDE WA)
(VERSION 1.0)

Mariko Ninomiya
The University of Tokyo

December 2011

-:i', CAREF is presently supported by Bank of Tokyo-Mitsubishi UFJ, Ltd., Citigroup, Dai-ichi

" Mutual Life Insurance Company, Meiji Yasuda Life Insurance Company, Nippon Life Insurance

Company, Nomura Holdings, Inc. and Sumitomo Mitsui Banking Corporation (in alphabetical
order). This financial support enables us to issue CARF Working Papers.

CARF Working Papers can be downloaded without charge from:
http://www.carf.e.u-tokyo.ac.jp/workingpaper/index.cqi

Working Papers are a series of manuscripts in their draft form. They are not intended for
circulation or distribution except as indicated by the author. For that reason Working Papers may
not be reproduced or distributed without the written consent of the author.



SDE WEAK APPROXIMATION LIBRARY (SDE_WA) (VERSION 1.0)

MARIKO NINOMIYA

AssTRACT. In application of mathematical finance to practical problems, weak ap-
proximation of stochastic differential equations (SDEs) is one of the most important
themes. In probabilistic approach to this problem, the Euler-Maruyama scheme
which is a first-order weak approximation scheme has been used.

Kusuoka recently proposed a weak approximation schceme for diffusion pro-
cesses. Lyons and Victoir extensively developed the idea of this scheme to establish
the cubature formula on the Weiner space. These results and the spread of quasi
Monte Carlo method showed the efficiency of higher-order weak approximation
which is often called Kusuoka approximation or KLV scheme. Ninomiya-Victoir
and Ninomiya-Ninomiya successfully constructed algorithms of this scheme. These
algorithms have been improved in a number of research. (Fujiwara, Ooshima—
Teichman-Veluscek, etc.)

The author constructed a universal numerical library written in C for calculation
of weak approximation of any fiven SDEs following the Kusuoka scheme. Two
types of algorithms mentioned above (NV and NN) of the Kusuoka scheme are
included in this library. The Euler-Maruyama scheme is also available in this
library.

The source code for this library can be obtained by downloading it from

https://sites.google.com/site/marikoninomiya/

0. INTRODUCTION

We consider weak approximation of SDEs, that is, calculation of E [ f (X(T, x))]
where X(t, x) = (Xl(t, x),... XN(t, x)) is a diffusion process denoted by

t d t
(0.1) XI(t,x) = x; + f Vg(X(s,x))dHZ f VI(X(s,x)) o dB(s),
0 =1 YO0

forj=1,...,N. Here V; € C(RN;RN), B°(t) = ¢, (B'(), ..., B(t)) is a d-dimensional
standard Brownian motion, and o denotes Stratonovich integral.

This library called SDE_WA in this paper deals with the Euler-Maruyama
scheme and the Kusuoka scheme.

1. ALGORITHMS

In this section, we introduce the three types of algorithms included in SDE_WA.
One is the Euler-Maruyama scheme. The othre two called NV or NN in this
manual are based on the Kusuoka approximation.
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Asseen in [1], if the process X is of the form as (0.1), then X/(t, x) can be rewritten
with the Ito integral as follows:

t d t
X/t x) = xj+ f Vé(X(s, x))ds + Z f V;(X(s, X)) dB(s),

where

N d
Y ) vEe, x)>—<X<s x)).

k=1 i=1

1.1) VI (X(s, %)) = V(X(s,%)) +

N~

This relation held in the drifts of an Ito SDE and a Stratonovich SDE is to be
important in defining SDE as to be mentioned later.

In the rest part of this manual, we let [0, T] be partitioned into # intervals by
O=ty<ti <---<t,1 <t, =Twith Z?Z_Ol(tm —t;) = T. For this partitioning, Af
denotes t; — ti_1.

1.1. Order of weak approximation. If there exists a family {Xé(-, -)}6>0 of random
variables which has constants K and 6y such that for an arbitrary 6 € (0, o)

|EL(F(X(T, 0)] - ELFX(T, 0)]| < K&,

then the family {Xé(-, ~)}6>O is said to be p-th order weak approximation of X.

1.2. Euler-Maruyama scheme. The Euler-Maruyama scheme (EM) is well-known
as a first-order weak approximation ([1]) scheme implemented by a very simple
algorithm represented by the following random variables: fork=1,...,n

EM)n _
XO

7

(1.2) -
XEM _ X(EM)n + AL T, (XEEIIA)n /_th v X(EM

te

where V; denotes a drift in an Ito SDE. Here Z,’s are n independent d-dimensional
random variables distributed as N(0, 1).

1.3. Kusuoka scheme. The Kusuoka scheme is one of the higher-order weak ap-
proximation schemes. Two kinds of algorithms for implementation of this scheme
are considered in SDE_WA. They are developped by Ninomiya—Victoir (NV) [4]
and Ninomiya-Ninomiya (NN) [3].

Notation 1.1. exp (V)x denotes the solution at time 1 of the ODE

dz
d_tt =V(z), zo=x.

Now we introduce the algorithms of the Kusuoka scheme.



(1) The NV alrorithm is defined by a family of random variables defined by

1.3)

NV
XO

NV)n
XN

=X

exp (%) exp ( VAL Z] V1) exp ( \/A_thin) “o-exp ( \/A_thZVd) exp (%) XV

t-1

if A =+1
exp (At"zvo ) exp ( \/A_th}f Vd) exp ( \/A_thZ‘1 Vd_l) - exp ( \/A_th; Vl) exp (%) X

t1

if Ay = -1,

fork =1,...,n where (A, Zx)’s are n-independent random variables such
that Ay is a Bernoulli random variable independent of Z; ~ N4(0, 1)

(2) The NN algorithm is represented by the following random variables: for
k=1,...,n

(1.4)

X(()NN)’" =x,

d d
At ; At ;
Xy = exp[ zk Vo+ Z Atksll,kvi] exp[ zk Vo+ z VARS, Vi [ X
P )

where (Sj./k)l.e“,_._’ 4)jel1,2) are constructed by
ke(L,....n)
Sl (12 1/V2)\ ("  did
1.5 }'k) = ( 1kl,  wheren’:, "% N(0,1).
(1.5) (Sz,k 12 -1/v2 n, Mik 0,1)

Remark 1.1. In the NV and the NN algorithms, Stratonovich SDEs are considered.
Therefore, in use of these algorithms, an Ito SDE has to be converted to the corresponding
Stratonovich SDE.

This procedure can be done automatically through SDE_WA by giving some functions

corresponding to g‘g;;w’s as you will see later.

Remark 1.2. For approximation of exp(W)- in the NN algorithm where W = %Vo +
Zle \/A_tij,,kV,', j = 1,2, the Runge—Kutta method is applied. Also, in the case that there
does not exist an explicit form of exp (sV;) y in the NV algorithm, it should be approximated
by the Runge—Kutta method, too. For more explanation, refer to the next section.

These three types of implementation algorithms (EM, NV, and NN) of weak
approximation of SDEs are included in SDE_WA.

2. USE OF EXPLICIT FORMS OR APPLICATION OF NUMERICAL INTEGRATOR

SDE_WA has the following capabilities:

e numerical calculator of Ito—Stratonovich conversion
e 5-thor7-thorder “numerical integrator” for exp(W)y where W € C;?° (RN; RN).

The Runge-Kutta method plays a role of “numerical integrator” in this lirary.
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2.1. Ito-Stratonovich conversion. As we can see in (1.2), the EM algorithm is
based on an Ito SDE. Hence, if the SDE is written in Stratonovich form, the drift
term V has to be converted to V by (1.1). This procedure is automatically done
by SDE_WA as long as the the following information of the SDE is given by
users:

e the type of the SDE (Stratonovich)

e . AVi(y) IVa(y) IVa(y)
e definitions of functions for dy Ay Ty

If the considered SDE is written in Ito form, then the second information above (

(axgly(y ) a‘;zy(y ) . axg,y(y ) )) is not needed and would not be used even if it is given.

For the NN algorithm, simply contrary argument done for the EM algirthm
holds, which means that for an Ito SDE, Ito-Stratonovich conversion should be

automatically done by SDE_WA if the type of the SDE (Ito) and the definitions of

avaly(y), a‘;zy(y ), .. W;y(y) are given. Also, if the SDE is defined in Stratonovich form,

then the functions for (m;‘y(y ), mgzy(y)/ e, axgdy(y)) are not needed and would not be

used even if given.

There are more possibilities for the NV algorithm. Calculation of exp (sV;)y
is itterated for i = 0,1,...,d in the NV algorithm. Each exp (sV;)y denotes the
solution at time s of the correspoinding ODE. In SDE_WA, users can choose the way
of calculation of exp (sV;) y from use of explicit forms or application of numerical
integration. We give more explanation below about possible situations and choices.

From the simplicity of the form, it could be easy to find an explicit form of
exp (sV;) y. The advantages of using explicit forms of exp (sV;) y are:

e problems related to singularities caused by numerical methods (e.g. viola-
tion of the domain) can be avoided
e calculation can be speeded up.

If explicit forms do not exist or are not to be used for some reason, then numerical
integration is to be applied to approximation of such exp (sV;) y’s as in the NN
algorithm.

In SDE_WA, there are the following rules for approximation of exp (sV;):

(1) If the definition of the explicit form of exp (sV;) y is given, then it is certainly
used (i.e. numerical integration is not applied.)

(2) Whichever the SDE is given in Ito or Stratonovich form, in giving the
definition a function for exp (sV;) y, users have to obtain the explicit form
of it by themselves. Hence, V (Ito drift) has to be manually converted
to Vj (Stratonovich drift) by users in the process if the considered SDE is
written in Ito form.

(3) For exp (sV;) y whose explicit form is not given, numerical integration is
applied to approximation of it. In particular, if i = 0 and the SDE is given in

Ito form, then Ito-Stratonovich conversion would be automatically done.

Vi(y) Va(y)
dy g

In this case, users must give the functions corresponding to

2.2. Romberg extrapolation. Suppose that we have a p-th order scheme such that
there exists a constant Ky > 0 satisfying that for a smooth function f

‘E [£ (X™)| - ELf (X(T, )] - Kf% < Cy H:H .




Then,

szi - E [ f (X(TOrdp),zn)] 3 ﬁ E [ f (X(Tordp),n)]
attains p + 1-st weak approximation.

Remark 2.1. Relation between the order m of the Runge—Kutta method used in the NV
and the NN algorithms and the order p of the weak approximation of SDEs ism = 2p + 1
because the order of approximation of ODEs becomes half in approximation of SDEs ([2]).

Therefore m = 5 for the second-order approximation such as the naive NV and NN
algorithms and m = 7 when the Romberg extrapolation is applied to these from 2(2+1)+7 =
7.

Let p be the order of approximation of SDEs and m the order of the Runge-Kutta
method applied in the process of the NV or the NN algorithms.

m = 2p + 1 always has to hold if the NN algorithm is taken (Table 2).

For the EM algorithm, m does not even appear, that is, m can take any value
(Table 1). (You will see later why we mention the case of EM here.)

In application of the NV algorithm, there are more possibilities than in the other
two.

(i) If explicit forms of all exp (sV;) y’s and exp (sVy) y are given, we do not need
to care about m (Table 3) because of the rule we have seen in the previous
section. 4

(ii) Forsuchexp ( VAtZ Vi) yorexp (%) y thatits explicit form is not given, then
it has to be approximated by the Runge-Kutta method of order m = 2p + 1

(Table 4).
p|m p|m
no Rom. 1| - noRom. |25
withRom. | 2 | - withRom. | 3| 7
TasLe 1. EM TasrLE 2. NN

p|m p|m
no Rom. 2| - no Rom. 215
withRom. | 3 | - withRom. | 3| 7

TaBLE 3. NV:(i) TaBLE 4. NV:(ii)

In SDE_WA, both the 5-th and 7-th order Runge-Kutta methods are equipped.

3. DEFINITIONS OF DATA TYPES AND FUNCTIONS

All data types and functions introduced here are declared in the header file
<sde_wa.h>.

3.1. Defining SDE system and one-step calculator. The considered SDE and re-
lated information which we call an SDE system are defined using SDE_WA_SYSTEM

—Data Type : SDE_WA_SYSTEM
This data type defines an SDE with arbitrary parameters by having the following



members:

e enum SDE_type sde_type;
enum SDE_type is defined by

enum SDE_type {ITO=0, STR=1};

to denote the form of the considered SDE.

e int (**V)(const double y[], double dy[], void *params);
This is a pointer to an array of functions that store the vector-valued V;(y)
in the vector dy, for arguments y(initial vector) and parameters params.

e int (**drift_corrector) (const double y[], double *dVdy[],
void *params);
This is a pointer to an array of functions corresponding to

AValy ovit
.., ;y Each drift_correctorp[i] stores —= ay )

with parameters params.

It should be remarked that this array has (1 + d) function pointers whose

first element (function)drift_corrector[®] is allocated for ‘;0/ ) which is

not to be used. Hence, we can let drift_corrector[®]=NULL.
e int (**exp_sV)(double s, const double y[], double exp_sVy[],
void *params);
This is a pointer to an array of functions that store the vector of explicit
forms of exp (sV;)y’s fori = 0,1, ..., d of the ODE

dZt
dt
in the vector exp_sVy, for arguments s, y, and parameters params. Remark
that exp (sV;) y should be obtained for a Stratonovich SDE.
Any functions appearing above could be NULL when they do not exist or
are not needed.
e int dim.y;
This is the spacial dimension of the system of equations. dim_y corresponds
to N of (0.1)

3Vo(y> IVi(y)
dy 7 dy ’

in dvdy[j1[k] for y =y

=Vi@@), z0=y

e int dim BNM;
This is the dimension of the Browninan motion. dim_BM corresponds to d
in (0.1)

e void *params;
This is a pointer to arbitrary parameters of the system.

Remark 3.1. It should be noticed from Table5 and Table6 that there are some cases in
which it is possible to avoid defining functions corresponding to Vily ;J My a\;;y ) in these tables
indicates that the corresponding function has to be defined while NULL does that it is not

needed. Ofcourse it would not be a problem to let drift_corrector[i]= by giving

definition of —5= ‘(y ), even if drift_corrector [i]=NULL in Table5 and Table6.



alg.

sde_type=ITO

sde_type=STR

EM | drift_corrector[®]=NULL | drift_corrector[®]=NULL
drift_corrector[i]=NULL | drift_corrector[i] :(9\3_;y)

NN | drif_corrector[0]=NULL drift_corrector[®]=NULL
drift_corrector/[i] :axg;-;y) drift_corrector[i]=NULL

TaBLE 5. drift_corrector and combinations of algorithms(EM,
NN) and sde_type(i =1,...,4d)

explicit form

sde_type=ITO

sde_type=STR

exp_sV[0®]=NULL

drift_corrector[0]=NULL

drift_corrector[i] :a\g;;y) drift_corrector[i]=NULL
exp,sV[QJ:B‘S’y(y) drift_corrector[0]=NULL

drift_corrector[i]=NULL

Memory for a one-step calculator should be allocated once and reused for it-
terative calculation in simulation. SDE_WA_SLTN data type describes a one-step

calculator.

TaBLE 6. drift_corrector for NV (i=1,...,4d)

-Data Type:SDE_WA_SLTN

This data type describes a one-step calculator object determined by an algorithm,
an SDE, parameters, and the required order of numerical integration (even if not

used).

Though this data type includes various information as seen below, users only
consider alg, mth_is, and sde in programming. However, users have to know data
types of a sample point for EM, NV, and NN because these will be directly defined

by users in programs.

e enum ALG alg;
enum ALG is defined as follows :

enum ALG {E_M=0, N_V=1, N_N=2};

e int mth_is;

This integer denotes the order of numerical integration (the Runge-Kutta
method) used in the NV or the NN algorithm. It can be 5 or 7 when the
order of the scheme is 2 or 3 respectively. In the EM scheme, mth_is has to

be set to any of 5 and 7 though it is never used.
e SDE_WA_SYSTEM *sde;
This is a pointer to the considered SDE system.
e int (*one_step) (struct sdewa_sltn *sl, double s);

This is a function determined for alg. This function should store the result

of one-step approximation with a time interval s.

drift_corrector[0]=NULL




double *initv;
This is a pointer to the array storing the initial vector for one-step approxi-
mation.
double *destv;
This is a pointer to the array to store the result of one-step approximation.
double *drift_step_interv;
This is a pointer to the array used in the process of converting the drift term
or keeping intermidiate values in one-step approximation.
double **drift_corretor_matrix;
This is a pointer to the array used in the process of conversion between a
Stratonovich-form SDE and an Ito-form SDE.
e union{
double *em;
RV_NV *nv;
double *nn;
}sample_pt;
This is a pointer to a sample point determined by the considered alg. Here
RV_NV is a data type defined for the NV algorithm as follows:

enum Bernoulli_rv {T=0, H=1};
typedef struct{
enum Bernoulli_rv rv_nv_b;
double *rv_nv_n;
} RV_NV;
For the EM shceme, em[0], em[1],..., em[d] get values of Zl,...,Zi, re-
spectively. For the NV algorithm, nv->rv_nv_b gets H or T which corre-
spond to 1 or —1, respectively. Also, nv->rv_nv.n[0], nv->rvnvnl[1],...,
nv->rv_nv.n[d-1] get values of ZJ, ..., Z!, respectively. For the NN algo-

rithm,nn[0], ..., nn[d-1], nn[d],..., nn[2d-1] getvaluesofn] i3 ,,...

q‘f o g - s ng ,» respectively.(Correspondence can be found in Table 7.)
e double *rk_step_interv;

This is a pointer to the array used in the process of the Runge-Kutta method

in the NV or the NN algorithgm.

e double *nn_sample pt_interv;
This is a pointer to the array used in the process of conversion of a normally
distributed sample point to a sample point satisfying (1.5). This process is
conducted only in the NN algorithm.

3.2. Allocating/instantiating and freeing objects. A great number of calculations
of (1.2), (1.3), or (1.4) is normally itterated in simulation. We give functions to
allocate memory of SDE_WA_SYSTEM and SDE_WA_SLTN data types to be reused. The
functions to free the allocated memory after itterative calculation are also given
below.

—Function: SDE_WA_SYSTEM *alloc_SDE_WA_SYSTEM(int N, int d,

void *params);
This function returns a pointer to a newly allocated memory of SDE_WA_SYSTEM
data type for an N-dimensional SDE with a d-dimensional Brownian motion and



parameters params.

—Function: void free_SDE_WA_SYSTEM(SDE_WA_SYSTEM *sys);
This function frees all the memory associated with an SDE_WA_SYSTEM data type
object.

—Function: SDE_WA_SLTN *alloc_SDE_WA_SLTN (enum ALG alg, int mth_is,
SDE_WA_SYSTEM *sde);

This function returns a pointer to a newly allocated memory of one-step calculator

for the algorithm alg with sde and the (mth_is)-th-order Runge-Kutta method if

the NV or the NN algorithm. The object is instantiated at the same time.

—Function: void free_SDE_WA_SLTN(SDE_WA_SLTN *sltn);

This function frees all the memory associated with an SDE_WA_SLTN data type object.

Remark 3.2. Since free_SDE_WA_SLTN uses sltn->sde->dim_BM in freeing memory, we
must NOT free SDE_WA_SYSTEM *sde until free SDE_ WA_SLTN *sltn.

3.3. One-step calculation. Here “one-step” means getting X;;k)m/n from Xt(:/)n.

—Function: int next_SDE_WA(SDE_WA_SLTN *X, double s, double y[],

double dy[], void *rv);
One-step calculation with initial vector y, a time interval s, and a sample point rv
should be done through this function. The result of the calculation is to be stored
indy[0],dy[1],...dy[N —1].

rv has to be appropriately defined depending on each algorithm as explained
in the previous chapter (also see Table 7).

alg | data type of rv | correspondence(i = 0,...,d — 1)
EM | double * rv[il= Z;c”
N_V | RV.NV * rv.rvnv_b= Ay
rv.rvav.n[i]= Z;(”
NN | double * rv[il= 17’1+k1 |
rv[d +i]= n12+k1

TasLE 7. data types of rv

4. ExamMPrLE

4.1. Asian option under Heston SV model. We consider pricing an Asian option
under the Heston model which is a well-known stochastic volatility model. Then,
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the considered SDE can be written in Ito form as

t t
X, x) :x1+f yXl(s,x)ds+f X (s, x) VX2(s, x) dBL(s),
0 0
t t
2 _,2 2 2 1
XA(t, x) =x +f0a(9 X2(s, ) ds+j(;,8\/X (s, x)p dBL(s)

4.1) t
¢ [ pyPeena- pare
0

t t t
X3(t, x) =0 + f X1(s,x)ds + f 0dB'(s) + f 0dB?(s),
0 0 0

where x = (x1,x2,0) € (Rs0)%, (B'(t), B%(t)) is a two-dimensional standard Brownian
motion (i.e. d =2), -1 < p <1, and a, 0, u are some positive coefficients such that
2a6 — % > 0 to ensure the existence and uniqueness of a solution to the first two
SDEs.

This example is featured by the following two facts:

e the SDE’s drift term differs depending on the form (Ito or Stratonovich).
e exp (sVy) y does not have an explicit form

4.1.1. Allocation and instantion of SDE system.

e Definition of a set of parameters and allocation of memory for an SDE
system
As we have already seen, alloc_SDE_WA_SYSTEM has three arguments in-
cluding void *params.
Five parameters, a,f,u, p, and 0, are included in (4.1). In order to
allocate memory of an SDE system, we first define a set of these parameters
as struct AH_params as follows:

ccl (sde_wa_manual_program_ah_system.h
e ( prog y ) N

struct AH_params{
double alpha;
double beta;
double mu;

double rho;
double theta;

b

(\IO\U‘I%QJI\)H

J

We let ah_params be a struct AH_params data type variable and initiate it
as follows:




(4.2)

11

cc2 (sde_wamanual program_ah nn.c) ~N

struct AH_params ah_params;
double alpha = 2.0;

double beta = 0.1;

double rho = 0.0;

double theta = 0.09;

double mu=0.05;

ah_params.alpha=alpha;
ah_params.beta=beta;
ah_params.mu=mu;
ah_params.rho=rho;

12 ah_params.theta=theta;
N J
Itis of course possible to directly set values to ah_params. alpha, ah_params.beta,
etc. without through alpha, beta, etc.

©CX)\16\U‘IH>DJN|—\\

— =
=)

Now we have all arguments for alloc_SDE_WA_SYSTEN : spacial dimen-
sion = 3, dimension of Brownian motion = 2, and a pointer to a set of
parameters ah_params.

cc3 (sde_wamanual_program_ah nn.c)

1 SDE_WA_SYSTEM *sde;
2 sde=alloc_SDE_WA_SYSTEM(3, 2, &ah_params);

Definitions of Vy, V;, and V,
We need define functions for sde->V[0], sde->V[1], and sde->V[2]. It
should be noticed here that (4.1) is an Ito SDE. This is the reason that we
do not use V; but V.

The definitions of V, V1, and V; are given by

(»n 1y 1 RV
Vol v2 |=| a@-w2) |, V1| 2 |=]| BVYv2p |,
Ys n Y3 0

N

2! 0
Vz{ Y2 ]= BNy21-p) |
Y3 0

We define ah V.0, ah_V_1, and ah_V_2 that correspond to Vo, V1, and Vs,
respectively. We recall

int (**V)(const double y[], double dy[], void *params);

Since ah_V_®, ah_.V_1, and ah_V_2 are to be set to V[0], V[1], and V[2],
respectively, the types of these functions should be

int ah_V_0(const double y[], double dy[], void *params);
int ah_V_1(const double y[], double dy[], void *params);
int ah_V_2(const double y[], double dy[], void *params);

These functions are defined as cc4, cc5 and cc6.
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cc4  (sde_wamanual program_ah_system.c) ~N

F
1 int ah_V_0(const double y[], double dy[],
2 void *params) {
3
4 struct AH_params *pparams;
5 pparams=params;
6
7 dy[0]=pparams->mu*y[0];
8 dy[1]=pparams->alpha* (pparams->theta-y[1]);
9 dy[2]=y[0];
10
11 return SDE_WA_SUCCESS;
12 }
\ J
cc5 (sde_wa_manual_program_ah_system.c
e ( prog y ) N
1 int ah_V_1(const double y[], double dy[],
2 void *params){
3
4 struct AH_params *pparams;
5 pparams=params;
6
7 dy[0]=y[0]*sqrt(y[11);
8 dy[1]=(pparams->rho) * (pparams->beta)
9 *sqrt(y[1D);
10 dy[2]=0.0;
11
12 return SDE_WA_SUCCESS;
13 }
N Y
cc6 (sde_wa_manual_program_ah_system.c
e ( prog y ) ~N
1 int ah_V_2(const double y[], double dy[],
2 void *params){
3
4 struct AH_params *pparams;
5 pparams=params;
6
7 dy[0]=0.0;
8 dy[1]=(pparams->beta) *sqrt((1.0
9 - (pparams->rho) * (pparams->rho)) *y[1]);
10 dy[2]=0.0;
11
12 return SDE_WA_SUCCESS;
13 }
\_ J

Definitions of partial derivatives of V; and V;
The partial derivatives of V; and V; are used in the process of Ito-Stratonovich
conversion (1.1) though the combination of the algorithm to be used and



13

the form of the SDE (Ito or Stratonovich) can avoid the use of these as seen
in Table5 and Table6.
The array of partial derivatives of V1 and V), become

P VI /@) 0) gy (0 0 0
aly1<w=[ 0 o 0| G20 =| 0 BTy 0
0 0 0

. V!
Remark that 5(y) = (ax) | withaj = F2()-

We define ‘99‘;1 y and ‘Wzy as diff_ah V_1 and diff_ah_V_2, respectively. It

should be remarked that the first element of drift_corrector is allocated
for ‘Z—‘;O(y), though it will never be used in Ito-Stratonovich conversion.

/—cc7 (sde_wa_manual _program ah_system.c) ~N
1 int diff_ah_V_1(const double y[], double *dvdy[],
2 void *params) {

3

4 struct AH_params *pparams;

5 pparams=params;

6

7 dvdy [0] [0]=sqrt(y[11);

8 dvdy[0]1[1]1=(y[0]/sqrt(y[11))/2.0;
9 dvdy[0][2]=0.0;

10

11 dvdy[1][0]=0.0;

12 dvdy[1][1]=pparams->rho*pparams->beta

13 /(sqrt(y[11)%2.8);

14 dvdy[1][2]=0.0;

15

16 dvdy[2][0]=0.0;

17 dvdy[2][1]=0.0;

18 dvdy[2][2]=0.0;

19

20 return SDE_WA_SUCCESS;

21 }




(4.3)
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/—CCS (sde_wa_manual _program ah_system.c) ~N
1 int diff_ah_V_2(const double y[], double *dVdy[],
2 void *params) {

3

4 struct AH_params *pparams;
5 pparams=params;

6

7 dvdy[0][0]=0.0;

8 dvdy[0][1]=0.0;

9 dvdy[0][2]=0.0;

10
11 dvdy[1][0]=0.0;

12 dvdy[1] [1]=pparams->beta*

13 sqrt (1l-pparams->rho*pparams->rho)

14 /(sqrt(y[1]1)*2.0);

15 dvdy[1][2]=0.0;

16
17 dvdy[2][0]=0.0;

18 dvdy[2][0]=0.0;

19 dvdy[2][0]=0.0;

20
21 return SDE_WA_SUCCESS;

22
23 }

N J

Definitions of explicit forms of exp (sV;)’s

The explicit forms of exp (sV;) y’s can be used in the process of the NV
algorithm while these are never needed for the EM scheme or the NN
algorithm.

For exp (sV;)) y which does not have an explicit form, numerical inte-
gration (the Runge—Kutta method) of order 5 or 7 is applied in the NV
algorithm.

If the explicit form of exp (sV;) y is obtained to be used, the corresponding
function has to be defined and provided to the SDE system object, as you
will see below. On the other hand, if an explicit form of exp (sV;) y is not to
be used, then the corresponding element of sde->exp_sV should be NULL.

Equation (4.1) is an Ito SDE. Since explicit forms must be expressed
through an Stratonovich SDE, we convert the drift term of (4.1) to Vj
by (1.1) to obtain

Y vi(u—y2/2-pp/4)
V() yz = 01(9—]/2)—‘32/4 .
Y3 11
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Then exp (sVp) y does not have an explicit form while exp (sV1)y and
exp (sV2)y dose as

" Y1 exp (s V12 + pBs? /4)
exp(sV1)| v2 |= (Pﬁ5/7-+ @)Z ,

Y3 3

y ! 2

1

expVo)| 2 |= (ﬁv 4—¢—)

Y3

Y3

These explicit forms are defined as follows:

(~CC9 (sde_wa_manual _program_ah_system.c) ~
1 int exp_ah_sVy_1(double s, const double y[],
2 double dy[], void *params){
3
4 struct AH_params *pparams;

5

6 pparams=params;

7 dy[0]=y[0]*exp(s*sqrt(y[1])

8 +pparams->rho*pparams->beta*s*s/4.0);
9 dy[1]=(pparams->rho*psarams->beta*s/2.0

10 +sqrt(y[11))*

11 (parameters.rho*parameters.beta*s/2.0

12 +sqrt(y[11));

13 dy[2]=y[2];

14

15 return SDE_WA_SUCCESS;

16 }
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cc10 (sde_wamanual _program_ah system.c)

4 N
1 int exp_ah_sVy_2(double s, const double y[],
2 double dy[], void *params){
3
4 struct AH_params *pparams;
5 pparams=params;
6
7 dy[0]=y[0];
8 dy[1]=(s*pparams->beta
9 *sqrt (1l-pparams->rho*pparams->rho) /2.0
10 +sqrt(y[1]1))
11 *(s*pparams->beta
12 *sqrt (1-params->rho*pparams->rho) /2.0
13 +sqrt(y[11));
14 dy[2]=y[2];
15
16 return SDE_WA_SUCCESS;
17 }
g J

Remark 4.1. There are two possibilities of improvements in terms of speed of

calculation as follows:

(i) Since we have obtained V (4.3) from V, we can easily define V as follows:

. cc4-STR ™
1 int ah_str_V_0(const double y[], double dy[],
2 void *params){
3
4 struct AH_params *pparams;
5 pparams=paranms;
6
7 dy[0]=y[0]* (pparams->mu-y[1]/2
8 -pparams->rho*pparams->beta/4) ;
9 dy[1]=pparams->alpha* (pparams->theta-y[1])
10 -pparams->beta*pparams->beta/4;
11 dy[2]=y[0];
12
13 return SDE_WA_SUCCESS;
14 }
N J

If we define the SDE system in Stratonovich form, then Ito-Stratonovich
conversion would not be needed for the NV or the NN algorithm. This fact
results in higher speed of calculation as long as the NV or the NN algorithm

is considered.
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(ii) Though exp (sVo) y does not an explicit form, it can be approximated as

follows:
@4)  exp (SVO)[ V2 ]= J+ (2=~ e ,
Y3 ys + yl(eAfl)

where | = 0 - % and A = 1 — pTﬁz — L. The corresponding function can be

defined as follows:
e cc-exp(sVo)y-approx. ~
1 int exp_ah_sVy_0(double s, const double y[],
2 double dy[], void *params){
3
4 double J;
5 double A;
6 struct AH_params *pparams;
7
8 pparams=params;
9 J=pparams->theta-pparams->beta*pparams->beta
10 /(4.0*pparams->alpha) ;
11 A=pparams->mu-pparams->rho*pparams->beta
12 *pparams->beta/4.0-y[1]/2.0;
13
14 dy[0]=y[0]*exp((pparams->mu-pparams->rho
15 *pparams->beta*pparams->beta/4.0
16 -1/2.0)*s
17 +(y[11-D)
18 *(exp(-pparams->alpha*s)-1.0)
19 /(2.0*pparams->alpha));
20 dy[1]=J+(y[1]-])*exp(-pparams->alpha*s);
21 dy[2]=y[2]+y[0]*(exp(A*s)-1.0)/A;
22
23 return SDE_WA_SUCCESS;
24
25}

J

Since use of closed-form approximation effectively speeds up the calculation
for the NV algorithm, it is strongly recommended to pursue explicit forms or
this type of approximation as long as the NV algorithm is considered.

¢ Instantiation of SDE system
The functions which are related to the considered SDE and are defined
above are to be used for instantiation of sde.

As is often the case, some algorithms can be applied to one common
SDE system for the purpose of comparison or some reasons. Such an SDE
system should have all the definitions of functions which could be used in
any algorithm.
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cc11-EM, NV, NN (sde_wa_manual_program_ah nn.c) —

~

sde->sde_type=STR;
sde->V[0]=ah_str_V_0;
sde->V[1]=ah_V_1;

sde->V[2]=ah_V_2;
sde->drift_corrector[®]=NULL;
sde->drift_corrector[1l]=diff _ah V_1;
sde->drift_corrector[2]=diff_ah_V_2;
sde->exp_sV[0]=exp_ah_sVy_0;
sde->exp_sV[1]=exp_ah_sVy_1;
sde->exp_sV[2]=exp_ah_sVy_2;

O O 0NN Ul WN -

—_

NG

cc11-NV, NN
\

sde->sde_type=STR;
sde->V[0]=ah_str_V_0;
sde->V[1]=ah_V_1;
sde->V[2]=ah_V_2;
sde->drift_corrector[®]=NULL;
sde->drift_corrector[1]=NULL;
sde->drift_corrector[2]=NULL;
sde->exp_sV[0]=exp_ah_sVy_0;
sde->exp_sV[1]=exp_ah_sVy_1;
sde->exp_sV[2]=exp_ah_sVy_2;

3

J
If the SDE system is defined by cc11-EM, neither the NV nor the NN is
applicable.

11-E
/—cc M N

sde->sde_type=ITO;
sde->V[0]=ah_V_0;
sde->V[1]=ah_V_1;
sde->V[2]=ah_V_2;
sde->drift_corrector[®]=NULL;
sde->drift_corrector[1]=NULL;
sde->drift_corrector[2]=NULL;
sde->exp_sV[0]=NULL;
sde->exp_sV[1]=NULL;
sde->exp_sV[2]=NULL;

[y
(OOOOQO\U‘IVPWI\JH

4.1.2. Instantiation of one-step calculator. We instantiate a one-step calculator for
each algorithm by ¢c12-EM, cc12-NV, or cc12-NN, with the Romberg extrapolation
which indicates that the seventh-order Runge-Kutta method is applied in the NV
or the NN algorithm.
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12-E
( cC M N

1 enum ALG alg = E_MN;

2 int m_moment = 7; /* whichever 5 or 7 */

3 SDE_WA_SLTN *sl;

4 sl=alloc_SDE_WA_SLTN(alg, m_moment, sde);

N J
(-cclz-NV N
1 enum ALG alg = N_V;

2 int m_moment = 7;

3 SDE_WA_SLTN *sl;

4 sl=alloc_SDE_WA_SLTN(alg, m_moment, sde);

N J
(-cc12-NN (sde_wa_manual _program_ah nn.c) ~
1 enum ALG alg = N_N;

2 int m_moment = 7;

3 SDE_WA_SLTN *sl1;
(L sl=alloc_SDE_WA_SLTN(alg, m_moment, sde); )

4.1.3. Arguments to be used in approximation. next_SDE_WA is a function to do one-
step calculation. We recall

int next_SDE_WA(SDE_WA_SLTN *X, double s, double y[], double dy[], void *rv);

Since we have already constructed a one-step calculator, we should define the rest
four arguments here.

e Time interval
In this example, we use equidistant partition of [0, T] with T = 1.0. Since
the Romberg extrapolation is to be applied in this example, we have two
kinds of interval depending on the numebr of partitions. Here dt denotes
the time interval.

cc13 (sde_wamanual_program_ah nn.c)

G double dt=1.0/(double)n; ]
ccl4 (sde_wamanual _program ah nn.c)

E dt=2.0/(double)n; ]

e Memory for an initial vector and result of one-step calculation
We allocate two-dimensional arrays x for n-partition calculation and xR for
n/2-partition calculation (for the Romberg extrapolation).



(4.5)
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ccl5 (sde_wa_manual_program_ah nn.c

r ( prog ) \
1 /% x[0]:initial x[1]:destination(n partitions) */

2 double **x;

3

4 /% xR[0®]:initial xR[1]:destination(n/2 partitions)*/
5 double **xR;

6

7 x=(double **)malloc(sizeof(double *)*2);

8 for (i=0; i<2; i++)

9 x[i]=(double *)malloc(sizeof(double)*sde->dim_y);
10

11 xR=(double **)malloc(sizeof(double *)*2);

12 for (i=0; i<2; i++)

&f xR[i]=(double *)malloc(sizeof(double)*sde->dim_y);

e Sample point sp

Let D(d) be the number of random variables included in one-step calcula-
tion of each algorithm. Then

d if EM
Dd) ={d+1 if NV
2d  if NN

A D(d)-dimensional sample point vector is used for one step. Hence, a
(D(d) x n)-dimensional low-discrepancy sequence (or D(d) X n pseudoran-
dom numbers) is needed for n steps. When the Romberg extrapolation
is applied, a (D(d) X (n + n/2))-dimensional low-discrepancy sequence (or
D(d)x (n+n/2) pseudorandom numbers) should be given for all calculation
for one sample.

In this example, we take a Sobol sequence generated through GNU
Scientific Library. u of u_seq stands for uniform distribution and n of n_seq
does for normal distribution in the following source codes. Also, B in
u_seqB represents Bernoulli distribution. (/******/ represents some lines
for other calculation)
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. ccl16-EM N
1 gsl_qrng *q;
2 double *u_seql, *u_seq2;
3 double *n_seql, *n_seq2;
4 double *sp; /* sample point for 1 step*/
5 sp=(double *)malloc(sizeof(double)*sde->dim_BM);
6
7 u_seql=(double *)malloc(sizeof(double)*(n+n/2)
8 *sde->dim_BM) ;
9 u_seq2=u_seql+(n+n/2);
10 n_seql=(double *)malloc(sizeof(double)*(n+n/2)
11 *sde->dim_BM);
12 n_seq2=n_seql+(n+n/2);
13
14 g=gsl_qgrng_alloc(gsl_grng_sobol,
15 (n+n/2)*sde->dim_BM) ;
N\ J
r ccl6-NV ~
1 gsl_qrng *q;
2 double *u_seql, *u_seq2, *u_seqB;
3 double *n_seql, *n_seq2;
4 RV_NV *sp; /* sample point for 1 step*/
5 sp.rv_nv=_Cdouble *)malloc(sizeof(double)
6 *sde->dim_BM) ;
7
8 u_seql=(double *)malloc(sizeof(double)*(n+n/2)
9 *(sde->dim_BM+1));
10 u_seq2=u_seql+(n+n/2);
11 u_seqB=u_seql+(n+n/2)*sde->dim_BM;
12 n_seql=(double *)malloc(sizeof(double)*(n+n/2)
13 *(sde->dim_BM+1));
14 n_seq2=n_seql+(n+n/2);
15
16 g=gsl_qrng_alloc(gsl_grng_sobol,
17 (n+n/2)*(sde->dim_BM+1));
\_ J
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cc16-NN (sde_wa_manual _program_ah nn.c)

gsl_grng *q;

double *u_seql, *u_seq2;

double *n_seql, *n_seq2;

double *sp; /* sample point for 1 step*/
sp=(double *)malloc(sizeof(double)*sde->dim_BM*2);

u_seql=(double *)malloc(sizeof(double)*(n+n/2)
*sde->dim_BM*2);
u_seq2=u_seql+(n+n/2)*sde->dim_BM;
n_seql=(double *)malloc(sizeof(double)*(n+n/2)
*sde->dim_BM*2);
n_seq2=n_seql+(n+n/2)*sde->dim_BM;

g=gsl_qrng_alloc(gsl_grng_sobol,
(n+n/2) *sde->dim_BM*2);
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/—cc17-Eh4

23

gsl_grng_get(q, u_seql);

for (k=0; k<n+n/2; k++){
n_seql[k] = sqrt(-2.0%log(u_seql[k]))
*cos(2.0*M_PIl*u_seq2[k]);
n_seq2[k] = sqrt(-2.0%log(u_seql[k]))
*sin(2.0*M_PIl*u_seq2[k]);
}/* for k */

/% for n partitions */
for (k=0; k< n; k++){

/*******************************/

sp[0]=n_seql[k];
sp[1]=n_seq2[k];

/*******************************/

}/* for k */

/*******************************/

/* for n/2 partitions */
for (k=0; k< n/2; k++){

/*******************************/
sp[0®]=n_seql[n+k];
sp[1]=n_seq2[n+k];

/*******************************/

} /* for k */
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gsl_grng_get(q, u_seql);

for (k=0; k<n+n/2; k++){
n_seql[k] = sqrt(-2.0%log(u_seql[k]))
*cos(2.0*M_PIl*u_seq2[k]);
n_seq2[k] = sqrt(-2.0%log(u_seql[k]))
*sin(2.0*M_PIl*u_seq2[k]);
}/* for k */

/% for n partitions */
for (k=0; k< n; k++){

/***********+*******************/

if(u_seqB[k]>=0.5) sp.rv_nv_b=T;
else sp.rv_nv_b=H;
sp.rv_nv_n[0]=n_seql[k];
sp.rv_nv_n[1l]=n_seq2[k];

/*******************************/

}/* for k */

/*******************************/

/* for n/2 partitions */
for (k=0; k< n/2; k++){

/*******************************/

if(u_seqB[n+k]>=0.5) sp.rv_nv_b=0;
else sp.rv_nv_b=1;
sp[0®]=n_seql[n+k];
sp[1]=n_seq2[n+k];

/*******************************/

} /* for k */




cc17-NN (sde_wa_manual_program_ah nn.c)

Fedhk

:****/

Fedededek

K***/
*/

FTeddd

e
1 gsl_qrng_get(q, u_seql);
2
3 for (k=0; k<n+n/2; k++){
4
5
6
7
8 }/* for k */

9

10 /¥ for n partitions */

11 for (k=0; k< n; k++){

12
13 /e g e e e e e de e de e e e de e g e
14
15 sp[0®]=n_seql[k];

16 sp[1]=n_seql[n+n/2+Kk];
17 sp[2]=n_seq2[k];

18 sp[3]=n_seq2[n+n/2+k];
19
20 /*************************m****x
21
22 }/* for k */

23
24 /***********************
25
26 /* for n/2 partitions
27 for (k=0; k< n/2; k++){
28
29 /***********************
30
31 sp[0®]=n_seql[n+k];

32 sp[1]=n_seql[n+n/2+k];
33 sp[2]=n_seq2[n+k];

34 sp[3]=n_seq2[n+n/2+k];
35
36 /*************************m****x
37
38 } /% for k */

N

25

n_seql[k] = sqrt(-2.0%log(u_seql[k]))
*cos(2.0*M_PIl*u_seq2[k]);
n_seq2[k] = sqrt(-2.0*%log(u_seql[k]))
*sin(2.0*M_PIl*u_seq2[k]);

****/

J

4.1.4. n-step calculation of M samples. There are a couple of differences among cc18-

EM, cc18-NV, and ¢c18-NN such as

e the coefficients used for the Romberg extrapolation in the EM scheme differ
from those in the other two algorithms because of the difference of order

e asample point used in the NV algorithm has special form.

[¥EwRRink [ represents some lines for other calculation such as calculation of sp.
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int M;

double sum;

double rom_weightl=2.0, rom_weight2=1.0;
double *tmp_pt;

for (sum=0.0, i=0; i < M; i++){

/**********************************************/

for (x[0][0]=x0, x[0][1]=x1, x[0][2]=0.0, k=0; k< n;
k++){

/********************************************/

next_SDE_WA(sl, dt, x[0], x[1], sp);
tmp_pt=x[0];
x[0]=x[1];
x[1]=tmp_pt;
}/* for k */

for (xR[0®]J[0]=x0, xR[0][1]=x1, xR[0][2]=0.0, k=0;
k< n/2; k++){

/********************************************/

next_SDE_WA(sl, dt, xR[0], xR[1], sp);
tmp_pt=xR[0O];
xR[0]=xR[1];
xR[1]=tmp_pt;
} /% for k */

sum+=rom_weightl*asian_heston_call_payoff(x[0][2],K)
-rom_weight2*asian_heston_call_payoff(xR[0][2],K);
} /¥ for i */
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int M;

double sum;

double rom_weight1=4.0/3.0, rom_weight2=1.0/3.0;
double *tmp_pt;

for (sum=0.0, i=0; i < M; i++){

/**********************************************/

for (x[0][0]=x0, x[0][1]=x1, x[0][2]=0.0, k=0; k< n;
k++){

/********************************************/

next_SDE_WA(sl, dt, x[0], x[1], &sp);
tmp_pt=x[0];
x[0]=x[1];
x[1]=tmp_pt;
}/* for k */

for (xR[0®]J[0]=x0, xR[0][1]=x1, xR[0][2]=0.0, k=0;
k< n/2; k++){

/********************************************/

next_SDE_WA(sl, dt, xR[0], xR[1], &sp);
tmp_pt=xR[0O];
xR[0]=xR[1];
xR[1]=tmp_pt;
} /% for k */

sum+=rom_weightl*asian_heston_call_payoff(x[0][2],K)
-rom_weight2*asian_heston_call_payoff(xR[0][2],K);
} /¥ for i */
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cc18-NN (sde_wa_manual_program ah nn.c)

4 N
1 int M;
2 double sum;
3 double rom_weightl1=4.0/3.0, rom_weight2=1.0/3.0;
4 double *tmp_pt;
5
6 for (sum=0.0, i=0; i < M; i++){
7
8 /e de e e e e de e de e de e de s e e de e e de e de e e e e de e g de s de e e de e /
9 for (x[0][0]=x0, x[0][1]=x1, x[0][2]=0.0, k=0; k< n;
10 k++) {
11
12 /% g e e e e e g e e e e g e e e e de e e e e e e e de e de e /
13 next_SDE_WA(sl, dt, x[0], x[1], sp);
14 tmp_pt=x[0];
15 x[01=x[1];
16 x[1]=tmp_pt;
17 }/* for k */
18
19 for (xR[0][0]=x0, xR[0][1]=x1, xR[0][2]=0.0, k=0;
20 k< n/2; k++){
21
22 /% g e e g e g de s e e de e g e e e e S e e e e e e e de el e /
23 next_SDE_WA(sl, dt, xR[0], xR[1], sp);
24 tmp_pt=xR[0];
25 XR[0]=xR[1];
26 XxR[1]=tmp_pt;
27 } /% for k */
28
29 sum+=rom_weightl*asian_heston_call_payoff(x[0][2],K)
30 -rom_weight2*asian_heston_call_payoff(xR[0][2],K);
31 } /% for i */
N J

4.1.5. Freeing objects. After M X (n + n/2) itterations of next_SDE_WA, we can free
all memory for sl and sde paying attention to the order of freeing objects as

Remark 3.2.

cc19 (sde_wamanual_program_ah nn.c)

1 free_SDE_WA_SLTN(sl);
2 free_SDE_WA_SYSTEM(sde);

4.2. Stochastic Area. The stochastic area is defined by
¢ ¢

(4.6) A(t) == %( f B?(s) dB!(s) — f Bl(s) de(s))
0 0

where (Bl(t), Bz(t)) is a two-dimensional standard Brownian motion.
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In order to calculate E [ f(A(T))], we consider the three-dimensional SDE written
in the form by

t t t
Xl(t,x)=f0d5+f dBl(s)+deBz(s)
0 0 0

t t t
2 _ 1 2
4.7) X(t,x)_f00ds+f00d3 (s)+f0 dB2(s)
X3(t,x) = f Ods+% f Xz(s)dBl(s)—% f X'(s) dB2(s),
0

0 0

where (Bl(t), Bz(t)) is a two-dimensional standard Brownian motion (i.e.d = 2).
There is no parameter in this SDE.
This example is featured by the following two facts:

e there is no difference between the Ito SDE and the Stratonovich SDE.
e all exp (sV;) y’s have explicit forms.

4.2.1. Allocation and instantiation of SDE system. From (4.7), we notice that the
spacial dimension is 3, the dimension of Brownian motion is 2, and there is not any
parameter. From these facts, we have all arguments for alloc_SDE_WA_SYSTEM.

cc20 (sde_wamanual program sanv.c)

1 SDE_WA_SYSTEM *sde;
2 sde=alloc_SDE_WA_SYSTEM(3, 2, NULL);

e Definitions of V;, V1, and V,
We give the definition of Vj, V1, and V; here.

" 0 N 1 ) 0
Vo Y2 | = 0 , Vi Y2 | = 0 Y | = 1 .
Y3 0 Y3 32 y3 -3

Then these correspond to sa_V_0, sa_V_1, and sa_V_2,respectively, defined

, V2

as follows:
e cc21 (sde_wamanual program_sa_system.c) ~
1 int sa_V_0(const double y[], double dy[],
2 void *params) {
3
4 dy[0]=0.0;
5 dy[1]=0.0;
6 dy[2]=0.0;
7
8 return SDE_WA_SUCCESS;
9
10 }
N _J
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cc22 (sde_wamanual _program_sa_system.c) ~N
int sa_V_1(const double y[], double dy[],

void *params) {

dy[0]=1.0;
dy[1]=0.0;
dy[2]=0.5*y[1];

return SDE_WA_SUCCESS;

}
J
cc23 (sde_wamanual program sa_system.c) ~N
int sa_V_2(const double y[], double dy[],
void *params) {
dy[0]=0.0;
dy[1]=1.0;
dy[2]=-0.5*y[0];
return SDE_WA_SUCCESS;
}
J

Definitions of partial derivatives of V1, and V;
As we have seen in Table 5 and Table 6, there is no need of w as long as
we focus only on the NV or the NN algorithm and (4.7) is regareded as a
Stratonovich SDE. Also, we can avoid giving definitions of a‘;;;y) even for
the EM scheme by regarding (4.7) as the Ito SDE by letting V = V.

In order to construct one SDE system to be used in common by every
algErithm, we give definitions of a\g;y(y) and 3‘;;;” here.

et

Then,
0
A%l
=] 0
dy Y [ 0

These are defined as follows:
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/—cc24 (sde_wa_manual _program sa_system.c) ~N
1 int diff_sa_V_1(const double y[], double *dVdy[],

2 void *params) {

3 dvdy[0][0]=0.0;

4 dvdy[0][1]=0.0;

5 dvdy[0][2]=0.0;

6

7 dvdy[1][0]=0.0;

8 dvdy[1][1]=0.0;

9 dvdy[1][2]=0.0;

10

11 dvdy[2][0]=0.0;

12 dvdy[2][1]=0.5;

13 dvdy[2][2]=0.0;

14

15 return SDE_WA_SUCCESS;

16 }
\ J

cc25 (sde_wa_manual_program_sa_system.c

e ( prog y ) ~
1 int diff_sa_V_2(const double y[], double *dVdy[],

2 void *params) {

3 dvdy[0][0]=0.0;

4 dvdy[0][1]=0.0;

5 dvdy[0][2]=0.0;

6

7 dvdy[1][0]=0.0;

8 dvdy[1][1]=0.0;

9 dvdy[1][2]=0.0;

10

11 dvdy[2][0]=-0.5;

12 dvdy[2][1]=0.0;

13 dvdy[2][2]=0.0;

14

15 return SDE_WA_SUCCESS;

16 }
. J

Definition of an explicit form of each ODE with V;

All V/’s in this example have the explicit forms of exp (sV;) ys:

n At Y1 Y1+t
exp(tVo)| v2 [=| v2 |, exp(tV)| v2 |= Y2 ,
Y3 Y3 Y3 Y3 + %VZt

n n
exp (tVo)| v2 | = Yo+t .
Y3 Y3 = 3t

For these solutions, we define exp_sa_sVy_0, exp_sa_sVy_1,and exp_sa_sVy_2
as follows:
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/—cc26 (sde_wa_manual _program sa_system.c) ~N
1 int exp_sa_sVy_0(double s, const double y[],

2 double dy[], void *params){

3

4 dy[0]=y[0];

5 dy[1]=y[1];

6 dy[2]=y[2];

7

8 return SDE_WA_SUCCESS;

9 }
. J

cc27 (sde_wa_manual_program_sa_system.c

e ( prog y ) ~
1 int exp_sa_sVy_1(double s, const double y[],

2 double dy[], void *params){

3

4 dy[0]=y[0]+s;

5 dy[1]=y[1];

6 dy[2]=y[2]+0.5*y[1]*s;

7

8 return SDE_WA_SUCCESS;

9 }
\_ J

cc28 (sde_wa_manual_program_sa_system.c

e ( prog y ) ~
1 int exp_sa_sVy_2(double s, const double y[],

2 double dy[], void *params){

3

4 dy[0]=y[0];

5 dy[1]=y[1]+s;

6 dy[2]=y[2]-0.5%y[0]*s;

7

8 return SDE_WA_SUCCESS;

9 }
N J

o Instantiation of SDE system
We instantiate sde by using the functions defined above.
We should notice again that there is no difference between the Ito form and
the Stratonovich form in this example.
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cc29-EM, NV, NN

sde->sde_type=STR;

sde->V[0]=sa_V_0;

sde->V[1]=sa_V_1;

sde->V[2]=sa_V_2;
sde->drift_corrector[®]=NULL;
sde->drift_corrector[1]=diff_sa_V_1;
sde->drift_corrector[2]=diff_sa_V_2;
sde->exp_sV[0]=exp_sa_sVy_0;
sde->exp_sV[1]=exp_sa_sVy_1;
sde->exp_sV[2]=exp_sa_sVy_2;

-

cc29-NV, NN (sde_wa manual program sa nv.c)

sde->sde_type=STR;
sde->V[0]=sa_V_0;
sde->V[1]=sa_V_1;
sde->V[2]=sa_V_2;
sde->drift_corrector[®]=NULL;
sde->drift_corrector[1]=NULL;
sde->drift_corrector[2]=NULL;
sde->exp_sV[0]=exp_sa_sVy_0;
sde->exp_sV[1]=exp_sa_sVy_1;
sde->exp_sV[2]=exp_sa_sVy_2;

/

J

If the SDE system is defined by cc29-EM, neither the NV nor the NN is

applicable.

(~cc29-Eh4

sde->sde_type=ITO;
sde->V[0]=sa_V_0;
sde->V[1]=sa_V_1;
sde->V[2]=sa_V_2;
sde->drift_corrector[®]=NULL;
sde->drift_corrector[1]=NULL;
sde->drift_corrector[2]=NULL;
sde->exp_sV[0®]=NULL;
sde->exp_sV[1]=NULL;
sde->exp_sV[2]=NULL;

—
KOQM\IG\U‘I%MI\JH

~

4.2.2. Allocation of one-step calculator. We allocate memory of a one-step calculator
object for each algorithm. In this example, the order of the Runge-Kutta method
is set to be 5, which indicates that the Romberg extrapolation is not to be applied.

Since explicit forms of all exp (sV;) y are given to the SDE system in this example,
numerical integration is not to be proceeded in the NV algorithm as well as the

EM scheme.
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KCC30-EM

1 enum ALG alg = E_MN;

2 int m_moment = 5;

3 SDE_WA_SLTN *sl;

\4 sl=alloc_SDE_WA_SLTN(alg, m_moment, sde);
e ¢c30-NV (sde_wa manual program sa nv.c)

1 enum ALG alg = N_V;

2 int m_moment = 5;

3 SDE_WA_SLTN *sl1;

4 sl=alloc_SDE_WA_SLTN(alg, m_moment, sde);
N
KCC30-NN

1 enum ALG alg = N_N;

2 int m_moment = 5;

3 SDE_WA_SLTN *sl1;

4 sl=alloc_SDE_WA_SLTN(alg, m_moment, sde);
N

4.2.3. Argquments to be used in approximation. As in the previous example, we define
double dt, double y[], double dy[], and void *sp (or RV.NV sp) which are to
be arguments of next_SDE_WA.

e Time interal

In this example, we use equidistant parition of [0, T] with T = 1.0.

(

cc31 (sde_wa manual program sa nv.c)

double dt=1.0/(double)n;

e Memory for an initial vector and result of one-step calculation

e cc32 (sde_wamanual program sa nv.c)

KO\U‘I%MN»—\

/* x[0]:initial x[1]:destination*/

double **x;

x=(double **)malloc(sizeof(double *)*2);

for (i=0; i<2; i++)

x[i]=(double *)malloc(sizeof(double)*sde->dim_y);

e Sample point
An (nD(d))-dimensional low-discrepancy sequence (or nD(d) pseudoran-
dom numbers) is used for n-step calculation. In this example, we take a
low-discrepancy sequence generated through GNU Scientific Library as
the previous example.

(/¥ xwwnwinik [ represents some lines for other calculation. )
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cc33-EM

gsl_qrng *q;
double *u_seql, *u_seq2;
double *n_seql, *n_seq2;
double *sp;

sp=(double *)malloc(sizeof(double)*sde->dim_BM);

u_seql=(double *)malloc(sizeof(double)*n
*sde->dim_BM) ;

u_seq2=u_seql+n;

n_seql=(double *)malloc(sizeof(double)*n
*sde->dim_BM) ;

n_seq2=n_seql+n;

g=gsl_qgrng_alloc(gsl_grng_sobol,
sde->dim_BM*n) ;

NG

= = = = =
B W N~ o

15

cc33-NV  (sde_wa_manual _program sa nv.c)

gsl_qrng *q;

double *u_seql, *u_seq2, *u_seqB;
double *n_seql, *n_seq2;

RV_NV sp;

Sp.rv_nv_n
=(double *)malloc(sizeof(double)*sde->dim_BM);

u_seql=(double *)malloc(sizeof(double)*n
*(sde->dim_BM+1));

u_seq2=u_seql+n;

u_seqB=u_seql+2*n;

n_seql=(double *)malloc(sizeof(double)*n
*(sde->dim_BM+1));

n_seq2=n_seql+n;

g=gsl_qrng_alloc(gsl_grng_sobol,
(sde->dim_BM+1)*n) ;
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33-NN
€ N
1 gsl_qrng *q;
2 double *u_seql, *u_seq2;
3 double *n_seql, *n_seq2;
4 double *sp;
5
6 sp=(double *)malloc(sizeof(double)*2*sde->dim_BM);
7 u_seql=(double *)malloc(sizeof(double)*n
8 *2*sde->dim_BM) ;
9 u_seq2=u_seql+n*sde->dim_BM;
10 n_seql=(double *)malloc(sizeof(double)*n
11 *2*sde->dim_BM) ;
12 n_seq2=n_seql+n*sde->dim_BM;
13
14 g=gsl_qgrng_alloc(gsl_grng_sobol,
&f 2*sde->dim_BM*n) ; y
34-EM
€ N
1 gsl_qrng_get(q, u_seql);
2 for (k=0; k<n; k++){
3 n_seql[k]=sqrt(-2.0*log(u_seql[k]))
4 *cos(2.0*M_PIl*u_seq2[k]);
5 n_seq2[k]=sqrt(-2.0%log(u_seql[k]))
6 *sin(2.0*M_PIl*u_seq2[k]);
7 }/* for k */
8 for (k=0;k<n; k++){
9
1 0 / B R R R A S R R L e e R AR R /
11
12 sp[®]=n_seql[k];
13 sp[1]=n_seq2[k];
14
15 /7‘::‘:7‘:7‘::‘:7‘:7‘:7‘:7‘::‘:-,':7':7‘:7':7‘:-}:7‘:7‘::‘:7‘:-}:7‘:7‘::‘:7‘:-}:7’:7‘::":/
16 } /% for k */
N J
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cc34-NV (sde_wa_manual _program sa nv.c)
4 N
1 gsl_qrng_get(q, u_seql);
2 for (k=0; k<n; k++){
3 n_seql[k]=sqrt(-2.0%log(u_seqll[k]))
4 *cos(2.0*M_PIl*u_seq2[k]);
5 n_seq2[k]=sqrt(-2.0*log(u_seql[k]))
6 *sin(2.0*M_PIl*u_seq2[k]);
7 }/* for k */
8 for (k=0;k<n; k++){
9
1 0 / B S R o S e R R R /
11 if(u_seqB[k]>=0.5) sp.rv_nv_b=0;
12 else sp.rv_nv_b=1;
13 sp.rv_nv_n[0]=n_seql[k];
14 sp.rv_nv_n[1l]=n_seq2[k];
15
16 /:':-ks“c*:’::‘::‘c**:‘::‘::‘c*s‘::'::':-k*s‘:t‘::‘:z‘c**z‘::‘:z‘c*s’r/
17 } /* for k */
N\ J
r cc34-NN ~
1 gsl_qrng_get(q, u_seql);
2 for (k=0; k<n*sde->dim_BM; k++){
3 n_seql[k]=sqrt(-2.0*log(u_seql[k]))
4 *cos(2.0*M_PIl*u_seq2[k]);
5 n_seq2[k]=sqrt(-2.0%log(u_seql[k]))
6 *sin(2.0*M_PIl*u_seq2[k]);
7 }/* for k */
8
9 for (k=0;k<n; k++){
10
11 / R R R R R R R R R R R TR o o /
12
13 sp[®]=n_seql[k];
14 spl1]=n_seq2[n+k];
15 sp[2]=n_seq2[k];
16 sp[3]=n_seq2[n+k];
17
18 /s’::‘::‘c*s“:*:‘::‘c-.“:s‘:a‘::‘::‘c-.“:s‘::'::'::'c-.“:s‘::'r:‘:z‘c-.“:*-.'::'c*:“:/
19 } /* for k */
\_ J

4.2.4. n-step calculations of M samples. Since the Romberg extrapolation is not ap-
plied in this example, there is no difference in procedures of n-step calculation of
M samples by the EM scheme and the NN algorithm. The only difference between
the NV and the other two is the way of giving a sample point to next_SDE_WA.
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int M;

double sum;

double *tmp_pt

for (sum=0.0, i=0; i< M; i++){

/************************************************

for (x[0][0]=x0, x[0][1]=x1, x[0][2]=0.0, k=0; k
k++) {

s et dede e de s dedede s dedede de e e e de de e e e de dede e e e de ek /
next_SDE_WA(sl, dt, x[0], x[1], sp);
tmp_pt=x[0];

x[0]=x[1];

x[1]=tmp_pt;

}/* for k */
sum +=pf_f(x[0][2], K);
}/* for i */
printf("\n%.12e\n", sum/(double)M);

/

<n;

cc35-NV (sde_wa_manual_program sa nv.c)

int M;

double sum;

double *tmp_pt

for (sum=0.0, i=0; i< M; i++){

/************************************************
for (x[0][0]=x0, x[0][1]=x1, x[0][2]=0.0, k=0; k
k++) {
/*************************“***********/

next_SDE_WA(sl, dt, x[0], x[1], &sp);
tmp_pt=x[0];

x[0]=x[1];

x[1]=tmp_pt;

}/* for k */
sum +=pf_£(x[0][2], K);
}/* for i */
printf("\n%.12e\n", sum/(double)M);

/

<n;

4.2.5. Freeing objects. Freeing procedure is exactly the same as the previous exam-

ple.
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