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Abstract

This paper provides a survey on an asymptotic expansion approach to valuation and hedging prob-
lems in finance. The asymptotic expansion is a widely applicable methodology for analytical approxi-
mations of expectations of certain Wiener functionals. Hence not only academic researchers but also
practitioners have been applying the scheme to a variety of problems in finance such as pricing and hedg-
ing derivatives under high-dimensional stochastic environments. The present note gives an overview of
the approach.
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1 Introduction

Let (2, F,{Fi}tep0,1), P) denote a probability space with filtration, on which a r-dimensional standard
Wiener process W is defined, where P is an appropriate pricing measure (a risk neutral measure) in
finance, and T denotes some positive constant. Now, let F'(w) be a Wiener functional and then V, the
security or portfolio value can be expressed as V = E[F(w)] under certain conditions. Evaluating this
expectation is one of the main issues in finance. Moreover, if F' depends on the parameter ¢, computation
of %—\9' = %E[F(w; 0)], the sensitivity of the security value with respect to the change in this parameter
(so called Greeks) is also an important task in practice.

As an example, let us consider a d-dimensional diffusion process X (¢ which is obtained as a strong
solution to the stochastic differential equation;

dX( = V(X9 e)dt + V(X' e)awy, t € [0,T); X9 = o,

where € € [0,1] is a known parameter. Here, the coefficients are assumed to satisfy some regularity
conditions. In finance, many problems of pricing derivatives and evaluating the portfolios in investment
theories are reduced to the problems of computing E[f (X(Te))}7 the expectation of f (X(T6 )), that is a function
of X9

In finance applications, it is important to deal with not only a smooth function f(z) but also non-smooth
one. For example, when various options are evaluated, f is expressed as f = T'og, where T'(z) = max{z, 0}
and ¢ stands for a smooth function of R? — R. In general, it is difficult to represent this expectation
explicitly except for special cases. Hence, numerical methods such as Monte Carlo simulations or numerical
solutions of partial differential equations (PDEs) are employed and various speeding up techniques are
developed, since fast and precise computation is required in practice.

As a different approach, an approximation of the expectation by an asymptotic expansion of the

stochastic differential equation around € = 0 may be considered. Furthermore, because B%OE[ f (X(T6 ))]

and %E[ f (X(T6 ))], the sensitivities of the security value with respect to the changes in the initial value

[ dedicate this note to the late Koji Takahashi.



o and in the parameter € are important indicators for practical purposes, the approximations with high
accuracies are so valuable. Moreover, some schemes that combine Monte Carlo simulations with asymptotic
expansions with low orders are developed, since the asymptotic expansion up to the first or second order
can be easily evaluated. Those schemes are able to improve the efficiencies of Monte Carlo simulations and
the accuracies of approximations obtained by the asymptotic expansions.

An asymptotic expansion approach in finance has been developed for the past two decades, which is
mathematically justified by Watanabe theory (Watanabe [111]) in Malliavin calculus (e.g. Malliavin [64],
Chapter V-8 in Ikeda. and Watanabe [39], Nualart [73]). To the best of our knowledge, the asymptotic ex-
pansion technique is firstly applied to finance for evaluation of average options that are popular derivatives
in commodity markets. Kunitomo and Takahashi [48] and [85] derive approximation formulas for aver-
age options by an asymptotic expansion method based on log-normal approximations for average prices
distributions, when the underlying asset prices follow geometric Brownian motions. Yoshida [119] derives
an asymptotic expansion of an average option price around a normal distribution for a general diffusion
model, which is a byproduct of his result in statistics [118] based on the Watanabe theory.

Thereafter, the asymptotic expansion approach have been applied to a broad class of valuation problems
in finance, which includes pricing options with stochastic volatility models, pricing options under Heath-
Jarrow-Morton (HJM) models ([37]) or Libor market models (LMM) (Brace, Gatarek and Musiela [7],
Jamshidian [43]) of interest rates, and pricing so called exotic-type options such as basket and barrier
options in addition to average options.

For instance, please see Kawai [44], Kobayashi, Takahashi and Tokioka [45], Kunitomo and Takahashi
[49], [50], [51], Li [59] Matsuoka, Takahshi and Uchida [66], Muroi [67], Nishiba [71], Osajima [75], Shiraya
and Takahashi [78], [79], [80], Shiraya, Takahashi and Toda [81], Shiraya, Takahashi and Yamada [83],
Shiraya, Takahashi and Yamazaki [82], Takahashi and Matsushima [88], Takahashi and Saito [89], Takahashi
and Takehara [90], [91], [92], [93], [94], Takahashi, Takehara and Toda [90], [91], Takahashi and Tsuzuki[98],
Takahashi and Uchida [99], Takahashi and Yamada [100], [101], [102], [103], [104], Takahashi and Yoshida
[106], [107], Takehara, Takahashi and Toda[92], [93], Violante[110], Xu and Zheng [112], [113], and [86],
[87].

We briefly introduce some of above works in Section 3.6. Moreover, we remark that the asymptotic
expansion approach is employed by Yamanobe [116], [117] in physics for analyses of the impulse-driven
stochastic biological oscillator and global dynamics of a stochastic neuronal oscillator.

We also note that there exist many other types of the expansion/perturbation methods which have
turned out to be so useful for applications in finance. For example, see Bayer and Laurence [2], Ben Arous
and Laurence [3], Benaim, Friz and Lee [4], Col, Gnoatto and Grasselli [9], Davydov and Linetsky [11],
Deuschel, Friz, Jacquier and Violante [12], [13], Forde and Jacquier [18], Forde, Jacquier and Lee [17],
Foschi, Pagliarani, Pascucci [19], Fouque, Papanicolaou and Sircar [20], [21], Fujii [24], Fujii and Takahashi
[25], [26], [27], [29], Gatheral, Hsu, Laurence, Ouyang, and Wang [30], Gnoatto and Grasselli [31], Gulisas-
hvili [32], Hagan, Kumar, Lesniewski and Woodward [33], Henry-Labordere [38], Kato Takahashi and
Yamada [46], [47], Kusuoka and Osajima [57], Lee [58], Lipton [60], Linetsky[61], Osajima [76], Pagliarani
and Pascucci [77], Siopacha and Teichmann [84], Yamamoto, Sato and Takahashi [114], Yamamoto and
Takahashi [115], and references therein.

The organization of the paper is as follows. The next section describes the outline of the asymptotic
expansion approach in a general diffusion setting. Then, Section 3 explains a computational scheme for the
expansion method. Section 4 provides an extension of the general computational scheme in the previous
section, and Section 5 briefly introduces two improvement scheme for the expansion method. Section 6
extends the approach to non-diffusion Wiener functionals by using an instantaneous forward rates model
as an example. Section 7 and Section 8 introduce an asymptotic expansion in jump-diffusion models and a
perturbation scheme in forward backward stochastic differential equations (FBSDEs). Section 9 concludes.

2 Asymptotic Expansion in General Diffusion Setting

Following [87] and [96], this section briefly describes an asymptotic expansion method in a general diffusion
setting.
Let us consider a d-dimensional diffusion process X\9 = (X9 ... X{9*")T which is the solution to



the following stochastic differential equation:

dX{7 = V{(X{9, e)dt + eV (X V)aw, (j=1,---,d) (1)
X(ge) =9 € ].:{d7
where W = (W1',... /W")T is a r-dimensional standard Wiener process, and ¢ € (0, 1] is a known param-
eter. Here, 7 denotes the transpose of x. Next, let us define Vy = (V},---, Vi) T : R? x (0,1] = R and

V: R4 — RY®R" whose j-th row is V7, j = 1,--- ,d. Suppose also that V and V satisfy some regularity
conditions. (For example, V5 and V are smooth functions with bounded derivatives of all orders.)

Next, let a function ¢ : R? — R be smooth and all of its derivatives have polynomial growth. Then, a
smooth Wiener functional g(XéwE )) has its asymptotic expansion:

Q(X(TE)) ~ gor + €gir + €2 gar + - -+

in D% as € | 0 where gor, 917, gor, - - - € D*. For any k € N, g € (1,00) and s > 0, this expansion means
that

1 ¢ _
6T€||9(X(T)) — (gor +eqir + -+ € ge_11)]lgs = O(1) (as € 1 0),

where ||G||4,s represents the sum of L7 -norms of Malliavin derivatives of a Wiener functional G up to
the s-th order. Further, a Banach space D, s = Dy s(R) can be regarded as the totality of random
variables bounded with respect to (g, s)-norm || - ||lg.s, and D> = Nys0 Micgeoo Dgs- The coefficients
gnr € D®(n =0,1,--+) in the expansion can be obtained by Taylor’s formula and represented based on
multiple Wiener-It6 integrals. For the details of definitions and proofs above, please consult Watanabe
[111], chapter V of Tkeda and Watanabe [39], Malliavin [64], or Chapter 7 of Malliavin and Thalmaier [65].

Remark 1. As an ezample of applications in finance, X9 consists of n stocks, X(© = (S%E), e ,S,SE))T
and g(-) is those weighted sum g(x) = wiwy + - + wpxy, for ¥ = (v1,--- ,T,) " with constant weights
wi(i=1,---,n). Then, g(x) would represent the spread, the average or the basket price of the stock prices.

As another example, we can set X9 is a vector of N forward Libor rates, X(© = (Lf), e ,Lgf,))T,
and

N—-1 1
1 - —L
I=0 14789

N-1 i
Y 0 i
J

g(x7)) = SRy =

9

that is a swap rate with inception date T and maturity date Ty = T + N7. Here, Ljr stands for the
forward Libor rate at T fixing at T + jT with tenor 7.

Ak 3 (€) .
Let Ay = %%k:o and Aj,, j = 1,--- ,d denote the j-th elements of Ag;. In particular, Ay, is
represented by

t
Ay = / Y,y ! (861/0(X,§°),0)du+V(Xéo))qu>, 2)
0

where Y denotes the solution to the ordinary differential equation:

a4y, = V(X0 0)Y,dt; Yo = I,.

8V0j (z,€)
oz

Here, 0Vp denotes the d x d matrix whose (j, k)-element is oVi = , Voj is the j-th element of V),

and I; denotes the d x d identity matrix.



For k > 2, Ait, j=1,---,dis recursively determined by the following equation:

) 1 rt )
Al = y/ VY (X, 0)du
+JO

k() B

+2 Z k—1 1511/ H L 9?}5‘1‘/0]'(?(750)70)%

1= 1l[g dﬁ j=1

+ Z 51/ HAZ u 66 VJ(X(O)) (3)

lg,dp
where 9! = ae” 35 73%1?‘.33%5 )
( l
> =D > (4)
lp.ds  P=liseLipdse{l i
for I > 1,
. B
Lig:=1lg= (1, lg); Y Li=1(1;,8EN) ¢, (5)
j=1
and for [ = 0,

2. =22 2

fg,cfg [3:0[2’:(([)) J():(Q))

Then, gor and g7 can be written as

gor = g(X3),
d

ar = Y 99X\ Al
j=1

where 0;g(z) = %g(:zc)7 j=1,---,d.
For n > 2, g, is expressed as follows:
(n) o 4
d
Z *aﬁ (X7 )AlllT ’ AI;T' (6)
Here, we note that each A% (i = 1,---,d,l = 1,2,--- ,k,0 < ¢t < T) has all finite moments due to a

grading structure. We describe the definition of the grading structure by following pp.45-47 in Bichteler,
Gravereaux and Jacod [5]: Consider the stochastic differential equation of the form:

dS; = p(Sy, t)dt + o (S, t)dWy; So = so € R, (7)
where p: R*x R* = R?and o : R x Rt - R?@R".

Definition 1. A grading of R% is a decomposition R* = R% x --- x R% with d = dy + --- + dg. The
coordinates of a point in R? are always arranged in an increasing order along the subspace R%, and we
set Mo=0and My =di+---+d; for1 <1< q. We say that the coefficients i and o are graded according
to the grading R = R% x - x R% if pi(x,t) and a;-(x,t),j = 1,---,7 depend upon only through the
coordinates (xk)lngMp when Mpy_1 <1i < M,.

Theorem 1. We assume that the coefficients u and o in (7) are graded according to R = R% x - - - x R,
Moreover for F(x,t) = p(x,t) or oj(z,t),j =1,--- ,r, we assume that F is differentiable in x on R and



1. |[FY0,t)| < Z; fori=1,---,d
2. |35 Fi(2,t)| < Zy(1+ |[°) for all 4,

3. \%Fi(m,tﬂ < if Mp—1 <4,5 < My, for some p <gq,

where ¢,0 > 0 are constants, and Z, Z are predictable processes such that || Z||, and | Z||, are finite for all
1/p

p > 1 where || Z||, = {fo [|Z:|P] dt} . Then (7) have a unique solution S, and for every p > 1 there are

constants ¢, and v, depending only upon (C,0,{||Z||y }pr>1), such that

I| sup Stllr < cp(s0+11Z2]]4,)-
0<t<T

For the detail of the definition and theorem above, see pp.45-47 in Bichteler, Gravereaux and Jacod [5].
Applying Theorem 1 to the system of stochastic differential equations consisting of A%, (i =1,--- ,d,l =
1,--+,k,0 <t <T) as well as any products of them, we obtain the following lemma.

Lemma 1. Fach coefficient in the expansion, Al,(i = 1,---,d,l = 1,--- k,0 < t < T) has all finite
moments.

(Proof) We consider the system of stochastic differential equations (SDEs) for A}, ---, A¢, AT1A} ...  A4A4,
AL ---  A%.... Then, the coefficients of the SDEs are represented by the derivatives at € = 0 of f/o(Xff), €)
and V(Xl(f)), which are bounded in [0, 7]. Moreover, it is easily shown that the coefficients of the equation
are graded and satisfy the conditions in Theorem 1. Hence each coefficient in the expansion, A}, has all

finite moments.O

Next, let normalize g(Xéf)) to

9(X7)) — gor
€

Gl =
for € € (0,1]. Then, we have
G~ gir + egor + -

in D,
Next, for h € H, where H denotes the Cameron-Martin subspace of the r-dimensional Wiener space,
the H-derivative of G(©) is expressed as

DG = 13 aig(xf im0 - Zazg /[Y%E><n<€>>-1v<xie>>ht]i d,

i=1

where V(9 is the R? ® R%valued stochastic process which is the solution to the stochastic differential
equation:

4y, = avy(Xx'9, e)y,© dt+eZaw (XNYDdwy; v = 1,,
=1

In fact, Yt = Yt(o). Here, OV*(i = 0,1,---,m) denotes the d x d matrix whose (j, k)-element is 9.V}

(ak = axk )
Moreover, with a notation f/;(é) that is defined by

79 = (90(x) " [ ) v

-
where (Bg(Xj(f))> = (81‘(]()(7(5))7 e ,8dg(X7(f))), the Malliavin (co)variance of G(¢) is given by

T
oo = / VO () Tat. (8)
0



Moreover, let
. . T
Vi =T = (99(x ™)) [y v(x(?)
and make the following assumption:

T
(Assumption 1) 3p = / ViV,"dt > 0.
0

Note that g7 follows a normal distribution with variance X7, and the density function of g1 denoted by
forr () is given as

(@) 1 . ((x—0)2)
= —— X —_——
gir \/27TET P 22:T
where
T T
C = (29(x7")) / VoY, Vo (X[, 0)dt. 9)
0

Since X is the variance of the random variable g7, which follows a normal distribution, (Assumption 1)
means the condition that the distribution of g1 does not degenerate. In application, as it is easy to check
this condition in most cases, it plays an important role for practical purposes.

Next, let us briefly introduce a truncated version of the Watanabe theory ([111]) based on Yoshida
[118], [119]. Under (Assumption 1), og is uniformly non-degenerate for {|n£5)| < 1}; that is, it can be
shown that there exists a positive real number ¢y > 0 such that for any ¢ > ¢y and p > 1,

sup E[l{\nﬁé)|ﬁl}(|JG(é> )71)} < 00, (10)

e€(0,1]

where {9 = chT V' — V;|dt.

Let S be the real Schwartz space of rapidly decreasing C°°-functions on R and S’ be its dual space.
Then, for & : R — R, ® € §', a composite function YN 0 GO = (i) B(G) is well-defined as
an element of D™ = Us<g Ni<p<oo Dp,s- Here, (), © € R denotes a smooth function 0 < ¢(x) < 1,
defined as ¢ (z) = 1 for |z| < 1/2 and ¢ (z) = 0 for |z| > 1. Here, a Banach space D, 5, s < 0 is the dual
space of D, _(R)(¢=p/(p—1)).

Moreover, the coupling with the function 1 is well-defined, which is called as generalized expectation
and is written as E[w(r]ge)ﬂ) o G(9)]. Further, Y1) 0 GO can be expanded in D,

In addition, it can be shown that {n{” (w);e € (0,1]} € D=, n{?(w) is O(1) in D= as € | 0, and that
for any ag > 0 there exist positive constants a;,7 = 1,2,3 such that P({|77¢(:E)| > ap}) < aj exp(—age 3).
Hence, for any £ =1,2,---, we have

This means that the probability of the events truncated by w(née)) is smaller than any polynomial orders
of €. Then, in the expansion of ¢(n£€))<1> oG9, the coefficients expressed as generalized Wiener functionals
belonging to D~ can be written by applying Taylor’s formula to ®(gor + €gi7 + €2gor + - - - ). Therefore,
the asymptotic expansion of the expectation E[®(G (6))] can be obtained relatively easily. For the details of
Watanabe theory and its truncated version above, please consult Watanabe [111] and Yoshida [118], [119].
For its application to valuation problems in finance, please also see [50].

In particular, if we take the delta function at y € R, 6, as ®, that is ®(z) = J,(x), we obtain
an asymptotic expansion of the density function of G(). Moreover, because functions such as O(x) =
max{z,0} that is measurable but not smooth, frequently appear in finance, the framework mentioned
above is necessary for the asymptotic expansion.



For instance, when we take max{z,0}, min{z,0} or d,(x) as ®(z) for a useful application in finance,
the expectation of ®(G(9)) is expanded as follows: for N = 0,1,2,---,

N (n)
E[@G)] = Y ) WIUE ™ (g17) Hg k7 | | +oleV)
n=0 Em
Ny .
= Yy B [e(gr)x ] +o()

n=0
N 1 ) N
= ey [ A @B gir = alfyp (oo + ofY)

=
N (n) oo
n 1 m dm k
= X [ w0 g (RN o = sl o) o o)
n= km
1)
4™ ®(z)

where q)(m) (ng) =

(n) _ g .
| 2%, = Lm=1 2iEpeLn,. a0d

Xbmo= T 90,407 (12)
j=1

In order to compute the asymptotic expansion (11), we need to evaluate the conditional expectations of
the form:

5% [ar =]

where X*m is represented by a product of multiple Wiener-It6 integrals.

In the preceding works on application of the asymptotic expansion, the conditional expectations in (11)
were directly computed with some formulas including multi-dimensional ones given for example, in [85] and
[86]. Recently, while the formulas up to the third order are given in the works, [95] has developed a high-
order computation scheme for the conditional expectations by using the fact that each of these {Aj, t}j ks

{gn7}n and also {X Fom ™} can be decomposed into a finite sum of iterated multiple Wiener-Ito integrals by
applications of the Ito’s formula with certain properties of iterated multiple Wiener-It6 integrals. (Please
see Section 4 of [95] for the detail.)

On the other hand, as shown in the next section, we can develop an alternative method which does not
evaluate the conditional expectations directly.

3 Computational Scheme

This section follows [96] to introduce a computational scheme for the asymptotic expansion, which is an
alternative to the direct calculation method for the conditional expectations given in [95].

3.1 Preparation

To compute the conditional expectations on the right hand side of (11), we use the following lemma
which can be derived from a property of Hermite polynomials and leads us to compute the unconditional
expectations instead of the conditional ones.

Lemma 2. Let (2, F, P) be a probability space. Suppose that X € L?>(Q, P) and Z is a random variable
with Gaussian distribution with mean 0 and variance X. Then, the conditional expectation E[X|Z = x]



has the following expansion in L?(R,u) where p is the Gaussian measure on R with mean 0 and variance
3

E[X|Z =2] = %Hn(x; ) (13)
n=0
where H,(x; %) is the Hermite polynomial of degree n which is defined as

2 dn 2
Hn S) — —Zn 1/227 —x /22
(@3 = (o= L

and the coefficients a,, are given by

110

4 = lin gen

{esz[e%ZX]}, (i = v=1). (14)

£=0

(Proof) Since the system of Hermite polynomials {H, (z;%)} is an orthogonal basis of L?(R, x), and
E[X|Z = z] € L*(R, 1), we have the following unique expansion of E[X|Z = z] in L*(R, p):

o) an
BlX|Z=a]=) &~

n=0

H,(z;%).

Since we have another Taylor expansion

then,

e%EE[e’fZX] = e%z/ ¢S E[X|Z = z]u(dx)
R

I
T
=
2
= |5
u
8
3
(]
3
=
ks
2l
=
ISH
&

Z an (i)™,
n=0

Comparing to the coefficients of the Taylor series of egEE[eifZ X] around 0 with respect to &, we see that
a, can be written as (14).0

Next, we write V; = (8g(X:(FO)))TYT)Q_1V(XfO)) as V(Xt(o)). Then, we define g1 = {g1;t € RT} and
VA {Zt<§>; t € R1} as the stochastic processes

t
Gt = / V(Xdw,
0
and )
2% = exp (zfgu + Zzt) :

respectively, where ¥ := fot VXY (X T du.
Then, from Lemma 2, the conditional expectations appearing on the right hand side of the equation
(11) is expressed as

EXf|gip =2] = E[X*|gir =2 —C|
00 Em
a
= Zill Hl(x—C;ET) (15)
=0 =T



where
Jom L1 o
e

{E[X’?mz}@]} . (16)

Here it is noted that with this expression we now need to compute unconditional expectations E {X ks Z}@}

instead of the conditional expectations.

3.2 Asymptotic Expansion of Density Function

In this subsection, we explain a new computational method through deriving a general formula for the
expansion (11) with an arbitrary specification of its order N. In particular, we show that the coefficients
in the expansion are obtained through a system of ordinary differential equations that is solved easily.

First, we define n?‘j(t;f) for fﬁ € L, 3 and Jg e{l,---,d}’ (n>B>1)as
8

- B
i (£6) =B 1_1 2, (17)

and for n =0 as
0
Wg@))(t;f) =E {Zt@] : (18)

Then, by using (6) we write the unconditional expectations E[X Fon Z}Q] in (16) in terms of 7 as follows:

E[kaZ7<§>] = E H k+1)T Z>
[ m (kj""l) 1 5, (0) dj <£>
— J . Bj
- E ]1;[1 ljzd; ﬂ'ad, 9(X7 )AZJT Ali;jT Zy

(k141) (km+1)

7L X© dp, @@df
Z Z HF ) nflﬁ1®...®fg5 (T’g)

l"l (il lnL d_s j=1
(19)
where
Bood, = e ddo ),
bl = (1),

So, we have to calculate nﬂ #(T; &) to evaluate the asymptotic expansion (11).

In the following, we derive a system of ODEs satisfied by these {nf3 }. Before showing a general result,
we first derive the ODEs for a few leading-low-order terms eXpllcltly tcf give a better intuition of a key idea
of our method. Particularly, let us consider the evaluation of 77 (T &) = [Ajo T >] which appears in the
e-order. Here, for simplicity, we assume that V) does not depend on €, and write Vy(z,€) as Vp(z). In this



case, we first note that the SDEs of A7, and A}, (j =1,--- ,d) are given as follows:

d

dAl, = > AL, V(X V)dt + V(X)W (20)
i'=1
dAl, = ZAgta Vi (x{) + Z A{tAlta 0, VI (XY dt
j'=1 ] K =1
d ’
+ 3 A0 V(X)W (21)
j'=1

Also, the SDE of Zt<§> is expressed as:
dz{* = i)V (X )z dw. (22)

Then, applying It6’s formula to AétZt@, we have

d(AL 25 = A dz<f>+z<f>dAgt+d<Ag, Z4y,
- {Zg ZA V(X e v (xV) +ZAth<5>a Vi (X
j'=1
1 ik i
=S A@Aazﬁaﬁakw<x;°)>}c“
g’ k'=1
+9 (i) A5, 2V (x]”) +ZA D0,V (x{") b dW.

Since the last term is a martingale, taking expectation on both sides, we have the following ordinary
differential equation for an):

d
Tl (€)= (i€) Zn(l (VX0 VI (X7
1 d
+Zn52)<t;g>afvg<xﬁ Dtg Do w6620 VH(XD).
j'=1 7', k'=1

Here, ngl)(j = 1,---,d) appearing in the right hand side of the above ODE are evaluated in the similar
manner:

d(4,2%) = Adz +Z§§>dA{t+d<A{,Z<f>>

(i) 2V (x" v ()T ZA 10 v (x,%) bt

+ {94, 25V () + Z§5>vj<x£°>>} aws,

hence, we have

d . , ., .
iy (5:6) = GOV + 37l (1:6)0; Vi ().
i'=1

ngikl) and other higher-order terms can be evaluated in the same way. The key observation is that each
ODE does not involve any higher-order terms, and only lower- or the same order- terms appear in the

10



right hand side of the ODE. So, one can easily solve (analytically or numerically) the system of ODEs and

evaluate the expectations.

The following proposition provides a way to calculate general n?f’ (T;€) as a solution to the system of
s

the ordinary differential equations:

Proposition 1.
satisfied:

%{n}zﬁ(t;é)} =

I ()

B . >
(dg/k)®d~
IS
k=11=1 . 7
5 (lkfl) (lm*l) 1 (d_. )®(j ®d:'
- B/k,m Y §
S DD D DIE 1 (i e
k,m=1 ﬁ'?,.y,diy 1’77,5,(25
<m
8 (lk—1) 1 @ )®;
. B/1)®dy
LY X Sl
k=1 e diy
where Z(l) - is defined in (4), and
iy ey
l_;i/k = (- le—1, Ik, 5 1p)
fﬁ/k,n = (lla"' 7lk717lk‘+17"' 7lnflvln+17"'
l?g@friﬂ, = (lla”'vlﬁamlv"'7m’y)
forl?; = (li, -+ ,1g) and My = (M1, -+ ,my).

11

B -
Z i' {ngfi/k: (t, 5)} {8?6 V'Odk (Xt(O)7 0)}
P B/k

s} {or v x®) b o)

For nlilﬁ (t;€) defined in (17), the following system of ordinary differential equations is
]

1 1 B
(lk — l)! ? {77([‘[3/’6)(8)%’Y (t,f)} {a} 5‘?6 lVOdk (Xt(O),O)}

a6} {or v x) H o v (xi)

o

(23)



(Proof) We firstly apply It&’s formula to (Hle A;ijjt) by using (3) to obtain the following:

B B
d’. d d d’"l
HAljjt - Z HAlt dA, Z H Al | dCALE AT )
j=1 k=1 k,m=1
]#k k<m ]#km
B
- 3| T | it
k=1
J#k
B B L L )
+ Z HAljjt Z { 71 H Am/t 8} 3i"'_l‘/()d’“(Xt( ),O)dt
k=1 \ j=1 1=1_ ; k 2
J#k R
2 U Tod (0)
i’ dp
+ kz HA” > 5 1A% | o veex®)aw,
=1 L7 /=1
]#k My ey
B B J (Ik—=1) (lm—1)
+ Z H Alj]t Z Z |51
e\ mwvdw m(;,d(;
k<m JjF#k,m

X H Am v | oy v (x )

H Am | 05 v (X {)at.

(24)

Note also that dth = (EV(X [)))Z<£ dW;. Then, applying Itd’s formula again to (H Ai.jtZéQ) and
take expectations on both sides to obtain the result. O

Remark 2. Due to 7758; (t;¢) = E[Zt@]

n = Zle lj, one can easily solve these ODEs successively from lower-order terms to higher-order terms

with initial conditions n?:f (0;€) =0 for (l_:g,cf:g) #(0,0).

= 1, and the hierarchical structure of the ODFEs with respect to

Remark 3. Further, due to the structure of the system of the differential equations, it is easily shown
by induction that each 77ﬂ P (t;€) is expressed as a polynomial of degree n = Zle l; with respect to (i€).
Then, we can also show that E[X’;m Zq@} is a polynomial of degree (n 4+ m) with respect to (i§), and thus
af’” =0(L > n+m) for kn € Ly m. This ensures a convergence of the infinite sum in (15).

Then, from Lemma 2 and (11), we have the following expression of E[®(G(9)))]:

N ( n+m
1 dm akm
BRG] = Yy [ e { > Sy Hilz = zﬂfm(x)} dz + o(e")
n=0 E 1=0 T
N (n) 1 n+m ak’”
= Z ZE/ { Z ZH‘WHH_m( 70’ ET)fng(ZL')}dIE+O(EN)
n=0 E =0

Here we have used the well-known property of the Hermite polynomial:

(o = CsZr) @)} = (51 ) Hien(z = G50 e (o)

m

d xm

12



In particular, let ® be the delta function at z € R, §,, we obtain the asymptotic expansion of the
density of G(©):

fow (@) = E[6,(G9)]
N (n) | ntm K.
- Zo ZH Z z#m t4m (= C;57) fg,0 (x) + 0(€"). (25)
n= km

We summarize the discussion above as the following theorem:

Theorem 2. Let X(9) be the solution to the stochastic differential equation (1). Suppose a function
g : R% — R is smooth and all of its derivatives have polynomial growth. Then, the asymptotic expansion

(o x (O
of the density function of G\©) = M

fG(E) ((,C) = fng ((,C)

N 3n
+2 o€ (Z Coum Hin( = C; 2T>> Fone () + ofe™),
n=1 m=0

up to € -order is given by

(26)

where

Jour () = e exp (—M) (27)

with

T
S :/ V(XX > 0,
0
V(X)) = (09X T Yy, v (x().

H,(z;X) is the Hermite polynomial of degree n with parameter 3, which is defined as
n x?/2% dr —z? /2%
H,(z;%) =(=X)"e —e , (28)
dx™
and

(m) (ki+1)  (ks+1)

:%ZZ Z5|m5

78 75
ks Dy ody  Bd5

)
1 (0) 1 gm—o
X EEG%JQ(XT ) Z-m_(; afm_(;

dy ®---@dy .
{nﬁﬁl®...®ﬁﬁ6 (T; 5)} ) (Z =V 71) : (29)
£=0 B1 Bs
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nlilfj (T';€) are obtained as a solution to the following system of ODEFEs:
B

B R
d I 1 4
S{if o} = X L woo v .0

dt — li! ls/k
fla & L1 (dyed de 1 <(0)
— R (:.€)0% oIV (X0
+le_1 ‘ (lk*l)!’)’! (lg/k)®77z7(’€) d~w € 0 ( t )
= y.d,
(le=1) (lm—1)

1 n(‘iﬁ/k,m)(g‘iv@czé ( 5)
‘. ‘. ’7'5' (lﬂ/k,m)®m’y®m5 ’
iy, dvy 1ihs,ds

X9 Vi (X§°>)agé vin (X0

B (lk—1)

. L (dsn)®d, 0)\ 77/ (0
+ 3 3 Sy em, (5O VY V.
=14,
d, PP 0 oo
1 (0:6) =0 for (s, dg) # (0.0), ng)(:6) =1 for (I5.ds) = (0.0). (30)
Here, we use the following notations:
l_b/k = <l17"' 7lk717lk+1a"' 7l5)
l_'ﬁ/kﬂl = <l17"'alkflvlk:Jrla"'7ln717ln+1a"'7l5)7 1§k<n§ﬁ
ZB@my = (ll7"'alﬂ7m17"'7m’y)
forl;; = (li, -+ ,1g) and My = (M1, -+ ,my).

Remark 4. Particularly, in order to calculate the expansion above up to the €2-order, we need the Hermite
polynomials H,(x; %) up to n = 6, which are given as follows:

Ho(z;%) = 1,

Hy(z;%) = =z,

Hy(z;X) = 22 -3,

Hy(x;¥) = 2° - 3%z,

Hy(z;¥) = 2*—6%2? +3%%

Hs(z;Y) = 2° —10%2° + 1552z,
Hg(z;Y) = 2% — 1582t 4 455222 — 1583,

3.3 Remarks on the Asymptotic Expansion for Multi-dimensional Density
Functions

We can also apply the conditional expectation formulas for the multi-dimensional case in Lemma 1.1" of
[85] and Lemma 2.1 of [86] to derive an asymptotic expansion up to the third order of the multi-dimensional
density functions. This is particularly useful for pricing exotic-type options such as barrier options with
discrete monitoring (e.g. [83]), and pricing Bermudan-type or approximate American-type derivatives (e.g.
Nishiba [71] ).

Moreover, we obtain the following result as an extension of Lemma 2, which easily leads to an asymptotic
expansion of a multi-dimensional density function in the similar manner as in the one dimensional case in
Theorem 2.

Lemma 3. Let (2, F, P) be a probability space. Suppose that X € L?(Q2, P) and Z is a d-dimensional ran-
dom wvariable with Gaussian distribution with mean 0(d-dimensional zero vector) and variance-covariance

14



matriz X. Then, the conditional expectation E[X\Z = 7 for # € R? has the following expansion in
L*(RY, 1) where p is the Gaussian measure on R® with mean 0 and variance-covariance matriz X:

- - (31)

-+ ng, 1l =nilng!---ng! and

where T = (n1,na, - - -
(32)

denotes the transpose ofg Hyz(Z;X) stands for the d-dimensional multiple Hermite polynomial

Here, ()7
of degree |ii| with i = (n1,na,--+ ,n4):
. 1 0 0 0 el =
w2 = g (o) (o) (o) e 2= tvmo0
where
DS R (S o)
n[Z: X = (27T)d/2|2‘1/26>xp 5T E

(Proof) Basically, we can make a similar discussion as in the proof of Lemma 2. Indeed we first note that
the system of the following Hermite polynomials is a complete biorthogonal system in L?(R%, ):

{Hz(Z:X) : = (n1,ne, - ,nq);n; =0,1,2--- (i=1,2,--- ,d)},
{H (f Z) (= (nlan27 7nd);ni :O7Ia2 7(Z: 1727"' 5d)}7
where Hy(Z : X) is given by (33) and Hy(Z : X) is defined as follows:
- 1 0 0 0
@2 = (o) (- ) (o) ole s (35)
Tl[ﬂi Z] 8’!]1 3y2 ayd
7 o= (e p) =X7'F

Thus, we have the following expansion of E[X|Z = #] in L2(R%, p):

EX|Z=1]= ) azHz(#X).
|7|=0
On the other hand, we know the relation:
eV . e -
> U (i) = o€ 36 (36)
S
where (i _')5‘ = (&) (i€&2)72 - - - (i€4)7. Hence,
£z TR N (i_35~ -
65 T —e 3¢ Efz '7' 5’(.%' Z)
lil=0 "
It is also well known that

i s [
Rde(x.Z) #(Z:X) [x.E]dx—{ 0 (if 7 4 7



Therefore,

e3¢ R [elETZX} = g [elg Zg [X|ZH
) - . (Z —’)3 ) B .

= [ Y S a3 pudn)  (39)

Ri | % J! i

71=0 |7i]=0
= Y al™@% (O =g, (39)

|7|=0
and making @ = (ny,--- ,ng)-th order differentiation of both sides in the equation above with respect to
€= (&, &) at £ =0, we obtain (32) and hence the result, (31) - (34).

3.4 Expansion of Option Prices
Now, we apply the approximate density function in Theorem 2 obtained by the asymptotic expansion
technique to option pricing.

In particular, we consider a plain vanilla option on the underlying asset price process (g(Xt(E)))tE[O’T],
where (Xt(E))te[O,T] is the solution to the stochastic differential equation expressed as the equation (1). As

an example, we obtain an approximation of a call option price as follows.

Theorem 3. An asymptotic expansion up to the e N+t -order of a call option price at time 0 with maturity
T and strike price K where K = g(Xq(qO)) — ey for arbitrary y € R is given as follows:

C(K,T) = eP(0,T) [@n(y‘f‘O) +CON (y+0> +yN <y+0)]

vors VEr vEr
+§:En+1P(O,T)Cno [\/ﬂ n (%) ToN (y\;gﬂ
+zlj:6n+1p(o,T)Cn1 [ET N <y\/gY> ~VEryn <Zﬁ\/‘270>}

VEr

m=2

+C
n+1p0, T CpoN <y >
n:16 ( ) ) 0 \/%
= > y+C
+y Y €TP0,7) ) Com VErHumo1 (—(y+C);Sr) n ( ) + o(eN+D),
n—1 m—1 VEr

Here, C, is given by (29), and H,(x;X) is the Hermite polynomial of degree n with parameter ¥, which
is defined as

2 dn 2
Hn - = —En x /22 —x /22.
@:3) = (ot L

C and X7 are given respectively by
T T
¢ = (99(x{)) / YrY, V(X 0)dt
0
and

T
Sr= [ VO Tat
0
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JrZEnHP(O’T) Z Crm [y\/g Hy 1 (=(y+C)Xr) n <y—|—C> +3} Hpo (—(y + C); Er) ”(

(40)

y+C
VET

)



where
V(X) = (09X T Yry, V(X))

Also, P(0,T) denotes the price at time 0 of a zero coupon bond with maturity T. N(z) stands for the

standard normal distribution function, and its density function is given by n(x) = \/%76_””2/2.

(Proof) We firstly note that the call price is expanded as follows:

P(0, T)E[max{g(X{") — K,0}]

. { (g(Xé“) g(Xé(’))) . <9<X;°>> K) OH

eP(0,7)E {max {G(e) + Y, OH

C(K,T)

P(0,T)E

eP(0,T) /Oo(ff + ) fawo n(@)de + o). (41)

-y

Here, fg y is the asymptotic expansion of the density of G (©) up to eN-order, which is given by the first
two terms on the right hand side of (26) in Theorem 2:

N 3n
fG(E),N(x) = fng (.’1?) + Z " (Z (771771}[771(3j - O; ZT)> fng (l‘), (42)

m=0

where

_ 02
yrl0) = e e (—"”QET) ) .

Next, we note the well-known properties of the Hermite polynomials:

d
dx
dd—m {Hn(2;Z)n(x; 2)} = (_21) Hyom(z;X)n(x; %)

Hyiq (%) =aHp (2, %) — EnHp,—q (23 %),

Hy(r;X) =nHp_1(z; %) (43)

where n(z;X) = \/217?6—';%_
Then, we can obtain the following expressions for the Integrals appearing on the right hand side of (41):
oo
y+C
forr(@)dz = N ( ) : (44)
/—y gir /TT
> y+C y+C
de =+/% +CN ,
/y Por ()00 Tn<V2T> (VET>
y+C
H (= Ci27) fgir(@)de = \/ErHpy (—(y + C); X7) 1 ;om > 1,

VET
/ xHpy, (x — C;X7) fop(@)de = =/ X1y Hpo1 (—(y + C); X7) (

-y

Q
v

3 y+C
Y2 Hy o (— i ; > 2.
+X2 2 (=(y+0C) T)n<ﬂ> m
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Remark 5. In practical applications, usually the underlying model is given as a non-perturbed form:

dX7 =V{(X)dt +VI(X)dW, (j=1,---,d) (45)
XO =229 € Rd.

Then, in order to apply the asymptotic expansion method, we may rewrite the model for instance, as

dx7 = VI(XNdt + VI (X DNaw, (=1, ,d) (46)
X\ =z € R,

where by rescaling V7(x) we set VI(x) so that Vi(x) = eVi(z) for some e € (0,1]. Consequently, an
approzimate call price under the original model (45) is obtained by (40) without o(e¥*1).

3.5 Application to Computation of Greeks

We already have a so called closed form approximate formula (40) for the option price, and hence are able
to obtain approximations of its Greeks (that is, sensitivities to the changes in parameters in a model) as
closed forms as well (or at least with easy numerical method such as the difference quotient method with
the approximate option pricing formula).

For instance, [68] implements direct differentiations of the approximate formulas for option values under
a time-homogeneous general local volatility model, and obtains closed form approximate formulas for the
Deltas and Vegas. Moreover, [68] applies the similar technique to computing the Deltas and Vegas for
average options with continuous monitoring, and gets their closed form approximate formulas as well.
They also confirms the validity of the approximations through numerical experiments in the CEV model.

By deriving asymptotic expansions of characteristic functions of option values, [93] and [94] propose a
new expansion scheme for pricing options on long-term currencies under a Libor market model (LMM) and
a general diffusion stochastic volatility model with jump of spot exchange rates. Furthermore, applying the
approximate formulas, they provide analytical (closed form) approximations for the Deltas and Gammas
of the options. Please see [93] and [94] for the detail.

Alternatively, for a parameter 6, the sensitivity of a call price C'(K,T') with respect to the change in 6
is expressed as follows:

%C(K, T) = P(0,T)Emax{g(X{’) - K,0}]
= % (eP(O,T)E {maX{G(e) + y,OH)
_ (8‘99 {eP(0, T)}) E [max {G1) +y,0}| +P(0,7) (;E max {9 4y, O}D
(a{epgg,cm}) CartED s epo.1E [(ag(;) " gz) 1{G<e>>_y}] ’ 7

where Cag(K,T) stands for the approximate call price with strike K and maturity 7', which is obtained
by the asymptotic expansion.

Then, we are able to obtain an approximation of the sensitivity by a direct application of the asymptotic
expansion to the above equation, particularly, the second term in the last equation. For example, under one
dimensional diffusion setting, that is a general time homogeneous local volatility model, [66] successfully
applies the expansion technique to computation of the Deltas and the Vegas with numerical experiments.

More generally, we note that the similar method as in option pricing in the previous subsection can
be applied in Greeks, since we can take ® € S for E[®(G9)] in (11) and apply the integration-by-parts
method in Malliavin calculus. Recently, [103] takes this approach and derives asymptotic expansions of
Greeks around the Black-Scholes model in stochastic volatility environment, and develop a unified method
for precise estimates of the expansion errors. Particularly, they make use of the so called Kusuoka-Stroock
functions introduced by Kusuoka [52], which is a powerful tool to clarify the order of a Wiener functional
with respect to the time parameter ¢ in a unified manner. Then, they estimate the error bounds for the
Malliavin weights of both the coefficient and the residual terms in the expansions.
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3.6 Approximations of Asset Values under Diffusion Processes

The framework of the asymptotic expansion can be applied not only to the simple cases mentioned above,
but also to evaluation of much broader range of asset and security values. In particular, there are many
cases where the asymptotic expansion can be applied to approximate their values when the underlying asset
prices of financial securities, cash flows and interest rates are expressed as some functions of a random vector
X (©) that follows a diffusion process. The method is almost the same as the one illustrated above and hence
it is omitted. In this subsection, we only review how to represent the values of financial assets.

First, just as in the previous subsections, we consider a d-dimensional diffusion process X (¢) defined
as the strong solution to the stochastic differential equation (1). As an example, the present value V of a
financial asset which generates a cash flow at the maturity date T is represented as

_ (T ()Vdu €
V= E[em I RXDmpg(x))], (48)

where ¢ denotes the underlying asset price and F' is the cash flow which characterizes the asset to be
evaluated. Note that the underlying asset price g follows a diffusion process, whose drift term (the coefficient

of the dt term) is Ry (Xt(e))g - D(Xt(e)) under an equivalent martingale measure. Moreover, R; at time
t € [0,T7] is represented as

where 7 denotes the risk-free interest rate and sy;, j = 1,--- , J; stand for various spreads (the differences
from the risk-free rate) such as credit spreads and liquidity spreads. Suppose also that those are expressed
as functions of the variable X (9. Further, D(Xt(e)) denotes a payoff generated by the underlying asset such
as a dividend or an interest rate and is also represented as a function of the variable X (9. Meanwhile, the
discount rate at time ¢ that is, R (Xt(e)) of the target asset F' to be evaluated is also expressed as

J2
Ro(X{) = r(X(7) D 0y (X[,
j=1
where s9;, j = 1,---, Jo are various spreads related to the objective asset or security. We again assume

that those are expressed as some functions of the variable X (€.

As an example, let F = 1 in (48) for a zero-coupon bond with the face value 1 and the maturity
date T'. Also, let V; denote the price of the zero-coupon bond with the maturity 7;. Then, V| the value
of a coupon bond with the maturity T and coupon (and principal) payments ¢; at T;(i = 1,--- , N,
Ty < --- < Tp) is represented by the equation V = Zf;l ¢;V;. Moreover, the present value of a call option
on the coupon bond with the option maturity 7'(< T3) can be evaluated if we set F(z) = (z — K)* and

g(Xj(f)) = Ziil cigi(Xj(f)) in the equation (48), where gi(Xj(f))7 i=1,---,N are given by

Finally, we briefly review applications of the asymptotic expansion technique to numerical problems in
finance, which can not be introduced in the present note due to the limitation of the space.

[106] applies an asymptotic expansion to a dynamic investment problem with utility maximization
for the asset at the end of the investment period, and derives an approximation formula for evaluating
the optimal portfolio. Although the optimal portfolio has been numerically evaluated as a function of
derivatives of the solution to some Bellman equation except for special cases, it is a hard task to implement
it when the number of assets is large. [106] provides its approximation based on the representation which
Ocone-Karatzas [74] derives by using the so called Clark-Ocone formula. Moreover, [45] applies this method
to a dynamic bond portfolio problem.

In evaluation of the expectation of a Wiener functional based on Monte Carlo simulations, [107] proposes
a new estimator with a control variate which has its expectation explicitly obtained by an asymptotic
expansion, and has a high correlation with the target Wiener functional. The convergence of the simulation
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based on this estimator becomes much faster and the approximation error with the asymptotic expansion
up to a low order such as the first or second order is decreased. As for the extension of this method, please
see [51], [88], and [99].

For pricing American options, [89] extends a well-know decomposition formula for an American op-
tion value by Carr-Jarrow-Myneni [8], and proposes an approximation of the value by making use of the
approximate density function of the underlying asset, which is obtained by the asymptotic expansion.

Moreover, because of its generality and unified nature of this approach with analytical (so called closed
from) formulas, the asymptotic expansion method has been applied to broad class of valuation models
which have become popular recently in practice. Especially, comparing to other numerical approximation
schemes such as the Monte Carlo simulations and numerically solving methods for the partial differential
equations (PDEs), it has an advantage in high dimensional problems. We list the following works as
examples.

Applying the framework described above to default risk models, Muroi [67] derives asymptotic expan-
sions for approximations of CDS (credit default swap) spreads.

[82] applies the expansion technique to obtain an approximation of swaption values under the Libor mar-
ket model(LMM) of interest rates (Brace, Gatarek and Musiela [7], Jamshidian [43]) with local-stochastic
volatility models.

[90], [91] and [92] develop asymptotic expansion formulas for pricing long-term currency options with a
Libor market model(LMM) of interest rates and diffusion or jump-diffusion stochastic volatility processes
of spot exchange rates. Moreover, [92] presents a new characteristic-function-based Monte Carlo simulation
scheme with the asymptotic expansion as a control variate.

[96] develops a general computation scheme for a high-order expansion method explained in this sec-
tion, and applies it to the SABR model(Hagan,Kumar,Lesniewski,and Woodward [33]). They derives the
expansions of the option prices up to the fifth order to show that the higher order expansion improves the
approximations.

[108] and [109] also apply this scheme to the long-term currency options such as the 10 year maturity
one under a Libor market model(LMM) of interest rates and stochastic volatility processes of spot exchange
rates. Again, they confirm that the fourth or the fifth order expansion provides the better approximations
than the lower order ones.

Furthermore, we are able to apply the expansion method to pricing the so called exotic type options.
For instance, [78] derives expansions of average options with discrete monitoring under stochastic volatility
models in order to obtain approximate prices of commodities average options. Moreover, they implement
calibration to real futures plain-vanilla option prices of the underlying commodities, and evaluate average
options based on the parameters obtained by the calibration.

[83] develops new approximation formulas for pricing single and double barrier options with discrete
monitoring under stochastic volatility models. In addition, they demonstrate its validity through numerical
experiments.

[81] presents a new approximation scheme for pricing continuous barrier options in stochastic volatility
environment. Particularly, they make use of a static hedging scheme and the fifth order expansions of
the vanilla options to obtain accurate approximate prices. Further, they derives the fifth order expansions
for pricing average options with continuous monitoring under stochastic volatility models to achieve very
precise approximations.

[79] develops a general scheme for evaluation of the so called multi-asset cross currency options. In
particular, they derive the expansions of basket option prices with 100 underlying assets (200 state variables
with their stochastic volatilities), and cross currency average/basket options with discrete monitoring under
stochastic volatility models to obtain accurate approximations.

[46] and [47] develop a new expansion scheme for solutions of Cauchy-Dirichlet problems for second
order parabolic partial differential equations(PDEs) and apply it to pricing down-and-out/up-and-out
barrier options with continuous monitoring under stochastic volatility models.
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4 Extension

This section follows [97] which presents an extension of the general computational scheme of the asymptotic
expansion described in the previous section. In particular, by a change of variable technique and by various
ways of setting the perturbation parameters in the expansion, we are able to provide the flexibility of setting
the benchmark distribution around which the expansion is made, and an automatic way for computation
up to any order in the expansion. For instance we introduce expansions, called the log-normal expansion
and the CEV expansion.

4.1 Change of Variable and Perturbation

We consider a d-dimensional diffusion process X; = (X},---, X{) which is the solution to the following
stochastic differential equation:

dX] = V{(Xo)dt + VI(X)dW,  (j=1,---,d) (49)
Xo=1x9 € Rd
where W = (W', ... W) is an r-dimensional standard Wiener process; Voj :R?— R and V7 : R?— R?

are smooth functions with bounded derivatives of all orders. ~
_ Next, let C': R¢— R%bea CQ—fu{lction which has the unique inverse function, C~!, and define X; as
X; = C(Xy). Then, the dynamics of X is given by

dX] =V{(X,)dt + VI(X)dW;, (j=1,---,d), (50)
Xo = o,
where
d d
Vi@ = ) 9, CI(C~ @)V (C~4(@)) + % > 0w CI(C™H @)V (CH @)V (7M@),
i'=1 J' k=1
d
Vi@ = 3o apClCT @)V (e (@),

and 7o = C(x9). ((C~1(#))T denotes the transpose of (C~1(%)).)
Next, we introduce a perturbation parameter € € (0, 1] as follows:

Xt — XEE)
Vi (@) = V™ (@,0)
V(&) — eVI(Z),
and hence, the dynamics of X ig expressed as
dXO7 = V{I(XD e)dt + VI (X Naw, (=1, ,d). (51)
Then, we are able to apply the technique developed in the previous section to the transformed SDE
(51).
4.2 Applications to Option Pricing under Local-Stochastic Volatility Model

We assume that the underlying process is the unique solution to the following SDE:

dSt = O'(Xt)h(st)th
dX] =V (Xp)dt + V7 (X)dW, (=2, ,d) (52)
So=s0€R, Xo=uz9€RI,
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where 0 : R™1 - R", h: R — R, and W is a r-dimensional Brownian motion. Then, we evaluate a call
option with strike K and maturity 7", whose underlying price process is given by S. Under the zero discount
interest rate for simplicity, the call price Call(K,T) with strike price K and maturity T is obtained by

Call(K,T) = E[(Sr — K)4]. (53)
First, for z = (2!, 22%,--- ,2%), let
C(x) = (Cl(.ﬁl),$27 e 7]"d)a

where C; : R — R is an invertible C2-function. Then, S; = C; (St), which S follows a process of the
solution to the following SDE:

"

48, = Sl (X PRCT ()L (€ (3t + o (X)h(Cr BN (CT BN, 5o = Calso), (54)

where Cil)(x) = 4Oy (z) and C’f/)(x) = dd—;C’l(x).
Next, we introduce a perturbation parameter € as follows:

a8 = "o (XN (e (520 (SNt + o (X{h(OT E)CL (O (5w,
dx\7 = V(X9 eyt + evI(XD)aw, (j=2,---.d), (55)
where 7(e) = €* and k is a nonnegative integer such as k = 0,1,2,---. Note that
8= Cr'(8) = 0718,
where S’t(l) = St(g)|6:1.

According to Theorem 2 in the previous section, we have already an asymptotic expansion of the density
5O _5©

function of G(¢) = L =21 up to eN-order, denoted by fg n(2).
Therefore, an approximation formula of the call price is given as follows:
Call(K,T) = E[(Sr—K)i]=E [(Cll (5*5})) - K) } (56)
+
~ [ (e e+ 30) - K) foo w(o)da, (57)
Y

where y = C1(K) — S'(TO).
A simple example is the following. Set the local volatility function to be linear:

dSt = O'(Xt)Stth
dX) = VI (X)dt + VI(X)dW, (j=2,---,d). (58)

C($) = (10g$1,$2, e 7$d)a
and set 7(¢) = €¥ where k is 0, 1 or 2. Then, we have S*t(f) = log St(e), where
_ k
459 = _%U(X,SE))?dt + e (XN aw,, (59)
dX{)7 = V{(X{, e)dt + VI (X[ Naw, (j=2,---,d).

This case corresponds to some existing researches. (e.g. [91], [92], [95], [96], [100])

4.3 Examples

This subsection shows more specific examples in the local-stochastic volatility model.
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4.3.1 CEV Model
The first example is on the well-known CEV (Constant Elasticity of Variance) model (Cox [10]) :

ds; = J(SfSéfﬁ)th, o and Sy are positive constants, 5 € [0, 1], (60)
where the term Sé ~# makes the level of o is of the same order for different B. For z > 0, let us take the
change of variable function to be C(z) = log(x/Sy), that is x = C~1(&) = Spexp(#). Hence, S; = log g—(’)
and we have

. 1 - - .
dS; = —gazez(ﬁ_l)s‘dt + oeB=DSqw,. Sy = 0. (61)
Next, we introduce a perturbation e € [0, 1], again as follows:

ds;? = —@a%ﬂﬁ—ﬂﬁ‘)dt + oS qwy; Sy =0, (62)

where 7(¢€) = €/ and j is a nonnegative integer.
Because

Sr=07" (39) = Spexp (851) = Soexp (¢ + 5)

an approximation formula of the call price with strike K and maturity T is given as follows:

Call(K,T) = E[(Sp—K).]=E {(SO exp (G“) + 5‘;‘”) - K) J
~ / (SO exp (w + 5(T0)> — K) few y(x)dr; (63)
y
y = C(K)—S’g)):logg—gg)). (64)
0

Note that fg,,., the first term in the asymptotic expansion of the density fs( is a normal density and
hence, the underlying asset price is expanded around a log-normal distribution. Thus, we could call this
case a log-normal asymptotic expansion. We also remark that the case of 7(e) = € = 1 is harder to be

evaluated than the other cases, which is essentially due to difficulty in computation of St(o) for n(e) = 1.
e On the Validity of the Asymptotic Expansion for CEV model
Previous works such as [107], [85] and [86] have considered an asymptotic expansion of (average and
vanilla) option prices based on the following type of a perturbed process: For 8 € [1/2,1),
ds'? = €S9 v0)law,; S = s. (65)

Although the coefficient function in this model is not smooth at 0, the asymptotic expansion method
is still applicable. For instance, we could use a smooth modification technique.(e.g. [106], [107]).

That is, let us take a modified process (S,SE)),&G[O,T] of (St(e))te[o,T] as follows:

dS9 = eg(S\9)aw,. (66)

Here, g(x) is a smooth modification of g(z) = (z Vv 0)? such that g(z) = z” when x > a; for some
small a; € (0,a) for a = s and g(z) = 0 when z < ay for some ay € (0,a1). Specifically, we may
set g(x) as follows. For t € [0, T1,

g(z) = h(z)a®

_ Yz —az)
B R T
Y(x) = e Y for x>0, ¢(z) =0 for z <0.
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2
Suppose that for a R-valued function f, F “f(S(e))‘z] < oo and F “f(S(e))‘ } < oo. (e.g. we can

take option payoff functions as f in our setting.) Then, we have

[N

1
2

B [[£(59) = 15| 11500 4500y | < (E [1759)2)" + B [ 175 )P({swé@}) .

It also holds that

P ({se £ SE}) — P ({S¢ < ay for some t € [0,T7})
<P (( s 155 -S> )
0<t<T
+P <{St6 < ay for some t € [0,T]} N { sup |Sf—S?| < a}) .
0<t<T

We can easily see that the second term after the last inequality is 0. The first term is smaller than
any €” for n = 1,2,--- by the following lemma of a large deviation inequality:

Lemma 4. Suppose that Zg, t € [0,T] follows a process of the solution to the SDE:
dZy = p(Z;)dt + eo (Z;)dW;.

where u(z) satisfies the Lipschitz and linear growth conditions, and o(z) satisfies the linear growth
condition. We assume that the unique strong solution exists. Then, there exists positive constants ¢y
and co independent of € such that

P({ sup |Z¢—Z% > ¢}) < ¢ exp(—cae?) (67)
0<s<T

for all ¢ > 0.

The lemma can be proved by slight modification of the lemma 5.3 in [119] or the lemma 7.1 in [50].
Note also that S¢ and S€ satisfy the conditions in the lemma above.

Hence,
E[|£(59) = 18] = o), n=1,2,-- (68)

Therefore, the difference between f(S(9)) and f(S(9)) is negligible in a small disturbance asymptotic
theory, and hence we could apply an asymptotic expansion to FE [f(g(e))] instead of E [f(S(E))].

+ .
In particular, [107] considered the case that § = 1/2 and f(z) = (% fOT Tpdt — K) ,x =58 (an

average call option’s payoff). The similar modification could be applied to the asymptotic expansions
for transformed processes in this section. Please also see [88] for numerical experiments under the
smooth and bounded modification of this kind for volatility functions in a HJM-type model of interest
rates.

SABR Model

Next, let us consider a stochastic volatility model so called SABR [33] (or A-SABR [38])) Model:

where 8 € [0,1],
correlation p € [0,

dS, = 0,(SP Sy P)dw ks Sy >0, (69)
doy = N0 — op)dt +vo dWE; o9 >0

A>0,0>0,v>0 and W = (W' W?) is a two dimensional Wiener process with
1

!
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Log-normal Asymptotic Expansion

Let us take a log-normal asymptotic expansion for the underlying asset price S, that is for z; > 0,
set C(x1,22) = (log(z1/S0), x2) and S; = log g—;:

N 1 . . -
s, = —§a§e2<ﬁ—1>5tdt + o PSSy =0 (70)
doy = N0 — op)dt + vo dW?; oo > 0.

Next, we introduce a perturbation e € [0, 1], again as follows:

dgt(s) = 777712(5) 0262(571)@(6)& + eae(ﬁ71)§£€)th; Sy =0, (71)
dat(e) = na(e)A(0 — aﬁe))dt + eyaﬁé)de; a((f) = 0y,

where 7;(€) = /i, i = 1,2 and j; is a nonnegative integer.

For instance, typical cases are 13 (€) = € = 1 with 72(e) = € (an extension of the log-normal asymptotic
ezpansion in [95] and [100] ), or n2(€) = €2 (an extension of [90] to the CEV-type local volatility).

An approximation formula of the call price with strike K and maturity 7" is given as follows:

Call(K,T) = E[(Sp—K).]=E {(50 exp (G<1> + SQ)) - K) J
~ / (So exp (:17 + S,F}O)) - K) fc;(1>7N(:1:)dx; (72)
Y
~ K ~
y = CO(K)—SY =log 5 S (73)

Again, we note that the case of n(¢) = € = 1 is harder to be evaluated than the other cases, which
results from difficulty in computation of S't(o) for n(e) = 1.

CEV Asymptotic Expansion

Let us take change of variable function C' as C(x1,22) = (C1(21),x2) for (z1,x2), where for z > 0

and 8 € [0,1),
1 z'=8 T dz
C =————|= — . 74
That is,
Cri(@) = So(1 - B)T=P TP (75)
Then, as S; = C1(St), we have
G 1 B 51 1. & 1
dS; = ————o0; =dt AW, So=——>0 76
t 21*ﬂ0’tSt + o dWi; So 1*ﬁ> ( )
doy = N0 — o;)dt + vo, dW?; oo > 0.
Again, we set a perturbed process as follows:
ale € 1 € o€ 1
050 = &) B 1y o go - L (77)

2 1-8 3©

t

1
dat(e) =n2(e)\(0 — Jt(e))dt + et/at(s)thz; J((f) = 0o,

where 7;(¢) = €/i, i = 1,2 and j; is a nonnegative integer.
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For illustrative purpose, let us set 71 (€) = 12(¢) = €. That is,
g0 _ _€ B (o o) 1
dSt - 21_6(0t ) S() thv S 1_5’ (78)
dat(e) =e\(f — at(e))dt + €V0't€ dWE; a((f) = 0.
In this case, as ~t(0) = 7 L 5 and 0750) = oy for all t € [0,T], the first two terms in the asymptotic
expansion, gi; = 1% + % . S't(s) follows a Gaussian process:
~ —Bog 1, = 1
d = dt AW, ; =—. 79
g1t B +oo0aWWys gio -3 (79)
Then, by applying Ito’s formula to
g1¢ = C ' (Gu) = So(1 — B)T™=» ﬁ’9(1 B)v (80)
and using
gt
g1t 1— B SO B ( )
we formally obtain the SDE of §;; though it is generally well-defined only for g, > 0:
R 028, ~" .
di, = P75 5 G |14+ Sy Pl dt + 008y gl dWE; G0 = So. (82)

Here, because the diffusion coefficient of g1 is given by 00537'8 (g1¢)® and we may think that S is
expanded around ¢;, we call this case a CEV asymptotic expansion (though g; is not exactly a CEV
process).

In particular, when 8 =1/2,

R o3
dg = Z [ vV Sog1t + So} dt + 09/ Sog1:dW s G1o = So, (83)
and because
. So -
gir = Zong, (84)

G117/ (So03T/4) follows a non-central x? distribution, around which the original underlying asset price
St is expanded.

Finally, for n;(¢) = €/i, i = 1,2 and j; is a nonnegative integer, an approximation formula of the call
price with strike K and maturity T is obtained as follows:

Call(K,T) = E[(Sr—K);]=E {(Cfl(gﬂ ~K) J

- B|({s-pmr G} - x) |

- s[({s0-pE) e} - x) |
B[({su0 -6 4 890} k) |
~ /00 ({50(1 — 5)ﬁ(a¢ + S’é@)ﬁ} - K) few n(z)da; (85)
| &(0) 1 K\ =(0)
v - = () - (50
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As numerical examples, [97] examines normal, log-normal and CEV expansions up to the third order
for approximations of option prices under SABR model, which implies that CEV expansion provides
the most stable approximations. We also observe that CEV expansion becomes more precise with the
same level of absolute errors across the whole range of § along the higher order expansions. Thus, we
expect a higher order CEV ezxpansion will produce the better and more stable approximation than
the other expansions, though further investigation seems necessary. Please see the original paper [97]
for the detail of the numerical experiment.

Remark 6. If necessary, applying a similar technique as mentioned in Section 4.3.1, we could use the
asymptotic expansion for a model with smooth (and bounded) modification of the underlying processes. For
a concrete example please see Remark 3 in [97].

5 Improvement Scheme for Asymptotic Expansion

Although the asymptotic expansion up to the fifth order is known to be sufficiently accurate for option
pricing (e.g. [81], [95], [96], [108], [109]), one of the main criticisms against the method would be that
the approximate density function admits negative values typically at its tails that is, some region of the
deep Out-of-The-Money (OTM), which could create an arbitrage opportunity in option trading. Also, even
if the domain of a true density is restricted to be positive, the domain of its approximation may include
negative values unless an appropriate boundary condition is assigned. To overcome the problems, we briefly
introduce two recent researches related to the present asymptotic expansion approach.

5.1 New Improvement Scheme for Approximation Methods of Probability
Density Functions

[98] develops a new scheme for improving density approximation methods, which also provides precise
approximations of option values. Specifically, the scheme is inspired by the idea in in the Hilbert space
projection theorem, and so called “Dykstra’s cyclic projections algorithm” is applied for its implementation.
(Please consult Deutsch [14] for the detail of the algorithm.) We also remark that the scheme can be easily
implemented in practice, where we need only market data used for usual calibration such as option prices
with strikes.

Furthermore, numerical experiments for vanilla option pricing under SABR model demonstrate the
validity of the scheme. In fact, in terms of approximation accuracies this scheme improves the third and
fifth order asymptotic expansions preserving the required conditions such as nonnegative densities under
an appropriate forward measure.

We finally remark that the scheme is general and flexible enough to include a set of conditions and
information as one would like to put on an approximate density, and it can be applied to approximation
methods other than the asymptotic expansion method. For example, a number of researches have been
going on in order to extend SABR model with fixing the problem of the negative densities in the method
of [33]. (For instance, see Doust [15].) We note that the scheme is also a candidate for handling this
issue. Also, the estimate of the absorption probability based on Monte Carlo simulations as in [15] can be
consistently incorporated in the scheme.

5.2 A Weak Approximation with Asymptotic Expansion and Multidimen-
sional Malliavin Weights

[105] develops a new weak approximation scheme for expectations of functions of the solutions to SDEs.
In particular, the scheme connects approximate operators constructed based on the asymptotic expansion.
More concretely, a diffusion semigroup is defined as the expectation of an appropriate function of the
solution to a certain SDE: for example, Pff(z) = E[f(X;°)] with the solution X} of a SDE with
perturbation parameter ¢ and a function f. Then, we approximate Pf by an operator Q;"" which is
constructed based on the asymptotic expansion up to a certain order m. Thus, given a partition of [0, T,
= {(to,t1, +* ,tn) : 0 =tp < t; <--- < t, =T}, we are able to approximate P%f(z) by connecting the

27



expansion-based approximations with the use of multi-dimensional Malliavin weights sequentially: that is,
roughly speaking, with s =t —tr—1, k=1,-- ,n,

Prf(z) =~ Q3mQg™, Q9" f(z).

The present research justifies this idea by applying Malliavin calculus, particularly, theories developed by
Watanabe [111] and Kusuoka [52],[53],[54]. In computation, in order to evaluate the Malliavin weights, the
paper makes use of conditional expectation formulas for multi-dimensional asymptotic expansions in [86].

Moreover, the paper shows through numerical examples for option pricing under local and stochastic
volatility models that very few partition such as n = 2 is mostly enough to substantially improve the errors
at deep OTMs of expansions with the first or second order (m =1, 2).

6 Asymptotic Expansion in an Instantaneous Forward Rates Model

Among main stochastic models in finance, there exist models in which the stochastic processes of the un-
derlying variables do not belong to the class of diffusion processes. This section illustrates an instantaneous
forward rates model as a typical example.

6.1 Asymptotic Expansion for General Wiener Functionals

Watanabe [111] derives an asymptotic expansion for general Wiener functionals. As an example of the
Watanabe’s expansion, [100] shows the following result:

Theorem 4. Let us consider a family of smooth Wiener functionals F¢ = (Ff,--- | F¢), Ff € D® (i =
1,---,n) such that Ff has an asymptotic expansion in D>°. Moreover, F¢ satisfies the uniformly non-
degenerate condition:

limsup [|(det o) | » < 00, for all p < oo, (87)
el0

where ope stands for the Malliavin covariance matriz of F€. Then, for a Schwartz distribution T € §'(R™),
we have an asymptotic expansion in R.:

. N o (4) k .
E[T(F9)] — /nT(x)pF (z)dz + ) ¢ /Rn T(2)E | > Hyom (FO,HF§;51> |FO = 2| pf' (z)dx 3| = O(N D),
Jj=1 k

=1

Equivalently,

N ()

k
E[T(F€)] — /n T(@)p™ (z)dz + Zd’ Z(q)k /m ()0, {E HF2;BZ|F0 =z
J=1 k ' I=1

p*’ <x>} dr | = O(NHY),

k._ 1 d*

where FZ-O’ = g Fle=0, kEN (i=1,--- ,n), a®) denotes a multi-index, o) = (aq,--- , ) and

(4) J
1
=Y 0% 2w
k k=1 pB14-+Br=7,8:21 a(®) €{1,--- ,;n}k
0

pf" (x) stands for the density function of F°. The Malliavin weight H,«) is recursively defined as follows:

Hyo (F,G) = Hg (F, Hyi-n) (F, G)), (90)
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where
Hy(F,G) =D~ (Z GAE DFi> : (91)
i=1

Here, F; € D*, G € D>, D* (X" GA{; DF;) is the divergence of Y., Gyfi DF;, DF; is the Malliavin
derivative of F;, and vF = (75‘)1@' i<n denotes the inverse matriz of the Malliavin covariance matriz of

F. Moreover, we use the notation [T(z)g(x)dz for T € 8'(R"™) and g € S(R™) meaning that s(T,g)s.
(See the section 2 of [100] for the details of those definitions.)

Remark 7. The asymptotic expansion formula (89) is the formula developed by Watanabe [111]. Hence,
this theorem shows the expansion (88) based on push down(conditional expectation) of Malliavin weights
(divergences) is equivalent to the Watanabe’s formula.

ol (Proof) We use a as an abbreviation of a(*) in the proof, and the notation (-, )pF0 (z)de 1S defined as
ollows:

0 0 0
(T,E" []) r0 (0140 = (T BT[] 0™ )s.

Under the uniformly non-degenerate condition of F'© € D> (R"), the lifting up of T' € §'(R") that is,
(EF e)*T7 has the asymptotic expansion in distributions on the Wiener space D™°°, that is for N € N,
there exists s € N such that

N (4) k
(BT )T —qToF°+Y &> (OFT) o FOT] Fo,™ =O0(N*Y), €€ (0,1],g<o0.  (92)
j=1 k =1

Dy s

Then, there exists an asymptotic expansion of ((E¥)*T,1)p e xpee.
The push-down of the divergence are computed as follows:

k k
<a§T(F°),HFg;ﬁl> <T(F°),Ha <F07HF3;[3‘>>
=1 D—c° xD% =1 Do xDe
k
Fo ,
<T,E H, (FO,HFC?I@> >
=1 pFO(z)dm

k
/ T(2)E | H, (F%H@ﬁz) |F0:x] " (x)dz.  (93)

=1

>pF0 (z)dx
>pFO (z)dz

k
[[F%F° ==
=1

On the other hand,

k
<a§T(F0), 11 Fg;5l> - <a§T, EF’
D—° xD>

=1

k
H F(S;Bz

=1

k

H ngﬁz

=1

(-1t [ ok {E

Here, (0*)% means (9*)F = 9 ---0%(k times), and 0% denotes the divergence operator on the space

gR”, pFO(z)dJc> .

<T, GOl

P’ (x)} dr.  (94)
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Corollary 1. The asymptotic expansion of the density function of F€, p¥' (y) is expressed with the push-
down of the Malliavin weights as the follows:

m (J) k
€ 0 - 0
P =0T W)+ EE | Haw <F°,HF2;M>|F°:y P (y) + O™, (95)
j=1 k =1

where pF0 (y) is the density function of F°. An alternative expression is given as follows:

m 7)
NPT S {E
k

j=1

k
[T F =y
=1

" <y>} +O(™ ). (96)
(Proof) Take a delta function §, € S'(R™) in the theorem above. O

6.2 Instantaneous Forward Rates Model

As a typical stochastic model for pricing the interest rate derivatives, there exists a model developed by
Heath-Jarrow-Morton [37], the so called HIM model, which is formulated based on the forward rates with
infinitesimal terms of the interest rates, that is the instantaneous forward rates {f(s,¢) : 0 < s <t < T}.
Here, s is the time when the forward rate is fixed and ¢ denotes the inception time when the forward rate
is applied.

The stochastic processes for the instantaneous forward rates are considered in the framework of the
asymptotic expansion by introducing a parameter ¢ € [0,1]. For example, let W be a m-dimensional
standard Wiener process and let f(0,t), t € [0,7] be a given Lipschitz continuous function of ¢. Then,
under the equivalent martingale measure, the stochastic processes of {f()(s,t) : 0 < s < t < T} are
solutions to the following stochastic integral equations:

s m

s = o0 + ¢ | Z[m(f(E)(v,t),v,t) /tai<f<€><v,y>,v,y>dy o
0 ;-1 v

m s
4 GZ/ o5 (£ (0, ), v, )dWi (v) ;€ € [0,1], 97)
i=170
where the volatility functions {o;(z,s,t);i = 1,--- ,m} are smooth and satisfy the regularity conditions

which guarantee that the equation (97) has its unique strong solution. It is to be noted that the drift
term (the coefficient of the dv term ) of f(9)(s,t) depends on {f(9)(v,y);0 < v < s,v <y < t}. Moreover,
the stochastic process of the instantaneous short-term interest rate r(°)(¢) is determined by the relation,
r@(t) = fO(t,1).

For this model, the approximations of the values for interest rate derivatives can still be considered in a
unified framework with derivation of asymptotic expansions of the instantaneous forward rates when € | 0
and with use of the relation between the instantaneous forward rates and a zero-coupon bond price:

POWT) = exp {— / e u)du} . (98)

As an example, we consider pricing an option on a coupon bond (or a swaption), which is a standard
interest rate derivative. The payoff at maturity of a call option is given by

n
VvC(T) = maX{ZCiP(e)(thi) _Ka0}7
i=1

where 0 <T <Tj <---<Ty, ¢ (i =1,---,n) are positive constants and K (> 0) is a strike price. Then,
its present value is given by

Vo) = B[ i), (99)
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When € | 0, the forward rate f(¢)(s,t) is expanded around f(0,t) as

f(e)(sa t) ~ f(07t) + Efl(svt) + €2f2(37t) +--n Doo’ (100)
where the coefficients of €”, n = 1,2, -, that is f1(¢,u), fo(t,u) - are also in D*.
As a result, we obtain an expansion of the zero-coupon bond price P(©) (t,T) around the current forward

bond price %7 and an expansion of the discount factor exp {— fOT r(© (t)dt} around the current zero-

coupon bond price P(0,T) as follows:

POWT) ~

T T
7 1-— e/t fi(t,u)du — 62/t fa(t,u)du

T 2
+ 8;{/(Mumm} + - in D%, (101)
t

T T
e~ Jo " @ds o p(o,T) Lf/,ﬁ@ﬂﬁ—g/,ﬁ@ﬂﬁ
0 0

2
1 T
+ 32{/ ﬁ@wﬁ} + .- in D>, (102)
0
where f;(s,t), i = 1,2 are given by

filst) = 960 / S 00w, )i (v),
0 =1
2 £(0) (g
fols,t) = 1L

— /S b(o) (’U, t)d@ + /S f: 801(0) (’U, t)fl (1)7 t)dWZ(U)
0

0 =1

Here, 0(0)(1),15) = 0;(fO(v,t),v,t), and b (v,t) and 6J§O) (v,t) are defined as

i

VOw,t) = Y oi(fV(v,1),0,0) / (O (0,1). v, )y,
i=1 v

doi(x,v,t
90\ (v,t) = %h:ﬂo,m

. . . . . . . . €),1
Therefore, in a similar way as in the framework for diffusion cases in the previous sections, we define Xt( )

and Xt(e)’i (i=2,---,n)as

t
Xt(e)’1 = exp {—/ r(e)(u)du} (103)
0
) T
X9 = POWT)=expl— [ FfOUtwduy, i=2--n. (104)
t
Then, the payoff at maturity of the call option on a coupon bond is written as

uxT):Inm<{§:chf%i—zgo}. (105)

i=2

Moreover, let @ = (z1, 22, -+ ,x,) and define g(x) as

g(x) =21 (Z ciT; — K) . (106)
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In this way, we are able to employ a similar technique to pricing derivatives as in the case of diffusion pro-
cesses. For example, with redefinition of variables such as 37, the approximation of the option price V,(0)
in (99) can be obtained based on the almost same asymptotic expansion method as in the previous sections.
In fact, by using the above expansions of instantaneous forward rates, zero-coupon bond prices and the
discount factor, we can apply the expansion to E[max{g(X(TE)), 0}], where X(Te) = (X(Tem7 Xéf)’2 cee X(Te)m).

For the details and numerical examples, please see [49], [50] and [88]. In particular, [88] imple-
ments numerical experiments under a smooth and bounded modification of two factor CEV-type volatility
functions (as explained in Section 4.3.1), and the variance reduction technique in proposed in [107] to
demonstrate the effectiveness of the method. We remark that the boundedness of the volatility functions
{oi(x,s,t);i = 1,--- ,m} for the instantaneous forward rates f()(s,t) is one of the sufficient conditions
that guarantee the existence of the unique strong solution of the stochastic integral equation (97).

For evaluation of other various interest rate derivatives, approximations based on the asymptotic ex-
pansion approach can be derived in the similar manner. Moreover, an example of an approximate formula
for derivative prices dependent on the instantaneous forward rates in the HJM model and other variables
following general diffusion processes is given by [85].

7 Asymptotic Expansion in Jump and Jump-Diffusion Models

So far, we have used stochastic models whose randomnesses are generated by only Wiener processes.
However, we are also able to apply the asymptotic expansion approach to stochastic processes including
jumps in their sample paths. This section provides its very brief review. For the details, please see the
cited papers.

In terms of the mathematical viewpoint, Yoshida [120] presented an extension of Watanabe theory to
develop a framework for providing a validity of asymptotic expansions in Wiener-Poisson spaces, which can
be applied to jump-diffusion models under some regularity conditions. Hayashi [34] applied a Malliaivin
calculus of jump-type to prove an asymptotic expansion theorem for functionals of a Poisson random
measure, and Hayashi [35] derived the coefficients in the expansion of a call option price under a pure jump
model. Moreover, Hayashi and Ishikawa [36] proved an asymptotic expansion formula for the compositions
of a smooth Wiener-Poisson functional with Schwartz distributions.

In direct applications to finance problems, [51] and [87] derived asymptotic expansion to approximate
bond prices or/and plain-vanilla option prices under jump-diffusion with local volatility models.

Subsequently, [93] and [94] found a new expansion scheme for pricing long-term European currency
options under a Libor market model (LMM) and a general diffusion stochastic volatility model with jumps
of spot exchange rates. Particularly, thanks to a linear structure of the underlying asset price process
in their model, they separated the jump component with a known characteristic function to apply the
expansion technique developed in the diffusion models. Also, [100] took a Malliavin calculus approach to
derive asymptotic expansions of vanilla option prices in a jump-diffusion with stochastic volatility model.

Recently, [80] has generalized the preceding researches such as [51], [87] and [100] in the asymptotic
expansion approach, and developed a new approximation formula for pricing basket options in a local-
stochastic volatility model with jumps. In particular, the model admits local volatility functions and jump
components in not only the underlying asset price processes, but also the volatility processes. Moreover,
they implemented some numerical experiments to confirm the validity of the method. Please see the paper
for the details.

As an example of asymptotic expansions of option prices under jump-diffusion models, the next sub-
section describes the outline of the method by using a simplified version of [80].

7.1 Pricing Basket Options under Local Stochastic Volatility with Jumps

In the first place, we define the model of the underlying asset prices and its volatility processes, which
is used for pricing the European type basket options. In particular, suppose that the filtered probability
space (Q, F, P,{Fi}it>0) is given, where P is an equivalent martingale measure and the filtration satisfies
the usual conditions. The risk-free interest rate is assumed to be a nonnegative constant r for simplicity.
Then, (Sf)te[o,T] and (Uz)tE[O,T], i =1,---,d represent the underlying asset prices and their volatilities

32



for t € [0,T), respectively. Particularly, let us assume that S%. and o are given by the solutions of the
following stochastic integral equations:

T T )
Sio— i+ / Qi St dt + / b (of_, i) aws'

0 0

Ny, 1

n T
SIS hssst— /0 NS Elhg: 1)t | | (107)

=1 \ j=1

B / N (0" — o} )dt + / 0oi (07-) WY
0 0
n NZ,T

T
+> Zh(,i,lyja;ﬂ_f/o Mol _Elhgiy ldt |, (108)
=1 \ j=1

where s and of, i = 1,--- ,d are given as some constants. The notations are defined as follows:
e o (i=1,---,d) are constants.
Aand 6 (i =1,--- ,d) are nonnegative constants.

o ¢gi(x,y) and ¢, (x) are some functions with appropriate regularity conditions.

e WS and W"i, (i=1,--+,d) are correlated Brownian motions.

e Each Ny, (I = 1,---,n) is a Poisson process with constant intensity A;. Nj, I = 1,---,n are
independent, and also independent of all W5 and W€ .

o 7, stands for the j-th jump time of N;.

Jj=1

e Foreachl=1,--- ,nandi=1,--- ,d, both (ZN“’ hSi)lJ‘) and (Zj\;’{ hgq:yl,j) are compound
>0 >0
Poisson processes. (Zj\l{ =0 when N;; =0.)

e For each [ and 7, hgiy; (7 € N) are independent and identically distributed random variables, where
x® stands for one of S* and 0@ (i = 1,--- ,d).

— for the log-normal jump case, hi; ; = eYeii — 1, where
Y, is a random variable which follows a normal distribution with mean m,:; and variance
72, , that is, N(my:;,~72 ) for all j.

® hyiyjand hyo o (L# 1) are independent.
hyig; and by o (§ # j') are independent.

xl 7l/7]/
Ny and hy: pr ; are independent.
For the same [ and j, hgi;; and h,w ;5 (i,i" = 1,--- ,d) are allowed to be dependent, that is Ygi ; ;
and Y_ir (i,¢/ =1,---,d) are generally correlated.

Remark 8. By specifying the functions ¢g and ¢, we can express various types of local-stochastic volatility
models. For example, the model with ¢s(a,S) = (aS? + bS + ¢)\/o and ¢,(c) = /o corresponds to an
extension of the Quadratic Heston model. The model with ¢s(0,S) = SP5c and ¢, (0) = o corresponds to
an extended SABR (A\-SABR) model, and the one with ¢s(o,S) = SPSo and ¢, (o) = o= corresponds to
a local volatility on volatility with jumps model.
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Next, we introduce perturbations to the model (107) and (108). That is, for a known parameter € € [0, 1]
we consider the following stochastic integral equations: for ¢ =1,--- ,d,

S1O = s [ asiOaree [ on (a0, 510) awe
n Ny,

(6) 1 7(6 €
+Z Zh i TJL_ /AS Slll]d ; (109)

. T
O N / X0 — o) dt + € / By (a;_ )dW"

Ni,r

3| S = [ AR ) )
1=1 \ j=1
where hiz) = eYeii — 1, that is, we assume that the jump size follows a log-normal distribution,
€Yai g g~ N(emyi 1, €92 ).
We assume the asymptotic expansions of S () and 0;(6) around € = 0 as follows:
2
i,(e i i € i
579 = 520+ esp® + S5 4 (111)
€2
,(€ 0 1 (2
UT() _ UT()+€UT()+2|UT()+"" (112)
(e) _ O 1) (2)
h:vi,l,j - hxll] +6h’x‘lj 2]h1’7‘lj +o (113)
i, (L BLSZ’(e) i, (e BLOZ’(€> L abh;) ;
where St © = T ae =0’ It " T o =0’ ;i)vlvj = Tw =0

We also suppose that (Wsl, e ,Wsd, W"l, e ,W"d)’ = 0- Z where p is a 2d x 2d correlation matrix,
and Z is a 2d-dimensional (independent) Brownian motion.
For ease of the expressions we introduce the following notations:

o Dgi = gi(c",5)(0)i; and i ; := ¢,i(0")(0)d+i,j, Where (0);; denotes the (i, j)-element of p.
o Ogi = (Pgiq, -, Pgiog) and Oyi := (Pyi g, -, Ppyi o) are 2d-dimensional vectors.
o Og:= (Pg1, -+ ,Pga) and &, := (Py1, -+, DPya) are d x 2d matricies.

e We define a operator ”” as follows: When A and B are d x 2d matrices,

(A)11(B)11 -+ (A)1,24(B)1,24
AxB:= : ; . (114)
(A)a1(B)a1 - (A)a2a(B)d,2d

When A is a d x 2d matrix and B is a d-dimensional vector,

(A)1a(B)r - (A)12a(Bh
AxB=BxA:= . (115)
(A)a1(B)a - (A)az2a(B)a

When A and B are d-dimensional vectors,

A% B := : . (116)



e We also define 0,95 (z = S or o) as
52 (@)1 - 2 (®s)i2a
0 s = : : , (117)
2 (Ps)an o 5o (Ps)a2d
where (®g); ; denotes the (4, j)-element of the d x 2d matrix ®g.

e Let us introduce the following notations:

St :(Stlv"'vsg)aat:(atlv"' Ug)

hfg’l’ (h,(S’l)lj7.” hSdl]) hg—llj (h(zll],n h((Tch,])
eat:(eat7-~~,eat)ande :(eAt’,..’eXi).

Based on these preparations, we obtain the next proposition.

Proposition 2. The coefficients, S¥), Uéf) and hff)l’j (x =,5,0),i=0,1,2 in the expansions (111), (112)
and (113) are given as follows:

S = eoT oy, (118)
oV = 04 (09— 0)xe T, (119)
hio;ﬂ _— (120)
T n Ni,r
s = / T s g (ol 50) azo+ 30 [ Do nG), — MTE RG] | + 59, (121)
0 =1 \ j=1
T Ni,r
- / e MT=1) ( ) dZ; + Z Z hal,] x e MT=750) 4 o—i?)l_
0
Jj=1
T
-NE [hgll)l} x e M / eM x O't(o)dt> , (122)
0
W) = Yaag =Yg Yoy ), (123)
T T
Sgp?) = 2/ T 4« g g (Uf@, Sf@) * Sﬁ)dZt + 2/ T 4 9, Pg (Ugg), St(g)) * a,gi)dZt
0 0

Ni,r

(30 - arm ] s
=1

Ny, 1 T
123 B x et @0 5 oNE [h(;j’l} xeoT */ e & Sf”dt), (124)
=1 B 0
W2 = Yau Yau,. (125)

Next, let us define the payoff of a basket call option with strike price K as

(9(z) — K)" (:= max{g(z) — K,0}), (126)
d
g(x) =w- -z = szzl,

where g(x) represents a weighted sum of the underlying asset prices of x1, - - - , 24 with the constant weights

wy, - ,wg. Here, we set z := (2!,--- ,2%) and w := (wy, -+ ,wq).
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For an approximation of a basket option price, we firstly note that g (Srf,f )) is expanded around € = 0
as:

g(87) =g (887) +eg () + % (S27) + o(e?). (127)

Then, for a strike price K = g(S%) — ey for an arbitrary y € R, the payoff of the call option with maturity

T is expanded as follows:
(o(s5)R)' = (a5
(s (S(Tl )+ s (5(2 ) +y+ole ))+

29
- ( +y) 2 L g(siy>— y}g( ()) +o(€). (128)

We next note that when the number of jumpsisk; (I = 1,--- ,n), thatison {N; = k;} := {N1q0 =Fk1,--- ,Np1
S(Tl) in the equation (121) becomes

&gy + St (129)
where
Ey = Y (ki — A T)msy * Sy (130)
1=1
and
T ki
S ;=/ eT=1) 4 Py ( g 0’) dz, +Z S vsixCsgax Sy | (131)
0 =1 \j=1
Here, we use the following notations:
® Vs = (751,17 T ﬁsd,l)
® (541 = (Cs1 51, ,Cga ;) is a vector of random variables, where (g: ;; follows N(0,1), that is the

standard normal distribution.

We remark that the distribution of g(ST) is N (0, Z;kl}), that is the normal distribution with mean zero

{k1}

and variance X' whose density function is expressed as

1 2
n (m; 0, Z;’Cz}) = exp { {xkl} } . (132)
1/ 27722}1”} 2%p

Here, E{Tkl }is defined as follows:

T
E{Tkl} = / (w x (T dg ( S(O )) (w % e(T—1) 4 by (at(o),St(O))) dt
0
n
+Zkl(w*75,l * SQ))Tﬁgs’L(w*fyg,l *Sg))), (133)
1=1
where J¢, stands for the correlation matrix of (s ;1 = (Cs1 4, ,Cga j,), and x| denotes the transpose

of x.
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Next, we define

n2(z,{k}) =E [9 (5(T2)> ‘Q(ST) =z, {N; = kl}} . (134)

With those preparations, we approximate the expectation of the basket call payoff under an equivalent
martingale measure in the following way:

=6 (5) ) ]
=¢E {E {(g(S(Tl)) + y)Jr ‘Q(ST) =z,{N; = kl}”
+§E {E {1{g<s<;>>>—y}g (S§?)> ’g(S‘T) =a,{N, = kz}” + o(€?). (135)

We also note that the probability of {N; = k;} := {N1p0 = k1,--- , N0 = k,,} is expressed as

o (AR T
Pik} = H 7761' ) (136)
=1 :

which is the product of the &; times of the jump probabilities of N (I =1,--- ,n),
that is []; P({Ni,r = ki}), thanks to the independence of Nyp (I =1,--- ,n).

Then, we calculate the coeflicients of € and % on the right hand of (135) as follows: The coefficient of
€ is given by:

e o0
=3 Pl / (= + g(&gwy) + ) ;0,24 ) da, (137)
k=031 ki=k —(9(&gxy3)+w)

and the coeflicient of % is given by:

E [E [1{g(s;1>)>—y}9 (S(Tz)) ‘Q(ST) =x,{N; = k‘l}”

> ¥ s o, Pyl 0, 4 ) dor (138)

k=0 Z’lﬂ=1 k[Zk 7(g(§{kl})+y)

Then, the initial value, C'(K,T) of the basket call option with maturity 7" and strike K is expanded
around € = 0 as follows:

C(K,T) =

S ) [T 0. ik} 2 [% o, otk

Z Z Pk} € (# + yrry) n(2;0, 55" )de 4 € ne(z, {ki})n(x; 0,5 )dz » +
k=01 ky=k Yk} Yk}

where y(,3 := 9(§1r,3) + ¥, and 7 is a constant risk-free rate.

In order to evaluate na(x, {k;}), that is the conditional expectation defined in (134), we apply some
formulas derived in Lemma 3.2 of [80].

Consequently, with ¢ = 1 we obtain an approximate pricing formula for a basket call option, which
corresponds to an asymptotic expansion of the basket option price up to the e2-order.
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Theorem 5. An approzimation formula for the initial value C(K,T) of an basket call option with maturity
T and strike price K is given by the following equation:

o H, (yp; Zi
> > p{kl}erT{(ykl + Cl)N< yk’k > + (sz{Tk’} + Cs(m})
k=031, ki=k \/E; o p

H, (yk,; E{Tkl})

+Cy 2 +C5 |n (ykz;oa Z’;kl}) ’ (140)
(E{kl})
T
_ 1y (DFem T : ; _ (0) _
where pgr,y = 11—y =57 1 is a constant risk-free rate, y = g(Sy”) — K, y,y = 9(€ry) +y, N(2)

denotes the standard normal distribution function and n(x;0,%) = \/21”72 exp (;—’5) Here, E{Tk’} 18 given
by (183), and &gy is defined by (130). Cy1, Co C3, Cy and Cs are some constants, which are given with the
derivations in Appendiz B of [80]. Moreover, Hy, (x; E;kl}) denotes the k-th order Hermite polynomial:

particularly, Hq (x; E{Tkl}) =1z and H, (m; E{Tkz}) — 22 _ E{Tkz}_

8 Perturbation Scheme in Forward Backward Stochastic Differ-
ential Equations (FBSDEs)

The FBSDEs have become quite popular in finance community since El Karoui, Peng and Quenez [16],
especially after the recent financial crises and the subsequent quite volatile markets, which leads us to
recognize the importance of counter party risk management, particularly the credit value adjustments
(CVA).

However, an explicit solution for a FBSDE has been known only for a simple linear or quadratic
example. Although several techniques have been proposed in the last decade, they seem very limited in
practical applications since they rely on numerical methods for non-linear partial differential equations
(PDEs) or regression based Monte Carlo simulations, which are generally very difficult to implement or
quite time-consuming especially for high-dimensional and long-horizon problems.

Recently, [25] has developed a simple analytical approximation scheme for the nonlinear FBSDEs,
notably for not only the so called decoupled cases but also the coupled cases. [25] has introduced a
perturbation parameter to the generator of a backward stochastic differential equation (BSDE) to expand
recursively the non-linear terms around a relevant linear FBSDE. In the computation of each order, [25]
explicitly represents the backward elements as the functions of the forward components and take those
expectations. Hence, except the cases that the distributions of the forward process are explicitly known,
we need to apply some approximations of the distributions, and so, again, the asymptotic expansion
technique for the forward stochastic differential equation (FSDE) is useful in the approximations. Section
8.1 below illustrates the scheme briefly. [25] also provided two numerical examples, where the second-order
analytic approximations work quite well compared to numerical techniques such as the finite difference
method and the regression-based Monte Carlo simulation. Please see the paper for the detail.

Moreover, their subsequent work [26] has applied this scheme to the optimal portfolio problem in an
incomplete market with stochastic volatility, and demonstrated the accurate approximations even for long
maturities such as 10 years, as opposed to the regression based Monte Carlo simulation which works well
only up to short maturities such as one year.

We also note that the method has a great advantage of deriving explicit expressions of the optimal
portfolios and hedging strategies, that is very important in practice. Furthermore, we can employ the
method for the general multi-dimensional cases.

In order to achieve further reduction of computational burdens in this method, the scheme with an
interacting particle method has been recently developed. Section 8.2 describes the outline. Please also see
[29] as an application of the method to American option pricing.

Furthermore, [104] provides a mathematical foundation for the original scheme in the decoupled case
proposed in [25]. (The justification for the coupled case seems an important and interesting research topic.)
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It mainly consisted of two parts. That is, for the BSDE expansion with a perturbed generator they have
obtained the coefficients up to an arbitrary order as the solution to a system of the associated BSDEs with
the base FSDE, and present the error estimate of the expansion. Accordingly, they showed a concrete
representation for each expansion coefficient of the volatility component, that is the martingale integrand
in the BSDE. For the FSDE expansion, they derived an expansion formula with its sharp error estimate
for the expectation of the solution to the base FSDE in terms of a small diffusion. Then, they combine
the both results, particularly applying the FSDE expansion formula to the BSDE expansion coefficients
to obtain a main result, that is an asymptotic expansion of FBSDEs with a perturbed generator. In the
proofs, [104] effectively applied the representation results in Ma and Zhang [63] for the BSDE expansion
and the properties of the Kusuoka-Stroock functions in Kusuoka [52] for the FSDE expansion.

In a different stream, [102] has proposed a new semi closed-form approximation for the solutions of
FBSDEs. In particular, applying the asymptotic expansion method in [100] and [103] to the forward
SDEs with a Picard-type iteration scheme for the BSDEs, they have obtained an error estimate for the
approximation. Moreover, they demonstrated the effectiveness of the method through numerical examples
for pricing options with counter party risk under the local and stochastic volatility models, where the credit
value adjustment (CVA) is taken into account. Roughly speaking, considering a perturbed forward SDE
X¢, e € (0,1] and an associated backward SDE (Y€, Z¢), they have the following recursive asymptotic
expansion around some non-degenerate gaussian model X°. That is, for k >0, N > 1

Y;e,t,x ~ us’k+1’N(t,JI) _ E[g(X%t,a;)] +E

T
v 0,t,x e,k,N,t,x e,k,N,t,x
| s xpe v 7 )ds]
t

N N
+> SElg(Xp"T)mpl+ ) B

i=1 i=1

T
vO0,t,x yve,k,Ntax rrek,Nitaxy 0,
/ fls, XObe yokNie 7 )vr,,sds},
t

ZEMT o (Vus PN G (¢, x) = {E[g(X%t’z)Ng”;] +E

T
v 0.tz e,k,N,t,x e,k,N,t,x 0,t
/ f(S,Xs 7Y;~ ’Zs )N07Sds‘|
t

N N
+ Z EiE[g(X%t’x)Ng’fw] + Z £'E

i=1 i=1

where YEFNt2 = 3ok N (g X0t2) and ZokNte = (v, uskNg)(s, X04®). Here, the processes 7y, and
NPy, i=1,---,N are the Malliavin weights and in particular, N§, corresponds to the weight appeared in
a representation theorem in Ma and Zhang [63].

8.1 Expansion with Perturbed Generator in BSDE

This subsection briefly describes the perturbation method following [25]. Firstly, let us consider the fol-
lowing decoupled FBSDE:

Vr = o(Xrp),

where V takes the value in R, W is a r-dimensional Winer process, and X; valued in R is assumed to
follow a diffusion process, which is the solution to the (forward) SDE:

Hereafter, we assume the appropriate regularity conditions that guarantee the mathematical validity. For
example, pleases see [104] on this point.

In order to approximate the pair of (V;, Z;) in terms of X;, we extract the linear term from the generator
f and treat the residual non-linear term as a perturbation to the linear FBSDE. That is, let us introduce
a perturbation parameter ¢, and then write the equation as

dv;t(E) == C(Xt)‘/;t(ﬁ)dt - EQ(Xt, Vvt(E)v Zt(e))dt + Zt(é) ' th (145)
Vi = a(Xyp).
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T
Y N,t,x N 0,t
/ f(s,Xg’t’””,Yf”“’ e Z?’k’ ’t’x)Ni,s ds] }ga(t,w),
t

(142)



Here, the above equation with € = 1 corresponds to the original model:
(X, Vi, Z) = —c(X)Vi + 9(X, Vi, Z4) (146)

We remark that as in the previous asymptotic expansion cases, the residual part g should be small for a
precise approximation. Hence, one should choose the linear term c(Xt)Vt(e)

non-linear term g becomes as small as possible.

in such a way that the residual

Now, we are going to expand the solution of BSDE (145) with respect to e. That is, suppose Vt(e) and
Zt(e) are expanded as follows:

Vt(E) _ V;(O) + GVt(l) + 62‘/;(2) 4+ (147)
729 = 72O 41ezM ez 4 (148)

For illustrative purpose, let us show a first few steps of the expansion. For the zero-th order of ¢, it is easily
seen that Vt(o) is a solution to the following equation:

av,” = (x)VQdt+ 2z . aw, (149)

v = a(Xy). (150)
Then, Vt(o) can be represented as follows:
Vt(O) - B [e_ Ir C(Xs)d8q>(XT)‘ ]:t} ; (151)

which is equivalent to the value of a standard European contingent claim with the terminal payoff ®(Xr)
and the discount rate ¢(X;) under a suitable pricing measure. Clearly, V;(O) is a function of X, due to the
Markovain nature of the model. Moreover, applying Ité’s formula (or the Malliavin derivative), we are able
to obtain Zt(o) as a function of X; as well.

Next, let us consider the process V(€ — V(0.

AV -V = e x) () - V)t
— (X, V9, 2N dt + (289 — 2V - aw,
€ 0
v v = 0. (152)
Now, by extracting the e-first order term, we can once again recover the linear FBSDE:
vV = ex) VvVt - g(X,, VO, 20)dt + 29 - aw,
vV = o, (153)
which leads to
T
vV =E / e JieXds g x, VO Z{0)dy ft] . (154)
t

1)

Because Vu(o) and quo) are some functions of X, we obtain V; "/ as a function of X;, and also Zt(l) through

Ito’s formula (or Malliavin derivative).
In exactly the same way, we are able to derive an arbitrarily higher order correction. Particularly, due to
the € in front of the non-linear term g, the system remains to be linear in every order of the approximation.

(2) (e)

For example, V'~ that is the e2-order’s coefficient of the expansion of V' is the solution to the following

equation:
)
v = (X VPt - ((%gm, AN
+ Vg, VO, 2 20) dt+ 22 - aw, (155)
v = o
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In general, suppose that we have succeeded to represent backward components (V;, Z;) in terms of X;
up to the (¢ — 1)-th order. Then, in order to proceed to a higher order approximation, we need to obtain
the following form of expressions with some deterministic function G(+) in terms of the forward components
X

T
/ e i C(XS)dSG(Xu)du

t

v~ g

]—‘t] . (156)

Even if it seems impossible to get the exact result, we can still have an analytic approximation for
(V;(i)7 Zt(i)). through again, the asymptotic expansion method.

As an example, [26] has explicitly derived an approximation formula for the dynamic optimal portfolio in
an incomplete market setting, and confirmed its accuracy comparing with the exact result by the Cole-Hopf
transformation (Zariphopoulou [121]).

Finally, let us provide a brief remark on an approximation of coupled FBSDEs. Let us consider the
following generic coupled non-linear FBSDE:

AV, = —f(t, X, Vi, Z)dt + Z, - AW, (157)
Vi = o(Xrp)
dXt = Vo(thtaW7Zt)dt+rY(t7Xt7‘/tazt) de7 XO =T.

We are able to treat this case in the similar way as in the decoupled case by introducing perturbations to
the forward SDE in addition to the one in BSDE:

vV = e(t, X\ Wt — eq (1. X9V, 2 ) at + 2 - aw,
Vi) = o (x)
ax) = (r (6X) + e (6. X7,V1, 200) ar

(o (6.X) +en (£.x0,V9, 209) ) - aw,

We also note that the similar method can be applied to the coupled case under a PDE (partial differential
equation) formulation based on the so called four step scheme (e.g. Ma-Yong [62].) Please see [25] for the
details. Developing a mathematical validity of the scheme for the coupled case will be one of the research
topics in the future.

8.2 Perturbation Scheme with Interacting Particle Method

This subsection briefly introduces a new scheme proposed by [27]. Except the cases that we are able to
obtain fully closed form expressions, the high orders’ expansions of perturbed FBSDEs generally contain
multi-dimensional time integrations of expectation values due to a convoluted nature of the scheme, which
makes standard Monte Carlo simulations too time consuming. To avoid nested simulations, one can
applies a particle representation inspired by the ideas of branching diffusion models(e.g. Fujita [23], Tkeda,
Nagasawa and Watanabe ([40], [41], [42]), McKean [69], Nagasawa and Sirao [70] ). Then, we are able to
provide a straightforward simulation scheme to solve nonlinear FBSDEs at each order of the approximation
based on the perturbation. In particular, comparing to the direct application of the branching diffusion
method, the method is expected to be less numerically intensive, because thanks to expansions of the
perturbed generator, the interested system is already decomposed into a set of linear problems. We
illustrate the outline of the method by following [27].
Again, let us introduce a perturbation parameter e in the generator of a BSDE as follows:

Vi) = —ef (X, V&9, 28%)ds + 2L - aw,
{ VT(e) _U(Xy). (158)
where X; € R is assumed to follow a generic Markovian forward SDE:
dXs =y (Xs)ds +v(Xs) - dWy; Xy = 4. (159)
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Next, let us fix the initial time as t. We denote the Malliavin derivative of X,, (v > t) at time ¢ as
D; X, € R™ (160)
Let us also note that in terms of the future time u, the SDE of (Ytu); defined by (Ytu); = aw{ X! is given
in the following:
d(Yeu); = O6(Xu)(Yeu)du + 974 (Xu) (Vo) AW
(Yee); = 45, (161)
where J; denotes the partial differentiation with respect to the k-th component of X, and 6; stands for

the Kronecker delta. Here, i and j run through {1,--- ,d} and {1,--- ,r} for a, and we adopt the Einstein
notation which assumes the summation of all the paired indexes. Then, it is well-known that

(Dth)a = (KuV(xt))Zaa
where a € {1,--- ,r} is the index of r-dimensional Winer process.
First, for the e-zeroth order, it is easy to see
vl = EB[u(xr)|F] (162)
Z" = B|ow(Xr)(Yiry(X)h| - (163)

Then, it is clear that they can be evaluated by standard Monte Carlo simulations. However, for their
use in higher order approximations, it is crucial to obtain analytical (closed form) approximate expressions
for these two quantities, for example based on the asymptotic expansion technique as before.

In the following, let us suppose that we have obtained the solutions up to a given order of the asymptotic
expansion, and write each of them as a function of x:

V0 = 0O ()
164
{ 7O — 50 (z¢) (164)
Next, for the e-first order’s coefficient Vt(l), we obtain an expression as
T
VO = [ B[y, 20|
t
T
— / E{f(Xu,v(O)(Xu),z(o) (Xu)) ‘]—‘t] du. (165)
t

Then, we define the new process for (s > t) by introducing a deterministic positive process \; as follows:
‘};&1) — eff,s >\udu‘/s(1)7 (166)

Here, A; can be a positive constant for the simplest case. Then, for the fixed initial time ¢, its SDE is given
by

dVY = AV ds = A fio (X, 0O (X)), 2O (X)) ds + el Xedu 20 qw, |

where

sl 002, 20 () = +-

S

i Mt (5,00 (1), 20 (z).
Since we have Vtgl) = Vt(l), one can easily see the following relation holds:

T
V;(l) =E / e I )‘Sds)\uftu(Xu;'U(O)(Xu)az(O)(Xu))du

t

}'t] (167)

Similarly to the cases of the standard credit risk modeling (e.g. Bielecki-Rutkowski [6]), it is the present

value of default payment where the default intensity is A, with the default payoff at s(> t) as fi5(Xs, v (X,), 20 (X,)).
Thus, we obtain the following proposition.
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Proposition 3. The Vt(l) in (165) can be equivalently expressed as

VY = 1B [Lpery fir (X7,00(X0), 20 (X)) | ] (168)

Here 1 1s the interaction time where the interaction is drawn independently from the Poisson distribution
with an arbitrary deterministic positive intensity process A¢. f is defined as

Frs (2, 0O (), 20 () = )\iefts Audu g 0O (), 20 (2)) . (169)

S

Now, let us consider the e-order’s coefficient of Z(9), that is the component Z(). It can be expressed as

70 = /TE {th(xu,u(m (Xu),z(o)(Xu)> ’ ft] du (170)

t

Firstly, we observe that the SDE of the Malliavin derivative of V(1) is given as follows:

dDVY) = DXV, 00, 20) f(a, 0, 20) + (D, ZV) - aW;
bV =z, (171)
where
Vi(z, v, 20 = 9; + 9,00 (2)8, + 8,22 (2)d.a, (172)
Fla, 0@, 2) = f(z,00(2), 20 (2)). (173)

Then, we define for (s > t), DV as

/\

DV = fi Mudu(p, D)y, (174)
and its SDE can be written as
APV = APV s ~ M(DXT: (X0, 20)fos (X, 0,20
el Audn (D, Z (D) - AW, (175)
Then, we again have
Dj/F) =zW, (176)

Hence,

T
70— g / e I Xdsy (DX (X, 0@, 2O o (X, 0@, 20| F

t

] : (177)

Thus, following the same argument as for the previous proposition, we have the next result:

Proposition 4. Zt(l)

in (170) is equivalently expressed as
2" = 1 B | Lrer) (Vs y (X)) V(X 00, 20) for (X, o), 200)| R (178)

where the definitions of random time T and the positive deterministic process A are the same as those in
the previous proposition.
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Now, we are able to obtain a new Monte Carlo scheme. That is, we have a new particle interpretation
of (VU Z(M) as follows:

v = ]-{'r>t}E{1{T<T}ftT(X'raU(0);Z(O))’]:t} (179)

zM

1{T>t}E |:1{T<T} (Y;f,T'Y(XT))’va (XTa U(O)v Z(O))ft‘r (XTa rU(O)7 Z(O))’ ‘Ft:| s (180)

which allows an efficient time integration with the following Monte Carlo scheme:
e Run the diffusion processes of X and Y.

e Carry out Poisson draw with probability A;As at each time s and if "one” is drawn, set that time as
T.

e Then stores the relevant quantities at 7, or in the case of (7 > T') stores 0.
e Repeat the above procedures and take their expectation.

Finally, we remark that the higher order coefficients in the expansions are evaluated in the similar way.
Please see [27] for the details.

9 Conclusion

The present note has reviewed an asymptotic expansion approach in finance, particularly in terms of com-
putational problems arising in practice of financial derivatives. in finance. However, due to the limitation of
the space, we have not provided thorough explanations especially for recent progress such as improvement
schemes in Section 5, expansion methods in jump and jump-diffusion models in Section 7 and perturbation
schemes in forward backward stochastic differential equations (FBSDEs) in Section 8. Please see the cited
papers for the details.

Moreover, we have not introduced an application of the method to mean-variance hedging problems in
partially observable markets, which is an interesting topic as an application of stochastic filtering problems
in finance. Please see [29] for the detail.

(Acknowledgment) I am very grateful to Professor Fujii, Professor Shiraya, Professor Takehara, Dr.
Toda, Dr. Tsuzuki and Professor Yamada, my coauthors in the original articles, which are main bases for
this survey.
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