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Quadratic-exponential growth BSDEs with Jumps
and their Malliavin’s Differentiability *

Masaaki Fujiif & Akihiko Takahashi*

18 December, 2015

Abstract

In this paper, we study a class of quadratic-exponential growth BSDEs with jumps.
The quadratic structure was introduced by Barrieu & El Karoui (2013) and yields a
very useful universal bound on the possible solutions. With the bounded terminal
condition as well as an additional local Lipschitz continuity, we give a simple and
streamlined proof for the existence and the uniqueness of the solution. The univer-
sal bound and the stability result for the locally Lipschitz BSDEs with coefficients
in the BMO space enable us to show the strong convergence of a sequence of glob-
ally Lipschitz BSDEs. The result is then used to generalize the existing results on
the Malliavin’s differentiability of the quadratic BSDEs in the diffusion setup to the
quadratic-exponential growth BSDEs with jumps.

Keywords : jump, random measure, Lévy, Malliavin derivative, asymptotic expansion

1 Introduction

The backward stochastic differential equations (BSDEs) have been subjects of strong in-
terest of many researchers since they were introduced by Bismut (1973) [5] and generalized
later by Pardoux & Peng (1990) [30]. This is particularly because they provide a truly
probabilistic approach to stochastic control problems, which has been soon recognized as
a very powerful tool both for theoretical as well as numerical issues in many important
applications.

More recently, there has appeared an acute interest in quadratic-growth BSDEs be-
cause of their various fields of applications such as, risk sensitive control problems, dynam-
ics risk measures and indifference pricing in an incomplete market. The first breakthrough
was made by Kobylanski (2000) [24] in a Brownian filtration with a bounded terminal con-
dition. The result was then extended by Briand & Hu (2006, 2008) [7, 8] to unbounded
solutions. Direct convergence based on a fixed-point theorem was proposed by Tevzadze
(2008) [33]. Various extensions/applications can be found in, for example, Hu, Imkeller
& Muller (2005) [18], Mania & Tevzadze (2006) [26], Morlais (2009) [27], Hu & Schweizer
(2011) [19], Delbaen, Hu & Richou (2011) [11].

In contrast to the diffusion setup, the number of researches on quadratic BSDEs with
jumps has been rather small. Morlais (2010) [28] deals with a particular BSDE appearing
in the exponential utility optimization with jumps using the technique of Kobylanski [24],
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from which it inherits the complexity in showing the strong convergence of martingale
components. Cohen & Elliott (2015) [9] and also Kazi-Tani, Possamai & Zhou (2015) [23]
have adopted the fixed-point approach of Tevzadze [33], from which they inherit the re-
quirement of the second order differentiability of the driver.

Recently, Barrieu & El Karoui (2013) [4] have proposed a totally new approach based
on a stability of quadratic semimartingales by introducing a so-called quadratic structure
condition. They have shown the existence of a solution, without the uniqueness, under
the minimal assumption allowing the unbounded terminal condition in a continuous setup.
Their result has been extended to the exponential utility optimization in a market with
counterparty default risks by generalizing quadratic structure condition to a quadratic-
exponential (Qexp) structure condition in Ngoupeyou (2010) [29] (See also Jeanblanc,
Matoussi & Ngoupeyou (2013) [20].).

In this paper, we propose a new application of the result [4] to a class of BSDEs
satisfying the Qexp-growth as well as the local Lipschitz continuity with a bounded terminal
condition in the presence of o-finite random Poisson measures. In contrast to the existing
works, we exploit the universal bound found in [4, 29] and the properties of the BSDEs with
the local Lipschitz condition whose coefficients belong to the space of ]HIZB mo- By deriving
a new stability result, we are able to show the uniqueness in a very simple fashion without
relying on the comparison principle. Note that, in order for the comparison principle to
hold, one needs a stronger assumption than the Lipschitz continuity in the setups with
jumps (See, Barles, Buckdahn & Pardoux (1997) [3].). Furthermore, we have shown the
existence of a solution by the convergence of a sequence of globally Lipschitz BSDEs in
the space S*° x HzB MO X J]2B mo by directly applying the stability result used in the proof
of the uniqueness. This approach greatly simplifies the classical result of Kobylanski [24]
for the martingale components in particular.

Moreover, the strongly converging sequence of Lipschitz BSDEs allows us to obtain
the sufficient conditions for the Malliavin’s differentiability of the Qexp-growth BSDEs
with jumps. This extends the work of Ankirchner, Imkeller & Dos Reis (2007) [1] on the
Malliavin’s differentiability in the diffusion setup. The obtained representation theorem
will be useful for the optimal hedging problems in financial applications, investigations on
the path regularity necessary for numerical as well as analytical issues, and also for the
development of an asymptotic expansion for the BSDEs !.

The organization of the paper is as follows: Section 2 gives preliminaries including some
important results on the BMO martingales. Section 3 explains the setup of Qexp-growth
BSDEs with jumps and gives the uniqueness result. Section 4 constructs a sequence
of regularized BSDEs and then shows the existence of a solution by their convergence.
Sections 5 deals with the Malliavin’s differentiability of the Qcxp-growth BSDEs, which
is then applied to a forward-backward system to obtain a representation theorem on the
martingale components in Section 6. Appendix A is a simple generalization of the results
by Ankirchner, Imkeller & Dos Reis (2007) [1] and Briand & Confortola (2008) [6] on
the locally Lipschitz BSDEs with BMO coefficients to the setup with jumps. Appendix
B gives a detailed proof for the Malliavin’s differentiability of the Lipschitz BSDEs with
jumps, which generalizes the result of Delong & Imkeller (2010) [13] and Delong (2013) [12]
to local (instead of global) Lipschitz continuity for the Malliavin derivative of the driver,
which becomes necessary to investigate a forward-backward system driven by a Markovian
forward process.

'Recently, we have proposed an analytic approximation method of the Lipschitz BSDEs with jumps in
Fujii & Takahashi (2015) [16], which is based on the small-variance asymptotic expansion (See, Takahashi
(2015) [34] as a general review.). Its extension to the Qexp-growth BSDEs is now ready to be investigated
using the new results obtained here, which will be pursued in a different opportunity.



2 Preliminaries

2.1 General Setting

Let us first state the general setting to be used throughout the paper. T > 0 is some
bounded time horizon. The space (Qw, Fw,Pw) is the usual canonical space for a d-
dimensional Brownian motion equipped with the Wiener measure Py,. We also denote
(Qu, Fu, Py) as a product of canonical spaces ), := Q}L X v X QZ, Fu = .7-"; X o X ]:Zf
and IP’L X oo X PZ with some constant'k > 1, on which each ,ui is a Poisson measure
with a compensator v'(dz)dt. Here, v*(dz) is a o-finite measure on Ry = R\{0} sat-
isfying fRo |z|2vi(dz) < oo. Throughout the paper, we work on the filtered probability
space (2, F,F = (Fi)ejo,r), P), where the space (2, F,P) is the product of the canoni-
cal spaces (Qw x Qu, Fi x F,, Py x P,), and that the filtration F = (F)icpo,1) is the
canonical filtration completed for P and satisfying the usual conditions. In this con-
struction, (W,p!,---,pF) are independent. We use a vector notation p(w,dt,dz) :=
(pt(w,dt,dzt), - -, uF(w,dt,dz¥)) and denote the compensated Poisson measure as ji :=
u — v. We represent the F-predictable o-field on Q x [0,7] by P.

2.2 Notation

We use basically the same notation as [16]. We denote a generic constant by C, which

may change line by line, is sometimes associated with several subscripts (such as Ck 7)

showing its dependence when necessary. ’7E)T denotes the set of F-stopping times 7 € [0, 7.
Let us introduce a sup-norm for a R"-valued function z : [0, 7] — R" as

HxH[a,b] = Sup{|xt|7t € [CL, b]}

and write ||z||; := ||z
p > 2
o SP[s, ] is the set of R"-valued adapted cadlag processes X such that

(0,]- We also use the following spaces for stochastic processes for

1/p
IXllsprag =E [IX@)IE,,] " < oo

e S2° is the set of R"-valued essentially bounded cadlag processes X such that

X ||se = H sup \Xt]H < o0.
t€[0,T] o0

e HP[s,t] is the set of progressively measurable R%valued processes Z such that

t P
12l = | ([ 12Pa0) ] <o

e JP[s,t] is the set of k-dimensional functions ¢ = {¢",1 <i < k}, ¥* : Qx[0,T] x Ry — R
which are P x B(Rg)-measurable and satisfy

B =

1] |gp15,9) := E

@ [ ww)r%"(dx)du)g] e

and J> is the space of functions which are dP ® v(dz) essentially bounded i.e.,

19152 == || sup |||, < o0
te[0,7)



For notational simplicity, we use (E,&) = (R, B(Ro)*) and denote the above maps
{11 <i<k}ase:Qx[0,T]x E — RF and say v is P ® E-measurable without referring
to each component. We also use the notation such that

/S t /E () i(du, de) :é / t [ i an

for simplicity. The similar abbreviation is used also for the integrals with respect to p and
v. When we use F and &, one should always interpret it in this way so that the integral
with the k-dimensional Poisson measure does make sense. On the other hand, when we
use the range Ry with the integrators (i, i, v), for example,

1<i<k

[ vula(do)i= (| i) (o)

we interpret it as a k-dimensional vector.
e KP[s,t] is the set of functions (Y, Z, 1) in the space SP[s,t] x HP[s,t] x JP[s,t] with the
norm defined by

1
1042, ot 2= (Vg + 121 gy + 100 Eageg)

We frequently omit the subscripts specifying the dimension r and the time interval
[s,t] when they are unnecessary or obvious in the context. We use (©,s € [0,T]) as a
collective argument

O, = (Vs Zy 1) (2.1)

to lighten the notation. We use the notation of partial derivatives such that for z € R¢
0 0
Oy = (D, 0y) = (7, ,7>

v ( “ xd) 8561 81’,1

and for ©, dg = (ay, 0., &p). We use the similar notations for every higher order derivative
without a detailed indexing. We suppress the obvious summation of indexes throughout
the paper for notational simplicity.

Remark

The contents up to Section 4 can be easily extendable to P ® £-measurable compensator
vi(dx) as long as (W, u — v) is assumed to have the weak property of predictable represen-
tation (See Chapter XIII in [17].).

2.3 BMO-martingale and its properties

The properties of the BMO-martingales play a crucial role throughout this work. This
section summarizes the necessary facts used in the following discussions.

Definition 2.1. Let M be a square integrable martingale. When it satisfies

MIfbaso = sup [[B[(Mr = Mr-1r-0)17]
TE

| <o
[e.e]

then M is called a BMO-martingale and denoted by M € BMO.



Lemma 2.1. Suppose M is a square integrable martingale with initial value My = 0. If
M is a BMO-martingale, then its jump component is essentially bounded AM € S*®. On
the other hand, if AM € S® and

sup |[B[(M)r = (M):|F:]|| <o,
TE%T o0
then M is a BMO-martingale.
Proof. From Lemma 10.7 in [17], we have
1Ml = sw |[E[[M]r = [M],17] + M31— + (AM.)?||
TG'TDT 00
= sup |[E[(M)r — (M)-|F7] + (an)?||
7'673T o
Thus,
sup ||E[(M)r — (M) 172 ||_ v IAMIE~ < 1Mo
T€7—6T 0
< sup |[E[(M)r — ()| F ||+ 1AM B
€T o0
and hence the claim is proved. ]

Let us introduce the following spaces. HZB mo 1s the set of progressively measurable
R?-valued function Z satisfying 2

. ) T
125, = H/ ZsdWy = supHE[/ IZSIst\]-"TH < 0.
BMO 0 BMO T€76T - 0o
J% 0 and J% are the sets of P ® E-measurable functions ¢ : @ x [0, 7] xE — R* satisfying
; =/ i(ds, do)|||
Wi, = || [e@sd)|
T
= s [E[ [ [ o Putasanl ]| < oo
T€TFE T JE 00
and
T
i, = sw|[E[[ [ Pz <o
B TET(;T T E 00

respectively. Note that (|\1/1\|ng V[Y][3) < H1/1||§23MO < HM@QB + |[¢]3« from the proof
of Lemma 2.1.

2We sometimes include a scalar function satisfying the rightmost inequality also in H% ;0. By multi-
plying a d-dimensional unit vector, one can always connect to it the BMO norm if necessary.



Lemma 2.2 (energy inequality). Let Z € H2BMO and i € .JIQBMO. Then, for anyn € N,

E :(/OT|ZS|2ds>n} < n!<\lZ||§HzBMO>n>
=[(f ' [ oPutas,an)”| < (i, )"

e[([ [ wrvanas) ] <m(log,)" <m(wig,,)"

Proof. See proof of Lemma 9.6.5 in [10]. O

Let £(M) be a Doléan-Dade exponential of M.

Lemma 2.3 (reverse Holder inequality). Let § > 0 be a positive constant and M be a
BMO-martingale satisfying AM; > —1 + 6 P-a.s. for all t € [0,T]. Then, (&(M),t €
[(),T]) is a uniformly integrable martingale, and for every stopping time T € 76T, there
exists some p > 1 such that

E[Er(M)P|F7] < Cp & (M)
with some positive constant Cp pr depending only on p and ||M||Byo-
Proof. See Kazamaki (1979) [21], and also Remark 3.1 of Kazamaki (1994) [22]. O

Note here that the condition §M; > —1+§ is the very reason why one needs a stronger
assumption than the Lipschitz continuity for the comparison principle to hold for the
BSDEs with jumps (See Proposition 2.6 in Barles et.al. (1997) [3].). If one relies on the
comparison theorem to show the uniform convergence of the BSDE’s solution, the same
assumption is required. In the current work, by deriving the new stability result, we can
restrict its use only to the continuous martingale part and hence avoid this condition.

The following properties of the continuous BMO martingales by Kazamaki [22] are
very useful.

Lemma 2.4. Let M be a square integrable continuous martingale and M = (M) — M.
Then, M € BMO(P) if and only if M € BMO(Q) with dQ/dP = Ep(M). Furthermore,
[[M||garo(q) is determined by some function of ||M||garom) and vice versa.

Proof. See Theorem 3.3 and Theorem 2.4 in [22]. O

Remark

For continuous martingales, Theorem 3.1 [22] also tells that there exists some decreasing
function ®(p) with ®(1+) = oo and ®(oc0) = 0 such that if || M||grro(p) satisfies

[IM||garoe) < ©(p)

then £(M) satisfies the reverse Holder inequality with power p. This implies together with
Lemma 2.4, one can take a common positive constant 7 satisfying 1 < 7 < r* such that

both of the £(M) and £(M ) satisfy the reverse Holder inequality with power 7 under the
respective probability measure P and Q. Furthermore, the upper bound r* is determined

only by [|M||groew) (or equivalently by || M||groq))-



3  Qexp-growth BSDEs with Jumps

3.1 Universal Bound
We now introduce, for ¢ € [0, 7], the quadratic-exponential (Qecxp) growth BSDE;

T T
Y; =&+ /tT f(s,Ys, Zs,1bs)ds —/t ZdW —/t /E@bs(x)ﬁ(ds,dx) , (3.1)

where £ : Q = R, f:Qx[0,T] x R x R x L2(E,v;R¥) — R and denote Z and v as row
vectors for simplicity.

Let us introduce the quadratic-exponential structure condition proposed by Barrieu &
El Karoui (2013) [4] and extended to a jump diffusion case by Ngoupeyou (2010) [29].

Assumption 3.1. The map (w,t) — f(w,t,-) is F-progressively measurable. For every
(y,2,9) € RxR? x L2(E, v;R¥), there exist two constants 3 > 0 and v > 0 and a positive
F-progressively measurable process (Is,t € [0,T]) such that

1= Blyl = 31el = [ (=ta)wtaa)

< f(tyz0) < bt Byl + 31+ [ g G)lds)
E

1
dP ® dt-a.e. (w,t) € Qx[0,T], where jy(u) := ;(ew -1- fyu).

This assumption yields a very useful universal bound for the possible solutions of (3.1).
The following result is an adaptation of Proposition 3.2 in [4] and Proposition 16 in [29]
to our case.

Lemma 3.1. Assume the driver f of (3.1) satisfies Assumption 3.1 and exp (yeﬂT]ﬂ)

and exp (fyeBT fOT lsds) are in LY (Q, Fr;P). Then, if there exists a solution to the BSDE
(5.1), it satisfies

1 T
Vi < —InE [exp(veﬁ(T‘“SHW / eﬂ“—S)zsds)]ft} .
v t
In particular, when ||€||oc, ||l||se < 00, the solution Y is essentially bounded:
1¥]lso < e (JIel oo + Tlltlls< ) -
Proof. A simple application of Itd formula yields

d(e7|Ys]) = e (B|Y;ds + d|Y])

— 665{5%@5 + Sign(ys,)(_f(s, Oy)ds + ZsdW; + /Eqps(x)[l(ds, dm)) + dL;”}

where LY is a non-decreasing process including a local time of Y at the origin. Let us
define the process (Bs, s € [0,T]) with By = 0 by

aB, = —sign(¥;) (s, 0,)ds + (L + BIYi| + 2| Z,* + / o (siEn(Ya) s (2)w(d) ) ds
E



which is also a non-decreasing process by Assumption 3.1. Using this process,
d(e3|Ys]) = P (dBy + dLY ) + *sign(Y, )(z AW, +/ bs(@)fi(ds d:v))

—ef (ls + 1|Zs|2 +/ jv(sign(iﬁ)ws(x))u(dx))ds ,
2 E
which is further transformed as
d(eP?|Y,]) = ePosign(Y, )(Z AW, +/ bs(@)fi(ds d:c))
—%‘eﬁssign(){g)Zs‘ ds — /Ejv(eﬁssign(Ys)l/Js(x))y(da:)ds — e™l,ds
2 (12,2 = 7|2, ) ds + /E (5 (™ sign (Vo) (@) = €7, (sign(Ys )by () ) v(d)ds
+e%5(dBs +dLY) .

It is easy to confirm that for £ > 1,
i (k) — ki (2) = }y(e’m kT —14k) 20,
Thus we obtain
d(eP*[Y;)) = P sign(Y, )(Z AW, +/ s (2)i(ds daz))
—%|eﬁssign(Y8)Zsl ds — /Ejv(eﬁssign(Ys)ws(ac))y(dx)ds — Plyds + dCs,

where C' is a non-decreasing process.
Define the process P by P; := exp (765t!5/}\ + vf(f eﬁslsds). Since

dP;, = P;,_ (fye s1gn(Kg)thWt+/

exp(’yeﬁtsign(Y}_)wt(x)) — 1) a(dt,dx) + vdCy ),
E

P is a submartingale. Therefore,

. T
exp (765”}/2’ + ,Y/ 655l3d8> <E |:eXp (fyeﬁT’é" + ’}’/ 665l3d8> ‘ft:| )
0 0

which proves the first claim. The second claim is obvious using the first result. O

Let us mention the fact that (e —1)2+ (e7® —1)? > 22, Vz € R . In order to prove
this, set g(x) := (e — 1)2 + (e — 1)? — 2. Then,

gd(x)=2(e"—1)e" +2(1 —e F)e ™ -2z

which is an odd function. It is easy to see that ¢’(x) > 0 for z > 0 and ¢’(0) = 0. Thus
g(z) > g(0) = 0. The next lemma connects the bounded solution ||Y]||se~ < oo and the
BMO-properties of the control variables.

Lemma 3.2. Assume |[€||co, ||l||se < oo and Assumption 3.1 hold. If there exists a
solution (Y,Z,1)) to the BSDE (3.1), then Z € H%,,, and ¢ € J%,,0 (and hence
Y € J®) and ||ZHH2BMO + ||1/J||JQBMO is bounded by some constant depending only on

(7, 8, T, [[€] o0 [ ls2<)-



Proof. By Lemma 3.1, we have ||Y||se < co. Since ||)]] s < 2||Y||se, it is clear that ¢ €
J°°. Applying It6 formula to e*** and using the equality 2vjo,(z) = (€7 —1)% + 274, (z),
one obtains

Tn Tn 2
/ 627Y5272‘Zs2d5+/ e27Ys (ews(m) _1) v(dx)ds

T

= BZWYT" — 62’7YT + 2’7 /Tn 62’YYS (f(S’Y'S’ ZSa %Z)s) - / j'Y(ws(x))y(dx)>d5
r E

_/ Y2y Z AW, — / / A (2702 — 1)ji(ds, d)
T T E

where 7 € 76T, and {7, }nen is a localizing sequence of the last line.
Taking a conditional expectation and using Assumption 3.1, one obtains

E [/ 2 Von? | Z 2 ds —I—/ e>Ys (ews(m) - 1)2u(dm)ds‘f7]
<E [ehYTn + 27/ o2V (lS + ﬂ|§/5|)d8‘f7:|

< AWl g o IVl (¥ 5o + 1) -

By taking n — oo,

T T
E [/ V2| Zs|ds +/ (67%("’:) - 1)21/(d:c)d5‘]:7]

< Y llse Q,YemllYllsooT(gHyHSm + \|l||Soo> : (32)
Similar calculation for e=27Y* yields
T T 2
E U 7|2 ds + / (77 1) v(da)ds| F }
< IYllgeo JrQ,Yeﬂw\\lf\lsooT(myyHSOo 4 HZHSOO) . (3-3)

Thus, adding (3.2) and (3.3), and then taking sup, || ||~ separately for Z and v terms
yields

) , eIVl
120, + W1, < g (3 + 63T (I [l + ) ) < oo

Since ||]|ge < 2||Y||gee, one also sees ||¢HJQBMO

< Il + [blls < oo. -

3.2 Stability and Uniqueness

We now introduce local Lipschitz conditions to derive a stability and uniqueness result for
a bounded solution.

Assumption 3.2. (i) [{| and (I;,t € [0,T]) are essentially bounded: ||€||so + ||I||see < 00.
(ii) For each M > 0, and for every (y,z,v), (3,2 ,¢') € R x R? x L2(E,v; R¥) satisfying

[l 191, 11l e @y 119 e ) < M



there exists some positive constant Ky; possibly depending on M such that
£y, 2,0) = £y 2500 < Ka (Jy = o'+ 10 = ¥l )
K (1 12+ 12+ 1 la) + 191 ae) ) 12 = 2]
dP ® dt-a.e. (w,t) € Qx[0,T].
Consider the two BSDEs with i € {1, 2} satisfying Assumptions 3.1 and 3.2;

Yi=git / Fi(s, Vi, 2, yds — / Zidw, - / [E Vi (@)(ds, da),  (34)

t

for ¢ € [0, 7] and let us denote

Y =Y '—Y? §Z2:=2'—2Z% =yt — P
5f(8) = (fl - fQ)(‘SaYsl)Z;7w;) .

Lemma 3.3. Suppose Assumptions 3.1 and 3.2 hold for the two BSDEs (3.4) with i €
{1,2}. Then, if there exists a solution (Y, Z¢ "),i € {1,2} to the BSDEs, the following
inequality is satisfied;

(@) 1162]|e

BMO

+ 1169152

BMO

N—

‘ o0

< C(1¥lse + 196+ sty ] [ a7

1
72

T 72
) 1167:62.50) gy < (& 13 + ([ 1o591as)"™ | )" o =2 va =

Here, C' and g, (> 1) are positive constants depending only on (Kar,7, B, T, ||€]]0cs ||]]s)
and the constant M is chosen such that ||Y||sw, |[1||jo < M for both i € {1,2}. C' is
a positive constant depending only on (p,q, Knr, v, B, T, ||&||ccs |1]]s)-

Proof. Proof for (a)
Firstly, due to the universal bound, it is obvious that one can choose M such that
[|Y?||se < M and [|¢%||jc < M for both i € {1,2}. Set a sequence of F-stopping times as

t t
Ty = inf{t > 0;/ 102Z,|ds +/ / |60 (2) |2 u(ds, dz) > n} AT .
0 0o JE
Then, for V7 € T, one has
v [ ozas e [T [ (50 Putds.do

T T E
=10, P [ oY (35(6) + 5,08 - 175, 0) ds
- / " 26Y,0Z,dW, — / ’ / 20Y,_ s (2)fi(ds, d) .

T T E

Taking the conditional expectation and passing to the limit n — oo, one obtains

T T
\5Y712+EU \525\2ds+/ /E\éws(a:)\zu(ds,dx)‘]-}]

~E [\5512 + /T 207, (8f(s) + f2(5,01) = f*(s,02) ) ds

7|

10



Taking SUp, 7T for each term in the left gives
16215+ 100l < 2ll6]l3

T
+AIY o sup I [ / (185)] + Kar(18Y 1, + 116l + Hsrazsr))dstﬁ]
TE

where the process H is defined by H, := 1+ Y2 LZE + (1w |2 V)) It is clear that
H c H? Baro Whose norm is dominated by the universal bound given in Lemma 3.2. One
can see

N

1
T T 3
sup ||E [/ Hs|5ZS|d8’]:T:| ‘ < sup HE [/ |HS|2ds‘.7-'T] sup HE [/ |5Zs|2ds‘}}]
TETL T o0 T€TTL
< NHlhs, 1167, -

Thus, with an arbitrary positive constant € > 0,
2
i

2 2
HHJQBJMO) + 6(”5ZHH2BMO + ||6¢H°HQB>

T
1621, + 1541, < 210€]E +2 sup HE [ / |6f<s>|ds1ff]

AK3, | AK?
1Y 1B (2+ 4Ku T + =2 + =M |y

Since ||51/1\|J2B < H6¢|\JQBMO, choosing € < 1 yields the desired result.

Proof for (b)

Define a d-dimensional F-progressively measurable process (bs, s € [0,7]) by

P25, Y8 Z5by) = (5, Y, Z2, )
|0 7|2

bs = 15257&052

and also the map f : Q x [0,7] x R x L2(E,v;R¥) — R:

flw,s,9,9) = 0f(w,s) — f2(w,s,02) + f*(w,s,§+ Y7, Z2,9% +12) .

Then, (0Y,8Z,0v) is the solution to the BSDE

5n:55+/T(f(55Y;,5¢3)+b 52 ds—/ 5 Z5dW, — //cws fi(ds, dz).(3.5)
t

Since |bs| < Kpr (142} |+\Z§|+2|W;HL2(V)), the process b belongs to H%, . Furthermore,

f satisfies the linear growth property |f(s,7,%)| < [6f(s)| + K (|7] + [4]]1.2(,)). Thus,
the BSDE (3.5) satisfies Assumption A.1 with g = |§f]. One obtains the desired result
by applying Lemma A.1. The dependency of the constants C’,q. is obtained from the
universal bound in Lemmas 3.1 and 3.2, as well as the properties of the reverse Holder
inequality in Lemma 2.3 and the remarks that follow. 0

We now gives the uniqueness result:

Proposition 3.1. Suppose the BSDE (3.1) satisfies Assumption 3.1 and 3.2. Then, if
there exists a solution (Y, Z,1) to (3.1), it is unique in the space S™® x H% 110 X J5110-

Proof. By Lemmas 3.1 and 3.2, if there exists a solution it satisfies (Y, Z,1) € S X
H% 0 X J%70- Firstly, by Lemma 3.3 (b), the solution is unique in the space KP[0,T]
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for Vp > 2. Since Y € S*°, the uniqueness of Y in SP gives the uniqueness of Y also in
the space S*°. This can be shown by the argument of contradiction. Suppose that there
exist two solution Y Y2 € S which are equal in the space of SP i.e., ||[Y! — Y2H§p =0
but not equal in S°°. This implies that there exists some constant a > 0 such that

H sup \Ytl—Yle =a.
te[0,7) oo

Then, for any 0 < b < a, there exists some positive constant 0 < ¢ < 1 such that

]P’( sup |V} — Y72 Zb) =c.
t€[0,T]

This gives |[Y? — Y?||8, > b” ¢ > 0 and hence yields a contradiction. Combined with
Lemma 3.3 (a), the solution (Y, Z,1) is unique in the space S x HQBMO X J2BMO. O

4 Existence of solution to a Q)c-growth BSDE

4.1 An approximating sequence of globally Lipschitz BSDEs

In this section, we shall prove the existence of a unique solution to the BSDE (3.1) under
Assumptions 3.1 and 3.2. For this purpose, we first consider an approximating sequence
of globally Lipschitz BSDEs for which the existence and uniqueness of the solutions are
well known.
Let us introduce a sequence of mollifiers ¢, : R — R with m € N which are continu-

ously differentiable and with the following properties:

—(m+1) for z<—(m+2)

om(r) = x for |z| <m
m+1 for >m+2

and |9,¢m ()] < 1 uniformly in z € R. We also denote, for any ¢ € L?(v) and = € R,
(10 Gn)(@) = (@)L o s
We then define the truncated driver f,, : Q x [0,7] x R x R? x L2(E, v;R*) by

fm<w7t7y7sz) = f(wata wm(y),gom(Z),tpm(dJ ° Cm)) ’ (41)

and consider a sequence of truncated BSDEs:

T T T
Y=gy / Fonl(5, Y 20 ™) s — / Zmaw, - / WP @)ds,de)  (4.2)

t
for t € [0,T].

Lemma 4.1. The truncated driver fp(w,t,y,z,%) in (4.1) with Ym € N satisfies the
global Lipschitz condition. Furthermore it also satisfies the quadratic-exponential growth
condition given in Assumption 3.1 uniformly in m.

12



Proof. Let us put Cy, := k max </ 1|x|>i1/i(d:z:)> < 0o then one sees
ie{l,"',k} Ro —m

om0 Gy = [ om0 Gule)Prdn) < (m +17Cp.

Thus, by taking M > (kVd)(m-+1), the truncated driver satisfies for any (y, z, %), (', 2',¢') €

R x R? x L2(E, v; R¥),
|fm(t,y, 2,90) — fn(t, 0, 2/ 0")] < KM(|<Pm(y) — om()] + [lem (¥ 0 Gn) — pm(¢' o Cm)”lLQ(V)>
ot (1 om()]+ o)1+ (@ o Gl + llem® © Gz ) [em(2) — o)

< K (ly =9/l + 110 = ¢llLa) + [L+2dm +1) + 2m + 1)°Cp] |2 = ),

which proves the global Lipschitz condition.
The truncated driver also satisfies

1o = Blyl = Jem(IE = [ 5y (el 0 Gula)) (o)
< Falts1028) < i Bl + Jlom@P + [ 1 (om0 Gula) o)

From the convexity of the positive function j,(u), we have [5 j,(E@m (o (m(2)))v(dr) <
fE Jy(EY(z))v(dz). Therefore,

1= Blyl = 312 = [ i (—v@)wda)
< fmltoy20) ot Ayl + 3P+ [ @)
E

which proves the second claim. ]
We are now ready to give the existence result for the Qexp-growth BSDE.

Theorem 4.1. Under Assumptions 3.1 and 3.2, there exists a solution (Y, Z 1)) to the
BSDE (3.1) which is unique in the space S* x H%,,0 % %0

Proof. We consider a sequence of the approximating BSDEs (4.2) with m € N. By the
standard result for the Lipschitz BSDEs (See, for example, Lemma B.2 in [16].), there
exists a unique solution (Y™, Z™ ™) € KP[0,T] for Vp > 2. Furthermore, by the sec-
ond claim of Lemma 4.1 and also by the universal bound given in Lemmas 3.1 and 3.2,
one can conclude that O™ := (Y™, Z™ ™) € S* x HQBMO X JQBMO and also that the
norm [[Y"|see + [[Z" |z, + [[¥™[l2,, is bounded uniformly in m by some constant
depending only on (v, 8,7, ||{||ccs ||!||cc). Thus, one can fix a positive constant M such
that ||[Y™|se, [|V"]|yc < M uniformly in m so that Kj; becomes m-independent.

Put, for each m,n € N,
Y™ = Y™ — Y, §ZM =M = 2", = — ",
5fm7n<3> = (fm - fn)(&Y;m, zJ", w;n) :
Since the BSDE (4.2) with ¥m € N satisfies Assumptions 3.1 and 3.2, Lemma 3.3 (b)

: ; m,n m,n m,n\||P ! T m,n pqz q%
implies that [|(6Y™", 62", 0¢™")|[c, < C' | E (fo |5 fm (s)\ds) for Vp > 2.

13



Thanks to the universal bound discussed above, one can take C’ and q¢ > 1 independent
of m,n. Assumption 3.2 and the definition of the truncated driver implies

6.f™"(s)]
‘f(S om(Ys"), em(Z5"), om (Vs OCm)) —f(s on(Ys"), on(Z5"), on (s OCn))}

1
< Ko (19 Lvomon + ([ 197 @PLguzormon (@)
o (12124 2007 ) |22z )

Therefore, by the Cauchy-Schwartz inequality,

B |(f ' |6fm’“<s>|ds)pq2] < czyzr] ' B |(f
[/ rwwﬁwm>m}u<dx>ds)p32]
res[([ i ras)” ] 5 ([ 120z )™ | R

where H™ := 1+ 2|Z™| + 2[[{)"[|r2(,) and C is some positive constant depending only on
(K, T, p,q). We know that HYmHSoo || Z™ HHQBMO meHJzBMO are bounded uniformly in
m and thus the energy inequality in Lemma 2.2 allows us to apply the extended Fatou’s

lemma (See, Theorem 7.5.2 in [2], for example) to (4.3).

T 2p3*) 2
1{mm|zmm}d8> ]

+CE

This gives
ptiQ
m,lrILI—I}ooE / / ‘w ’ ]—{Wm(g; |>m/\n}l/(d.’13)d8>
p -2
<E |lim suB / /WJS |1{\¢m(x)|>mAn}V(d5U)dS) ]’
and also

T ) P>
: m

T P32
: m|2
<E |:hm Sup (/ ’Zs ’ 1{\Z§”|2m/\n}d3> :| )
0

m,n—00

both of which converge to zero since the integrands go to zero dP ® ds-a.e., because

otherwise ||™ oo || Z™] ]HzB 1o, must diverge which contradicts the fact. Passing to the
52

limit m,n — oo in (4.3) yields lim,, oo E [(fOT \5fm’”(s)|ds)pq } = 0. Thus one can

conclude that limy, p—oo |[(6Y ™7, 6 2™, 60" ™)|[{-, = 0 and that there exists (Y, Z, 1)) €
KP to which (Y™, Z™ 1™) converges in the space KP for Vp > 2. By construction of the
approximating BSDEs, it is easy to see that (Y, Z,1) satisfies the original BSDE (3.1).
The uniqueness of the solution is already proved in Proposition 3.1.

One can also see the strong convergence directly in the space S x H2B Mo X J2 BMO-

Since S*° x ]HIBMO X JBMO is a Banach space, the universal bound on (Y, Z™ ™)
implies that (Y, Z,1) also belongs to this space. By the argument used in the proof in
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Proposition 3.1, one can show that lim, p—ye0 [|[Y" — Y"||gee = 0. Thus, by Lemma 3.3

(a), one obtains
T
5| [ sz

) is bounded uniformly in m,n due to the

lim (\
m,n—00 BMO

+ |[6yp™ ”J%MO) < lim C’(sup

m,n—0o0
’ TE']BT

)
)

Since (sup, ere|[E [S7 15570 (5)]ds| 7

universal bound, one can exchange the order of lim and sup operations to get

lim (\|5Zm"\|H2

m,n— o0 BMO

T
+ ||5wm’”||J2BMO) <C ( sup || lim E [/T |6fm’”(s)|ds\}'7]

TGTTHm n—00

which converges to zero since the convergence |@,,(0™) — ¢, (0™)] — 0 as m,n — oo
in KP for Vp > 2 has already been shown. Thus, one can conclude that (Y™, Z™, ™)
converges to (Y, Z, 1) also in the space S® x H%,,6 X J%,1/0- O

5 Malliavin Differentiability

In the reminder of the paper, we study the Malliavin differentiability of the quadratic-
exponential growth BSDEs. Among the various ways to develop Malliavin’s calculus, we
follow the conventions based on the chaos expansion used in Delong & Imkeller (2010) [13]
and Delong (2013) [12], which were adopted from the work of Solé et.al. (2007) [32]. See
also Di Nunno et.al. (2009) [14] for an extension to a multi-dimensional setup and other
applications (with only a slight adjustment of conventions).

For the detailed conventions, see Section 3 of [13]. Following the extension given
in Section 17 of [14], we denote (D;:’O,i € {1,---,d}) and (Dj_,i € {1,---,k}) as the
Malliavin derivatives with respect to (W;(t),i € {1,--- ,d}) and (g*(dt,dz),i € {1,--- ,k}),
respectively.

Note that a random variable F' is Malliavin differentiable if and only if F € D'2. Here,
the space D2 C L?(P) is defined by the completion with respect to the norm |- ||1 2 which
is given by

IFIR, :=E[1F|2}+é [ o 0F|2ds]+ZE[/ [ i

For notational convenience, let us introduce a finite measure m'(dz) = z?v'(dz) with
i€{l,---,k} defined on Ry and also ¢ defined on E := [0,T] x R* by

k
q(dt,dz) = 1,—odt + Z 1,022V (dz)dt.
i=1

We also introduce a space L1'2(R™) of product measurable and F-adapted processes x :
Q x [0,T] x R¥F — R™ satisfying

E /~ IX(sjy)l2(1(d8,dy)] < 00
x(s,y) € DY*(R"), for g-a.e. (s,y) €
E //yptzx s,9)2q(ds, dy)q(dt, dz)]
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Note that the space L%? is a Hilbert space endowed with the norm

e =8 | [ Ixts.)Patds.an)| + 2| [ [ 1Deoxts. Patds,agyacar, az)

The fact that the Malliavin derivative is a closed operator in L2 (See, Theorem 12.6 in
[14]) plays a crucial role later.

Suppose that (t,z) is a jump of size z at time ¢ in a random measure p’. We de-
note by wif a transformed family of w,i = ((t1,21), (t2,22),--+) € Q,: into a new fam-

ily with additional jump at (¢, z); wif = ((t,2), (t1,21), (t2,22),--+) € Qi . As for an

element w = (ww,w,1,w
t,z

02y ,Wuk) € Q in the full canonical product space, we de-

€ Q as the above transformation only in the corresponding element, such as

wh? = (ww, Wy, ,wt’f, <o w,k) € Q without specifying the relevant coordinate for no-

tational simplicity. By the same“reason, we also frequently omit ¢ denoting the direction of
derivative Di,z by assuming that we consider each Wiener (z = 0,7 € {1,--- ,d}) and jump
(z #0,i € {1,--- ,k})) direction separately (and summing them up whenever necessary,
such as when considering integration on E)

In order to apply the chain rule of the Malliavin derivative (Theorem 3.5 and Theorem
12.8 in [14] with the division by the jump size in the current convention), we adopt the

following explicit form of the driver:

note w

Vim e [ I(s0Z [ Gl ot s

_/t ZdW, — //% a(ds,dx), te[0,T], (5.1)

where £ : Q - R, f: O x [0, 7] xRxRxRF 5 R,and p' : R = R, G*: [0,T] xR = R
for each i € {1,--- ,k}. The last arguments of the driver denotes a k-dimensional vector
whose i-th element is given by

/ P ()G (5,01 () )
Ro

With slight abuse of notation, we adopt
0, i= (Yo Zo. [ p(:)Glr v (:)w(d:)), v e [0.7)
Ro

as a collective argument in this section.
Let us make the following assumptions for p and G:

Assumption 5.1. (i) For every i € {1,--- k}, pt is a continuous function satisfying
oy 19 @[i(de) <00
(ii) For everyi € {1,--- ,k}, G'(s,v) is a continuous function in the both arguments and

one-time continuously differentiable with respect to v with continuous derivative. More-
over, for every R > 0,

Gpr:= sup Z|G’sv|<oo
(s,0)€[0,TIx(|v|<R) ;.

/
= sup 0,6 (5, v)] < o0 .
(sw)€lo, T]x(|v|<R);
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We put without loss of generality that G*(-,0) = 0 for every i € {1,--- ,k}.
We modify Assumptions 3.1 and 3.2 according to the current parametrization:

Assumption 5.2. The map (w,t) — f(w,t,-) is F-progressively measurable. For every
(y,2,9) € Rx R x L2(E,v;R¥), there exist two constants 3 > 0 and v > 0 and a positive
F-progressively measurable process (Iy,t € [0,T)) such that

1= Blyl = J1el = [ =vta)otd) < f(taz [ @Gl vi)pldn)

Ro

<ot Blul + J1e + [ dr(wla)wldo)

1
dP ® dt-a.e. (w,t) € Qx[0,T], where jy(u) := ;(ew -1- fyu).

Assumption 5.3. (i) |{| and (I;,t € [0,T]) are essentially bounded: ||€||c + ||I||see < 00.
(ii) For each M > 0, and for every (y,z,v), (3,2, ¢') € R x R? x L2(E,v;R¥) satisfying

[l 191, 11l e @y 19 oo ) < M

there exists some positive constant Ky possibly depending on M such that

7t 2000) = (05 #00) | < Ko (1 = o'+ e — )

+Kar (1412l + 2] + uel + gl ) |2 = 2/

dP ® dt-a.e. (w,t) € Q x [0,T], where we have used u; := fRo p(x)G(t,¢(x))v(dx) and
uy = [, p(x)G(t, 9 (x))v(dx) for notational simplicity.

Remark

In the above assumption, using the fact that

lue] < lpllL2@)Gull¥llzwy,  Tue = wil < lpllize)Gulle — ¥l

one can see the consistency with Assumption 3.2. Therefore, under Assumptions 5.1, 5.2
and 5.3, there exists a unique solution (Y, Z, 1) € S® x H%,,5 X J%,,0 to the BSDE (5.1).

In order to obtain Malliavin differentiability, we need the following additional assump-
tions:

Assumption 5.4. With the notation uy = [p p(z)G(t,9(2))v(dx), ui = [ p()G(t, ¢ (z))v(dz),
(i) The terminal value is Malliavin differentiable; & € D2,

(ii) For each M > 0, and for every (y, z,v) € RxRIxL2(E,v; RF) satisfying |y|, [[1]|ee 1) <

M, the driver (f(t,y,z,ut),t € [O,T]) belongs to LY2(R) and its Malliavin derivative is
denoted by (Ds . f)(t,y, z,us). Furthermore, the driver f is one-time continuously differ-
entiable with respect to its spacial variables with continuous derivatives.

(iii) For every Wiener as well as jump direction, for every M > 0 and dP ® dt-a.e.

(w,t) € Q x [0,T], and for every (y,z,9),(y,2,¢") € R x R? x L2(E,v;RF) satisfy-

ing [yl; [Y']; [[¥]lLee ), 19 |[Lee ) < M, the Malliavin derivative of the driver satisfies the
following local Lipschitz conditions;

‘(Dé,of)(tvya 2 ut) - (Di,of)(@y,» Z,7u,)}
< KGO (Iy =o'+ Jun — gl + (14 2]+ 2] + el + ) 2 = 2')
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for ds-a.e. s € [0,T) withi € {1,---,d}, and

(D )ty 2 ) — (DAY, 2 uh)]
< KM (Iy = o'+ Jue — gl + (14 2]+ 2] + el + o) 2 = 2/))

for mi(dz)ds-a.e. (s,z) € [0,T] x Ry with i € {1,---,k}. For every M > 0 and
(s,2), (Kso (t),t € [0, T]) e ( Lit), ¢ [0 T])ze{l,m,k} are R -valued F-
progressively measurable processes.

(iv) There exists some positive constant p > 2 such that

1

[ (Bt ([ 10een i)™+ a2t 7] ) atas, i) < o0

hold for Yg > 1 and VM > 0.
(v) For the constant p > 2 in (iv), the following equality

ggz [ (ot ([ 1epyotar)™ s i) ) mitazyas o

hold for ¥Yg > 1 and VM > 0.

Sl

Remark

Assumption 5.4 (iv) implies, for ¢(ds, dz)-a.e. (s,z) € E,

P’ g v M 20’
B|1Duc€ + (| 1D o)lar)” + K2 | < o0

for Vp' > 2. We now give the main result of this section.

Theorem 5.1. Suppose that Assumptions 5.1, 5.2, 5.8 and 5.4 hold true and denote the
solution to the BSDE (5.1) as (Y, Z,v) € S® x H%,;0 X J%510- Then, the following
statements hold: (a) For each Wiener direction i € {1,--- ,d} and ds-a.e. s € [0,T], there
exists a unique solution (Y01, 250 04y e P[0, T with Vp' > 2 to the BSDE

. . T .
Ve = Dige+ [0 - / 280w, - / / G0 @)ildr,da)  (5.2)
t t

for 0 < s <t <T, where

%y = (D;()f)(r, 0,) + do f(r,©,)007
= (Diof)(r,0,) + 0y f(r,0,)Y % + 0. f(r,0,) 250

+0uf(1.00) | p@)0uGlr ()5 @ da)
T . .
The solution also satisfies / [[(Y5:00, z80: ) Ol)HKp OT]ds <00 .
0
(b) For each jump direction i € {1,--- ,k} and m'(dz)ds-a.e (s,z) € [0,T] x Ry, there
exists a unique solution (Y*%' Z5% *51) € S x H% 10 X J% 10 to the BSDE

Yo* = DI ¢+ / Fo2(r)dr — /t Z52 AW, — / / VR (2)a(dr, dz)  (5.3)
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for0<s<t<T and z # 0, where
, 1 , 1 ,
P = (@0 200 — Jwr0))) = Z{F (W Y 2

T 225, / p(2)G (1, 1y () +z¢ﬁ’z’i(az))u(dx)> ~ flw,r, @T)} .

Ro

T
The solution also satisfies /0 /R [|(Y*=", Zs’z’l,¢S’Z’Z)||%p[07T]ml(dz)ds <00 .
0

(¢) The solution of the BSDE (5.1) is Malliavin differentiable (Y, Z,1) € LY2 x 12 x 12,
Put, for every i, Yfz = Zfz = 1/;;’() =0fort <s<T, then <(Yf“, Zf’z’i, wf’z’i(a:)),o <

s,t <T,x €Rp,z € R) is a version of the Malliavin derivative <(D§7ZYt, D, Zy, D% ipy(x)),0 <

s;t<T,x eRpy,z € R) for every Wiener and jump direction.

Proof. Firstly, from Assumptions 5.1, 5.2 and 5.3, Theorem 4.1 tells us that there exists
a unique solution (Y, Z,¢) € S x H%,,5 X J%,,0- Since ||Y||se, |[¢)]|7ec < 00, one can
choose a constant M > 0 big enough so that the local Lipschitz conditions hold true for
the whole relevant range. We choose one such M and fix it throughout the proof. We also
omit the superscript ¢ denoting the direction of derivative by assuming that we always
discuss each direction separately.

Proof for (a): Firstly, the continuous differentiability of f with respect to the spacial
variables and the local Lipschitz conditions imply that

layf(ta yazaut)’ < KM, lauf(t,y,z,ut)\ < KM,
’a'a'f(tvy7z>ut)’ < KM(l + 2’2’ + Q‘UtD .

Thus, it is easy to check that the BSDE (5.2) satisfies Assumption A.2. Note that

(Ds0f)(r,07) < [(Dso f)(r,0)] + K51 Y| + [pllL20) Gl 90 [120))
K01+ [ Ze] + [[plLe ) Gl ¥l Iz | 21|

Thus, by Assumption 5.4 (iv) and Theorem A.1l, there exists a unique solution to the
BSDE (5.2) satisfying, for Vp' > 2,

T 'q =
H(Ys,o 75,0 ws,O)Hp' <C|(E||D f\p/’f + ( |(Dsof)(r,© )‘dr>pq2 g
, , }CP'[O,T] < 5,0 0 5,0 y Ir

=

q2 2 /=2
+ 1K 20117

T
<C <1 +E [\DS,Og\p’qz + (/0 [(Ds0f)(r, O)Idr>p

1
12 T 20'q° T 2/ @
VR ([ 122" ([ i) ]) " <

where C'is a positive constant depending only on (p’, q, 8,7, T, ||¢|]0cs ||!]|see, Kar) and q is
a positive constant satisfying 1 < ¢. < § < oo where the lower bound ¢, is an increasing
function of the H%,,;,-norm of Z*’s coefficient, which is also controlled by the universal
bound given by (8,7, T, ||{||cc, ||l||se). We have also used Lemma 2.2 to obtain the last
inequality. When p’ = p, the above inequality together with Assumption 5.4 (iv) implies

T
050,200 50 s < o0
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Proof for (b): Let us first consider the BSDE
T
VEF = £(wF) + / f(ws’z,r, 52z / p(z)G(r, \Ifﬁ’z(z:))y(dm)>dr
t Ro

T T
—/ Z32dW, — / / U (x)p(dr, dx) . (5.4)
t t JE

Although each path w has an additional jump, the BSDE satisfies the same local Lipschitz
as well as the quadratic-exponential structure conditions (Assumptions 3.1 and 3.2) for
m(dz)ds-a.e. (s,z) € [0,T] x Rg. Thus, by Theorem 4.1, there exists a unique solution
(Y52, 257 Us%) € S® x H% )0 X J% 170 to the BSDE (5.4) satisfying the universal bound
given in Lemma 3.1 and 3.2. Now, let us define,

Y§Z yor-Y 757 . Z5 - Z P = Wes —
: o : o =—

and then (Y%, Z5% 1%%) € S®xH%,,0 XI5 10 is a solution to the BSDE (5.3). Note that
D € := L(¢(w*?*) — &(w)). The uniqueness is obvious since otherwise (2Y** + Y, 2Z%% +

z

Z, z1p%* 41)) gives another solution to to the BSDE (5.4). Let us introduce a new collective
argument as =97 := (ysvz, 257, [g, P(@)G(r, \Il,snz(x))y(dx)> Then,

o) = L (F@n B - fr,6,)

z
Ei7z> _ f(ws,z’ T, @r>

z

- (Ds,zf)(ra @r) + f(ws,Z’ L

Let us put a d-dimensional F-progressively measurable process (b, r € [0,T]) by

) M{f(ws,z,r,n,z:,z, /R p()G(r, Y (2))v(d))

0

(@Y Zr, [ )Gl la)olde) Yz (2 = 2)

0

and the map f57 : Q x [0,T] x R x L2(E, v;R;,) — R by,
~ _ 1 _
[ (w,r, §,) = Ds.f(r,0,) + ;{f(ws’z,r, 2§+ Yo, Zﬁ’z,/R p(z)G(r, 29 (x) + wr(w))V(dw))
0
_f(wS,Z’ r, }/7“7 Z?Zv /

Ro

p(@)G(r, n(@)v(de) ) }
Then, (Y%, Z%% 1*%) can also be expressed as a solution to the BSDE
T, T T
Vet =Dags [ (Frrvesuryvn 2 )i - [ zeaw, - [ [ vt ds)
t t t JE

Note that |b,| < H,, r € [0,T] where H, := K <1+\Zr]5’z+\Zr\+2]\p\|L2(V)G§\4\|¢THL2(V))

and that H € HQB vo- Furthermore, the new driver satisfies a linear growth property

03,0 < [(Dee ), 00|+ Kar (1112 G112y ) - Thus, Lenuma A.1 implies
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that

1

T = 2
1072 = © (B[ 0ot ™+ ([ 10t 00ar) ™ )

= T pgq
<0 (148 106 4 ([ 1Den)0ar)"" L
1
/ 2

T 2p' 3 T 2037\ @
—|—||Y|‘2pq (/0 |Zr|2dr> + (A ”¢r|‘i2(l/)d7”) :|> < 00

for Vp' > 2, where a positive constant C' depending only on (p', q, 3,7, T’ ||€|| o, ||||s<, Kr)
and ¢ is a positive constant satisfying ¢, < ¢ < oo where ¢, > 1 is determined by
||H ||HzB o Choosing p’ = p together with Assumption 5.4 (iv) implies

T
| e 202 00l gymd)ds < o0
0 Ro

which proves the second claim of (b). Note that, we also have

S0, 25 ) g s, d2) < o

by combining the results (a) and (b).

Proof for (c): First step (Approzimating sequence of globally Lipschitz BSDEs)
We finally proceed to the proof for (c¢). Firstly, let us introduce a truncated driver as in
Section 4.1. For m € N, we define

G5, 0(2)) 1= G (5, 6m(® 0 (@) ), (5,5, 20) = F (5, 9m(y), om(2),u)

and thus for every (s,vy,2,%) € [0,T] x R x R? x L?(E, v;R¥),

(e [ pa)Gonls, vl

Ro

= 1 (5:0mon(@). [ p@IG (5:0m( 0 Cule))wlde)

Ro

We now introduce a sequence of approximating BSDEs,

—e [ (v [ oGt @)

_/t Zmdw, — / /zpr fi(dr, dz) . (5.5)

As in Lemma 4.1, it is not difficult to check that for each m the truncated driver f,,
is globally Lipschitz. Furthermore, it also satisfies the quadratic-exponential structure
condition in Assumption 5.2 uniformly in m € N. Thus there exists a unique solution
(Y™, Z™m ™) € S® x H% 0 X J%,0 to the BSDE (5.5) satisfying the universal bound
given in Lemma 3.1 and 3.2. Thus, there exists some constant C' > 0 depending only on
(8,7 T, [|&lloos [|I] s> ) such that

sup (1Y ™l + 12" s, + 1167 l3,.,) < €
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This also implies M > 0 can be chosen such that f,, satisfies the same local Lipschitz prop-
erty as the original driver f given in Assumption 5.3 with the coefficient Kj; independent
of m. From the proof for Theorem 4.1, (Y™, Z™,¢™) — (Y, Z,%) in S® x H% ;0 X J% 110

One can also check that, for each m € N, the BSDE (5.5) satisfies Assumptions B.1 as
well as B.2. Therefore Theorem B.1 implies that the approximating BSDEs are Malliavin
differentiable i.e., (Y™, Z™ ™) € L2 x L1? x LY2 for Vm € N.

Second step (Uniform boundedness of LY'2-norm of the approzimating BSDEs)
From the first step, one can define the Malliavin derivatives of (Y™, Z™ ¢™) for every
m € N as the solution to the following BSDEs: For every Wiener direction i € {1,--- ,d},
ds-a.e. s€[0,T] and s <t <T,
DigY" = Dt + [ Dighulriir— [ Digzraw,— [ [ Dy (@iitar,do),
t t t JE
Di,Ofm(r) = (Ds,Ofm)(’r? QT) + 8@fm(r> @T)D;,OQTa (5'6)

and for jump direction i € {1,--- ,k}, mi(dz)ds-a.e. (s,2) € [0,T] x Ry and s <t < T,

= Z£+/ D} fm(r dr—/ D Z™dW, — //w p(dr,dz),

Dl fmlr >.=;(f (w1, O] + 2DL.O]") = fun(w,7,O]"))

= (DL ) (1, O) + 2 (fnl, 7, OF +2D5,07) — fn(w®*,m,01)) . (57)

Here, we have defined O := (YTm,Zm Jro P (r, ™ (x))v(d )) for » € [0,T] and
slightly abused its notation in such a way that

fonlw™,7, O 4 2DLOF) i= fn (w57, Y + 2DLLY,", 27" 4 2DL L2
[ @G (07 + 2D ) o))
0

to save the space. For 0 < ¢ < s, one has D, .0}" = 0. Let us omit the superscript 7
denoting the direction of derivative in the following discussions.
Let us also define (for each direction i € {1,--- ,k})

Vo) =Y + 2Ds Y™, Z0.(8) i= 2" + 2Ds . 21",

S,%2

qj??z(t> ) =) + 2Ds ()

for (s,z) € [0,T] x Ry and t € [0,T], and denote its collective argument as

=0 1= (V0. 2200, [ p@)Gut W a)o(dn)

0

By Theorem B.1, we have already known that for ¢(ds,dz)-a.e. (s,z) € [0,T] x RF,
the BSDEs (5.6) and (5.7) have a unique solution (Ds.Y™, D, ,Z™, D .4™) € K2[0,T].
Furthermore, the arguments used in the proof for (b) and the fact that f,, satisfies the
quadratic-exponential structure condition uniformly in m also imply that

)SO,
BMO

sup (|15l + 1122 s
meN

BMO

+ [P,
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with some positive constant C' depending only on (3,7, T, ||¢||co, |[|l||s>). It then shows
(Ds Y™, D ,Z™, Ds ,4p™) € S x IHIQBMO X JQBMO Note also that, by the proof of The-
orem 4.1, we have the convergence =7°, := (V{",, 2", ¥Y,) — E%% 1= (Y%, 257, ¥*%) in
the space S* x H2BMO X J]QBMO.

By the same arguments used in Proof for (a), (b), one can apply Theorem A.1 to the
BSDE (5.6) and Lemma A.1 (or equivalently Lemma 3.3 (b) ) to the BSDE (5.7) to obtain,

'

/=2 T
||(Ds,.Y™, Dy . 2™, Dy 4™) H,Cp on <C (E {st,zslpq + (/0 |(Ds 2 fm) (1, @?”)!dr)

/= T pq
<C (1 +E [yps,zap T+ (/0 (Do /), 0)ldr) ™" 4 || L

1

T 2p'q* T 20'¢*\ @
Sy ([ 1zepa)™ ([ eigga) "))

both for Wiener (z = 0) as well as jump (z # 0) directions. Here, C' is a positive constant
depending only on (p/,q, 8,7, T, ||¢||co, ||||s=, Kar) and g is a positive constant satisfying
1 < g < ¢ < oo where the lower bound ¢, is an increasing function of the HQB MO-
norm of Dy ,Z™’s coefficients, which are also controlled by the universal bound given by
By, Ty 11€l|oos |1]|see ). In particular, they are independent of m. For Vp' > 2, due to the
energy inequality in Lemma 2.2, together with Lemmas 3.1 and 3.2 imply that the right-
hand side of (5.8) is bounded by some positive constant independent of m for q(ds, dz)-a.e.
(s,z) € E. In particular, Ds ,©™ € K’ [0,T] for Vp' > 2.

When one chooses p’ = p, Assumption 5.4 (iv) gives

sg%/ (DY, DanZ, Dy ct™)| 20y, dz) < oo (5.9)

Assumption 5.4 (v) and the fact that (©™),,cn satisfy the universal bound also imply that
the convergence

hmz/ / D.. Y™ D..Z™ Di y™) H,C,,[OT] (dz)ds
€0 |z|>€

=3 [ L D2 D i
i=1

is uniform in m € N. (See the discussion given just below (B.10). Thanks to the universal
bound, the arguments are much simpler here.)

Third step (Convergence of Dso©™ — ©%0 as n — oo in L12)

For ds-a.e. s € [0,T] and m € N, set
AS’OYm R Ys,O - D Ym AS,OZm R Zs,O - D Zm AS’O m ._ ,/,50 D m
= s,0 ) = s,0 ) w = 1/} s,0¢

and then (A®0Y™ As0Zm AsOym) ¢ CP'[0, T] with Vp' > 2 is the unique solution to the
BSDE

ASvOth—/tT(fs:O() Dyofm(r dr—/ ASOZM AW, — / /AS%T fidr, dz) .
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Since

o 2%() = Dy fn(r) = £°0(r) = (Do fin) (r, OF) + o fn(r, 07)03°)
+a®fm(rv @:‘n)(@?o - DS,OQT) )
o |£200) = ((Dsofmn) (. O1) + Do fin 1, 07)05°) |

< [(Dsp.f)(r,0r) = (Dso f)(r, O7")| + [(Ds o f) (r, ") — (Do fm) (r, O]
+]de f(r,0r) — o fun(r, O[O ,

Lemma A.2 implies that
/ H AS Oym AS OZm AS me H}Cp[o T]

<c [ (&[([ 1peanio0 - wuoniopar)”

+(/OT |(Dsof)(r, ©™) — (Ds o fm)(r, G,’TL)|dr> ?

)pﬂ > G ds  (5.10)

where, as before, C' > 0 and ¢ > 1 are constants independent of m. By (5.9), in order to
obtain

rq

T
+(/0 106 f(r,©,) — Bo fin(r, 0|0

lim / H ASOYm ASOZm Asowm H’CP[OT =0

m—ro0

it suffices to show hmm_moH ASOym AsOzm  AsDqyym) HICP 01 = = 0. for ds-a.e. s €[0,T].
Let us check, each term in (5.10). By the local Lipschitz property, the first term yields

E {(/OT (D00 = (DuarOmlar)™ |
< CE[HK H2pq } |:H5ymH2pq </{)T|’5¢T"i2(y)dr)pq2}2

+CE [”K M 20 (/OT \Hm(r)ﬁdr)ﬂ : E {(/OT |5Zﬁ\2dr)”‘72] : (5.11)

where the process H™ is defined by H™(r) := 1+ |Z,| + | Z]"| + [[¢r|lL2w) + [[¥7 L2
and (Y™, 6Z™, 0p™) = (Y — Y™, Z — Z™4p — ™). Since H™ € H%,,, with the norm
dominated by constant independent of m, the convergence of ©™ — © in S® x H%,,, x
J% o implies that (5.11) converges to zero as m — co. Secondly, by definition of the
truncated driver, one has

(Do f)1:07) = (Daof) (re oY) 20, | p@)G(0, om0 G )od))

Ro

Since both of (0™, ¢, (©™)) converge to ©, the convergence of the second term can be
shown in the same way as the first term. Let us now consider the third term. By the
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Cauchy-Schwartz inequality,

pq?

E [(/OT 00 f(r,0,) — Do fin(r, GT)H@?O!dT) }

<E [(/OT |00 f(r, ©r) — Do fn(r, @:n)|2dr)l’(72:| > . [(/OT |@f;0|2dr>p‘72r |

Using the extended Fatou’s lemma for uniformly integrable variables (Theorem 7.5.2 in
[2]), one obtains

m—0o0

lim E [(/OT 106.f(,0,) — Do fin(r, @:ﬁ)y?dr)pﬂ

<E [nm s (| 060 £(0,) — o fu(r: ewdr)ﬂ —0
0

m—00

since the integrand goes dP ® dr-a.e. to zero by the convergence ¢,,(0") — ©O. This
finishes the proof.

Fourth step (Convergence of Ds ,0™ — ©%% (2 #0) as n — oo in L12)
For each direction of jump, let us put
ASEY™ . Y SE Ds7zym, ASZZM _ 78% Ds,zZm7 Ad}m _ ¢s,z _ Ds,z¢m )

Then, (AS2Y™ ASZZ™ AS#)™) € S x Hj,,0 X J550 18 the unique solution to

o= [ (520~ Dutn))ar — [ asezaw, [ [ aveyuaran

with t € [0, 7.
Let us define a d-dimensional F-progressively measurable process (b7, (r),r € [0,T])
by

(W™, 1, B0 (1) — fin (02,1, 204 (7))
b (w,m) = RYXSV7aE Lasszpr0 A" 2

8,29

where ég”z = (VL Z™ + 22, [, Gu(r, (-, 2))v(dr)) which differs from Z", only in
the second component. It also converges EQ"”Z — =%% in S X HQB Mo X JQB yvo- We also
introduce a map fI% : Q x [0, 7] x R x L?(E,v;R¥) — R by

~ _ 1

sr,nz(wv T, ?j, Tb) = (DS,Zf)(Tv @T> - (DS,me)(Tv 67731) - ; [f(w&zv ) @T) - fm(ws,z’ T, @;n)]

1
—|—;{f(ws’z,7“, 27 + ygzz(,r) + 5Y;~m> Z%%z

[ PG (w) + W) + 0 @) d)) — R ET)
Ro
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Then, one can see that (AS?Y" AS*Z™ A%Z™) is the solution to the BSDE

T ~
Ay = [ (o A AT + L) - A2 ) ar

/A”Zde //Aszwm w(dr, dx).

By denoting an F-progressively measurable process H;", as
HI(r) 1= Ko (14 | Z000) |+ 227 + 1627 + 2ol Gl 020z )

one obtains |b7"(r)| < HI"(r) for Vr € [0,T]. Here, H", € H%,, and for m(dz)ds-a.c.
(s,z) € [0,T] x Ry, its norm I S7ZHH2BMO is dominated by some constant independent of
m thank to the universal bound. Furthermore, the new driver satisfies the linear growth

property
(g, )] < 70, 0,0) 4+ Kone (191 + 1l 2 Gal 18 L20))

and

(5, 2)(1.0,0)] < |(Dazf)r0r) — (Das o) (1 O + | F(@5,1.0,) — funlo, 7, O]

2|
1
+ m‘f(w‘g’Z?TFH ()) fm( ) 7:?z(r>)’
+ R (189714 1807 +H272<r>|6zm) (5.12)

where C' is a positive constant depending only on [[p]|r2(,y, G, and
HeL(r) = 1421207+ [0Z7 ] + 2| ¥E (v, 2wy + 1097 [z w) -

One sees H, € H%,,, and its norm is dominated by m-independent constant m(dz)ds-
a.e. (s,2) € [O T] x Ry thanks to the universal bound.
By applying Lemma A.1, one obtains

H(Aszym ASZZm Aszwm H’CP[OT

Q|
m"“

< CE [(/OT [(Ds,2f)(1,©r) — (Ds. 2 ) (1, @md’”)pﬂ

1
Calf" 5,2 52 m 3| @
+W]E -(/0 |f(w , T @’r‘) - fm(w , T, @,,, )|d’r’) :|
Calf" = - pg° #
7E 5,2 Em - 8,2 Em
P (/0 |f (W™=, r, EJL(r) = falw™,m, s,z(r))!dr) }
1
¢ i ! m m m m p3?] @@
ot (/0 [18Y,™] + (169 2y + HI (1) |0 22 |]dr) } , (5.13)

where the positive constants C' and ¢ > 1 are m-independent as before.
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Due to the result of the Second step, the order of limit operations can be changed,

lim lim/ / [(AS2Y™ A2 Z™ ASZ™) H}CP[OT m(dz)ds
|z|>€

m—o0 €0

—lim lim / / (A Y™ A2 2 A [, m(dz)ds
|z|>¢€

el0 m—o0

T
:hm/ / lim [[(A®*Y™ A®#Z™ A5 ™) HKPOT m(dz)ds,
|2[>€

el0 m—00

where (5.9) is used to obtain the second equality. Therefore, in order to prove the conver-
gence A**O™ — ©%% in 12 it suffices to show, for m(dz)ds-a.e. (s,2) € [0,T] x Ry,

lim H ASZYm ASEgm Aszwm H]Cp()T] 0.

m—0o0

This can be easily confirmed from (5.13) by noticing the fact that (0™, ¢, (0™)) — ©

and (Z7 Ees cpm(”m )) — E%% converge in S® x H%,,, % J%,,0 and hence also in K7’ for
vp' > 2.

Finally, the closability of the Malliavin derivatives in .12 (See Theorem 12.6 in [14].),
one concludes (Y, Z, 1) € L1? and that (Y52, Z%% ¢*?) is a version of (D .Y, Ds ,Z, Ds ,1).
O

Corollary 5.1. Under the assumptions of Theorem 5.1, we have
(i) ((D;()Yt)fp,t € [O,TD is a version of (Zf,t € [O,T]) forie{l,---,d},

(ii) ((zDazYt)P,(t,z) € [0,T] x Ro) is a version of (wg(z),(t,z) € [0,T] x Ro) for
ie{l,---,k},
where (-)7 denotes the predictable projection of a process.

Proof. See Corollory 4.1 in [13]. O

6 An application: Markovian forward-backward system

6.1 Forward SDE

As an important application, we consider a Qexp-growth BSDE driven by an n-dimensional
Markovian process (X se [0, T]) defined by the next SDE:

Xt =t [ b X + / o(r, XL7)AW, + / / r XU Ofi(dr.de)  (6.1)
t

for s € [t,T] and put X¢* = z for s < t. Here, z € R", b : [0,T] x R* — R", ¢
[0,7] x R® — R™ 9 and v : [0,7] x R* x E — R™*k_ Let us introduce n : R — R, by
ne) = 1A el

Assumption 6.1. The functions b(t,x), o(t,z) and v(t,z,e) are continuous in all their
arguments and one-time continuously differentiable with respect to x with continuous
derivatives. Furthermore, there exists some positive constant K such that

(i) |b(t,0)] + |o(t,0)| < K uniformly in t € [0,T].

(ii) [0:b(t, x)| + |00 (t, z)| < K uniformly in t € [0,T].

(iii) For each column vector i € {1,--- k}, |7'(t,0,e)] < Kn(e) uniformly in (t,e) €
[0, T] X Ro.
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(iv) For each column vector i € {1,---  k}, |07 (t,x,e)| < Kn(e) uniformly in (t,z,e) €
[0,T] x R™ x Ryg.

We have the following result:

Proposition 6.1. Under Assumption 6.1, there exists a unique solution X4* € SP[0, T
with Vp > 2 for every initial data (t,x) € [0,T] x R™. Furthermore, the process X" is
Malliavin differentiable X%* € LY and satisfies, for ¥p > 2,

| E[IDuex 1, d2) < O+ ol
E

with some positive constant C depending only on (p, T, K).

Proof. The fact that X%* € SP[0,T] with Vp > 2 is rather standard. See, for example,
Lemma A.3 in [16]. The existence of Malliavin derivative follows from Theorem 3 of Petrou
(2008) [31]. This implies, for u € [t,s] and i € {1,--- ,d},

D Xb" = o'(u, XL") + / Oab(r, XL") D}, o X 1" + / Opo (r, XD}y o X 1* AW,
/ / Dpry(r, X1" )DQOXﬁ"”ﬁ(dr, de) ,

and for (u,z) € [t,s] x Rp and ¢ € {1,--- ,k},

A t,x U’th t,x t,x
Di_ Xt = D b(r, X5%)dr + D o(r, XL5)dW,

/ / Di_A(r. Xﬁf,e>ﬁ<dr, de)

where both ¢¢ and 4% denote the i-th column vectors, and for ¢ = b, 0, ,

o(r, Xm—i—,zDZ LXEY — o, X0

D, lr, X1) 1= -

By Lemma A.3 [16], the above SDEs satisfy the a priori estimates

E |l DuoX*Ih] < 1. |lo(u, X277

< CprkBJo(u, 01 + IX5] < Cprc (1 + |o”)

and
X 2) P
(1D, X113] < Gy || 10202
z
7(“) 07 Z) p t,x||p p
< Gy || T2+ X1 | < Corae(L+ o)
Since ¢(du,dz) on E is a finite measure, the claim is proved. O

6.2 Qoxp-growth BSDE driven by X"

In many applications, there appears a BSDE driven by a Markovian forward process. Let
us consider a Qexp-BSDE driven by the process (Xﬁ’gg, s €[0T ]) introduced in the last
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section;

T
Y;,t’x _ f(X;la:) +/ f<7’, Xﬁ,x,y;nt,x7 Zﬁ’x7/ p(e)G(T, ¢T(e))u(de)>d7"

Ro

_ / t Zﬁ’”dW:— / ' [E UL (e)f(dr, de) (6.2)

for s € [t,T] and put (Y&©, Z0" i") = (V}"",0,0) for s < t. Here, £ : R" — R,
f:00,T] x R* x R x RY x R¥ — R are measurable functions. We treat Z and 1) as
row vectors for notational simplicity. In this setup, the driver f is deterministic without
explicit dependence on w, which is now provided by the dependence on X%*.

Assumption 6.2. For every (z,y,2,%) € R x R x R? x L2(E,v;RF), there exist two
positive constants B > 0, v > 0 and the non-negative measurable function 1 :[0,T] — Ry
such that the measurable function f satisfies

1= Blyl = 312 = [ (i) viae) < 1tz |

Ro

ple)G(L, v(e) v (de))

<ot Blol+ J1ef + [ 02 (0ot

1
dt-a.e. t € [0,T], where j,(u) := — (67“ -1- 'yu).
Y

Assumption 6.3. (i) |{(xz)| 4+ I; is bounded uniformly in (t,x) € [0,T] x R™.
(i) For each M > 0, for every x € R™ and (y,z,7), (v, 2,¢') € R x R? x L2(E, v;RF)
satisfying

[yl 19| 1] oo () 119 lLow (1) < M,

there exists some positive constant Ky (possibly dependent on M ) such that

|f<t7x7y7z7ut) - f(t7x7y/7zl7u;f)‘
< Kt Iy = v/l + ue = wy]) + Kor (1 2] 4 1] + Juel + ] 2 = 2|

where we have used the short-hand notation u; := fRo p(e)G(t,¥(e))v(de) and uj =
Jry PE)G(t, ¢ (€))v(de) .

The following result is obvious:

Lemma 6.1. Under Assumptions 5.1, 6.1, 6.2 and 6.3, there exists a unique solution
(Yhr, Zte ) € S0, T x H% 1,010, T) X J% 3,010, T to the BSDE (6.2) for every (t,z) €
[0,T] x R™.

We denote OL" := (th"’f, Z0%, [g, Pe)G(r, wﬁ’m(e))l/(de)) as a collective arguments for
the solution indexed by the initial data (t,z).

Assumption 6.4. (i) £ and the driver f are one-time continuously differentiable with
respect to the spacial variables with continuous derivatives.
(ii) There ezists some positive constant K such that |0,¢(x)| < K as well as |0, f(t,2,0,0,0)| <
K uniformly in (t,z) € [0,T] x R™.
(i4i) For each M > 0, for every x € R™ and (y,2,9), (y/,2,¢') € R x R? x L2(E,v; R¥)
satisfying

. 1 9l 1 ey < M,
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there exists some positive constant Ky (possibly dependent on M) such that

|a$f(t7x7yazaut) - 8xf(t737:y/73/7ug)‘
< Kt (Iy = v/l + fue = wy]) + Kor (1 2] 4 2] + el + ] 2 = 2|

with the short-hand notation uy := fRo p(e)G(t,¥(e))v(de) anduy := fRo p(e)G(t, ' (e))v(de) .
One sees that Assumption 6.4, together with Assumption 6.3, implies

100 f(t, 2y, 2,ue)| < CEar(L+ [yl + |27 + [wl?), [0y f (82,9, 2,u)] < K,
y

|62f(t7x>y7 2, Ut)| < KM(l + 2|Z| + 2|ut|)? ‘6Uf(t7$7y7 Z,Ut)| < Ky ;
where C' is some positive constant.
Theorem 6.1. Under Assumptions 5.1, 6.1, 6.2, 6.3 and 6.4, the solution of the BSDE
(6.2) is Malliavin differentiable (Y%, Zt% b)) € LY2 x LY2 x LY2 for every initial data
(t,) € [0,T] x R™. A wversion of ((D?Oy;}’z’DQOZ}I,D;Ow:@(e)),O < sr <Te €

Ro is the unique solution of the BSDE
ieq }

[N

e i e i e
s0Yy " = DgoZ," = Dy g "(+) =0, 0<u<s<T,

5,07

DY = 0,6 DL X +

u

FH0N(r)dr — / D} o Z)"dW,

T
- [ [ Dt de). e sy
u E ’
where
FOr) = 0 (r X1, O DL X7 + 00 (X1, 017) DOl

Moreover, for a given ds-a.e. s € [0,T], (D% Y"", D%z, D yp"") € KP[0,T] with
Vp > 2.
A wersion of ((DQZY}}’E,D;zZ,t«’x,Dgzwf«’m(e)),O < sr <T,ezc¢€ Ro) is the

unique solution of the BSDE

DL Yi* =D, Zb" =D, gi*()=0, 0<u<s<T,

s,2%u
. . T . T . T .
D! Yyt = ¢zt —|—/ 554 (r)dr — / DL, ZE AW, — / / D: b (e)pi(dr, de)
’ U U ’ U E '
for w € [s,T] where

ot §(X7" +2DL X7") — &(X7")

z

. 1 . ) .
Freir) = (X0 4+ 2DLLXET, YT 4 2DL Y, 200 4 2Dl 2t

s,24r

[ AOGE ) + 2Dl @ wlende) - fr X100}
Ro

Moreover, for a given m'(dz)ds-a.e. (s,z) € [0,T] x Ry, (D, Y"* Di Z'"* D. 45*) e
S%°[0,T] x H,,000,T] x J%,,010, T7.

Proof. Tt suffices to check Assumption 5.4 to hold so that Theorem 5.1 can be applied.
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(7), (13) are obviously satisfied due to the Malliavin’s differential rule (Theorem 3.5 and
Theorem 12.8 in [14]). The local Lipschitz condition (iii) is satisfied if we replace K2 (r)

by Kar|Ds. X2"|. This is easy to see for a Wiener direction (z = 0). For a jump direction
(z # 0), notice that

1
(DS’Zf)(T,y, 2, ur) = ; [f(T‘ th + 2D zX ' Yy Z,’LLT) - f(ﬁ Xﬁ’x,y’ Z,UT)]
1

_ < / 7“ X5 402D, X5y, z,ur) d0> D, Xt
0

which implies

‘(Ds,zf)(r7 Y, 2, U’T) - (Ds,zf)(r7 y,a Z,v u;")}
1

< |Ds» DT+ 02D, X0y, 2, up) — O f(r, XE* + 02Ds . X" o/, 2/ ul)|dO

< KM‘DS,Z

(ly = o/1 + e =g+ (L 2]+ 12/ + el i ) |2 = 2]

Since | Dy €| < K|Ds . X5"| and |(Ds..f)(r,0,0,0)| < K|D,,X,"|, one can confirm that
(iv), (v) are satisfied from an inequality
T P
1Dl + ([ 10e0)00.0,0)0ar)" + KD X
0
< Cpuctin 7|1+ 1D X | < Gy (1 + [2f)

uniformly in (s, z) € [0, 7] x R for ¥p > 2 (See, proof of Proposition 6.1.). O

Corollary 6.1. Under the assumptions of Theorem 6.1, let us define the deterministic
function u : [0,T] x R" = R by u(t,z) := Y,"*. Then, u(t,z) is continuous in (t, ), one-
time continuously differentiable with respect to x with continuous derivative. Moreover,

(Zt,x(s))z - azU(S,Xzf)O'i(S7X;f), t<s<T 7i € {]-> T 7d}

( t7x(z)>z - ’U'(S7)(§f + 71(87X§f7z)) - u(S7X§f)7 3 S S S T 7i € {17 e 7k}

s

where o* and ~* denotes the i-th column vectors.

Proof. By replacing a priori estimates for the Lipschitz BSDEs of Lemma 5.1 in [16] with
the local Lipschitz ones given in Theorem A.1 and Lemma A.2; one can follow the same
arguments in Theorem 3.1 in [25] to show that the function u(t,z) is continuous in the
both arguments and one-time continuously differentiable with respect to  with continuous
derivatives. Then the fact that

7 te 1 t,x 7 te __ 1 t,x
Ds,OXs =0 (S’Xs )7 ZDs,sz =7 (S’Xs ’Z) )

Corollary 5.1, and the Malliavin differential rule for a continuously differentiable function
give the desired result. O
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A An a priori estimate and BMO-Lipschitz BSDEs

A.1 An a priori estimate

Firstly, we establish a priori estimate which plays a crucial role throughout the paper.
Although it is very similar to that of BMO-Lipschitz BSDEs, which will be discussed in
the next section, it has a much wider range of application. See discussion in Section 3 of
Ankirchner et.al. [1] for diffusion setup. Let us consider the BSDE, for t € [0, 7],

T T T
V=gt /t F(5, Yo, Zayb)ds - /t ZedWW, — /t /E G (@ids,dz) . (A)

where £ : Q - R, f: Qx[0,T] xRxRIxL?(E, v;RF) — R. We treat Z, ¢ are row vectors
for simplicity. We introduce another driver f: Qx[0,T] xR x R x L2(E,v;R¥) — R.
The crucial point of the next assumption is that the process (Hy)icp 7] is not forbidden
to be a function of (Y, Zt, ¥t)iecpo,17-

Assumption A.1. (i) The maps (w,t) — f(w,t,-), f(w,t,-) are F-progressively measur-
able. & is an Fr-measurable random variable.

(ii) There exists a solution (Y, Z,1) to the BSDE (A.1) satisfying Y € SP for Vp > 2.
(iii) For every (y,z,¢) € R x R x L2(E,v;R¥), the driver f satisfies with some positive
constant K such that >

[f(w,t,y, 2,9) < g + K |yl + [2] + [[¥][L2))
dP @ dt-a.e. (w,t) € Q x [0,T], where (g;,t € [0,T]) is an F-progressively measurable
p
positive process. Moreover, & and g satisfy, for Vp > 2, E [[«S\p + (fOT gsds) } < 00.

(iv) With the solution (Y, Z,1) to the BSDE (A.1), there exists an F-progressively mea-
surable positive process (Hy,t € [0,T]), H € H%,,o such that

‘f(‘SvY:Sv Zsﬂ/)s) - f(87Y87 Zsaws)| < HS‘ZS‘
for dP ® ds-a.e. (w,s) € Q2 x[0,T].

Lemma A.l. Suppose Assumption A.1 hold true. Then the solution (Y,Z,1) to the
BSDE (A.1) satisfies, for ¥p > 2,

10,20 oy < © (|60 + ([ )™ ])

with a positive constant q satisfying q. < q¢ < co whose lower bound q,. > 1 is controlled
only by ||H| |HQBMO, and some positive constant C' depending only on (p,q, T, K, ||H||g2 ).

BMO

Proof. Define a d-dimensional progressively measurable process (bs, s € [0,T]) by

f(sa Y87 mes) - f(s, Y;a Zsaws)
|Zs|?

bs = ]-ZS#OZS’

which satisfies |bs| < Hy and hence b € H%,,, whose norm is dominated by ||H HHQB o

Using the process b, (A.1) can be written as

n—§+/tT(f(s,n,Zs,ws>+bs-Zs)ds—/tTstWs—/tT[Ews(xM(ds,da:)

3This can be generalized to a monotone condition.
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and hence under the new measure Q defined by dQ/dP = Er (b« W), one obtains

Y, = g+/ sts,zs,ws)ds—/t Z,dWe - //w Uds,dz)  (A2)

where W@ .= W — fo bsds and 1% = Ji due to the independence of (W, 7). By the linear
growth property of f , one has

Yol (5. Ve, Zoy ) < 1Y) (g5 + K (Yl + 1Z] + sl )

and hence for VA > 0

~ K2
Yof(5, e 20 ) < VP (K + 55 ) + [Yelgs + ANZP2 + [l
Thus by choosing V,* : (K + 35y )t and N} = fot gsds, the BSDE (A.2) satisfies Assump-

tion B.1 in [16]. Then Lemma B.1 in [16] of an a prior estimate for the BSDEs with a
monotone driver implies, for Vp > 2,

T
H(YZU) HICP(Q [OT]<CE [|£|p+</0 ngS>P]

with some positive constant C' = C), g v depending only on (p, K, T).

By the properties of the BMO martingales, one can choose 7 > 1 with which both of
E(b+xW) and E(—bxWQ) satisfy the reverse Hélder inequality (See Lemma 2.4 and the fol-
lowing remark.). Define ¢ = =I5 as its dual. Let us put D := max(||E(bxW)|[Lrm), [|E(—

WQ)HU(Q)), which is dominated by some constant depending only on || H | |HzB o(®)- Then
one obtains

|V, 20 oo = E° [ET(—b*WQ) <||Y|\§,+(/ 1Z| d8>% (/0T1|w3|iz(u)d5)g>]

DI|(Y. 2, 9)|[oa )

IN

Q[o,7]

q T pd
Cpqx1D <E@ [|§|pq + (/ gsds) D
0
1
T N
= CP@K,TDH_% <E [|§\p‘?2 + (/ gst>Pq D "
0

which proves the desired result. O

Q=

IN

A.2 BMO-Lipschitz BSDE

In this subsection, we study the properties of the BSDE with a locally Lipschitz driver
where the Lipschitz coefficient for the control variable belongs to H% mo- In the diffusion
setup, the details have been discussed by Briand & Confortola (2008) [6]. As we have
announced before, we keep the reverse Holder property only to the continuous part and
assume only the standard Lipschitz continuity for the jump coefficient.

Assumption A.2. The map (w,t) — f(w,t,-) is F-progressively measurable.
(i) There ezist a positive constant K and a positive F-progressively measurable process
(Hy,t €[0,T)) € H%,,0 such that, for every (y,2,9), (¥, 2',1") € R x R? x L2(E,v;RF),

@t y,2,0) = fw 9, 2,0 < K (ly =o'+ 119 = ¥l + Hiw)lz = 2!
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dP @ dt-a.e. (w,t) € Qx[0,T].
(ii) & is Fp-measurable and, for Vp > 2,

E{mp+<ATU@JUl®WQﬂ<<w-

Theorem A.l. Under Assumption A.2, there exists a unique solution (Y, Z,1) to the
BSDE (A.1) and it satisfies, for Vp > 2,

102 9) liopo.ry = < [iﬁlpq (/OT!f(s,0,0,0)|d8>pq2]>;2

with a positive constant q satisfying q. < ¢ < oo whose lower bound q. > 1 is controlled
only by ||H| |HzBMo, and some positive constant C' depending only on (p,q,T, K, ||H||g2 ).

BMO
Proof. Define a progressively measurable process (bs, s € [0,7]) taking values in R? by

f(s)}/;) Z57¢S) - f(S7Y:970)1/}S)
|Z,[?

bs = ]—ZS;éOZs
then |bs| < Hy and hence b € H%,,, and its norm is dominated by HHHHQBMO. Under the
measure Q defined by dQ/dP = Ep(bx W),

T T T
Yi—c+ / F(5,Ya,0,0b5)ds — / Z,dWQ / u(2) 7% (ds, dz) (A.3)

t

where WQ =W — fo bsds and i@ = Ji. As discussed in Lemma A.1, one can choose 7 > 1
with which both of £(b* W) and £(—b x WQ) satisfy the reverse Holder inequality and
q = 71 as its dual. Let us put D := max (|[€(b* W)||Lr@), ||E(—b* WQ)HU(@)), which is
dominated by some constant depending only on ||H || 2 O (B)

It is clear that the BSDE satisfies the global Llpschltz properties under the measure
Q. Furthermore, the following inequality is satisfied due to (reverse) Holder inequalities:

EQ {’5"’+</0T|f(370)‘ds)p} _ [ (b*W)(’f‘P (/O |f(8,0)‘ds)p)}
< (efe0wy])’ (E[('ﬂ” (/0T|f<s,0>|ds)”)j>q

< C3DE [|€’pq+ (/OT \f(s,O)]ds)pq] < 00 .

Thus, by Lemma B.2 in [16], one concludes that there exists a unique solution (Y, Z, ) to
(A.3) in Q and hence also to (A.1) in P. Furthermore by the same Lemma, it also satisfies,

T

Q=

T P
107 2,0 < Cpa®® e+ ([ 176s.001s)"]
We thus have

1 Z, ) oy < CaD ||V 29[
1 9 T 7>
< CuanrD™* % ([l + ([ 116s.01as)" | )"
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which proves the second part of the claim. ]

Now, we gives the stability result which is required to show the strong convergence
of the quadratic-exponential growth BSDE. Consider the two BSDEs with i € {1,2}
satisfying Assumption A.2;

T
yy:gi+/ fi(s, Y, 78, w’)ds—/ ZidW, — / /w’ fi(ds, dx) (A.4)
t t
and put
Y =Y '—Y? $§Z2:=2'—-2Z% =yt — P
(Sf(S) = (fl - fz)(saysl’Z;7w;)‘

Lemma A.2. The unique solutions (Y, Z¢ 4%),i € {1,2} to the BSDEs (A.}) under
Assumption A.2 satisfy

167,826y, = © (2 e+ ( [ o70010)"" ) i

with a positive constant q. < q < oo whose lower bound q. > 1 is controlled only by
||H||HQBMO, and some positive constant C depending only on (p,q, T, K, ||H||g2 ).

BMO

Proof. Let a process (bs, s € [0,T]) be defined by

P8,V 25, w5) — 25, Y4 22, 4)

bs =
|0 Z5|?

1s57,4002Zs

which satisfies |bs| < Hs by the assumption and hence b € HQB mo- By defining the measure
Q by dQ/dP = Ep(b* W), one obtains

T
Vi o¢+ [ (5£05)+ £ Y, Z2,04) = (Y2, 22,02 ds
t

—/tT5stW5Q—/ /6¢S Q(ds, dx). (A.5)

As in the previous theorem, we can choose 7 > 1 with which both of £(b* W) and
E(—bx WQ) satisfy the reverse Hélder inequality and g as its dual. We also put D :=
max (||E(b* W)||Lrp), ||E(=b * WQ)HU(Q)) as before.

Since |f2(t,y,z,9) — f2(t,y,z,¢")] < K(|6y| + [|6¢12()), the driver of the BSDE
(A.5) satisfies the linear growth. Thus, the same technique used to derive an a priori
estimate for the linear-growth BSDEs yields

T
1(6Y,62,80)|[¢.,q) < Cp.ic7EC {y(sau (/O |6f(s)|ds)p} .

(See, for example, Lemma B.1 of [16] and its proof.) Thus, one obtains from the same
procedures used in the previous theorem

T 52 L%z
(6Y:62.60)|[% ) < Cparer D™ (E {|55|Pf72 + (/0 64(s)|ds)” D ,

which proves the claim. ]
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B Malliavin differentiability for Lipschitz BSDEs with jumps

In order to show Malliavin’s differentiability of Qexp-growth BSDEs, we have to establish
the differentiability for Lipschitz BSDEs with slightly more general setup than what was
proved in [13] and [12]. For convenience of the readers, we give the detailed proof in
this section. We closely follow the arguments used in El Karoui et.al. (1997) [15]. The
complication relative to a diffusion case is the treatment of small jumps. The difference
from the work [13] is a local Lipschitz condition instead of the global Lipschitz condition
for the Malliavin derivative of the driver 4.
We consider a BSDE defined by

Vet [ (Y [ oG inlaian)is

_/t Z.dW, — / /% f(ds, d) | (B.1)

where £ : Q — R™, f: Q x [0,T] x R™*4 x Rm*k — R™. Here, Jr, P(@)G (5, 9s(7))v(dx)
denotes a k-dimensional vector whose i-th element is given by fRo pH(x)G(s, Vi (z))vi(dw)
where p' : R — R, G : [0,7] x R — R. With slight abuse of notation, we use

0 1= (Vi 2o, [ plo)G(r v (0)w(do))

as a collective argument in this section.

Assumption B.1. (i) For every i € {1,--- ,k}, p'(s) and G(s,v) are continuous func-
tions in s € [0,T] and (s,v) € [0,T] x R, respectively. We set without loss of generality
that G*(-,0) = 0 . In addition fR |p!(z)|?vi(dz) < oo, and with some positive constant K,

G satisfies
|Gi(s,v) — G'(s,v)| < K|v —4'|, for every s € [0,T] and v,v" € R.

(i1) The map (w,t) — f(w,t,-) is F-progressively measurable, and for every (y, z,u), (v, 2',u') €
R™ x R™*d 5 R™*k  there exists some positive constant K such that

[flw toy,z,u) = flw t g, 2 )] < K(ly — o] + |2 = 2/ + [u = u])
dP ® dt-a.e. (w,t) € Q x[0,T].
(iti) & € LYQ, Fr,P) and (f(t,0),t € [0,T]) € H*[0,T].
Remark

Due to the property of G and p, it is easy to see that

[ pl)Gts,vutenmtan) — [ pw)6ls. it < K.~ vl

“In addition, we think that the result of [13] misses the one condition for the driver

13{8/; /\Z\SCE {(/OTKDS,Zf)(r, o)|dr)1 2u(dz)ds = 0 .

This stems from an error in the estimate (4.15) and (4.16) (and hence (4.21),(4.22)) in the proof of Theorem
4.1 of [13]. Note that if one choose f: f, then (175’2, ZS’Z, ﬁs’z) cannot be chosen as zero. The left hand
side of (4.16), for example, should still be ||Y** — Y*%|[g2 +---. Adding the contributions from Y*? etc
would yield the consistent result to the analysis given here.
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with some constant K’ > 0. Thus, Assumption B.1 yields the standard global Lipschitz
conditions. By Lemma B.2 in [16], the BSDE (B.1) has a unique solution (Y, Z,¢) €
K*4[0,T). In order to show the Malliavin differentiability, we need additional assumptions.

Assumption B.2. (i) For everyi € {1,--- ,k}, G* is one-time continuously differentiable
with respect to its spacial variable v with a uniformly bounded and continuous derivative.
(ii) The terminal value is Malliavin differentiable & € DY2? and satisfies

E [/E |DS,Z£\2q(ds,dz)

(iii) The driver f(-,y, z,u) is one-time continuously differentiable with respect to (y, z,u)
with uniformly bounded and continuous derivatives. For every (y,z,u) € R™ x R™M*d x
R™%F the driver (f(t,y, z,u),t € [(),T]) belongs to LY2(R™) and its Malliavin derivative
is denoted by (Ds . f)(t,y, z,u).

(iv) For every Wiener as well as jump direction, and for every (y,z,u), (v, 2',u") € R™ x

R™*4 x Rk and dP ® dt-a.e. (w,t) € Q x [0,T], the Malliavin derivative of the driver

satisfies the following local Lipschitz conditions °;

(DL )by, 20) = (Dio )ty 2w < Ko@) (Jy = /'l + 12 = 2| + Ju = w]),

for ds-a.e. s € [0,T) withi € {1,---,d}, and
|(Di,zf)(t7y7zvu) - (Dé,zf)(tvy/’zl’u/” < K;,z(t)oy - y/| + |Z - Z/| + |u - u/|)7

formi(dz)ds-a.e. (s,z) € [0,T]xRo withi € {1,--- ,k}. Here, (K;'O(t),t € [O,T]) )

and (K; L(t),t e [O,T]> o k) are Ry -valued F-progressively measurable processes sat-
’ = R

isfying fE \|K87Z(-)||§4[0’T}q(ds,dz) < 0.
(v) The following equality is supposed to hold;

1532 I [ B[P+ # ([ 1D 0ar) 1R vt azas =0

Theorem B.1. Suppose that Assumptions B.1 and B.2 hold true and denote the solution
to the BSDE (B.1) as (Y, Z,v) € K*[0,T]. Then, the following statements hold:

(a) For each Wiener direction i € {1,--- ,d} and ds-a.e. s € [0,T], there exists a unique
solution (Y501 750 4504y € £2[0,T)] to the BSDE

=D 0§+/ £ (r) dr—/ Z30VdW, — //zpsol f(dr,dz)  (B.2)
t
for 0 < s <t <T, where

Oy = (DLof)(r,©r) + do f(r,©,)05%
= (Diof)(r,0,) + 0y f(r,0,)Y % + 0. f(r,0,) 25"

L0,f(r,©,) / p()00G (r, e ()50 () (d)

Ro

®Delong & Imkeller (2010) [13] has treated a special case where (Ko, K ) are positive constants.
The current generalization is necessary when one introduces a Markovian process X driven by a FSDE to
create a forward-backward SDE system, which is the subject of interests in many applications.
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(b) For each jump direction i € {1,---  k} and m‘(dz)ds-a.e. (s,z) € [0,T] x Rq, there
exists a unique solution (Y% Z%%t 1p%=t) € K2[0,T] to the BSDE

. . T . T . T B
Y = Di £+ / Fo2 () dr / 255 dW, — / / WP (@)ii(dr,dz)  (B3)
t t t E

for0<s<t<T and z # 0, where

fs’z’i(’l”) — l(f(ws’z,r, 0, + z@i,Z,i) _ f(w,r, @r))

z

1 | |
= {2, 2, 2z

’/Ro p(x)G(r, e (x) + zzb;f“(x))u(dx)) — fw,r, @T)) }

(c) Solution of the BSDE (B.1) is Malliavin differentiable (Y, Z, 1) € LY2xLY2xILY2. Put,
for every i, YU = Z8 = () = 0 fort < s < T, then ((Yts’z’i,Zf’z’i,wf’z’i(a?)),o <

5t <T,x €Rp,z € R) is a version of the Malliavin derivative <(D§7ZY}, D% ,Zy, D% ipy(x)),0 <
s,t<T,x €Rpy,z € R) for every Wiener and jump direction.
Proof. For notational simplicity, we omit ¢ denoting the direction of derivative by assuming

that we consider each direction separately (and summing them up whenever necessary,
such as when considering integration on E).

Proof for (a) and (b)
It is easy to see that both of the BSDEs (B.2) and (B.3) satisfy the standard global
Lipschitz conditions. We have

1£20(r)| < |(Dsof)(r,0)] + Kso(r)[©:] + K|©7°] .

Since
5 ) = f(w® ,r,@r)z— flw,r,©,) n fw® ,r,@,ﬂ—z@; ) — f(w*,r,0,)
(D)0, 4 LW O 20N — (W)

z

we also have |f**(r)| < |(Ds.f)(r,0)| + K;.2(r)|0,| + K|©7°| . Thus, Lemma B.2 in [16]
tells us that for all (s,2) € [0,7] x R (thus including ©*") there exists a unique solution
©%* € K2[0,T) satisfying

T 2
Y™, 2% ") Rago 2y < CrrE [|Ds,zg|2 +( /0 [1(De o), 0)] + Ko (1) ©4 ]| ) ]
T 2 T 2
< CkrE [|Ds,25\2+ (/0 (D /), 0)ldr) " + || Kool + (/0 O, 2dr) ] < o0.
Note that © € K4[0, T]. Assumption B.2 also yields
/E||(YS’Z,Z&Z’ws,z)||2K2[07T]q(d8,dZ) < 0.

Proof for (c)
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We consider an approximating sequence of BSDEs;

1@”+1:§+/tTf”(r)—/t ZM AW, — / /w“ fi(dr, dz), (B.4)

for t € [0,T] and n € N, where

1) = F(r 2 22 [ pla)Gilr v (@)wda))

Ro

It converges to (Y, Z,9) of (B.1) in K*[0,T] by the standard arguments of contraction
mapping for the Lipschitz BSDEs. See, for example, Lemma B.2 in [16] and its proof.

First step: confirm (Y"1 Zntl yntly g (L12)®3

We now suppose that (Y, 27 ") € K*0,T] N (L%?)®3 and are going to prove that
(yntl zntl yntly e 40, T) N (LY2)®3. Firstly, the chain rules (Theorem 3.5 and Theo-
rem 12.8 in [14] with the division by the jump size in the current convention) and Lemma
3.2 in [13] shows that

/R p(2) G (r, 0" (2))v(dz)dr € D2 . (B.5)

In particular, this is because

Jpect.on)
E

o) q(dt,dz) < oo

g(dt, dz) < K> /@ D[

72[0,T]

where we have used the bounded derivative and the Lipschitz condition for G and the
assumption that ¢" € L2, This also shows that G(-,%") € L%2. By (B.5) and again by
the chain rule, we see f(r) = f(r,0") € D'2 for every r € [0,T).

It is obvious to see || f"(-)||1%12[07T] < 00. Moreover, with some positive constant Cx
depending only on the Lipschitz constant,

D07 Oyt d2)
T 2 21an |2 n|2
<Cx [E|[ (D0 + K (2102 + D072 dr| q(dt, d2)
E 0
T T 2
<cx [&] [ (100n 08 + 1De0rf)ar + Kl + ([ terPar)’| atat, o
E 0 0

< 00

due to Assumption B.2 and the fact that ©" € K*[0, 7] N (L'2)®3. Thus, Lemma 3.2 [13]
shows that ft f(r)dr € DY? for every t € [0, T]
As a result, we have for ¢t € [0,T], £ + ft f*(r) € DY2. Thus, by Lemma 3.1 [13], we

conclude that Y;" ™ = [{ + ft fm(r ’ } € D12 Wthh then implies

/ ZMdw, + / / Y (@) fa(dr, da)
t

=Yg +/ f(r)dr € D2
t

which, together with Lemma 3.3 [13], shows Z"+1 ¢ntl ¢ L12,
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We are now going to prove Y"1 € LL2. For a Wiener (z = 0) as well as a jump
(z # 0) direction, we have, by Lemma 3.3 [13], that

T T T
D, Y = D €+ / Dg . f™(r)dr — / Dy Z" AW, — / / Dy 4 (2)(dr, dx)
¢ ¢ t JE
for q(ds,dz)-a.e. (s,2) € [0,T] x R¥. One can check that
[Ds,o f"(r)] < [(Ds,2f)(r; 0)| + Ks 2 (r)|©}] + K| D5, 071 . (B.6)

Thus, by Lemmas B.1 in [16], one can show that
/E (D, Y™, Dy .27, Dy ™) [ ya(ds, d)
T 2
< CK,T/JE {|st2§|2+ (/ [[(Do2 /), 0)] + K, |07 + | Dy .07 ]dr ) ]q(ds,dz)
E 0
T
<Cur [B[IDP+ [ (1060 + 1.0 ar
E 0
T 2
el + ([ 10nPar)’ atas. ) < oo B.7)
0

This proves Y"1 € L12. As a result, we have shown 071! ¢ .12,

Second step: convergence of Dso©O" — 00 as n — oo in L2
Let us set the difference process as follows:

As,[)yn — YS’O o D&Oyn, A&Ozn — ZS,O _ Ds,OZn, A&Own = ¢8’0 o Ds,Own-

and denote A$00Q" := (A®0Y" A%07Zn AsOyn) for every n € N. Since the derivative of
the driver is uniformly bounded, one has

[f*0(r) = Dsof"(r)] < Kso(r)|©r — 7| + |00 f (r, ©,) — do f (r, ©7)]|07°] + K|A*%07|

then, the a priori estimate given in Lemma B.1 [16] gives
T T T 9
/O |‘(AS’OYR+1,AS’OZnJrl,AS’O@Dn+1)||2]C2[O7T]dS < CT/O E |:</O |fs’0(7“) _ Ds,Ofn(TNd?”) :| ds

<o WOT [Kuole, O+ 1360, 0,) = o (. Ol10F lar) | ds

T T 9
+0T,K/ E[(/ a%007|ar) }ds.
0 0

One sees that the first line converges to zero when passing to the limit n — oco. Thus, by
a sequence of small positive constants €,,n € N which converges to zero, one can write

T T T 2
/ |‘(As,oynﬂ’As,oznﬂ’As,ownﬂ)“?@mﬂds <en+ C’T’K/ E [(/ IAS’OG)Z}\dr) ] ds
0 0 0

T
S n S n S n 2
Sen—i-Cép,Kmax(Tz,T)/o (A0 ™ ASOZ™ A0y )||K2[O’T]ds. (B.8)
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We first consider a short maturity case. Choosing the terminal time 7" small so that
a:=Crg max(T?,T) < 1 (B.9)

then one obtains

T T
/0 (A%00™ )20 795 < 6 + a /0 (A0 g ryds -

Then, fixing some ng € N, it yields

T s n+n €n n T s n
/0 (A0 10| [Rsjg yds < T + /0 [1(A*20")][afo,ryds.

Thus, passing n and then ng to co, one can conclude that

T
hm ||(A8706n)||2K2[0’T]dS = 0

n—oo 0

For general maturity 7' > 0, one can use a time partition 0 =Ty <11 < --- <TIn =T
fine enough to make a < 1 in every time interval. Due to the uniqueness of the solution,
by setting iji’o as the common terminal condition for the interval [T;_1, T;], one can repeat

the same arguments to obtain the convergence in L2 for the whole range.

Third step: convergence of Ds O™ — ©%%(z # 0) as n — oo in L12
Choosing one direction of jump (omit ¢ for simplicity) and put

ASFY T .= VSE Ds,zYn; ASEZN .— 787 _ Ds,zZna As,zwn — ws,z _ D&zwn_

and denote A®*O™ := (A®*Y" A% 7" A%%)") for every n € N. By Lemma B.1 [16], one
can show that

T
/0 /R Il (A%*@" ) ‘ ‘;2[07T]m(dz)ds
0

<cr /OT /ROE [( /0T| fs,z(r)—Ds,zfn(r)urﬂ m(dz)ds .

Before discussing lim,,_,,, we have to prove that the convergence

T T
i / / (A% )2, ym(d=)ds = / (A0 |2, pym(d=)ds (B.10)
€ 0 J)z|>e 0 JRo

occurs uniformly in n.
By Assumption B.2 (v), for an arbitrary small € > 0, there exists € > 0 such that

[ [ B[P (f D 0ldr) el midz)is < (B3

. /OT /|Z§€m(dz)ds <e (B.12)

For proving the claim, it suffices to show that there exists a positive constant independent
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of n such that

T
/0 /| |<\}(A“@”H)]\iQ[Oﬂm(dz)ds < Ce

for the above defined €.
Using the (local) Lipschitz properties, it is easy to show that

| f55(r) — DS,zfn(r)’ < KS,z(r)‘@r - @?l + K|®iz| + K|D5,z@?|

and hence

T 5 T T 2
/ / H(AS’Z@nH)Hl@[O T]m(dz)ds < CT,K/ / E [(/ K . (r)|©, — @,’f\dr)
0 Jz|<e ’ 0 J)zI<e 0
T 2 T 2
+(/ ©37|dr) + (/ D,,.07|dr ) ] m(dz)ds .

0 0

We are now going to discuss each term. The first term can be evaluated as
T T 2
CT,K/ / E [(/ K+(1)|©, - O}dr) ]
0 |z|<e 0

T 4 T n|2 2
< CT,K/ / E [||KS,ZHT + (/ |©, — O] dr) } m(dz)ds < Ce
0 Jiz|<e 0

where the last inequality follows from (B.11), (B.12) and the fact that ©” — © in K£*[0, T).
For the second term, one can show

T T
crw [ [ m|([ e
0 |z|<€ 0

T
<Crac [ [ 1O gyl

dr>2] m(dz)ds

< [ [ B [ipe+ ([ 10n0 o) + im0
—|—</T ]@TIZdr> 2] m(dz)ds < Ce (B.13)
0

where the last equality follows from (B.11), (B.12) and the fact that © € K*[0,T].
Finally, the third term can be evaluated as

T T 9
C'T,K/ / E [(/ |D3,Z@f|dr> ] m(dz)ds
0 |z|<€ 0

T
<one [ [ D g ()i
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Here, by the same a priori estimate used in (B.7),

T 2
Cr.l|(Ds,0™) 22077 < CcrE [|Ds,z512+( /0 (Do) (r,0)ldr )+ || K 2|4

+(/0T |@g—1|2d7«>2] + CkrE [(/OT \Ds,z@j}—1|d7“)2]

T 2 T 2
< O a1+ Dot + ([ 100N 0lr) s 1l + ([ 10,2ar)]
0 0
+Cxr max(T?, T)[|(Ds,.0" M| [f2p0.17 - (B.14)

By the convergence of ©" — O in K*[0,T], (€n)nen With €, — 0 is a sequence positive
constants bounded uniformly in n.

Choosing the terminal time 7" small enough so that o := Cx r max(T?,T) < 1, (B.14)
yields

T
CT,K/ /||<_ ||(D57z@")\|2,C2[07T]m(dz)ds

< B / /z|<e {m\psza? (/ (Duel)r0)ldr)” + 1Kol

+(/ |@r|2dr) m(dz)ds—l—a”/ / |\(DS,Z@1)||,2C2[07T]m(dz)ds.
0 0 Jlz|<e

It is free to choose ©' = 0 in our fixed point iteration (B.4). Thus, the right hand side is
dominated by Ce with n independent constant C' due to (B.11) and (B.12).

Small terminal time T

By the previous arguments, we have shown that the convergence of (B.10) is uniform in
n, at least for small terminal time 7. Firstly, let us consider this case, where one can
exchange the order of limit operations and obtain

T
: : s,zn+1y]]2
nhﬁmoolgimo/o /|Z>EH(A © )H’CQ[O’T]m(dz)ds
T e
1 : 5,2QN
_161%1”11_1)20/0 /|Z>EH(A S) )‘llc?[o,T]m(dZ)dS‘ (B.15)

Therefore, in order to show the convergence of Ds.0" — ©%% in L2, it is enough to
prove

T
lim / / "(As’z@”ﬂ)"IQCQ[OT]m(dz)ds:0
=00 Jo  Jzl>e ’

for a given Ve > 0. An inequality from the Lipschitz property of the driver
) = Dasf" ()] S @870, 4 200%) — f(w*,r, 6] 4 2D,..07)|

—|—i flw,r,0,) — f(w,r, @,’?)‘

!Z\‘
2K

g’@']‘ - @Z}‘ + K‘AS’ZG?’
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implies
T e
| s em )|y ymaz)as
0 Jlz[>e
T 1 T 2 T 2
SCT,K// E[/ ©, —O!dr) + / A%*O7|dr }mdzds
0 Jz|>e |Z|2(0| | ) (0| | > (dz)
T
< ep + O max(T2,T) / / H(AS’Z@")HQ,@[O rym(dz)ds
0 Jz|<e ’

where €, — 0 as n — 0 due to the convergence of ®" — 0. If necessary by re-choosing T’
small enough so that a := O x max(T?,T) < 1, one gets

T
/0 /Z|>6| ‘ (A*Z0mT) ‘ ‘iz[O,T]m(dz)ds

€n, n T 8,2 (T 2
< ta /0 /|Z>EH(Av@ )| B zymld)ds.

Passing to the limit n,ng — oo, one obtains the desired result.

General terminal time T

For general T' > 0, one can construct a partition 0 =Ty < 11 < -+ < T =T fine enough
so that one can conclude by the previous arguments

T
. s,z@ny | |2 —
71111)% /7N—1 \/|Z|>6H(A © >HIC2[O7T]m(dZ)dS =0

and hence D;.0™" converges to ©%% in LM? in [Ty_1,7y]. Note that (B.13) holds for
arbitrary 7' > 0, which implies in particular

T
lim/ / IE[|YS’Z |2} m(dz)ds = 0.
0 Jo |z|<€ T

Therefore, by the same procedures with a new terminal value Ysj’v’i1 instead of D, .§, one

can prove the convergence in [Tn_2,Tn_1]. Now, repeat the same arguments, one can
conclude D, Y™ — Y% in 12 for the whole region.

Finally, thanks to the closability of the Malliavin derivatives in L'? (See Theorem
12.6 in [14].), one can conclude (Y, Z,+) € L2 and that (Y%, Z%7% 1) is a version of
(Ds,.Y, Ds 2 Z, Ds ). O
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