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An asymptotic expansion for forward-backward SDEs:
a Malliavin calculus approach *f

Akihiko Takahashi* and Toshihiro Yamada$

September 10, 2016

Abstract

This paper proposes a new analytical approximation scheme for the representation of the forward-
backward stochastic differential equations (FBSDEs) of Ma and Zhang (2002). In particular, we obtain
an error estimate for the scheme applying Malliavin calculus method for the forward SDEs combined with
the Picard iteration scheme for the BSDEs. We also show numerical examples for pricing option with
counterparty risk under local and stochastic volatility models, where the credit value adjustment (CVA)
is taken into account.

Keywords: Forward-Backward Stochastic Differential Equations (FBSDEs), Asymptotic expansion,
Malliavin calculus, CVA, Local volatility model, Stochastic volatility model

1 Introduction

In this paper, we propose a new asymptotic expansion scheme with its error estimate for the forward-
backward stochastic differential equations (FBSDEs). As an application, we derive a recursive expansion
formula for option prices with CVA under local and stochastic volatility models and show numerical
examples.

Bismut [1] introduced the backward stochastic differential equations (BSDESs) for the linear case, and
Pardoux and Peng [28] initiated the study for the non-linear BSDEs. Since then, in addition to its
theoretical researches, substantial numbers of numerical schemes for the solutions to the BSDEs have
been proposed. The one of the main reasons is that the BSDEs are closely related to various valuation
problems in finance (e.g. pricing securities under asymmetric/imperfect collateralization, optimal portfolio
and indifference pricing issues in incomplete and/or constrained markets, modeling credit risks). Their
financial applications are discussed in details for example, El Karoui et al. [7], Ma and Yong [22], a recent
book edited by Carmona [2] and references therein.

Although a large number of finite difference methods and simulation-based methods were proposed for
numerical approximations of the solutions to BSDEs, their analytical approximation methods have been
rarely discussed. Fujii and Takahashi [8], [9], [12], Fujii et. al. [13] are exceptions, where they presented a
simple analytical approximation with perturbation or/and interacting particle scheme for non-linear fully
coupled FBSDEs without error estimate. Especially, Fujii and Takahashi [9] derived an approximation
formula for dynamic optimal portfolio in an incomplete market with stochastic volatility, and confirmed
its validity through numerical experiment.

This paper presents a new analytical approximation method for the FBSDEs based on a Picard-type
iteration and an asymptotic expansion (for the asymptotic expansion approach, see Takahashi and Yamada
[33] [34] and related previous works [30][24][31][35][29] for example). Also, our method can be regarded
as an extension of the representation theorem of BSDEs by Ma and Zhang [23]. Ma and Zhang’s result
is known as the gradient representation of BSDEs without differentiation, i.e. for a system of BSDE

s d s
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where f, g are assumed to be only Lipschitz continuous, [23] showed the formula for the gradient of

u(t,z) =Y " =E

T
axy)+ [ f<u,szf,Y;v”,zzvm>du] (3)

as

dpu(t,x)o(t,z) = Z1"* = E

T
g(X;””)N;’QC +/ f(u,Xf;z,Yj’x,Zi’m)Ni’zdu] o(t,x) (4)

where Nb* = L [" o=} (X1")0, X! *dW, is a Malliavin weight. Then by Ma and Zhang’s result, BSDE
(YEo, Z6%) = (u(s, X57), Opu(s, X07)o(s, X17)) is represented without derivatives of parameters f and
g.

We expand this representation of BSDE by a perturbation method to obtain an analytical approxi-
mation. Roughly speaking, for a perturbed forward SDE X% ¢ € (0,1] and an associated backward

SDE (Y£t®, Z&4*) of the form

S d S
xXeht = er/ b(u,Xi’t’z)dqusZ/ oj(u, XS0 )dW, (5)
t j=1 t
T T
}/Se,t,x — g(X;’t’I)—‘,—/ f(u,Xz’t’x,Y;’t’x,ZZ’t’x)du—/ ZZ,t,;chS’ (6)
s s

we show the following recursive asymptotic expansion around a Gaussian model X% = X E’t’x—l—ea%X ehT|__o:
t.e. for k>0, N>1

Y;e,t,x ~ ua,k+1,N(t7$) —F

T
g(X?‘”)Jr/ f(s,Xi’w,Yf”“’N’”»Z?‘“’N’t’w)d%
t
+) €'E lg(x;m)ﬁ;pr / f(s,X;f’m,Yf*k*N’t*‘”,Zj’k’N*t’z)wf”:ds], (7)
i=1 t

Zf’t’w ~ (Dus NG (t 2) = {E

T
JOEINGG + [ s X yEkN Zi”“’”’t’“”)NS:idsl
t

N T
1Y eiE lgggm)zv;; + / F(s, X1, yEkNitr, Z‘i’k’N’t’m)Nf;:ds] }saa, 2), (8)
t

i=1
where YR Nbz — 2k N (5 Xt2) and Z8kN6e = 9,45k Ng(s, XH®) with a usual asymptotic expansion
(us 0N 9,us%N ) and the processes 71':;, i=1,---,N and Nf;, i=0,1,---, N are Malliavin weights for
the expansion. Applying properties of so called Kusuoka-Stroock functions introduced by Kusuoka [18],
we obtain an error estimate of our scheme.

The organization of this paper is as follows: The next section describes an idea for our method using
a well-known example. Section 3 generalizes the idea and summarizes our algorithm in a general setting.
After Section 4 provides the notations and basic results used in later sections, Section 5 presents our main
result with its proof. Applying our scheme, Section 6 provides a simple numerical example for pricing
option with counterparty risk under local volatility and stochastic volatility models. Section 7 concludes.

2 Motivated example

In this section, we show an idea for our approximation method using the BSDE appearing in a well-known
example of mathematical finance, so called “hedging claims with higher interest rate for borrowing’ (e.g.
[7], Cvitanic and Karatzas [3]).

Specifically, let us consider the following FBSDE:

dXy = pXidt+ oX dWy, 9)
Xo = o,

dY, = tYidt — f(Ys, Z,)dt + Z,dWs, (10)
Yr = g¢(Xr)=max(Xr — K;,0) — 2max(Xr — K3,0), (11)



where f(y,z) = (R—r)max (£ —y,0) — (£5) z. When the borrowing rate R is higher than the lending
rate r (i.e. R > r), the solution to the FBSDE above, Y = {Y; : 0 < t < T} represents the value process
of a self-financing hedging strategy for a target payoff given by g(Xr), and Z stands for the hedging
strategy where Z; /o is the amount invested at time ¢ in the risky asset whose price process is given by
S.! In particular, we note that the specification of g(X7) as an option spread creates both lending and
borrowing in the strategy. Here, r, R, 4 and ¢ are assumed to be positive constants.

Y = (Yi)te[o,1) is represented as the following non-linear expectation:

YV, = e"TYE[g(Xr)|F]+e " TVE

T
/ f(Yu,zu)dum] ,

where (F;); is the filtration generated by W, d.e., F; = o(Wy;s < t), t € [0,T]. We denote by
(Xt Yt Z5®) the adapted solution to the FBSDE’s (9) and (10) restricted to [t, T] with X}* = z, a.s.

Next, define u as
T
ut,z) ==Y " = e TR [g(X57)] + e TYE / fYhe, Z5%Ydu| .
t

Then, using this u, Z = (Z;).e[0,r) is obtained as follows:

0
Zt = O'thu

o (t, Xy).

Moreover, applying a representation result by [23], one has
T
Z0" = eI L Blg(XET)NE®] + E[/ fyhe ZEYNETdy) b ox
t

where N* = (NI*) e, 1) is the Malliavin weight process given X; = x, t € [0, T]:

S

1 u
Ni® = / a‘l(Xﬁ’“J)gXﬁf””dWT.
t

“ u—t ox

Next, let us show an example of an analytical approximation for the BSDE using the Picard-type
iteration. In the first place, define u°(t,z) as

ul(t,z) = eiT(T*t)E[g(X%m)]. (12)

Then, the Malliavin weight representation for the Delta under Black-Scholes model (9) is well-known, that
is given by

2uo(t, r)=e TR

ox T—t To

g(XE) L /1W] (13)

In this simple model, we are capable of its evaluation through one dimensional integrations. That is,
we have

Otz) = o@D / 9(e)p(t, T, 2, y)dy, (14)
R
and
Ty = T [ gttt T,z
€T R

where p(t, T, z,y) is the density of log X%* under (9) with logz = z:

(y—z— (T —t) + 30°(T — 1))
2n02(T —t) P <_ 20%(T — 752) ) .

p(t,T,2y) = (15)

1The problem is considered under the physical measure and (?) represents the market price of risk.



the finite dimensional Malliavin weight w(t, z,y) is given by

T o — 152(7 —
ﬁ/ 1dW|logXM_ ]:(y uggggf;) (T -1) »

w(t, z,y) = E

Hence, we get the 0-th iteration (Y, Z°%) = (Y, Z?).cj0,1 as

Y =40t Xy), 70 = aXtain(t,Xt).
X

Next, using the function u°(¢, ), we define u!(t,z) as

ut(t,z) = ul(t,z) +e 7T t)/ / < v, e¥) oeysuo(v,ey)> p(t,v, z,y)dydv,
x

where z = logz. Then, applying the same weight w as (16), we are able to evaluate 8%ul(t, x):
0
—ut(t,r) = e O(t, )

—r(T— t)/ / ( v,€eY) Ueyaauo(v,ey)> w(v, z,9)p(t, v, 2, y)dydv.
x

Therefore, the first iteration is given by
1 1 1 9 4
Y, =u(t,Xy), Z; :UXtaa;“ (t, Xy).

Thus, for k > 1 let us recursively define u*T!(¢, ) as

D) = WOt z) 4 e T / [ ( o—eyiu%,ey))p(t,uz,y)dydv,

where z = log x, which leads to the evaluation of a%uk“(t, x) with the same weight w as (16):

0 k41 _ 9 0
ot (t,z) = ot (t, )

T
e / / f(u%,ey),aeyauk(v,ey)) w(v, 2, y)plt, v, 2, y)dydo.
t R 5:8

Hence, the k + 1-iteration is obtained by
. 0
Y = b, Xy, ZF = aXta—u’““(t,Xt).
z

Finally, applying the parameters so that Xy = 100, 0 = 0.2, u = 0.05, » = 0.01, R = 0.06, T = 0.25,
K7 =95, K3 = 105, let us show a numerical comparison of this iterated approximation scheme with their
result.

e Benchmark value of Yy : 2.95 with 0.01 standard deviation, which is obtained by a regression-based
Monte Carlo simulation of Gobet et al. [15].

e Our approximation values: 0-th iteration = 2.7864, the first iteration = 2.9671, and the second
iteration = 2.9531.

It is observed that our approximation values become closer to the benchmark one as the more iterations
are implemented. In the following sections, we extend our method in a more general setting.

3 Summary of algorithm of asymptotic expansion for FBSDEs

In the example of Section 2, we made use of an explicit Gaussian density since the forward process is given
by Black-Scholes model (9). However, when we consider a more complex forward process, the explicit
density is no longer obtained in general. Let us consider the perturbed forward SDE (5) with smooth



coefficients and ellipticity. Then, for £ > 0 we are able to derive closed form approximation of the density
and its gradient by applying N-th order asymptotic expansion around a Gaussian model Xf,ix:

N
P (L Ty) = pN(,Toay)+ Y Bl XpT = ylp™ (T, ,y), (17)
i=1
0 X t,x | vt,x X al i t,x| vit,x X
%p (t,T,x,y) . E[NO,T|XT :y]p (th7m7y)+ZEE[Ni,T|XT :y]p (t,T7iE,y), (18)
i=1

with the density p (t T, z,y) of XT and some Malliavin weights 7rlT, i =1,---,N and NZ;, 1=
0,1,---, N, which are explicitly defined in Section 5. For the following general BSDE (6) under suitable
condltlons, we define (u®,0,uo) as

ut(t,z) = Yo' = E[g(Xfp’t’x)] +E

T
/ f(S,Xj’t’m,Yss’t’I,Zg’t’w)d5‘|
t

T
/Rg(y)pX (tyT,%y)der/ /Rf(S,y,ua(s,y)ﬁwuaa(&y))px (t,s,z,y)dyds, (19)
d t d

dputo(t,r) = ZpP" = EBlg(X3M)NZ " eo(t,x) + E

T
/ f(s, XEHT yebe Zss’t’x)NsE’t’xds] eo(t,x)
t

/Rd g(y)EINZ" | X557 = ylp™ (¢, T, 2, y)dyeo (t, x)

T
+/ / F(s,y,u%(5,), 0ufa(s,y)) E[NSH | X0 = y]p*™ (¢, 5, 2, y)dydseo (t, ),
t R4
(20)

et,r __ 1 s _—1 e,t,x e,t,x : e e : e,k,N e, k,N
where NOW* = == [ o7 (X5h")9, X5 dW,,. We approximate (uf, d,u0) using a sequence (u ,0zu o)k

in the following way.

1. (us%N,0,u5%Ng): An approximation of the 0-th iteration
The 0-th iteration is defined by

uO(t,z) = Elg(X3"")|+E

T
/ f(s,Xﬁ’t’x,0,0)ds] , (21)
t

d.ula(t,x) = Elg(X5"" )N+ E

T
/ f(s, X557 0, 0)N§vt@d51 : (22)
t

Then, (u, 0,us ) is approximated by

Y;a,t,x — us’o(t,x) ~ uE’O’N(t,x)

N
/Rd gw){1+ ZﬁiE[ﬂf,’ilX}’” =y}~ (¢, T2, y)dy

//fsy,00{1+ZsE (IR0 = y3pX (8,5, 2, y)dyds,

Zeh = 9l (t, x) ~ 0, u="No(t, x)

/ ZEE TIXET = ylp X(t,T,z,y)dyeo(t, z)

+/ f(s,4,0,0) ZEZE[fo|X£$ = ylp~(t, 5,2, y)dydseo (t, z).
t JRA 0=1

Note that the Malliavin weights 7rl Y,i=1,---,N and Nltf, ; =0,1,---, N are same as in (17) and
(18).



2. (usHN,9,u5Ns): An approximation of the first iteration
The first iteration is defined by

T
wte) = Blg(X5™) + / Fls, X207, 020 (s, XE7), (9,050 (5, X)) ], (23)
t
T
Ouloltn) = Blg(X5 NG [ Fl X0 05, X500, (0,07 0) (5, X3 ) NG W dslea( o).
t
(24)

Firstly, define
T
s (t,x) = E[Q(X?t’w)Jr/ Fls, X207 u 0N (5, X207), (0,u” 0N o) (s, XT7))ds],
t
T
83;715’10(15,:5) = E[g(X;’t’ac)—F/ f(s,Xg’t’z,us’O*N(s,Xg’t’z),(@,us‘o’Nor)(s,Xf’t’z))ds]eo(t,x).
t

(451, 0,0510) is an approximation of (u®!, d,u10o):
ust(t, x) ~ a5t x), Opulto(t,x) ~ 0,05 ot x).

Using the approximations (17) and (18) again, we expand (451, 8,41 0) with respect to ¢ as follows:

st (t, x)
N . _ —
~ w2 = /R g1+ Y Bl =y (4T, 0)dy
i=1
T N o _
+/ Fls,9,uON (s,), (Opu™Na) (s, y){1 + Y _ ' Elm 71X = y[}p™ (1, 5,2, y)dyds.
t JRd i=1
(25)
0,i=1o(t,z)
N .
~ 9ustNo(t, ) ::/ g(y)Zs’E[Nf’ﬂX%w:y]px(t,T,x,y)dyso(t,x)
R4 i=0 7
T N _
F [ oY (s, (00 N ) 5.9)) Y S BING LT = gl (15, y)dydseant, o).
t JRA =0 ’
(26)

. 1.t 1.t . . 1,t
Since Y7 = uSl(t,z) and Z; " = 9,usto(t, ), we get approximation Y, 00" ~ uS LN (¢, 1)
1,t, . .
and Z;"" ~ 9,us1No(t,z) using (25) and (26). Then, YSON:68 and Z20N:4e are given by
Y*SE,O,N,t,x — UE’O’N(S,X?I) and Zg,O,N,t,a: — 3EUE’O’NO'(S,X§’JC).

3. Numerical approximation for (u®, d,u0)

Iterating the procedure above, we obtain the following numerical approximation for (u¢, d,u®c): for
k€N,

u®(t, x)
N —
~ wtPN(tx) = /Rd g{1+) e Elm 7| X" = yl}™ (¢, T, z,y)dy
i=1
T
[ st N ), @ o) s, )
t R4
N )
{1+ ZE’E[WfﬂXﬁ” = y}p* (L, 5,2, y)dyds, (27)
i=1
Ouo(t, x)
N . _
~ QutNo(t,x) = /R 9(y) Y BN ZIXE" =yl (1T, @, y)dyeo(t, o)

=0

6



T
+ / / F(5, 905N (5,1, (0005* N ) (5, )
t R4

i t,x
e E[NIT
=0

X0 = ylpX (¢, 5,2, y)dydseo(t, x). (28)

e,k,N,t,x e,k,N,t,x : e,k,Nt,x _ ,ek,N Vi, T e,k,N,t,x _ e,k,N Y i,z
Then, Y and Z¢ are given by Y =u (s, XL®) and Z¢ = 0zu o(s, X5H7).

We show this conjecture and derivation rigorously using Malliavin calculus in Section 5.

4 Notations and basic results

Hereafter, we use the following notations. Let E (or E;) be a generic Euclidean space.
. _(_0 15}
e C(T,x): a generic non-negative, non-decreasing and finite function of at most polynomial growth in
z depending on T > 0.

o C°(E;Eq): the space of all infinitely differentiable functions ¢ : E — E; such that the all of its
derivatives are bounded. We write C;°(E) for Cp°(E;R).

We also prepare the basic notations and definitions of Malliavin calculus.
e (Q, H, P): the standard d-dimensional Wiener space.

— Q: the continuous functions w : [0, 7] — R? such that w(0) = 0.
— H: the Cameron-Martin space of all absolutely continuous functions h : [ ,T] — R? with a

square integrable derivative, i.e., K’ € L*([0,T]; R?), h/(t) = Lh(t). Here, L*([0,T]; R?) is the
1/2
space of all R%-measurable functions ¢ on [0, 7] such that (fOT |<p(s)\2ds) < 0.
— P: the Wiener measure.

e LP(Q;G): the space of all random variables F' : Q — G such that E[||F||%] < oo where G is a
separable Hilbert space equipped with the norm || - || and p € [1,00). We write LP(£2) when G = R
and ||F|, = E[|F|P]'/? for F € LP(Q).

e S: The set of random variables F of the form

F=o </OT hi(S)dWs,---,/oT hZ(S)dWs>

where ¢ € C°(R?), hy,--,h, € H, n > 1 with the notation fo Ri(s)dW, = Z] 1 fo s)dW?,
h; = (hfbl”h;d)

o Malliavin derivative operator D: If F' € S is of the above form, we define its derivative as follows

DF = Z@xl (/ s)dWs,---,/OT h;(s)dWS> hs.

The operator D is closable from L?(Q) to LP(€); H) for any p > 1.

e DFP: For I € S, the iterated derivative D/F, j € N as a random variable with values in H®J. We
denote by D*P the closure of S with respect to the seminorm

1/p

k
IFlkp = | EIFIPI+ D ElID Flts,] » pE€[l,00), keN.
j=1

Since D7 is closable from LP(Q) to LP($; H®7) for any p € [1,00) and j € N, D7 is well defined in
Dk,

e D>: D> = MNp>1 Ne>1 DF»p,



e Skorohod integral 5: We denote by 0 the adjoint operator of the derivative operator D, that is an
unbounded operator from L2(2; H) into L?(Q) such that the domain of §, denoted by Dom(4), is
the set of H-valued square integrable random variables u such that |E [(DF,u)g]| < C||F||2, for all
F € D'2, where C is some constant depending on u. For u € Dom(d), §(u) is characterized by the
duality relationship:

E[Fé(u)] = E[(DF,u)y], for any F € D"2,

0(u) is called Skorohod integral of the process u.
e D~>°: the space of the Watanabe distributions (the dual of D).

We say F© = O(e") in D*P as ¢ | 0 if F* € D*? for all € € (0,1] and limsup, | || F*||pr.» /" < 0o where
n is some real constant.

k,N recur-

In our algorithm summarized in Section 3, we need to compute the asymptotic expansion u
sively. From a numerical viewpoint, the stability of the approximation i.e. the asymptotic behavior of
the asymptotic expansion when t 1 T must be checked since we iteratively integrate u*~ with respect
to time ¢. Hence, we introduce the Kusuoka-Stroock functions (Kusuoka [18]) which help to clarify the

order of a Wiener functional with respect to time ¢.

Definition 4.1 (Kusuoka-Stroock functions) Given r € R and n € N, we denote by KI'(n) the set
of functions G : (0,T] x R — D™ satisfying the followings:
1. G(t,-) is n-times continuously differentiable and [0“G/dz%] is continuous in (t,z) € (0,T] x R? a.s.
for any multi-index o of the elements of {1,---,d} with length |a| < n.
2. Forallk <mn—|a, p€l,00),
0°G
Ox®

< 00. (29)
k,p

sup  t77/? (t,x)

te(0,T],zeR4

The above definition corresponds to Definition 2.1 of Crisan and Delarue [5] of modified version of Kusuoka
[18]. We write K for N,en/KE(n).
Let (X%*) be the solution to the following stochastic differential equation:

s d s

Xt = at [ Vendes Y [ v, (30)
¢ i=1"1t

X"* = zeRY

where each V;, ¢ = 0,1, ---,d is bounded and belongs to CZ?O(Rd;Rd). We assume that the elliptic
condition holds.
Lemma 4.1 [Properties of Kusuoka-Stroock functions] The followings hold.

1. The function (s,z) € (0,T] x R%+— X5 belongs to KT, for any T > 0.

2. Suppose G € KI'(n) where r > 0. Then, fori=1,---,d,

/' G(s,z)dW! € Kl 1(n) and / G(s,z)ds € K\ 5(n). (31)
0 0

3. If G; EIC%Fi(ni),iz 1,---,N, then

N N
HGi € ’CvT-1+~~+rN (miin n;) and Z G; € ICITnini . (Iniin n;). (32)

i=1
Proof. See Lemma 5.1.2 of Nee [26] for instance. O

Next, we summarize the Malliavin’s integration by parts formula using Kusuoka-Stroock functions.
For any multi-index o®) := (ay,---,ap) € {1,---,d}*, k > 1, we denote by d,u the partial derivative

ok
0oy 0Tay,



Proposition 4.1 Let G : (0,7] x R? — D> = D> be an element of KT and let f be a function
that belongs to the space C{°(RY). Then for any multi-index a®) e {1,---,d}*, k > 1, there exists
H,o (X5, G(s,2)) € KL such that

(e

E [0,00 f(X0P)G(s,2)] = E [f(XE")Hou (X7, G(s,2))] (33)
with
sup || Hya (X507, G(s,2))|l, < C(s — )7/, (34)
zeR4

where H, ) (X5, G(s,x)) is recursively given by

d

Hi (X0, G(s,2) = 0> Gls,a)iy DXE™I | (35)
j=1

Ha(")(X;J?G(va)) = H(ak)(X?IﬂHa“‘*l)(X?IaG(svf)))» (36)

" xbe . . . . .
and a positive constant C. Here, ('yijb )i<i,j<d is the inverse matriz of the Malliavin covariance of X5*.

Proof. Apply Corollary 3.7 of Kusuoka and Stroock [19] and Lemma 8-(3) of Kusuoka [18] with Propo-
sition 2.1.4 of Nualart [25]. O

5 Asymptotic expansion for FBSDEs

5.1 Forward-backward SDE

Let (92, H, P) be the Wiener space on which a d-dimensional Brownian motion W = (W1,... W)
is defined. Let F be the Borel algebra over  and (F:):>0 be the natural filtration generated by W,
augmented by the P-null sets of F. In this section, we deal with a small diffusion expansion which
corresponds to the framework in Kunitomo and Takahashi [16][17] and derive a general approximation
formula for FBSDEs.
We give precise framework of our model. Consider the following d-dimensional perturbed forward
stochastic differential equation X¢ = (X°,---, X{*%):
d
dX{S = V(6 X])dt+e Yy ot X)dWY, i=1,---.d, (37)
j=1
where b: [0,7] x R = R? ¢ :[0,7T] x R? — R%? and ¢ € (0, 1].
Next, we introduce the associated BSDE (Y¢, Z¢) as follows:

T T
YE o= g(X5)+ / F(s, X2, Y2, 25)ds — / ZZdW., (38)
t t

where g : R? = R and f: [0,7] x R? x R x R? - R. Remark that for ¢ = 0, since the forward SDE X}
degenerates, does BSDE (Y°, Z?), too.
We put some conditions below on the above forward-backward SDE.

Assumption 5.1
1. The coefficients of forward process b, o are bounded Borel functions and C;° in z.
2. There exist constants a; > 0, i = 1,2 such that for any vector & in R and any (t,x) € [0,T] x R%,

d
arl¢f® < Z [o0 "] ;(t, )68 < az|é[*. (39)

ij=1

3. The driver f:[0,T] x R? x R x R? — R is continuous in t and uniformly Lipschitz continuous in
x,y, 2 with constant Cr, i.e. for allt € [0,T], (x1,y1,21), (72,2, 22) € R x R x R4,

|f(t 21,91, 21) — f(t, 22,92, 22)| < Cr(|lzn — 22| + |y1 — yo| +[21 — 22). (40)
Also, we assume
lf(t, 2y, 2) < Co(l+ [z + [y| + [2]). (41)
for (t,z,y,2) € [0,T] x R x R x R%.



4. g is Lipschitz continuous function with constant Cr, on R and |g(z)| < Cr(1 + |z|) for x € RY.

Under the assumption, there exists the unique solution (Y¢, Z¢) such that for any p > 1, E [sup, co<r |YE P+
p/2
D) {(fOT |Z§|2d8) ] < oo (e.g. See Theorem 5.1 in [7]).

(Xetr yebhe 7ebT) represents the adapted solutions to the FBSDE’s (37) and (38), restricted to
[t,T] with X" = x, a.s. The representation (20) of Ma and Zhang [23] holds under Assumption 5.1.

5.2 Asymptotic expansion

Under 1 and 2 in Assumption 5.1, the solution to SDE X&' (0 < ¢t < s < T) has a smooth density
p~X"(t,s,,y). In order to obtain the expansion of the density p*" (t,s,x,y), we approximate X%® by an
asymptotic expansion around the solution to ordinary differential equation X% = x + f: b(u, X0 ds.

Hereafter, let us denote by Xf,f’w, i € N the i-th order differentiation of X%® with respect to ¢, i.e.
61'
det
Lemma 5.1 For s € (t,T], we have X;* € K

Xe5% In the first place, we provide a key result as the lemma below.

T {eN.

7

1
il

Proof. See Appendix A. O

Let us define ng"r as 1.2 X&b%|._g, 4 € N. For every p € [1,00), k € N and N € N,

il De?
N
X" = XPP7 4+ 3 "X+ 0N ) in D*P ase | 0. (42)
1=1

e, t,x _ 3y 0,t,x
XT XT

. . . . t t t
Hereafter, we derive an asymptotic expansion of density of X", Define F.7"% as 707 1=
) T T T €

and then we have
N
F:,f’t’w = F:‘ﬁ“ + Z EzFS’%’I + O(€N+1) in D, (43)
i=1

0,t,x __ 0,t,x 0,t,x __ 0,t,x .
where F77" = XLT , Fi)T = Xi-i-l,T’ 1> 1.

Let X(¢,T) = {%, ;(¢t,T)}:,; be the d x d-matrix whose element is defined by

d T
Si(tT) = / (s, XOP)6] (s, XO0")ds, 1<i,j<d, (44)
k=1""t

where 67 (s, X06%) = (0, X737 (0, X00%) Loy, (s, X12))1.

Under Assumption 5.1 we obtain the following expansions for [@(X;’t’m)] with Lipschitz function ¢,
which are useful for giving the properties of the expansion of Y* and proving our main result Theorem
5.1.

Proposition 5.1 For N € N and a Lipschitz continuous function ¢ : R* — R with constant Cp,, there
exists Cn depending on Cp, and N such that

§€N+1CN(T—75)(N+2)/2, (45)

N
Elp(X7"")] - {E[so(X?I)] + ZEiE[w(X%I)ij%]}
1=1

vt 0,t,x 0,t,x tar (2) 0,t,x k 0,t,x,q T -
where Xp" = Xp"" +eXp" and mpp = 3207 Hoowo (X 75, L2y Xp307) € K, i=1,---,N. Here,
() — i 1
S = Sk Do o St gt

Proof. See Appendix B. O

We also obtain an expansion for E[p(X5:"")N3""|eo(t, ) with Lipschitz function ¢, which are useful
for giving the properties of the expansion of Z¢.

10



Proposition 5.2 For N € N and a Lipschitz continuous function ¢ : R4 — R with constant Cp,, there
exists Cn depending on Cp and N such that

N
Bl (X ) NE o () — {Ewmwg;a s siEw;f)N:;]} co(t,2)

i=1

S€N+1CN(T_t)(N+1)/2’ (46)

vitr 0,t,x 0,t,x te t,x,1 t,x,d tr t,x,1 t,x,d .
where X" = X77% + EXLT , NO’T = (NO_’T "'vNo,T ) and NZ.’T = (Ni,T ,-~~,NLT ),i=1,---,d
. t,x,m d t,x vt.z,j t,e,m d vt,x vt,x,j tx t,x
are given by NO,T = ijl Hjy (X755, 0, X577), and Ni’T = ijl Hpy (X755, 0, X7 7Tl-1T) + BnﬂiﬁT,
1<n<d

Proof. See Appendix C. O

Remark 5.1 Using the similar arguments in Proposition 5.1 and 5.2, we are able to see the following
results. For a measurable function ¢ : R — R of at most polynomial growth, there exists non-negative,
non-decreasing and finite function C(N,z) of at most polynomial growth in x depending on N such that

N
Elp(X7"")] = {E[w(X%’I)] + Z6iE[<p(X?z)ﬁf,’§]} < eNHIO(N,2)(T — 1)V HD/2,

(47)

N
Elp(X3"" )N 1" ea(t,x) — {E[w(X?m)NSj:ﬂ +Y 6iE[s0(X%x)Nf,’§”~]} eo(t,z)
i=1

< eNTIO(N, z)(T — t)N/2, (48)

with the same weights in Proposition 5.1 and 5.2. In the above estimates, we do not use the smoothness
of ¢ while we use the Lipschitz differentiability in Proposition 5.1 and 5.2.

Using the weights 70'*, i = 0,1, ---, N in Proposition 5.1 and Nf,’f, 1=0,1,--+, N in Proposition 5.2,

7,8
we have formulas for (u®*" 9,us*N¢o) as (27) and (28) without using derivatives of f and g.
The following property holds for (u®*" 9,u®*Ng) by Lipschitz continuity of g.

Lemma 5.2 For k>0, N € N,

|u t,z)| C(T, ), (49)

EJC,N( <
10,u N (t,x)] < C(T,x). (50)

where C(T,x) denotes a generic non-negative, non-decreasing and finite function of at most polynomial
growth in x depending on T.

Proof. See Appendix D. O

5.3 Error estimate

For any 3, > 0, let Hg,, be the space of functions v : [0,T] x RY — R"™ such that

T
lol, , = / /R (s, )P dds < .

We also define the space Hg, x, For any 5,1 > 0, and X7, 0 < s < T starting from x at time 0, let
Hg . x be the space of functions v : [0, 7] x R? — R" such that

T
||v||§{B’“)X = /0 /Rd eﬂsEHv(s,Xj)‘2]efulfv\d:cds < 00.

Remark that the following well-known norm equivalence result holds (e.g. Proposition 3.8 in Gobet
and Labert [14]): there exist two constants c;,co > 0 such that v € L2([0,T] x R%, e#%ds x e~ #I7ldy)

CIHUH%{[-;#L S ||’U||?‘Iﬁ’“,x S C2HU||%‘I[3,“,' (51)
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The next theorem is our main result, which evaluates a global approximation error of (u*¥ 9, u*N )
(in (27) and (28)) for (u®, dyuco) (in (19) and (20)).
Theorem 5.1 Suppose that Assumption 5.1 holds. Let C be C = ca/c1 and 8 be such that 2CC% (T +1) <

B and fix § := % < 1. Then, for arbitrary k > 0 and N € N, there exists Co(T') depending on T
and C1(T, N) depending on T and N such that

luf =™ NG, |+ 1(0suo) — (Du™No)|F,
B.w "

1— 6k+1
< {CO(T) 6k 4 2WNFVON(T, N) - (1_5> } , €€(0,1].

Proof.
Note that the following inequality holds:
k ks
[ — u® ’N”%Iﬁ,;b + HaxUEU — 0zuf NU”?‘%,H
< 2l —uttE, , + 10suto = dut o, )
k k ik ik,
+2([[u* —uP NG, 0autr e — Oputt NI, ).
First, we show the error ||u® — ue’kH%IB , T (0zufo) — (amug’ka)ﬂilﬁ# by using the norm equivalence, (51)
and the similar argument in the proof of Theorem 2.1 in El Karoui et al. [7]:
15, + 100u0) = Qou™t o)y,
20C3(T +1)
- B

e _ ua,k

[[u
{llu® = w13, + 1(0euto) = (Qeu o), )
Therefore,

luf = u=* 3, + [[(Dauto) = (Deu= o) 13,

2 k
< CO(T) . <2CCL(;1+1)> , (52)
where Co(T') such that ||u® — US’O”%{B,M + || (Opuo) — (8mu5’00)||%15,u < Co(T).

Next, we estimate the error ||us* — ua’k’NH%ﬁYH + [|0pusFo — amue’k’NoH%{ﬁM.
The difference us*+1 — u&F+1LN is represented as follows:

ue,k-&-l(t’ x) _ us’k+1’N(t, l‘)

T
= [ s @ rains [t ). 0 a) )™ (s g)dyds
R t
— N . _ —
- / La() {px(t, T,z,y)+ Y e Elx7|Xg" = y]pX(t,T,w,y)} dy
R i=1
T
[ e ) (0 Vo) 5.)

t

i=1

N
{px (t,s,z,y) + Z&zE[Wf;LXEI =ylp~ (L, s, , y)} dyds

N

= /Rd g™ (&, Tz, y)dy — /Rdg(y) {px(t,Tﬁc,y) +Y e Elmzl Xz =ylp (t,T,x,y)} dy
=1

T €

F(s,y,u5" (s,), (0pu= o) (s,))p™ (¢, s,2,y)dyds

+

f(s,y,usFN (s,y), (O,usFN o) (s,9)p™ (¢, 5,2, y)dyds
F(5,5,u="N (5,9), (0.u5 5N o) (s,9))p™ (¢, 5,7, y)dyds

f(‘S? y’ us’k’N(s, y)7 (8’Eu€’k,N0)(S? y))

N
{p%, o)+ S BREEIR =

i=1

(t,s,, y)} dyds.
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Remark that after the second equality, we add the terms

Let Il, IQ

Il(t,x)

Ig(t, $)

Is(t,x)

The difference (9,u*+1o) —

T
i/ F(s, 9,05 "N (5,9), (0pu= N o) (5,9)p™ (L, 5, 2, y)dyds.
t R4

and I3 be

N
__ € x _ X x Bl
= /Rdg(y)p (t, T,z y)dy /Rdg(y) {p (t.T,2,y)+ > €'E]

CRIXET = ylpS (T2 y)}dy,
=1

T £
- / [ 160 5,0). (00 0) () (.. )y

t d

/ / P850 (5,), (Osu™*N ) (5,4)p™ " (¢, 5,2, y)dyds,

T £
- / F(5, 90N (5,), (Osu PN o) (5, (¢, 5,2, y)dyds

t R4

T
[ Tt Y ). @ o) 5.9)

N
{px(t, s,2,y) + > e Elmp| X0 = ylp™ (¢, s, x, y)} dyds.

i=1
(0,us* 1N ) is represented as

(8Ius’k+10') _ (8Zus,k+l,N0_)

/ ) g E[NG" | X55T = ylp™ (¢, T, 2,y)dyeo(t, x)
R L

Ny

—/Rdg(y)E[Néj?IX%m =ylp™ (t, T, z,y)dyeo(t, z)

—Z /R
e

/d g E[NZH X557 = ylp™ " (¢, T, z, y)dyeo(t, x)
R

“(s,y), (0xu* o) (5, y)) EINSV (XM = ylp™ (1, 5,2, y)dydseo(t, )

Ntw|XtI— ylpX (t, T, x,y)dyeo(t, )

F(s,5,u5EN (5,), (D,u=FN o) (5, ) EING | X0 = ylp¥ (¢, 5,2, y)dydseo (t, @)

Rd
B T —_ v
. / / £(5, 5, 055N (5,1, (Bu=5N 0) (5, 9)) EINUE| RL® = ylp* (1, T, , y)dydseo (t, z)
t Rd

- | SWEINGIXE =y (4T p)dyeo (o)
R
X =yl

g /Rd 9(y)E[N; 7

f(s7 y? u€7k(87

d

f(soy,usP N (s,y

d

F(s,y,u=5N (s,y), (Opu"No)(s,

d

Fls,y,ust N (s,

d

(t,T,z,y)dyeo(t, r)

H'Mz

S

NEINSHT XS0 = ylp™ (5,2, y)dydseo (t, x)

Y), (02us"0)(s,y

+

!

), (0xu= PN o) (s,y) ) E[NEH® | XS0 = ylpX (8, 5, 2, y)dydseo (t, x)

+

= ylp* (L, 5,2, y)dydseo(t, x)

y))EING

~

Y): (00BN o) (s, y) EING T |X 0" = ylp™ (1, 5,2, y)dydseo 1, z)

T _
o[ Y (s, 0o ) s, ) EINEELRE =l (0,5, )y, o).
t R

Mz

s
I
—
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Let

J1(t71')
= /Rdy(l/)E[N;»tw = ylp*X (¢, T, z,y)dyea(t, x)
_/ g(y)E [Ntac|Xt:6_ ylp _(t,T,x,y)dysa(t’x)

—Z / VE[ND 2| X5" = ylp™ (8, T, 2, y)dyeo (t, ),
J2 t 3?)
= / F(s,y,usk(s,y), (0,u=F0) (s,y)) EINSH X2 = ylp™ (t, 5, 2, y)dydseo(t, @)
Rd
7/ F(s, .05 N (s,9), (0u™"N ) (s,y)) EINSH XS0 = ylp™ (L, s, 2, y)dydseo (t, x)
t R4
J3(t7l‘)

T
= / F(s,y,usF N (s,9), (0,05 N o) (s,y)) B[N X5 = ylp** (t, 5, 2, y)dydseo (t, z)
t R4

T -
—/ (5,95 (5,9), (90u™"N o) (5, 9) EING | X207 = ylp™ (¢, 5, 2, y)dydseo(t, x)
t d

R

N T
X [ Tt N ) (0,0 o) ) EINEE
i=1 ¢t JRe

Xh* = y]p)? (t,s,z,y)dydseo(t, ).

Then, we have

st — N <B4, + 8l + 3l .

1@eu** o) — (Opu=* N0 |5, < 3l IalG, , + 302015, + 31515, -

By Proposition 5.1 and Proposition 5.2 and Lemma 5.2, we have the following estimates

N
IL(t,2)] = /Rd 9(y) {pxa (t,T,2,y) —p* (1, T,2,y) = > ' E[r 7 Xp" = ylp™ (¢, T,x7y)} dy
i=1
< oT,N,2)eV T — t)(NH/2, (53)
EAGEIIIE / g(y){E[N?t’le?t’w =ylp* (t, T, 2,y)
Rd
_ > N . _ _
—E[NS:; X0" =ylp* (t, Tz, y) — Z le[Nit”z 2= ylpX (1, T, x, y)}dyea(t, x)
i=1
< r(T,N,z)eNTHT — t)(N+D/2, (54)
and
|I3 (ta x)' = - f(sv Y, ue’kﬁN(Sv y)» (awu67k7NU) (S’ y))
Xe 7 vitr X
{p (t,s,l’,y) p t S x y ZE E |Xs 7y]p (tvs7x,y)}dyd8
T
< C(T,N,z)eNT! / (s — t)N+D/2gs
t

= O(T,N,z)eNTY (T — t)N+3)/2, (55)
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T
|J3(t,x)] = /t - f(s,y,us*N (s, y), (aggu‘s’k’NU)(s,y)){E[N;’t’:”|X§Jt’m = ylp* (t,5,2,9)
— N . —
—E[NG2| X0 = ylp* (t,5,,y) = Y ' BIN[T|XL" = ylp™ (¢, 5,2, y)}dydsw(t, )
i=1
T
< R(T,N, x)sN'H/ (s —t)N/zds
¢
= R(T,N,z)eN+H(T — t)(N+2)/2, (56)

Here, ¢(T,N,z), C(T,N,z), r(T, N,x) and R(T, N, x) are some non-negative, non-decreasing and finite
functions of at most polynomial growth in x depending on 7" and N.
Therefore, we obtain
I, < VKT, N), |57, <VTYK(T,N),
||*]1 H%‘Iﬁ’“ < 62(N+1)L1 (T7 N)’ ||J3||%‘Iﬁ’“ S 62(N+1)L3(T’ N)?

for some K1(T,N), K3(T,N), L1(T,N) and L3(T, N) depending on T" and N.
In order to estimate || I2[|3 , and ||J2[|3 ,, we define

T
Wt (t,2) = Elg(X3"")| + E / Fls, X007 u PN (5, X007), (0,u” N o) (s, X007 ))ds| . (57)
t

Since f is Lipschitz countinuous with constant C7,, again using the norm equivalence result, (51) and the
similar argument in the proof of Theorem 2.1 in El Karoui et al. [7] we obtain

12ll,, < et lust T —ast G, ke

T
= cfl/ / P E[lus k1 (s, X5) — 050 (s, X2 [Pdse 12l dy
R Jo

T T
< Cfl— E / eﬁs\f(s,Xj,ue’k(s,Xj),@mug’ka(s,XSE))
B Jra 0
—f(s, X5, us*N (s, X2), (OpusPN o) (s, Xg))|2ds] e Mzl gy
2) -1 2T T
< Cq1 CL / E / eﬁs{‘us,k(&XE) _ ue’k’N(S,X§)|2
B Rd 0
+](0usk0) (5, XE) — (Dpus™N o) (s, Xf,)Q}ds] e Ml dy
20C%T
< 7L{||us,k _ u87k7N||%{[3,u + ||(6mu57k0) _ (a’]c,ufa,k,NU)H125[[;)”}7

B
172117, , < e1 ' 1(@au" o) — (8:a5 1 0)|[5 , x-

T
= cfl/ / P E[|(8,us o) (s, X)) — (0,05% o) (5, X5) 2 dse Mo dx:
nJo

< '3 RdEl/oT %) (5, X, u (5, X2), (0pu=*0) (5, X))
—f(s, X, usmN (5, X2), (0,u=" N ) (s, Xj))|2ds] e Mol gy
< 250 [ 5| TP (5, XE) — w5, X
+](0u*F o) (s, XE) — (awua’k’No)(s,Xg)P}ds] e—tlel g
< 200 fusk N (Beutto) — (@i Vo), )

B
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Then, we have the following estimates

ek+1 _ . e,k+1,N |2
||U u ||Hﬁ u

2(N+1) 2CC%T e,k e,k,N |2 e,k e,k,N 2
< € K(T,N) + T{Ilu —u”P N Gy, + 10:u” ) = (Opu™™ o), )
(58)
1(0zu™* o) — (Dpu=F 1 Na) |13, |
2(N+1) 200% e,k e,k,N |2 e,k e,k,N 2
< e L(T,N) + T{Ilu H—ut g, 110uS ) = (Opu™ o), b
(59)

where K(T,N) = 2max{Ky(T,N),K3(T,N)} and L(T,N) = 2max{L; (T, N), L3(T, N)}. Therefore, by
(58) and (59), we obtain
||us,k+1 _ us,kJrl,N”QHBM + H(axus,kJrlo,) _ (8xu€’k+1’NU)H%Iﬂ,u
S 52(N+1)’7(T7 N)
+200%(T +1)
g

where y(T, N) = 2max{K(T,N), L(T,N)}.
Remark that the differences u®? — u®%Y and 9,u* 0 — 9,u®"N o are given as follows:

(Il — w4 100w o) = (9eu= Vo), (60)

u(t, @) — us N (1, 2)
= / g™ (¢, Tz, y)dy
Rd
— N . _ —
—/ 9(y) {px(t, T,z,y)+ Y & Eln | Xp" = ylp (t,Tmy)} dy
R i=1
T €
[ #6000 (s )iduds
t R
T _ N o _
7/ f(s,4,0,0) {px(t, s,2,y) + > e Elmpp| X0 = ylp™ (¢, 2, y)} dyds
t JRI i=1 ’
and
(0,u00) (t, ) — (0,u™"No)(t, 2)

— [ sE;
R4

—/Rdg(y)E[NéjilX? = ylp™ (¢, T, 2, y)dyeo(t, z)

X;’t’w = y]pXE (t,T,z,y)dyeo(t, )

N
-~y / o) EIN'Z|XET = ylp™ (1, T, 2, y)dyeo(t, z)

i-1 J/RY
T €
+/ Rdf(s,y,O,O)E[N?t’””IXE’t’”” =ylp™ (t, 5,2, y)dyeo (t, )
t
T o B
[ ] e 00BN =l 1 )dyeott. )
t

N T .
_ Zsi’/ / F(s,9,0,0)E[N'2| X% = ylp™ (£, 5,0, y)dydsza(t, z).
i=1 t JRA

;l;lhin., the term ||u®® — uE’O’NH%IﬁM + [[(0zus00) — (axuf’O’Na)H%,w is estimated by the asymptotic error,
at is,

[ = w= NG, 1105u00) = (0w No) |y, < NFTVE(T, N),
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for some Ko(T,N).
Therefore, we obtain

[[ush+L — us,k+1,NH12qM + (Bt to) — (azu&kﬂ,NU)”%{M

20C3(T+1),, . . E .

< 2oy N+ I sk Ny @to) - @l N, )
< 62(NJF]-)Cvl (Tv N)

2

+2CCLI(BT+ 1) {62(N+1)01(T7 N) 4
20C2%(T + 1 ke ke e b e b
UTED (st = by (0,0 0) — G N o)y
2 k+1 2

< £2WHDo (T, N) { <QCCL(5T+ 1)) 4+ 4+ (200L(BT * 1)) + 1}

1 <2ccg(T+1) ) k+2
B

_ 52(N+1)01(T7 N) .

1— (ZCCiﬁ(T-&-l)) ’ (61)

where C1 (T, N) = max{~(T,N), Ko(T, N)}.

Finally, Choose /3 such that 2CC% (T +1) < 3 and set § = % < 1, by (52) and (61) we obtain
the global error

€ € € € : 1- 6k+1
e R R R G I

O

6 Application: pricing option with counterparty risk under local
and stochastic volatility models

This section applies our approximation algorithm to option pricing with counterparty risk in a FBSDE
setting. Here, we omit a discussion on modeling and pricing issues under default risk, and concentrate on
the concrete description of our approximation scheme with investigation of its validity by using a simple
example.? Particularly, we use local volatility and stochastic volatility models for the underlying (forward)
price process X under the risk-neutral measure. Let Y be the solution to the following non-linear BSDE:

T T
Vi=gXn)~ (1= R)p [ (v)tds— [ Zaw., (62)

Here, Y represents the value process with a target payoff g(Xr) taking the risky (substitution) closing
out C'VA into account; R > 0 and S8 > 0 denote a constant recovery rate and a constant default intensity,
respectively. Also, the risk-free interest rate and the dividend rate of the underlying asset are assumed to
be zero for simplicity. Next, let (Y*, Z¥),>0 be a sequence of the following linear BSDEs:

T
YO = g(Xp)— / 2941, (63)
t
T T
Y= gt - (=R [ (0)ras- [ ziaw.,
t t
T T
Y = gt - =R [ vas— [z, e
t t

which is an approximation sequence of the value process Y.

Remark 6.1 Under the setting above, suppose we consider plain-vanilla options, that is g(Xr) = (Xp —
K)T or (K — X7)*. Then, given constant values of R and 3 as well as Y* > 0 for usual setup of

2See Fujii and Takahashi (2010, 2011) for the detail of modeling and pricing issues under default risk, for instance.
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parameters in practice, due to the martingale property of the (risk-free) option value Y° under the risk-
neutral measure, we are able to express ut(t, ) := Ytk’t’z for each k =0,1,2,--- as follows:

ki
q
1+ E z'] , (64)
i=1

where ¢ = (—1)(1 — R)B(T —t). Hence, for this simplest case we can easily obtain the benchmark values
uF(t,z) through evaluation of u®(t,z) by numerical computation such as the Monte Carlo simulation,
against which the validity of our approximation scheme is examined. However, note that it is much more
tough task to get the benchmark values under the situation with stochastic intensity and recovery, while
our scheme is applicable under the setting without substantial effort.

uk(t,z) = uO(t, x)

6.1 Local volatility model

First, we consider local volatility model (one dimensional process)
dX; = eo(t,X;)dW:, X§ =z (65)

where o (t, ) is the local volatility function. Define u®(t,z) := V""" = E [¢(X3"")]-E UtT(l — R)B(YEH®)Tds|.

Then, u°(t, z) := Y0070y +1(g, 2) .= YSPTHE® | > 0, are approximated by

Otx) = uON(tz) = /R oS (., 2, y)dy, (66)
uF Tt ) ~ WUV (¢ )
T _
= «"N(t,x) - (1-R)B /t [R (N (r, ) tox (t 7, 2, y)dydr, k>0, (67)

where y — pﬁ(t, s,2,y) is the N-th order asymptotic expansion of the density of X=**. In our numerical
example, we take eo(t,z) = exy *x® (CEV volatility). Here, ¢ can be regarded as the instantaneous
volatility of the log-normal (or the Black-Scholes) process. The terminal condition for the backward SDE
is characterized as g(x) = (z — K)™, the call option payoff function.

The parameters of the model are specified as follows:

t=0.0, T=2.0, zp=10,000, o=0.5 ¢=0.1,
B = 0.06 (intensity), R = 0.0 (recovery rate).

Also, the expansion order N is set to be N = 1.
In this case, we can easily obtain u®(t,z) in (66) as follows:

N ) = Y _ C(taT) nly
u N (t,z) = yN (E(t,T)) + (Z(t,T) E(t,T)y) [y :0,%(t, T)], (68)

where N(z) and n[z : u,Y] denote the standard normal distribution function, and the normal density
function with the mean p and the variance X, respectively. Also, y, 3(t,,T) and ((¢,T) are defined in
the following:

Yy = .’IT—K,
Y(t,T) = o> (T —1t),
_1\2
t,T) = a84a4$40‘_1u. (69)

2

The result is given in Table 1-3: AE u*" (= «*"(0,2¢)), (k = 0,1,2) are evaluated based on the
corresponding equations in (67) and (68). Exact value u(0, z) is approximated as in (64) by the equation
(70) below with k = 5, which gives the sufficiently convergent value for this case. Also, Benchmark
uF = u*(0,2¢), k = 1,2 are computed by the following equation (70) with k = 1,2, respectively:

ki
1+Z(ZJ,!], (70)

u®(0, z0)
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where ¢ = (—1)(1 — R)BT, and the value of u°(0,x¢) is obtained based on Monte Carlo simulation for
the CEV process. In each simulation, the numbers of the trials and the time steps are 1,000,000 with the
antithetic variable method and 750, respectively. Also, in Table 1-3 the relative errors denoted by AE
Error v and AE Error u* of our asymptotic expansion are computed by (u*" (0, ) —u(0, o)) /u(0, z0)
and (uFN(0,20) — uF(0,20))/u*(0,20), respectively. It is observed that u*V (= u*N(0,2¢)), k = 1,2,
N =1 become closer towards u(0, zq).

Although this example use only the e'-order expansion of the density, we already know from the
existing work (e.g. Takahashi et al. (2012)) that higher order expansions produce much more better
approximation for the risk-free option price u°, which is expected to provide more precise approximations
for the solution to the BSDE as well.

Table 1: European call option price with CVA under CEV model (In-the-money case :

value u(0, z¢) = 2230.24)

K = 7500, Exact

’ Iteration k | Benchmark «* | AE «5V | AE Error u | AE Error uF ‘

Oth 2514.59 2514.49 12.75% 0.00%
1st 2212.84 2212.81 -0.78% 0.00%
2nd 2230.41 2231.11 0.04% 0.01%

Table 2: European call option price with CVA under CEV model (At-the-money case

value u(0, o) = 499.45)

: K =10000, Exact

’ Iteration k& | Benchmark u* | AE vV | AE Error u | AE Error uF ‘

Oth 563.13 564.19 12.96% 0.19%
1st 495.55 496.51 -0.59% 0.19%
2nd 499.61 500.61 0.23% 0.20%
Table 3: European call option price with CVA under CEV model (Out-of-the-money case : K = 12500,
Exact value u(0,zg) = 26.01)
’ Iteration k | Benchmark u* | AE PN | AE Error u | AE Error uF ‘
Oth 29.33 29.28 12.55% -0.18%
1st 25.81 25.76 -0.97% -0.20%
2nd 26.02 25.97 -0.16% -0.20%
6.2 Stochastic volatility model
As an application, we consider a stochastic volatility model (SABR model):
dX: = eoiC(t, X5)dW,, Xi=zo >0, (71)
do; = eo;dZ, o5 =09 >0, (72)
dW,dZ, pdt, (73)

where C(t,x) is the local volatility function and p € [—1,1] is the correlation parameter. As in section
7.1, we put the terminal condition of the backward SDE as g(x) = (z—K)*t. Define u(t, z,0) := Y77 =

B [g(X5"")] =B [ [T (1 = R)BEH7) ds|. Then, u(t,2,0) i= Y7 "7 and w1 (t, 2, 0) 1= Y00,

k > 0, are approximated by

R

u’(t,z,0)

uk Ltz o)

uON(t,z,0) = Blg(Xp"7)m ).

uFtUN (¢, 2, o)

t,x,a X),t,z,a
Elg(X5)mgr"™]



where WEVXS) %7 i the Malliavin weight of the N-th order expansion for the marginal X% and wf(,cfs’a is

the Malliavin weight of the N-th order expansion for (X% g€%7). We take the local volatility function
as O(t,z) = cay *a®.
The parameters of the model are specified as follows:

t=0.0, T=1.0, 2o =100, 0o = 0.25, a = 0.5, £ = 0.2, e = 1,
p=—0.5, 8 =0.05 (intensity), R = 0.0 (recovery rate).

Also, the expansion order N is set to be N = 1.
Similarly as in the local volatility model, u® (¢, z) is explicitly computed as follows:

Ntz o) = yN [ =L _ D) N
u*N (¢, )—yN< Z(t,T)>+<Z<t7T> E(LT)y) [y:0,%(t,T)], (76)

where N(z) and n[z : p, 3] denote the standard normal distribution function, and the normal density
function with the mean p and the variance X, respectively. Also, y, X(¢,,T) and ((¢,T) are defined in
the following:

y = - K7
S(t,T) = e*0?cx®(T —t),
T —t)?
Ct,T) = (agiotctzo 4+ p540303x3a)u. (77)

2

The result is given in Table 4-6 similarly as in the local volatility case: AE u*" (= u*N(0,0,00))
(k=0,1,2, N = 1) are evaluated based on the equations in (74) by applying the closed form approximation
(76) and (75) by a numerical integration. Exact value u(0,x¢,0¢) is approximated by the method (70)
for SABR model with iteration k = 5. Also, Benchmark u* = u*(0,z0,00), K = 1,2 are computed
by u°(0, 2, 00) [1 + Zle %,} with k = 1,2 where ¢ = (—1)(1 — R)BT, and the value of u°(0,x¢,00) is
obtained based on Monte Carlo simulation for the SABR process. In each simulation, the numbers of the
trials and the time steps are 10,000,000 with the antithetic variable method and 1000, respectively. The

relative errors in Table 4-6 are computed similarly as in local volatility case. We can observe that even
low order expansions work well for numerical approximations of u(0, z¢, 09).
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Table 4: European call option price with CVA under SABR model (In-the-money case :

value u(0, g, 0¢) = 29.779)

K = 70, Exact

’ Iteration k | Benchmark u* | AE vV | AE Error u | AE Error uF ‘

Oth 31.306 31.330 5.21% -0.08%
1st 29.741 29.763 -0.05% -0.08%
2nd 29.780 29.802 0.08% -0.08%

Table 5: European call option price with CVA under SABR model (At-the-money case :

value u(0, zg, 0¢) = 9.459)

K =100, Exact

’ Iteration k& | Benchmark u* | AE vV | AE Error u | AE Error uF ‘

Oth 9.944 9.974 5.43% -0.29%
1st 9.447 9.475 0.17% -0.29%
2nd 9.460 9.488 0.30% -0.30%

Table 6: European call option price with CVA under SABR model (Out-of-the-money case :

Exact value u(0, zg,00) = 1.403)

K = 130,

’ Iteration k& | Benchmark u* | AE uFN | AE Error u | AE Error uF ‘

Oth 1.475 1.475 5.19% -0.08%
1st 1.401 1.401 -0.08% -0.05%
2nd 1.403 1.403 0.05% -0.05%

Remark 6.2 In the option valuation with CVA in FBSDE framework, we can easily obtain an approxi-
mation value for option price, only using the closed form approzimation of clean price (76), as follows:

U(O, Lo, UO) = UO,N(Ov Zo, UO)

ko
1+Z%

],;@1.

(78)

Actually, we have the following results using (78) with k = 2:

(K =170) Benchmark: 29.779, Approximation using (78) : 29.802 (error 0.079%),
(K =100) Benchmark: 9.459, Approximation using (78):9.487 (error 0.295%),
(K =130) Benchmark: 1.403, Approximation using (78):1.403 (error 0.059%).

(79)
(80)
(81)

Then, we can attain enough accuracy without using numerical methods such as Monte Carlo simulation

or numerical integral in this case.

7 Conclusion

This paper has developed a new general approximation method for forward-backward stochastic differ-
ential equations (FBSDEs). In particular, we have proposed an analytical approximation based on an
asymptotic expansion for forward SDEs combined with Picard-type iteration scheme for BSDEs. Based
on the expansion with Malliavin calculus, we have justified our method with its error estimate for the

approximation.

From a practical viewpoint, examination of our scheme under more complex examples is an important
and interesting problem. Moreover, a challenging task is to develop mathematical validity of approxima-
tions with perturbation for fully coupled FBSDEs. Those topics as well as our approximation method

under weaker mathematical condition will be discussed in our future researches.
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A  Proof of Lemma 5.1

We prove the assertion by induction. First,

d ;
0 ’ .
X = > / D XM (0 X 0") oy (u, X 0T ) AW, (82)

d_ s
= / 0x XEH(0, XS5 10,00 (u, X507 )oi (u, XE)du. (83)
; t

Since 9, X" (3 Xstm)—l € KT, we have £ Xt e KT,

For k > 2, %2 XE HT — (lcl, da; Xebml L L da; xete d) is recursively determined by the following:
1 a . (k) s B 1 I )
mo i = 2 [ gy s | oh v Xt (9
15,dg j=1"7
(k—1) s 8 1 ol d
+ lzd /t H1 1o Xgtmds Zlag (u, X5H7)dW, (85)
5.ds = i=

i=1

oP

8 _
where 0, = Boa, - Dra,”

(1) l 1
>eY Y Y o4 -

lg,dg B=1lgeligdge{l, ,d}P

and L; g := {15 = (I, llg>; Zle =1 (Ll;,Be N)} The above SDE is linear and the order of the

Kusuoka function % g; X157 is determined inductively by the term

e,t,x eta: i 1
/aX (0x5 HT

XE“UGICT. O

(1 1) lv

d
-Xoteh | N 08 oi(u, XaET)dW! e KT (88)

1ﬂ,dﬁ i=1

Then,

z‘ det

B Proof of Proposition 5.1

Let (¢n)nen C C5°(RY) be a mollifier converging to ¢. The following Taylor formula

aNJrl

x x E 8’ . 1 1— b
g0”(}7:15—',75, )_ FOt +Z FE,t7 )|E:0+6N+1/ ( U) (F t, )|V=€udu’

FEAG ) N g

and the integration by parts on the Wiener space, we have

=

E[@”(F;7t7m)] _ESD” FOtw +Z ZE a(k)@n HFOt;EaZ

eu,t,x eu,t,r,oq
Dot P (F HFﬁz,T ] du
=1

(N+1)

1
+5N+1/ (1—wN(N+1) Z E
0
N .
= Elen(FP")] + Y e Elon(Fp")mii]
=1
(N+1)

1
+€N+1/0 (1—u)N(N—|—1) Z E[@au)@n(F;“’t’“')H (k= 1) FEu’t’z HF;lu’tlal
k
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0,t,x k 0,t,x,cp\ _ (2) 0,t,x k 0,t,x,q
where, 7Tz = Zk a0 (F7 5 Ty FﬁL,T )= How (Xl,T N Xﬂl+1 T)-
Therefore we have

Elpn(X7")]

N
= Elpn (X3N] + Y e Elpn (X" )m)y]

1=1
. (N+1) k
+€N+1/0 (1—u)N(N+1) Z E[aa(l)ipn(XautI)Ha(k 1)<Fsutw HFautxaz)]du’
& =1

(89)
where XS0 = X207 4 e 5" w € [0,1]. By Proposition 4.1 with Lemma 4.1 and 5.1, we have

(N+1) eu,t,x k eu,t,x,o
2ok Hyoon (Fp" Ty B, ™™ € KR to-
Then, we obtain

N
Elpn(X7")] = Elon(Xp")] + Y ' Elpn(X")m7]| < eV HIVionloo (T — ) V+D/2, (90)
i=1

Finally, by mollifier argument, we have the assertion. O

C Proof of Proposition 5.2

For a mollifier (¢, )nen C C3°(R?) converging to ¢, we differentiate the expansion (89) of E[p, (X5"")]
with respect to initial x as follows: for 1 < n < d,

0

— E n Xs t,x
a Plon(X)
0 N0
_ 7E n th ;7E n Xt,r ?,:L’
63777 [80 ( )] ;6 axn [SD ( T )ﬂ—z,T}
1 (N+1) ~
+€N+1/ ( N + ]. Z 8 a(l)gan(X;u’t’x)Ha(k_l) ut r 1_‘[]‘7'277 b al
0
We have
d
0
aTE[%(X”)] = E[0;on(X7")0y, X5"7] = Elpn (X3")Ng:3", (91)
n j=1
and, for 1 <i¢ < N,
P _ d _ o _
5y Blon(Xp)mzl = Y AB0;on(Xp")0n X5 7] + Elon(X57)0ymi 7]}
n j=1
= Elp(X7 )N (92)
Moreover, 1 <n <d, u € [0,1],
9 ) k
T%E[aﬂn (X700 Hyon (FR00, T Pty ™)
=1
d 3 } 4 k
= Y E[0; a0 en(X50 )0, X700 ooy (B0, T Ftr ™))
j:l =1
k

+E[aa(l)S0n(XSUtm)a Ha(k 1) (FEUtm HFEutma,)]
=1
d

aaU)S@n (X;u’t’z) {Z Hj (X;u,t,m’ anX;uJ,x,j Ha(k—l) (F;u,t,ac7 H F;Lu, ,t,x, Otz))
j=1 =1

= FE

k
aH(FHF)H

=1
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d EU,t, T oeu,t,x,j eu,t,x k eu,t,x,o eu,t,x k eu,t,x,,q
where Zj:l Hj(X7""", 0n X Hy o0 (Fr N Fgor ))+0nHoo—n (Frp = Fgor ) €
K% 1. Therefore, we have the assertion. O

D Proof of Lemma 5.2

u®%N and 9,u%N o are represented as
— T —
wON(t,z) = Elg(Xp")r]+ E / f(S,X§’170,0)193dS] ;
t
— T —
awuaO’NU(t,w) = {E [9<X€I“7I)’7T] +FE / f(87X£’x,070)78d3] }sa(tx),
t

where ¥, = 1 + Zil slwff and v, = ZiI\LO EiNit”f. Remark that 9, € lelin{O’L__‘)N} = Kl and 75 €
Kﬁin{q,o,--,z\ul} = KT,. Since g is Lipschitz continuous and of linear growth, we obtain

|Elg(X57)07]] < llg(XE)ee|972e < C(T, @), (93)

|E[g()_(§lw)7T]ao(t,x)| <eCLC(T,z). (94)

Also, as f is of linear growth, we have

T T
£l /t F(s, X570,0)05ds]| < /t C(T, 2)ds, (95)

< / e (96)

T
E[/t f(s, X5% 0,0)ysds]|ea(t, ) T

where C(T,x) denotes a non-negative, non-decreasing and finite function of at most polynomial growth
in 2 depending on 7. Then, we obtain estimates for %" and 9,u®%"o:

w0 (t, )|

10,u="No(t, )|

C(T,z), (97)

<
< C(T,x). (98)

Note that for k > 1,

utt N (tz) = Elg(Xzp")dr]
e -
+FE / fs, Xb% usP =N (5, X52) 9,us LN (s, X)) ds |
t
doutNo(t,w) = Elg(Xp")rlea(t,)

T
+F / f(s,)_(z’m,us’k_l’N(s,)_(?m),8xu5’k_1’NU(s,)_(§’m))’ysds eo(t,x),
t

with (93), (94) and

T
E f(s, X00% yoh=LN (g X2y 9 ySk=LNg (s, Xﬁ’w))ﬁsds]
t
T
< [ e, (99)
t
T — — —
E / f(s,Xg’m,us’k_l’N(s,Xﬁ’z),8wu5’k_1’Na(s,Xﬁ’r))'ysds] eo(t,x)
t
r 1
< | o, 2)———ds. 100
< | oa)——=as (100

Then, recursively using (93), (94), (99) and (100) we obtain (49) and (50). O
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