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This online appendix provides results omitted in the paper with the same title.
Appendix A explains all the definitions and equations necessary for practical computa-
tions of an option pricing formula in Theorem 4.3: Section A.1 gives a summary with
Corollary A.1, which shows our pricing formula with complete expressions of constants
Ci,k (i = 1, 2, 3), Cj (j = 4, 5, 6) appearing in the theorem. Section A.2. provides the
details of the derivation. Appendix B lists up the conditional expectation formulas
used in the derivation of the theorem.

A Summary and Details of Calculations in Theorem 4.3

A.1 Summary of the calculations

Firstly, for a known parameter ϵ ∈ [0, 1] we consider the following stochastic integral
equations: for i = 1, · · · , d,

S
i,(ϵ)
T = si0 +

∫ T

0
αi
t−S

i,(ϵ)
t− dt+ ϵ

∫ T

0
ϕSi

(
σ
(ϵ)
t− , S

(ϵ)
t−

)
dWt

+

n∑
l=1

Nl,T∑
j=1

h
(ϵ)
Si,l,j

S
i,(ϵ)
τj,l− −

∫ T

0
ΛlS

i,(ϵ)
t− E[h

(ϵ)
Si,l,1

]dt

 , (1)

σ
i,(ϵ)
T = σi

0 +

∫ T

0
µσi

(
σ
(ϵ)
t− , t−

)
dt+ ϵ

∫ T

0
ϕσi

(
σ
(ϵ)
t−

)
dWt

+
n∑

l=1

Nl,T∑
j=1

h
(ϵ)

σi,l,j
σ
i,(ϵ)
τj,l− −

∫ T

0
Λlσ

i,(ϵ)
t− E[h

(ϵ)

σi,l,1
]dt

 , (2)

where si0, σ
i
0 are given constants, and αi

t is a deterministic piecewise continuous func-
tion of t, and W is a 2d-dimensional (independent) Brownian motion. Each Nl,
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(l = 1, · · · , n) is a Poisson process with a constant intensity Λl, which is indepen-
dent of each other. Nl, (l = 1, · · · , n) are also independent of all W ; τj,l stands for the

j-th jump time of Nl; For each l = 1, · · · , n and i = 1, · · · , d, both
(∑Nl,t

j=1 h
(ϵ)

Si,l,j

)
t≥0

and
(∑Nl,t

j=1 h
(ϵ)

σi,l,j

)
t≥0

are compound Poisson processes. (
∑Nl,t

j=1 ≡ 0 when Nl,t = 0).

µσi : Rd × R → R, and ϕxi : Rd × Rd → R2d, (xi = Si or σi), and we assume

that µ
(ϵ)

xi , ϕ
(ϵ)

xi , h
(ϵ)

xi,l,j
satisfy some regularity conditions (see Section 2 and 3). We

also suppose that h
(ϵ)

xi,l,j
= ϵmxi,l (mxi,l: a constant), or h

(ϵ)

xi,l,j
= eϵYxi,l,j − 1 where

Yxi,l,j ∼ N(mxi,l, υ
2
xi,l

).
In order to reduce the computational costs for numerical experiments, we use the

3rd order (ϵ3) corrections obtained by a no-jump model, which is defined as

S
i,LSV (ϵ)
T = si0 +

∫ T

0
αi
tS

i,LSV (ϵ)
t dt+ ϵ

∫ T

0
ϕSi

(
σ
i,LSV (ϵ)
t , S

i,LSV (ϵ)
t

)
dWt, (3)

σ
i,LSV (ϵ)
T = σi

0 +

∫ T

0
µσi

(
σ
i,LSV (ϵ)
t , t

)
dt+ ϵ

∫ T

0
ϕσi

(
σ
i,LSV (ϵ)
t

)
dWt. (4)

Next, let us define new processes A
i,(ϵ)
t based on the price processes (1) and (2) as well

as A
i,LSV (ϵ)
t based on the price processes (3) and (4):

A
i,(ϵ)
t =

mi∑
j=1

w
(i)
j S

i,(ϵ)

t
(i)
j

1{t(i)j ≤t},

A
i,LSV (ϵ)
t =

mi∑
j=1

w
(i)
j S

i,LSV (ϵ)

t
(i)
j

1{t(i)j ≤t}, (5)

where 0 ≤ t
(i)
1 < · · · < t

(i)
mi ≤ T , each mi denotes the number of the underlying asset

price Si,(ϵ) (Si,LSV (ϵ)) to which a discrete average option refers, and each w
(i)
j stands

for the weight of the asset price Si,(ϵ) at date t
(i)
j . Then, we can describe the underlying

asset price process g(A
(ϵ)
t ) of an average option as

g(A
(ϵ)
t ) =

d∑
i=1

A
i,(ϵ)
t , g(A

i,LSV (ϵ)
t ) =

d∑
i=1

A
i,LSV (ϵ)
t . (6)

Remark A.1. The underlying asset of spread option is the spread of futures prices
with two different maturities (T1 < T2). More precisely, the spread consists of a long
position in the first expiring futures (whose price is denoted by S1,(ϵ)) in the spread and
a short position in the second expiring futures (whose price is denoted by S2,(ϵ)). Then,
the underlying asset price process of an spread option is given as a special case of an
average option:

A
i,(ϵ)
t = wiS

i,(ϵ)
Ti

1{Ti≤t}, A
i,LSV (ϵ)
t = wiS

i,LSV (ϵ)
Ti

1{Ti≤t}, (i = 1, 2, w1 = 1, w2 = −1),

g(A
i,(ϵ)
t ) = A

1,(ϵ)
t −A

2,(ϵ)
t , g(A

i,LSV (ϵ)
t ) = A

1,LSV (ϵ)
t −A

2,LSV (ϵ)
t . (7)
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Then, the payoff function of an average/spread option with maturity T and strike

K is defined as (g(A
(ϵ)
T ) − K)+(:= max{g(A(ϵ)

T ) − K, 0}) for a call option and (K −
g(A

(ϵ)
T ))+(:= max{K−g(A

(ϵ)
T ), 0}) for a put option. In this way, we are able to evaluate

average and spread options in a unified manner.
By specifying the functions ϕSi , µσi and ϕσi (i = 1, · · · , d) in (1)–(4), we can express

various types of local-stochastic volatility models.
In particular, an extended Bates model and an extended SABR model used in the

numerical examples (that appear in Section 5 of the paper) are given as follows:

• (Extended Bates model) for i = 1, 2, · · · , d,

ϕSi(σ, S) = (ρi,1v
iSi,βi

√
σi, · · · , ρi,2dviSi,βi

√
σi), (vi : a constant),

µσi(σ) = λi(θi − σi), (λi, θi : constants),

ϕσi(σ) = (ρd+i,1ν
i
√
σi, · · · , ρd+i,2dν

i
√
σi), (νi : a constant).

• (Extended SABR model) for i = 1, 2, · · · , d,

ϕSi(σ, S) = (ρi,1v
iSi,βiσi, · · · , ρi,2dviSi,βiσi), (vi : a constant),

µσi(σi) = 0, (µσi(σi) = λi(θi − σi) with λi = 0),

ϕσi(σ) = (ρi+d,1ν
iσi, · · · , ρi+d,1ν

iσi), (νi : a constant).

ρij is the (i, j)-element of a 2d× 2d matrix obtained by Cholesky decomposition
of the correlation matrix of the correlated Brownian motions in Section 5.

Next, let us provide a concrete pricing formula that can be applied with ϵ = 1 to nu-
merical examples in Section 5 of the paper. More precisely, we show an approximation
formula for option prices under the following setup:

• Only one type of the jump components, i.e. n = 1 in (1)–(2), and hence we use
the notations independent of jumps types l (e.g. Λ = Λl).

• Specification of the jump size in (1)–(2):

(For the log-normal jump case)

h
(ϵ)

xi,j
= eϵYxi,j − 1 with Yxi,j ∼ N(mxi , υ2xi) (mxi , υxi : constants),

xi = Si or σi,

We also use the notation ϑSi,Si′ that denotes the (i, i′)-element of ϑ, d× d corre-

lation matrix among the jump sizes of Si and Si′ .

(For the constant jump case)

h
(ϵ)

xi,j
= ϵmxi (mxi : constant)

3



• The underlying asset price process is described as (6) with (5), which corresponds
to the one for a discrete average option. The one for a spread option is given by
(7) as its special case.

• The drift terms in volatility processes are set as the one for the extended Bates
model, that is µσi(σ) = λi(θi−σi), whence λi = 0 gives the one for the extended
SABR model.

• We provide an explicit formula for the call option, since the call price C(K,T )
with maturity T and strike K gives the put price P (K,T ) based on the put-call
parity as follows:

P (K,T ) = K −
d∑

i=1

mi∑
j=1

w
(i)
j e

∫ t
(i)
j

0 αi
sdssi0 + C(K,T ).

Then, in Section 5 we apply the formula with:

• αi ≡ 0 for all i in (1)–(4)

• ϑSi,Si′ = 1 for all i, i′

• six specifications of the model (i)–(vi) stated in Section 5

Now, we state the next result as a corollary of Theorem 4.3 in the paper.

Corollary A.2. An approximation formula for the initial value C(K,T ) of a discrete

average call option with maturity T and strike price K with K =
∑d

i=1

∑mi
j=1w

(i)
j e

∫ t
(i)
j

0 αi
sdssi0−

ϵY for an arbitrary Y ∈ R is provided as follows:

C(K,T ) ≈
∞∑
k=0

p{k}e
−rT

{
ϵ

{
ykN

 yk√
Σ
{k}
T

+Σ
{k}
T n(yk; 0,Σ

{k}
T )

}

+ϵ2
{
C1,kN

 yk√
Σ
{k}
T

+

(
C2,kΣ

{k}
T + C3,k

H1(yk; Σ
{k}
T )

Σ
{k}
T

)
n(yk; 0,Σ

{k}
T )

}

+ϵ3
{(

C4
H2(Y ; ΣT )

(ΣT )2
+ C5

H4(Y ; ΣT )

(ΣT )4
+ C6

)
n(Y ; 0,ΣT )

}}
, (8)

where r is a constant risk-free rate, N(x) denotes the standard normal distribution

function and n(x; 0,Σ) = 1√
2πΣ

exp
(
−x2

2Σ

)
. Moreover, Hk

(
x; Σ

{k}
T

)
denotes the k-th

order Hermite polynomial: particularly, H1

(
x; Σ

{k}
T

)
= x, H2

(
x; Σ

{k}
T

)
= x2 − Σ

{k}
T

and H4

(
x; Σ

{k}
T

)
= x4 − 6Σ

{k}
T x2 +3

(
Σ
{k}
T

)2
. Also, p{k}, ξ

i
{k}, y{k}, Σ

{k}
T and ΣT are

given as follows:

p{k} =
(ΛT )ke−ΛT

k!
, (9)
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ξi{k} = w̃i (k − ΛT )mSisi0, (10)

y{k} = g(ξ{k}) + Y =

d∑
i=1

ξi{k} + Y , (11)

Σ
{k}
T =

d∑
i=1

d∑
i′=1

∫ T

0

(
w̄i(t)ϕSi

(
σ
(0)
t , S

(0)
t

))(
w̄i′(t)ϕSi′

(
σ
(0)
t , S

(0)
t

))′
dt

+

d∑
i=1

d∑
i′=1

k
(
w̃iυSisi0

)
ϑSi,Si′

(
w̃i′υSi′s

i′
0

)
, (12)

ΣT = Σ
{0}
T , (13)

where x′ means the transpose of x. We also introduce the notation ∂i
x which stands for

the i-th order partial differential operator with respect to x, and

w̄i(t) =

mi∑
j=1

w
(i)
j 1{t≤t

(i)
j }e

∫ t
(i)
j

t αi
sds, (14)

w̃i =
1

T

mi∑
j=1

w
(i)
j t

(i)
j e

∫ t
(i)
j

0 αi
sds, (15)

ŵi(t) =

mi∑
j=1

w
(i)
j 1{t≤t

(i)
j }e

∫ t
(i)
j

0 αi
sds. (16)

Then, the coefficients C1,k, · · · , C3,k, C4, · · · , C6 are constants that are provided in
the following:

(log-normal jump case)

C1k =

d∑
i=1

w̃ikm
2
Sis

i
0

+
d∑

i=1

w̃iΛl(m
2
Si + υ2Si)s

i
0T

+
d∑

i=1

w̃is
i
0

k∑
j=1

j−1∑
I=1

mSimSi

+

d∑
i=1

mSiw̃iΛmSisi0
kT

2

+
d∑

i=1

w̃iΛmSisi0mSi

kT

2

5



+
d∑

i=1

w̃i

∫ T

0
ΛmSiΛmSitsi0dt, (17)

C2k =

d∑
i=1

∫ T

0
w̄i(t)∂SiϕSi

kt

T
mSisi0

d∑
I=1

w̄I(t)ϕ
′
SIdt

+
d∑

i=1

∫ T

0
w̄i(t)∂SiϕSi

d∑
I=1

w̄I(t)ϕ
′
SIΛmSie

∫ t
0 αi

sdssi0tdt

+
d∑

i=1

∫ T

0
w̄i(t)∂σiϕSi

d∑
I=1

w̄I(t)ϕ
′
SI

∫ t

0

k

T
mσie−λi(t−u)σi,(0)

u dudt

+

d∑
i=1

∫ T

0
w̄i(t)∂σiϕSi

d∑
I=1

w̄I(t)ϕ
′
SIΛmσi

∫ t

0
e−λi(t−u)σi,(0)

u dudt

+

d∑
i=1

w̃ik2mSiυSisi0

d∑
I=1

ϑSi,SI w̃IυSIsI0

+
d∑

i=1

∫ T

0
w̃imSi

∫ t

0
e−

∫ u
0 αi

sdsϕSi

d∑
I=1

w̄I(t)ϕ
′
SIdudt

k

T

+2

d∑
i=1

w̃is
i
0

k∑
j=1

j−1∑
I=1

mSiυSi

d∑
J=1

ϑSi,SJυSJ w̃Js
J
0

+
d∑

i=1

υSiw̃i

d∑
I=1

ϑSi,SI w̃IυSIsI0ΛmSisi0
kT

2

+

d∑
i=1

Tw̃iΛmSi

∫ T

0
e−

∫ t
0 αi

sdsϕSi

d∑
I=1

w̄I(t)ϕ
′
SIdt

−
d∑

i=1

w̃i

∫ T

0
tΛmSie

∫ t
0 αi

sdsϕSi

d∑
I=1

w̄I(t)ϕ
′
SIdt

+
d∑

i=1

w̃is
i
0ΛmSiυSi

d∑
J=1

ϑSi,SJυSJ w̃Js
J
0

kT

2
, (18)

C3k =
d∑

i=1

∫ T

0
w̄i(t)∂SiϕSi

d∑
I=1

w̄I(t)ϕ
′
SI

∫ t

0
e
∫ t
u αi

sdsϕSi

d∑
J=1

w̄J(u)ϕ
′
SJdudt

+

d∑
i=1

∫ T

0
w̄i(t)∂SiϕSi

d∑
I=1

w̄I(t)ϕ
′
SI

kt

T
e
∫ t
0 αi

sdsυSisi0

d∑
J=1

w̃JϑSi,SJυSJ sJ0dt,

+

d∑
i=1

∫ T

0
w̄i(t)∂σiϕSi

d∑
I=1

w̄I(t)ϕ
′
SI

∫ t

0
e−λi(t−u)ϕσi

d∑
J=1

w̄J(t)ϕ
′
SJdudt

6



+
d∑

i=1

∫ T

0
w̄i(t)∂σiϕSi

d∑
I=1

w̄I(t)ϕ
′
SI

×
∫ t

0

k

T
υσie−λi(t−u)σi,(0)

u

d∑
J=1

ϑSi,σJυSJ w̃Js
J
0dudt

+

d∑
i=1

k(υSi)2(w̃i)
2(si0)

2 +

d∑
i=1

k

(
υSiw̃is

i
0

d∑
I=1

ϑSi,SIυSI w̃Is
I
0

)2

+

d∑
i=1

∫ T

0
w̃iυSi

d∑
I=1

Tw̃IϑSi,SIυSIsI0

d∑
J=1

∫ t

0
e
∫ u
0 αi

sdsϕSiw̄J(t)ϕ
′
SJdudt

k

T

+
d∑

i=1

w̃is
i
0

k∑
j=1

j−1∑
I=1

υSi

d∑
ι=1

ϑSi,SιυSιsι0υSi

d∑
J=1

ϑSi,SJυSJ w̃Js
J
0 . (19)

(constant jump case)

C1k =
d∑

i=1

w̃is
i
0

k∑
j=1

j−1∑
I=1

mSimSi

+

d∑
i=1

mSiw̃iΛmSisi0
kT

2

+
d∑

i=1

w̃iΛmSisi0mSi

kT

2

+

d∑
i=1

w̃i

∫ T

0
ΛmSiΛmSitsi0dt, (20)

C2k =
d∑

i=1

∫ T

0
w̄i(t)∂SiϕSi

kt

T
mSisi0

d∑
I=1

w̄I(t)ϕ
′
SIdt

+

d∑
i=1

∫ T

0
w̄i(t)∂SiϕSi

d∑
I=1

w̄I(t)ϕ
′
SIΛmSie

∫ t
0 αi

sdssi0tdt

+

d∑
i=1

∫ T

0
w̄i(t)∂σiϕSi

d∑
I=1

w̄I(t)ϕ
′
SI

∫ t

0

k

T
mσie−λi(t−u)σi,(0)

u dudt

+

d∑
i=1

∫ T

0
w̄i(t)∂σiϕSi

d∑
I=1

w̄I(t)ϕ
′
SIΛmσi

∫ t

0
e−λi(t−u)σ

i,(0)
u− dudt

+
d∑

i=1

∫ T

0
w̃imSi

∫ t

0
e−

∫ u
0 αi

sdsϕSi

d∑
I=1

w̄I(t)ϕ
′
SIdudt

k

T

7



+
d∑

i=1

Tw̃iΛmSi

∫ T

0
e−

∫ t
0 αi

sdsϕSi

d∑
I=1

w̄I(t)ϕ
′
SIdt

−
d∑

i=1

w̃i

∫ T

0
tΛmSie

∫ t
0 αi

sdsϕSi

d∑
I=1

w̄I(t)ϕ
′
SIdt, (21)

C3k =

d∑
i=1

∫ T

0
w̄i(t)∂SiϕSi

d∑
I=1

w̄I(t)ϕ
′
SI

∫ t

0
e
∫ t
u αi

sdsϕSi

d∑
J=1

w̄J(u)ϕ
′
SJdudt

+
d∑

i=1

∫ T

0
w̄i(t)∂σiϕSi

d∑
I=1

w̄I(t)ϕ
′
SI

∫ t

0
e−λi(t−u)ϕσi

d∑
J=1

w̄J(t)ϕ
′
SJdudt

+
d∑

i=1

∫ T

0
w̄i(t)∂σiϕSi

d∑
I=1

w̄I(t)ϕ
′
SI . (22)

(log-normal and constant jump cases)

C4 =
1

2
I2(134) + I2(135) +

1

2
I2(136)

+
1

2
I2(154) + I2(155) + I2(156) +

1

2
I2(157) + I2(158), (23)

C5 =
1

2
I4(134) + I4(135) +

1

2
I4(136), (24)

C6 =
1

2
I0(134) + I0(135) +

1

2
I0(136) +

1

2
I2(154) + I2(158), (25)

where the parenthesized numbers correspond to the equation numbers in the next sub-
section A.2 (details of the calculations).

For M = 134, 135, 136,

I4(M) =

d∑
i=1

d∑
I=1

(∫ T

0
q′M,3t,iqM,1t,i

∫ t

0
q′M,2s,iqM,1s,idsdt

)
×(∫ T

0
q′M,5r,IqM,1r,I

∫ r

0
q′M,4u,IqM,1u,Idudr

)
,

I2(M) =

d∑
i=1

d∑
I=1

{∫ T

0
q′M,3t,iqM,1t,i

∫ t

0
q′M,5r,IqM,1r,I

∫ r

0
q′M,2u,iqM,4u,Idudrdt

+

∫ T

0
q′M,5t,IqM,1t,I

∫ t

0
q′M,3r,iqM,1r,i

∫ r

0
q′M,2u,iqM,4u,Idudrdt

+

∫ T

0
q′M,3t,iqM,1t,i

∫ t

0
q′M,2r,iqM,5r,I

∫ r

0
q′M,4u,IqM,1u,Idudrdt

+

∫ T

0
q′M,3t,iqM,5t,I

(∫ t

0
q′M,2s,iq1sds

)(∫ t

0
q′M,4u,IqM,1u,Idu

)
dt

+

∫ T

0
q′M,5r,IqM,1r,I

∫ r

0
q′M,3u,iqM,4u,I

∫ u

0
q′M,2s,iqM,1s,idsdudr

}
,
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I0(M) =
d∑

i=1

d∑
I=1

∫ T

0

∫ t

0
q′M,2u,iqM,4u,Iduq

′
M,3t,iqM,5t,Idt,

where

q′134,1t,i =
d∑

i=1

w̄i(t)ϕSi , (26)

q′134,2t,i = e−
∫ t
0 αi

sdsϕSi , (27)

q′134,3t,i = ŵi(t)∂SiϕSi , (28)

q′134,4t,i = e−
∫ t
0 αi

sdsϕSi , (29)

q′134,5t,i = ŵi(t)∂SiϕSi , (30)

q′135,1t,i =
d∑

i=1

w̄i(t)ϕSi , (31)

q′135,2t,i = e−
∫ t
0 αi

sdsϕSi , (32)

q′135,3t,i = ŵi(t)∂SiϕSi , (33)

q′135,4t,i = eλ
itϕσi , (34)

q′135,5t,i = w̄i(t)e
−λit∂σiϕSi , (35)

q′136,1t,i =

d∑
i=1

ŵi(t)ϕSi , (36)

q′136,2t,i = eλ
itϕσi , (37)

q′136,3t,i = w̄i(t)e
−λit∂σiϕSi , (38)

q′136,4t,i = eλ
itϕσ, (39)

q′136,5t,i = w̄i(t)e
−λit∂σiϕSi . (40)

For M = 155, 156, 158,

I2(M) =
d∑

i=1

(∫ T

0
q′M,4t,iqM,1t,i

∫ t

0
q′M,3s,iqM,1s,i

∫ s

0
q′M,2u,iqM,1u,idudsdt

)
,

where

q′155,1t,i =

d∑
i=1

w̄i(t)ϕSi , (41)

q′155,2t,i = e−
∫ t
0 αi

sdsϕSi , (42)

q′155,3t,i = ∂SiϕSi , (43)

q′155,4t,i = ŵi(t)∂SiϕSi , (44)
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q′156,1t,i =
d∑

i=1

w̄i(t)ϕSi , (45)

q′156,2t,i = eλ
itϕσi , (46)

q′156,3t,i = e−
∫ t
0 αi

sds−λit∂σiϕSi , (47)

q′156,4t,i = ŵi(t)∂SiϕSi , (48)

q′158,1t,i =

d∑
i=1

w̄i(t)ϕSi , (49)

q′158,2t,i = eλ
itϕσi , (50)

q′158,3t,i = ∂σiϕσi , (51)

q′158,4t,i = w̄i(t)e
−λit∂σiϕSi . (52)

For M = 154, 157,

I2(M) =
d∑

i=1

{∫ T

0

(∫ t

0
q′M,2u,iqM,1u,idu

)(∫ t

0
q′M,3s,iqM,1s,ids

)
q′M,4t,iqM,1t,idt

}
,

I0(M) =

d∑
i=1

(∫ T

0

∫ t

0
q′M,2u,iqM,3u,iduq

′
M,4t,iqM,1t,idt

)
,

where

q′154,1t,i =

d∑
i=1

w̄i(t)ϕSi , (53)

q′154,2t,i = q154,3t,i = e−
∫ t
0 αi

sdsϕSi , (54)

q′154,4t,i = ŵi(t)e
∫ t
0 αi

sds∂2
SiϕSi , (55)

q′157,1t,i =
d∑

i=1

w̄i(t)ϕSi , (56)

q′157,2t,i = q157,3t,i = eλ
itϕσi , (57)

q′157,4t,i = w̄i(t)e
−2λit∂2

σiϕSi . (58)

The derivation of the functions I0, I2, and I4 is provided in the next subsection.

Remark A.3. When we do not have closed-forms for the multiple integrals on the time
parameter that appear in the calculation of the conditional expectation formulas, some
numerical method is necessary.

However, all the multiple integrals necessary for the evaluation of C1,k, · · · , C3,k, C4, · · · , C6

are computed by the program code with only one loop against the time parameter. For
instance, a multiple integral is approximated for the numerical integration as follows:∫ T

0
f(s)

∫ t

0
g(u)

∫ s

0
h(v)dvduds

10



≈
M∑
i=1

∆tif(ti)

i∑
j=1

∆tjg(tj)

j∑
k=1

∆tkh(tk)

=
M∑
i=1

∆tif(ti) (G(ti−1) + ∆tig(ti) (H(ti−1) + ∆tih(ti))) ,

where ∆ti = (ti−ti−1), H(ti) = H(ti−1)+∆tih(tj) and G(ti) = G(ti−1)+∆tig(ti)H(ti).
Hence, the order of the computational effort is at most M , where M is the number

of time-steps for the discretization in the numerical integral. Note that we have no
problems in terms of computational complexity and speed since various fast numerical
integration methods are available such as the extrapolation method.

A.2 Details of the calculations

For ease of the expressions we introduce the following notations:

• X(n) = ∂n

∂ϵnX
(ϵ)
∣∣
ϵ=0

, where X corresponds to S, σ, h.

• ΦS := (ϕS1(σ, S), · · · , ϕSd(σ, S))′ and Φσ := (ϕσ1(σ), · · · , ϕσd(σ))′ are d × 2d
matrices.

• We define an operator ”∗” as follows: When A and B are d× 2d matrices,

A ∗B :=

 (A)1,1(B)1,1 · · · (A)1,2d(B)1,2d
...

. . .
...

(A)d,1(B)d,1 · · · (A)d,2d(B)d,2d

 . (59)

When A is a d× 2d matrix and B is a d-dimensional vector,

A ∗B = B ∗A :=

 (A)1,1(B)1 · · · (A)1,2d(B)1
...

. . .
...

(A)d,1(B)d · · · (A)d,2d(B)d

 . (60)

When A and B are d-dimensional vectors,

A ∗B :=

 (A)1(B)1
...

(A)d(B)d

 . (61)

• We also define ∂xΦx̂ (x = S or σ, x̂ = S or σ) as

∂xΦx̂ :=


∂

∂x1 (Φx̂)1,1 · · · ∂
∂x1 (Φx̂)1,2d

...
. . .

...
∂

∂xd (Φx̂)d,1 · · · ∂
∂xd (Φx̂)d,2d

 , (62)

where (Φx̂)i,j denotes the (i, j)-element of the d× 2d matrix Φx̂.
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• Let us introduce the following notations:

St = (S1
t , · · · , Sd

t ), σt = (σ1
t , · · · , σd

t ),

S
(j)
t = (S

1,(j)
t , · · · , Sd,(j)

t ), σ
(j)
t = (σ

1,(j)
t , · · · , σd,(j)

t ),

h
(i)
S,j = (h

(i)
S1,j

, · · · , h(i)
Sd,j

), h
(i)
σ,j = (h

(i)
σ1,j

, · · · , h(i)
σd,j

),

e
∫ t
0 αsds = (e

∫ t
0 α1

sds, · · · , e
∫ t
0 αd

sds) and eλt = (eλ
1t, · · · , eλdt).

Based on these preparations, we obtain the next proposition.

Proposition A.4. 1. The coefficients, S
(i)
T , h

(i)
x,j (x =, S, σ), i = 0, 1, 2 and σ

(i)
T

i = 0, 1 are given as follows:

S
(0)
T = e

∫ T
0 αtdt ∗ s0, (63)

σ
(0)
T = θ + (σ0 − θ) ∗ e−λT , (64)

h
(0)
x,j = 0, (65)

S
(1)
T =

∫ T

0
e
∫ T
t αsds ∗ ΦS

(
σ
(0)
t− , S

(0)
t−

)
dWt

+

NT∑
j=1

h
(1)
S,j − ΛTE

[
h
(1)
S,1

] ∗ S(0)
T , (66)

σ
(1)
T =

∫ T

0
e−λ(T−t) ∗ Φσ

(
σ
(0)
t−

)
dWt +

NT∑
j=1

h
(1)
σ,j ∗ e

−λ(T−τj) ∗ σ(0)
τj−

−ΛE
[
h
(1)
σ,1

]
∗ e−λT ∗

∫ T

0
eλt ∗ σ(0)

t− dt

)
, (67)

h
(1)
x,j = mx := (mx1 , · · · ,mxd), (for all j, constant jump case) (68)

h
(1)
x,j = Yx,j := (Yx1,j , · · · , Yxd,j), (log-normal jump case) (69)

S
(2)
T = 2

∫ T

0
e
∫ T
t αsds ∗ ∂SΦS

(
σ
(0)
t− , S

(0)
t−

)
∗ S(1)

t− dWt

+2

∫ T

0
e
∫ T
t αsds ∗ ∂σΦS

(
σ
(0)
t− , S

(0)
t−

)
∗ σ(1)

t− dWt

+

(
NT∑
j=1

h
(2)
S,j − ΛTE

[
h
(2)
S,1

] ∗ S(0)
T

+2

NT∑
j=1

h
(1)
S,j ∗ e

∫ T
τj

αsds ∗ S(1)
τj− − 2ΛE

[
h
(1)
S,1

]
∗
∫ T

0
e
∫ T
t αsds ∗ S(1)

t− dt

)
,

(70)

h
(2)
x,j = 0 ∈ Rd, (for all j, constant jump case) (71)
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h
(2)
x,j = Yx,j ∗ Yx,j . (log-normal jump case) (72)

2. The coefficients, S
LSV (i)
T (i = 1, 2, 3) and σ

LSV (i)
T (i = 1, 2) in the asymptotic

expansions are given as follows:

S
LSV (1)
T =

∫ T

0
e
∫ T
t αsds ∗ ΦS

(
σ
(0)
t , S

(0)
t

)
dWt, (73)

σ
LSV (1)
T =

∫ T

0
e−λ(T−t) ∗ Φσ

(
σ
(0)
t

)
dWt, (74)

S
LSV (2)
T = 2

∫ T

0
e
∫ T
t αsds ∗ ∂SΦS

(
σ
(0)
t , S

(0)
t

)
∗ SLSV (1)

t dWt

+2

∫ T

0
e
∫ T
t αsds ∗ ∂σΦS

(
σ
(0)
t , S

(0)
t

)
∗ σLSV (1)

t dWt, (75)

σ
LSV (2)
T = 2

∫ T

0
e−λ(T−t) ∗ ∂σΦσ

(
σ
(0)
t

)
∗ σLSV (1)

t dWt

= 2

∫ T

0
e−λ(T−t) ∗ ∂σΦσ

(
σ
(0)
t

)
∗
∫ t

0
e−λ(t−u) ∗ Φσ

(
σ(0)
u

)
dWudWt,

(76)

S
LSV (3)
T = 6

∫ T

0
e
∫ T
t αsds ∗ ∂2

SΦS

(
σ
(0)
t , S

(0)
t

)
∗ (SLSV (1)

t ) ∗ (SLSV (1)
t )dWt

+6

∫ T

0
e
∫ T
t αsds ∗ ∂SΦS

(
σ
(0)
t , S

(0)
t

)
∗ SLSV (2)

t dWt

+6

∫ T

0
e
∫ T
t αsds ∗ ∂2

σΦS

(
σ
(0)
t , S

(0)
t

)
∗ (σLSV (1)) ∗ (σLSV (1))dWt

+6

∫ T

0
e
∫ T
t αsds ∗ ∂σΦS

(
σ
(0)
t , S

(0)
t

)
∗ σLSV (2)dWt. (77)

In order to obtain the approximate value (8), all we have to do is to calculate the
constants C1,k, · · · , C3,k, C4, · · · , C6. Hereafter, we derive those concrete expressions for
a discrete average option, whose payoffs is defined as (g(AT ) −K)+(:= max{g(AT ) −

K, 0}), where the strike price K is defined by K =
∑d

i=1

∑mi
j=1w

(i)
j e

∫ t
(i)
j

0 si0 − ϵY for an
arbitrary Y ∈ R. We remark that a spread option is regarded as its special case.

Firstly, let us define A
i,(ϵ)
t as

A
i,(ϵ)
t =

mi∑
j=1

w
(i)
j S

i,(ϵ)

t
(i)
j

1{t(i)j ≤t}. (78)

Then, a call payoff function f is expanded as:

f(g(A
(ϵ)
T )) =

(
g(A

(ϵ)
T )−K

)+
13



= ϵ

(
g(A

(ϵ)
T )− g(A

(0)
T )

ϵ
+ Y

)+

= ϵ
(
g(A

(1)
T ) + Y

)+
+ ϵ21{

g(A
(1)
T )>−Y

}g
(
1

2!
A

(2)
T

)
+ϵ3

(
1{

g(A
(1)
T )>−Y

}g
(
1

3!
A

(3)
T

)
+

1

2
δ{

g(A
(1)
T )=−Y

}g
(
1

2!
A

(2)
T

)2
)

+ o(ϵ3),

(79)

where

g(A
(n)
T ) = g

(
∂n

∂ϵn
A

(ϵ)
T

∣∣
ϵ=0

)
=

d∑
i=1

mi∑
j=1

w
(i)
j

∂n

∂ϵn
S
i,(ϵ)

t
(i)
j

∣∣
ϵ=0

1{t(i)j ≤T}

=
d∑

i=1

mi∑
j=1

w
(i)
j S

i,(n)

t
(i)
j

1{t(i)j ≤T}. (80)

Here, the strike price is expressed as K = g(A
(0)
T )− ϵY for some Y ∈ R, and g is given

by (6).
We use a lemma in Appendix B to obtain values of each conditional expectation,

and obtain an approximate pricing formula for average call options with ϵ = 1.
We set kt :=

∑∞
p=1 1{τp≤t}, k = kT , and Š :=

(
Š1, · · · , Šd

)
defined as

Ši
t :=

2d∑
q=1

∫ t

0
e
∫ t
u αsdsϕSi,q

(
σ
(0)
u−, S

(0)
u−

)
dW q

u +

kt∑
p=1

υSiζSi,pe
∫ t
0 αi

sdssi0. (81)

In this setting, we have g(A
(1)
T ) = g(ǍT ) + g(ξ{k},T )(=

∑d
i=1 Ǎ

i
T +

∑d
i=1 ξ

i
{k},T ),

where

Ǎi
T :=

mi∑
j=1

w
(i)
j Ši

t
(i)
j

1{t(i)j ≤T},

ξi{k},T :=

mi∑
j=1

w
(i)
j

(
k
t
(i)
j

− Λt
(i)
j

)
mSie

∫ t
(i)
j

0 αi
sdssi0. (82)

Then, for ease of numerical computation, that is to avoid the multiple time-integrals
appearing in Corollary 3.3, we approximate ξi{k},t and the distribution of g(ǍT ): With

the notations w̄i(t) :=
∑mi

j=1w
(i)
j 1{t≤t

(i)
j }e

∫ t
(i)
j

t αsds and w̃i :=
1
T

∑mi
j=1w

(i)
j t

(i)
j e

∫ t
(i)
j

0 αsds,

let us approximate ξi{k},t by ξi{k}, which is defined as

ξi{k} := w̃i (k − ΛT )mSisi0, (83)
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where the number of jumps until t
(i)
j (i.e. k

t
(i)
j

) is replaced by the number of jumps until

T (i.e. k = kT ). Moreover, the distribution of g(ǍT ) is approximated as N
(
0,Σ

{k}
T

)
,

that is the normal distribution with mean zero and variance Σ
{k}
T defined as

Σ
{k}
T :=

d∑
i=1

2d∑
q=1

d∑
i′=1

2d∑
q′=1

∫ T

0

(
w̄i(t)ϕSi,q

(
σ
(0)
t , S

(0)
t

))(
w̄i′(t)ϕSi′ ,q′

(
σ
(0)
t , S

(0)
t

))
dt

+

d∑
i=1

d∑
i′=1

k
(
w̃iυSisi0

)
ϑSi,Si′

(
w̃i′υSi′s

i′
0

)
. (84)

(In the case of d = 1 and n = 1, Σ
{k}
T corresponds to Σ

{k}
T (T ) in Remark B.2 of Appendix

B.) In sum, given {NT = k}, we obtain an approximation for the distribution of g(A
(1)
T )

as N(g(ξ{k}),Σ
{k}
T ) with g(ξ{k}) =

∑d
i=1 ξ

i
{k}, i.e. in the subsequent analysis, we treat

its distribution as if g(A
(1)
T ) ∼ N(g(ξ{k}),Σ

{k}
T ).

Next, let us evaluate the expectation of each term in the right hand side of (79):
For the ϵ-term, with yk := Y + g(ξ{k}),

ϵE

[(
g(A

(1)
T ) + Y

)+]
= ϵ

∞∑
k=0

p{k}
k!

T k

⃗∫ T

0

∫
R
(x+ Y )+p

A
(1)

{τ=t⃗},T (x)dxd⃗t

≈ ϵ

∞∑
k=0

p{k}

∫
R
(x+ Y )+n(x : g(ξk),Σ

{k}
T )dx

= ϵ

∞∑
k=0

p{k}

∫ ∞

−yk

(x+ yk)n(x : 0,Σ
{k}
T )dx

= ϵ

∞∑
k=0

p{k}

{
ykN

 yk√
Σ
{k}
T

+Σ
{k}
T n(yk; 0,Σ

{k}
T )

}
, (85)

where
∫⃗ T
0 =

∫ T
0

∫ tk
0 · · ·

∫ t2
0 , d⃗t = dt1 · · · dtk, p{k} = (ΛT )ke−ΛT

k! , and p
A

(1)

{τ=t⃗},T (x) stands

for the density function of A
(1)
T conditioned on {τ = t⃗} = {τ1 = t1, · · · , τk = tk}

(0 < t1 < · · · < tk ≤ T ) with NT = k.

For the ϵ2-term and one of the ϵ3-terms, with A
(m)
T = ∂m

∂ϵmA
(ϵ)
T

∣∣
ϵ=0

(m = 2, 3),

ϵmE

[
1{

g(A
(1)
T )>−Y

}g
(

1

m!
A

(m)
T

)]
= ϵm

∞∑
k=0

p{k}
k!

T k

⃗∫ T

0

∫
R
1{g(A(1)

T )>−Y }g

(
1

m!
A

(m)
T

)
p
A

(1)

{τ=t⃗},T (x)dxd⃗t
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= ϵm
∞∑
k=0

p{k}
k!

T k

⃗∫ T

0

∫ ∞

−Y
E

[
g

(
1

m!
A

(m)
T

)
|g
(
A

(1)
T

)
= x,NT = k, {τ = t⃗}

]
p
A

(1)

{τ=t⃗},T (x)dxd⃗t

≈ ϵm
∞∑
k=0

p{k}
k!

T k

⃗∫ T

0

∫ ∞

−Y
E

[
g

(
1

m!
A

(m)
T

)
|g
(
A

(1)
T

)
= x,NT = k, {τ = t⃗}

]
n(x : g(ξk),Σ

{k}
T )dxd⃗t

= ϵm
∞∑
k=0

p{k}
k!

T k

∫ T⃗

0

∫ ∞

−yk

E

[
g

(
1

m!
A

(m)
T

)
|g
(
Ǎ

(1)
T

)
= x,NT = k, {τ = t⃗}

]
n(x : 0,Σ

{k}
T )dxd⃗t

= ϵm
∞∑
k=0

p{k}

∫ ∞

−yk

k!

T k

⃗∫ T

0
E

[
g

(
1

m!
A

(m)
T

)
|g
(
Ǎ

(1)
T

)
= x,NT = k, {τ = t⃗}

]
d⃗t n(x : 0,Σ

{k}
T )dx.

(86)

For the remaining ϵ3-term,

ϵ3E

[
δ{

g(A
(1)
T )=−Y

}g
(
1

2!
A

(2)
T

)2
]

= ϵ3
∞∑
k=0

p{k}
k!

T k

⃗∫ T

0

∫
R
δ{g(A(1)

T )=−Y }g

(
1

2!
A

(2)
T

)2

p
A

(1)

{τ=t⃗},T (x)dxd⃗t

= ϵ3
∞∑
k=0

p{k}
k!

T k

⃗∫ T

0

∫
R
δ{g(A(1)

T )=−Y }

×E

[
g

(
1

2!
A

(2)
T

)2 ∣∣g (A(1)
T

)
= x,NT = k, {τ = t⃗}

]
p
A

(1)

{τ=t⃗},T (x)dxd⃗t

≈ ϵ3
∞∑
k=0

p{k}
k!

T k

∫ T⃗

0

∫
R
δ{g(A(1)

T )=−Y }

×E

[
g

(
1

2!
A

(2)
T

)2

|g
(
A

(1)
T

)
= x,NT = k, {τ = t⃗}

]
n(x : g(ξk),Σ

{k}
T )dxd⃗t

= ϵ3
∞∑
k=0

p{k}
k!

T k

∫ T⃗

0

∫
R
δ{g(A(1)

T )=−yk}

×E

[
g

(
1

2!
A

(2)
T

)2

|g
(
Ǎ

(1)
T

)
= x,NT = k, {τ = t⃗}

]
n(x : 0,Σ

{k}
T )dxd⃗t

= ϵ3
∞∑
k=0

p{k}
k!

T k

∫ T⃗

0
E

[
g

(
1

2!
A

(2)
T

)2 ∣∣g (Ǎ(1)
T

)
= −yk, NT = k, {τ = t⃗}

]
d⃗t

×n(−yk : 0,Σ
{k}
T ). (87)

Moreover, since we use LSV model for the coefficient of ϵ3 to reduce the computa-
tional costs, we evaluate the following equation for an approximation for average call
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prices: with the notation ΣT = Σ
{0}
T ,

E

[(
g(A

(ϵ)
T )−K

)+]

≈ ϵ

∞∑
k=0

p{k}

{
ykN

 yk√
Σ
{k}
T

+Σ
{k}
T n(yk; 0,Σ

{k}
T )

}

+ϵ2
∞∑
k=0

p{k}

∫ ∞

−yk

k!

T k

∫ T⃗

0
E

[
g

(
1

2!
A

(2)
T

) ∣∣g (Ǎ(1)
T

)
= x,NT = k, {τ = t⃗}

]
d⃗t n(x : 0,Σ

{k}
T )dx

+ϵ3
∫ ∞

−yk

E

[
g

(
1

3!
A

LSV (3)
T

) ∣∣g (ǍLSV (1)
T

)
= x

]
n(x : 0,ΣT )dx

+ϵ3E

[
g

(
1

2!
A

LSV (2)
T

)2 ∣∣g (ǍLSV (1)
T

)
= −Y

]
n(−Y : 0,ΣT ). (88)

In the rest of this subsection, we show the details of the calculation for the right hand
side of the equation above. (In the following we omit some notations for simplicity.)

First, we define w̌i(t) :=
∑mi

j=1w
(i)
j 1{t≤t

(i)
j }e

∫ t
0 αsds and get an expression of g

(
1
2!A

(2)
T

)
as follows:

g

(
1

2!
A

(2)
T

)
=

∫ T

0

w̄(t) ∗ ∂SΦS ∗
∫ t

0

e
∫ t
u
αsds ∗ ΦSdWudWt (89)

+

∫ T

0

w̄(t) ∗ ∂SΦS ∗
Nt∑
j=1

h
(1)
S,j ∗ e

∫ t
τj

αsds ∗ S(0)
τj−dWt (90)

−
∫ T

0

w̄(t) ∗ ∂SΦS ∗ ΛE[h
(1)
S,1] ∗

∫ t

0

e
∫ t
u
αsds ∗ S(0)

u−dudWt (91)

+

∫ T

0

w̄(t) ∗ ∂σΦS ∗
∫ t

0

e−λ(t−u) ∗ ΦσdWudWt (92)

+

∫ T

0

w̄(t) ∗ ∂σΦS ∗
Nt∑
j=1

h
(1)
σ,j ∗ e

−λ(t−τj) ∗ σ(0)
τj−dWt (93)

−
∫ T

0

w̄(t) ∗ ∂σΦS ∗ ΛE[h
(1)
σ,1] ∗ e−λt ∗

∫ t

0

eλu− ∗ σ(0)
u−dudWt (94)

+

NT∑
j=1

w̌(τj) ∗ h(2)
S,j ∗ s0 (95)

−w̃ ∗ ΛE[h
(2)
S,1] ∗ s0T (96)

+

NT∑
j=1

w̌(τj) ∗ h(1)
S,j ∗

∫ τj

0

e
∫ u
0

αsds ∗ ΦSdWu (97)

+

NT∑
j=1

w̌(τj) ∗ h(1)
S,j ∗

Nτj∑
m=1

h
(1)
S,m ∗ s0 (98)
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−
NT∑
j=1

w̌(τj) ∗ h(1)
S,j ∗ ΛE[h

(1)
S,1] ∗ s0 ∗ τj (99)

+

∫ T

0

w̃ΛE[h
(1)
S,1] ∗

∫ t

0

e
∫ u
0

αsds ∗ ΦSdWudt (100)

−
∫ T

0

w̃ΛE[h
(1)
S,1] ∗

Nt∑
m=1

h
(1)
S,m ∗ s0dt (101)

+

∫ T

0

w̃ΛE[h
(1)
S,1] ∗ ΛE[h

(1)
S,1] ∗ s0dt, (102)

where

E
[
h
(ϵ)

xi,1

]
= E

[
eϵYxi,1 − 1

]
= e

ϵmxi+
1
2
ϵ2υ2

xi − 1, (103)

E
[
h
(0)
xi,1

]
= E

[
h
(ϵ)
xi,1

] ∣∣∣
ϵ=0

= 1− 1 = 0, (104)

E
[
h
(1)

xi,1

]
= ∂ϵE

[
h
(ϵ)

xi,1

] ∣∣∣
ϵ=0

= (mxi + ϵυ2xi)e
ϵmxi+

1
2
ϵ2υ2

xi

∣∣∣
ϵ=0

= mxi , (105)

E
[
h
(2)

xi,1

]
= ∂2

ϵE
[
h
(ϵ)

xi,1

] ∣∣∣
ϵ=0

=
(
υ2xie

ϵmxi+
1
2
ϵ2υ2

xi + (mxi + ϵυ2xi)
2e

ϵmxi+
1
2
ϵ2υ2

xi

) ∣∣∣
ϵ=0

= m2
xi + υ2xi . (106)

Next, we define the expression F (X) as

F (X) :=
k!

T k

⃗∫ T

0
E
[
X|g(Ǎ(1)

T ) = x,NT = k, {τ = t⃗}
]
d⃗t, (107)

where X stands for the expression in the equation number (X). Then, we obtain the

following approximations of F (g(A
(2)
T )) by using formulas in Lemma B.1 of Appendix

B with the approximation of Remark B.2:

F (g(A
(2)
T )) ≈ G(89) +G(90) +G(91) +G(92) +G(93) +G(94) +G(95)

+G(96) +G(97) +G(98) +G(99) +G(100) +G(101) +G(102),

(108)

whereG(89)∼G(102) are provided with the k-th order Hermite polynomialHk

(
x; Σ

{k}
T

)
as follows:

G(89) =

d∑
i=1

∫ T

0

w̄i(t)∂SiϕSi

d∑
I=1

w̄I(t)ϕ
′
SI

∫ t

0

e
∫ t
u αi

sdsϕSi

d∑
J=1

w̄J(u)ϕ
′
SJ dudt

H2(x,Σ
{k}
T )

(Σ
{k}
T )2

, (109)

G(90) =

d∑
i=1

∫ T

0

w̄i(t)∂SiϕSi
kt

T
mSis

i
0

d∑
I=1

w̄I(t)ϕ
′
SIdt

H1(x,Σ
{k}
T )

Σ
{k}
T

, (110)

+

d∑
i=1

∫ T

0

w̄i(t)∂SiϕSi

d∑
I=1

w̄I(t)ϕ
′
SI

kt

T
e
∫ t
0 αi

sdsυSis
i
0

d∑
J=1

w̃JϑSi,SJυSJ s
J
0 dt

H2(x,Σ
{k}
T )

(Σ
{k}
T )2

,

(111)

G(91) =

d∑
i=1

∫ T

0

w̄i(t)∂SiϕSi

d∑
I=1

w̄I(t)ϕ
′
SIΛmSie

∫ t
0 αi

sdssi0tdt
H1(x,Σ

{k}
T )

Σ
{k}
T

, (112)
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G(92) =

d∑
i=1

∫ T

0

w̄i(t)∂σiϕSi

d∑
I=1

w̄I(t)ϕ
′
SI

∫ t

0

e−λi(t−u)ϕσi

d∑
J=1

w̄J(t)ϕ
′
SJ dudt

H2(x,Σ
{k}
T )

(Σ
{k}
T )2

,(113)

G(93) =
d∑

i=1

∫ T

0

w̄i(t)∂σiϕSi

d∑
I=1

w̄(t)ϕ
′
SI

∫ t

0

k

T
mσie

−λi(t−u)σi,(0)
u dudt

H1(x,Σ
{k}
T )

Σ
{k}
T

(114)

+

d∑
i=1

∫ T

0

w̄i(t)∂σiϕSi

d∑
I=1

w̄I(t)ϕ
′
SI

×
∫ t

0

k

T
υσie

−λi(t−u)σi,(0)
u

d∑
J=1

ϑSi,σJυSJ w̃Js
J
0 dudt

H2(x,Σ
{k}
T )

(Σ
{k}
T )2

, (115)

G(94) =

d∑
i=1

∫ T

0

w̄i(t)∂σiϕSi

d∑
I=1

w̄I(t)ϕ
′
SIΛmσi

∫ t

0

e−λi(t−u)σ
i,(0)
u− dudt

H1(x,Σ
{k}
T )

Σ
{k}
T

, (116)

G(95) =
d∑

i=1

w̃ikm
2
Sis

i
0 (117)

+

d∑
i=1

w̃ik2mSiυSis
i
0

d∑
I=1

ϑSi,SI w̃IυSI s
I
0

H1(x,Σ
{k}
T )

Σ
{k}
T

(118)

+
d∑

i=1

k(υSi)
2(w̃i)

2(si0)
2 +

d∑
i=1

k

(
υSi w̃is

i
0

d∑
I=1

ϑSi,SIυSI w̃Is
I
0

)2

H2(x,Σ
{k}
T )

(Σ
{k}
T )2

, (119)

G(96) =

d∑
i=1

w̃iΛ(m
2
Si + υ2

Si)s
i
0T, (120)

G(97) =
d∑

i=1

∫ T

0

w̃imSi

∫ t

0

e−
∫ u
0 αsdsϕSi

d∑
I=1

w̄I(t)ϕ
′
SIdudt

k

T

H1(x,Σ
{k}
T )

Σ
{k}
T

(121)

+

d∑
i=1

∫ T

0

w̃iυSi

d∑
I=1

Tw̃IϑSi,SIυSI s
I
0

d∑
J=1

∫ t

0

e
∫ u
0 αi

sdsϕSi w̄J(t)ϕ
′
SJ dudt

k

T

H2(x,Σ
{k}
T )

(Σ
{k}
T )2

,

(122)

G(98) =
d∑

i=1

w̃is
i
0

k∑
j=1

j−1∑
I=1

mSimSi (123)

+2
d∑

i=1

w̃is
i
0

k∑
j=1

j−1∑
I=1

mSiυSi

d∑
J=1

ϑSi,SJυSJ w̃Js
J
0

H1(x,Σ
{k}
T )

Σ
{k}
T

(124)

+
d∑

i=1

w̃is
i
0

k∑
j=1

j−1∑
I=1

υSi

d∑
ι=1

ϑSi,SιυSιsι0υSi

d∑
J=1

ϑSi,SJυSJ w̃Js
J
0

H2(x,Σ
{k}
T )

(Σ
{k}
T )2

, (125)

G(99) =

d∑
i=1

mSi w̃iΛmSis
i
0
kT

2
(126)

+

d∑
i=1

υSi w̃i

d∑
I=1

ϑSi,SI w̃IυSI s
I
0ΛmSis

i
0
kT

2

H1(x,Σ
{k}
T )

Σ
{k}
T

, (127)

G(100) =

d∑
i=1

Tw̃iΛmSi,j

∫ T

0

e−
∫ t
0 αi

sdsϕSi

d∑
I=1

w̄I(t)ϕ
′
SIdt

H1(x,Σ
{k}
T )

Σ
{k}
T

(128)

−
d∑

i=1

w̃i

∫ T

0

tΛmSi,je
∫ t
0 αsdsϕSi

d∑
I=1

w̄I(t)ϕ
′
SIdt

H1(x,Σ
{k}
T )

Σ
{k}
T

, (129)
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G(101) =

d∑
i=1

w̃iΛmSis
i
0mSi

kT

2
(130)

+

d∑
i=1

w̃is
i
0ΛmSiυSi

d∑
J=1

ϑSi,SJυSJ w̃Js
J
0
kT

2

H1(x,Σ
{k}
T )

Σ
{k}
T

, (131)

G(102) =

d∑
i=1

w̃i

∫ T

0

ΛmSiΛmSi ts
i
0dt. (132)

The results of the constant jump case can be derived in a similar way to that of the
log normal jumps, and we omit them.

Next, let us show the expression of F

(
g
(

1
2!A

LSV (2)
T

)2)
by applying the formulas

in Appendix B of Shiraya-Takahashi [1]. Hereafter, the expression F (X) as

F (X) := E
[
X|g(ǍLSV,(1)

T ) = x
]
. (133)

Then,

F

(
g

(
1

2!
A

LSV (2)
T

)2
)

= F

g

(∫ T

0

w̄(t) ∗ ∂SΦS ∗
∫ t

0

e
∫ t
u
αsds ∗ ΦSdWudWt

)2
(134)

+2F

((∫ T

0

w̄(t) ∗ ∂SΦS ∗
∫ t

0

e
∫ t
u
αsds ∗ ΦSdWudWt

)

×

(∫ T

0

w̄(t) ∗ ∂σΦS ∗
∫ t

0

e−λ(t−u) ∗ ΦσdWudWt

))
(135)

+F

g

(∫ T

0

w̄(t) ∗ ∂σΦS ∗
∫ t

0

e−λ(t−u) ∗ ΦσdWudWt

)2


(136)

= G(134) + 2G(135) +G(136). (137)

Here, we define ŵi(t) :=
∑mi

j=1w
(i)
j 1{t≤t

(i)
j }e

∫ t
(i)
j

0 αsds.

Then, we obtain the expressions of G(M) for M = 134, 135, 136 as follows:

G(M) =
d∑

i=1

d∑
I=1

(∫ T

0

q′M,3t,iqM,1t,i

∫ t

0

q′M,2s,iqM,1s,idsdt

)
(∫ T

0

q′M,5r,IqM,1r,I

∫ r

0

q′M,4u,IqM,1u,Idudr

)
H4(x; ΣT )

(ΣT )4

+
d∑

i=1

d∑
I=1

{∫ T

0

q′M,3t,iqM,1t,i

∫ t

0

q′M,5r,IqM,1r,I

∫ r

0

q′M,2u,iqM,4u,Idudrdt

+

∫ T

0

q′M,5t,IqM,1t,I

∫ t

0

q′M,3r,iqM,1r,i

∫ r

0

q′M,2u,iqM,4u,Idudrdt

+

∫ T

0

q′M,3t,iqM,1t,i

∫ t

0

q′M,2r,iqM,5r,I

∫ r

0

q′M,4u,IqM,1u,Idudrdt
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+

∫ T

0

q′M,3t,iqM,5t,I

(∫ t

0

q′M,2s,iq1sds

)(∫ t

0

q′M,4u,IqM,1u,Idu

)
dt

+

∫ T

0

q′M,5r,IqM,1r,I

∫ r

0

q′M,3u,iqM,4u,I

∫ u

0

q′M,2s,iqM,1s,idsdudr

}
H2(x; ΣT )

(ΣT )2

+
d∑

i=1

d∑
I=1

∫ T

0

∫ t

0

q′M,2u,iqM,4u,Iduq
′
M,3t,iqM,5t,Idt

= I4(M)
H4(x; ΣT )

(ΣT )4
+ I2(M)

H2(x; ΣT )

(ΣT )2
+ I0(M), (138)

where

ΣT :=

d∑
i=1

2d∑
q=1

d∑
i′=1

2d∑
q′=1

∫ T

0

(
w̄i(t)ϕSi,q

(
σ
(0)
t , S

(0)
t

))(
w̄i′(t)ϕSi′ ,q′

(
σ
(0)
t , S

(0)
t

))
dt.

That is, for M = 134, 135, 136,

I4(M) =

d∑
i=1

d∑
I=1

(∫ T

0
q′M,3t,iqM,1t,i

∫ t

0
q′M,2s,iqM,1s,idsdt

)
×(∫ T

0
q′M,5r,IqM,1r,I

∫ r

0
q′M,4u,IqM,1u,Idudr

)
,

I2(M) =

d∑
i=1

d∑
I=1

{∫ T

0
q′M,3t,iqM,1t,i

∫ t

0
q′M,5r,IqM,1r,I

∫ r

0
q′M,2u,iqM,4u,Idudrdt

+

∫ T

0
q′M,5t,IqM,1t,I

∫ t

0
q′M,3r,iqM,1r,i

∫ r

0
q′M,2u,iqM,4u,Idudrdt

+

∫ T

0
q′M,3t,iqM,1t,i

∫ t

0
q′M,2r,iqM,5r,I

∫ r

0
q′M,4u,IqM,1u,Idudrdt

+

∫ T

0
q′M,3t,iqM,5t,I

(∫ t

0
q′M,2s,iq1sds

)(∫ t

0
q′M,4u,IqM,1u,Idu

)
dt

+

∫ T

0
q′M,5r,IqM,1r,I

∫ r

0
q′M,3u,iqM,4u,I

∫ u

0
q′M,2s,iqM,1s,idsdudr

}
,

I0(M) =
d∑

i=1

d∑
I=1

∫ T

0

∫ t

0
q′M,2u,iqM,4u,Iduq

′
M,3t,iqM,5t,Idt,

where

q′134,1t,i =

d∑
i=1

w̄i(t)ϕSi , (139)

q′134,2t,i = e−
∫ t
0 αi

sdsϕSi , (140)

q′134,3t,i = ŵi(t)∂SiϕSi , (141)

q′134,4t,i = e−
∫ t
0 αi

sdsϕSi , (142)
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q′134,5t,i = ŵi(t)∂SiϕSi , (143)

q′135,1t,i =
d∑

i=1

w̄i(t)ϕSi , (144)

q′135,2t,i = e−
∫ t
0 αi

sdsϕSi , (145)

q′135,3t,i = ŵi(t)∂SiϕSi , (146)

q′135,4t,i = eλ
itϕσi , (147)

q′135,5t,i = w̄i(t)e
−λit∂σiϕSi , (148)

q′136,1t,i =

d∑
i=1

ŵi(t)ϕSi , (149)

q′136,2t,i = eλ
itϕσi , (150)

q′136,3t,i = w̄i(t)e
−λit∂σiϕSi , (151)

q′136,4t,i = eλ
itϕσ, (152)

q′136,5t,i = w̄i(t)e
−λit∂σiϕSi . (153)

Next, we show the expressions of g
(

1
3!A

LSV (3)
T

)
by applying the formulas in Ap-

pendix B of Shiraya-Takahashi [1].

F

(
g

(
1

3!
A

LSV (3)
T

))
=

1

2
F

(∫ T

0

w̄(t) ∗ ∂2
SΦS ∗

(∫ t

0

e
∫ t
u αsds ∗ ΦSdWu

)2

dWt

)
(154)

+F

(∫ T

0

w̄(t) ∗ ∂SΦS

∗
∫ t

0

e
∫ t
u αsds ∗ ∂SΦS ∗

∫ u

0

e
∫ u
v αsds ∗ ΦSdWvdWudWt

)
(155)

+F

(∫ T

0

w̄(t) ∗ ∂SΦS

∗
∫ t

0

e
∫ t
u αsds ∗ ∂σΦS ∗

∫ u

0

e−λ(u−v) ∗ ΦσdWvdWudWt

)
(156)

+
1

2
F

(∫ T

0

w̄(t) ∗ ∂2
σΦS ∗

(∫ t

0

e−λ(t−u) ∗ ΦσdWu

)2

dWt

)
(157)

+F

(∫ T

0

w̄(t) ∗ ∂σΦS

∗
∫ t

0

e−λ(t−u) ∗ ∂σΦσ ∗
∫ u

0

e−λ(u−v) ∗ ΦσdWvdWudWt

)
(158)

=
1

2
G(154) +G(155) +G(156) +

1

2
G(157) +G(158). (159)

We obtain the expressions of G(M) for M = 155, 156, 158:

G(M) =

d∑
i=1

(∫ T

0

q′M,4t,iqM,1t,i

∫ t

0

q′M,3s,iqM,1s,i

∫ s

0

q′M,2u,iqM,1u,idudsdt

)
H3(x; ΣT )

(ΣT )3
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=

(
1

2
I2(154) + I2(155) + I2(156) +

1

2
I2(157) + I2(158)

)
H3(Y ; ΣT )

(ΣT )3
. (160)

That is, for M = 155, 156, 158:

I2(M) =
d∑

i=1

(∫ T

0
q′M,4t,iqM,1t,i

∫ t

0
q′M,3s,iqM,1s,i

∫ s

0
q′M,2u,iqM,1u,idudsdt

)
,

where

q′155,1t,i =
d∑

i=1

w̄i(t)ϕSi , (161)

q′155,2t,i = e−
∫ t
0 αi

sdsϕSi , (162)

q′155,3t,i = ∂SiϕSi , (163)

q′155,4t,i = ŵi(t)∂SiϕSi , (164)

q′156,1t,i =
d∑

i=1

w̄i(t)ϕSi , (165)

q′156,2t,i = eλ
itϕσi , (166)

q′156,3t,i = e−
∫ t
0 αi

sds−λit∂σiϕSi , (167)

q′156,4t,i = ŵi(t)∂SiϕSi , (168)

q′158,1t,i =

d∑
i=1

w̄i(t)ϕSi , (169)

q′158,2t,i = eλ
itϕσi , (170)

q′158,3t,i = ∂σiϕσi , (171)

q′158,4t,i = w̄i(t)e
−λit∂σiϕSi . (172)

We also have the expressions of G(M) for M = 154, 157 as follows:

G(M) =

d∑
i=1

{∫ T

0

(∫ t

0

q′M,2u,iqM,1u,idu

)(∫ t

0

q′M,3s,iqM,1s,ids

)
q′M,4t,iqM,1t,idt

}
H3(x; ΣT )

(ΣT )3

+

(∫ T

0

∫ t

0

q′M,2u,iqM,3u,iduq
′
M,4t,iqM,1t,idt

)
H1(x; ΣT )

ΣT

= I2(M)
H3(x; ΣT )

(ΣT )3
+ I0(M)

H1(x; ΣT )

(ΣT )
. (173)

That is, for M = 154, 157,

I2(M) =
d∑

i=1

{∫ T

0

(∫ t

0
q′M,2u,iqM,1u,idu

)(∫ t

0
q′M,3s,iqM,1s,ids

)
q′M,4t,iqM,1t,idt

}
,

I0(M) =

d∑
i=1

(∫ T

0

∫ t

0
q′M,2u,iqM,3u,iduq

′
M,4t,iqM,1t,idt

)
,
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where

q′154,1t,i =

d∑
i=1

w̄i(t)ϕSi , (174)

q′154,2t,i = q154,3t,i = e−
∫ t
0 αi

sdsϕSi , (175)

q′154,4t,i = ŵi(t)e
∫ t
0 αi

sds∂2
SiϕSi , (176)

q′157,1t,i =

d∑
i=1

w̄i(t)ϕSi , (177)

q′157,2t,i = q157,3t,i = eλ
itϕσi , (178)

q′157,4t,i = w̄i(t)e
−2λit∂2

σiϕSi . (179)

Finally, if necessary, we use the next integral formula:∫ ∞

−z
Hk(x,Σ)n(x; 0,Σ)dx = ΣHk−1(−z,Σ)n(z; 0,Σ), (180)

and collecting the terms with the same order of x in Helmite polynomials, we obtain

the coefficients C1,k, · · · , C3,k, C4, · · · , C6 in (8) as follows: with Σ
{k}
T given by (84),

C1k = (117) + (120) + (123) + (126) + (130) + (132), (181)

C2k = ((110) + (112) + (114) + (116) + (118) + (121)

+(124) + (127) + (128) + (129) + (131))
Σ
{k}
T

H1(x; Σ
{k}
T )

, (182)

C3k = ((109) + (111) + (113) + (115) + (119) + (122) + (125))
(Σ

{k}
T )2

H2(x; Σ
{k}
T )

,

(183)

C4 =
1

2
I2(134) + I2(135) +

1

2
I2(136)

+
1

2
I2(154) + I2(155) + I2(156) +

1

2
I2(157) + I2(158), (184)

C5 =
1

2
I4(134) + I4(135) +

1

2
I4(136), (185)

C6 =
1

2
I0(134) + I0(135) +

1

2
I0(136) +

1

2
I2(154) + I2(158). (186)

B Conditional Expectation Formulas

Appendix B lists up the conditional expectation formulas used in the derivation of
Theorem 4.3. While we show the one-dimensional case for ease of exposition, one can
obtain the formulas for the multi-dimensional case in a similar way.
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Lemma B.1. We assume f1,t, f2,t, g1,t, g2,t, qi,t, i = 1, 2, ..., 5 are R+ → R determinis-
tic piecewise continuous functions on [0, T ]. Each N is a Poisson process with intensity
Λ, which is independent of each other. τj stands for the time of the j-th jump in N .
W is a one-dimensional Brownian motion, that is independent of N . Xj follows a one-
dimensional standard normal distribution N(0, 1). Xj and Xj

′ are independent for

j ̸= j
′
. Xj is also independent of W and N . Hn(x; Σ) denotes the Hermite polynomial

of degree n.

Firstly, let us define ŶT (s) and Σ
{k}
T (s) as follows:

ŶT (s) :=

∫ T

0
f2,tdWt +

k∑
j=1

f1,xj−Xj , (0 < s1 < s2 < · · · < sk ≤ T ), (187)

Σ
{k}
T (s) :=

∫ T

0
|f2,s|2ds+

k∑
j=1

|f1,sj−|2 (0 < s1 < s2 < · · · < sk ≤ T ). (188)

Moreover, we define {τ = s⃗} as {τ = s⃗} := {τ1 = s1, · · · , τk = sk}.
Then, we have the following formulas.

1. E

[∫ T

0

q2,tdWt|ŶT (s) = y,NT = k, {τ = s⃗}

]
=

(∫ T

0

q2,tf2,tdt

)
H1(y; Σ

{k}
T (s))

Σ
{k}
T (s)

.

(189)

2. E

[∫ T

0

∫ t

0

q2,udWuq3,tdWt|ŶT (s) = y,NT = k, {τ = s⃗}

]
=(∫ T

0

∫ t

0

q2,uf2,uduq3,tf2,tdt

)
H2(y; Σ

{k}
T (s))

Σ
{k}
T (s)2

. (190)

3. E

[(∫ T

0

q2,udWu

)(∫ T

0

q3,sdWs

)
|ŶT (s) = y,NT = k, {τ = s⃗}

]
=(∫ T

0

q2,uf2,udu

)(∫ T

0

q3,sf2,sds

)
H2(y; Σ

{k}
T (s))

Σ
{k}
T (s)2

+

∫ T

0

q2,tq3,tdt. (191)

4. E

[∫ T

0

∫ t

0

∫ s

0

q2,udWuq3,sdWsq4,tdWt|ŶT (s) = y,NT = k, {τ = s⃗}

]
=(∫ T

0

q4,tf2,t

∫ t

0

q3,sf2,s

∫ s

0

q2,uf2,ududsdt

)
H3(y; Σ

{k}
T (s))

Σ
{k}
T (s)3

.

(192)

5. E

[∫ T

0

(∫ t

0

q2,udWu

)(∫ t

0

q3,sdWs

)
q4,tdWt|ŶT (s) = y,NT = k, {τ = s⃗}

]
={∫ T

0

(∫ t

0

q2,uf2,udu

)(∫ t

0

q3,sf2,sds

)
q4,tf2,tdt

}
H3(y; Σ

{k}
T (s))

Σ
{k}
T (s)3

+

(∫ T

0

∫ t

0

q2,uq3,uduq4,tf2,tdt

)
H1(y; Σ

{k}
T (s))

Σ
{k}
T (s)

. (193)
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6. E

[(∫ T

0

∫ t

0

q2,sdWsq3,tdWt

)(∫ T

0

∫ r

0

q4,udWuq5,rdWr

)
| ŶT (s) = y,NT = k, {τ = s⃗}

]
=(∫ T

0

q3,tf2,t

∫ t

0

q2,sf2,sdsdt

)(∫ T

0

q5,rf2,r

∫ r

0

q4,uf2,ududr

)
H4(y; Σ

{k}
T (s))

Σ
{k}
T (s)4

+

{∫ T

0

q3,tf2,t

∫ t

0

q5,rf2,r

∫ r

0

q2,uq4,ududrdt+

∫ T

0

q5,tf2,t

∫ t

0

q3,rf2,r

∫ r

0

q2,uq4,ududrdt

+

∫ T

0

q3,tf2,t

∫ t

0

q2,rq5,r

∫ r

0

q4,uf2,ududrdt+

∫ T

0

q3,tq5,t

(∫ t

0

q2,sf2,sds

)(∫ t

0

q4,uf2,udu

)
dt

+

∫ T

0

q5,rf2,r

∫ r

0

q3,uq4,u

∫ u

0

q2,sf2,sdsdudr

}
H2(y; Σ

{k}
T (s))

Σ
{k}
T (s)2

+

∫ T

0

∫ t

0

q2,uq4,uduq3,tq5,tdt. (194)

7. E

NT∑
j=1

g1,τj−

∣∣∣ŶT (s) = y,NT = k, {τ = s⃗}


=

k∑
j=1

g1,sj−. (195)

8. E

NT∑
j=1

g1,τj−Xj

∣∣∣ŶT (s) = y,NT = k, {τ = s⃗}


=

k∑
j=1

g1,sj−f1,sj−
H1(y,Σ

{k}
T (s))

Σ
{k}
T (s)

. (196)

9. E

∫ T

0

g2,t

Nt∑
j=1

g1,τj−dWt

∣∣∣ŶT (s) = y,NT = k, {τ = s⃗}


=

k∑
j=1

(∫ T

sj

g2,tf2,tdt

)
g1,sj−

H1(y,Σ
{k}
T (s))

Σ
{k}
T (s)

. (197)

10. E

∫ T

0

g2,t

Nt∑
j=1

g1,τj−XjdWt

∣∣∣ŶT (s) = y,NT = k, {τ = s⃗}


=

k∑
j=1

(∫ T

sj

g2,tf2,tdt

)(
g1,sj−f1,sj−

) H2(y,Σ
{k}
T (s))

(Σ
{k}
T (s))2

. (198)

11. E

∫ T

0

g2,t

Nt∑
j=1

g1,τj−dt
∣∣∣ŶT (s) = y,NT = k, {τ = s⃗}


=

k∑
j=1

(∫ T

0

g2,tdt

)
g1,sj−. (199)
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12. E

∫ T

0

g2,t

Nt∑
j=1

g1,τj−Xjdt
∣∣∣ŶT (s) = y,NT = k, {τ = s⃗}


= y

k∑
j=1

(∫ T

sj

g2,tdt

)(
g1,sj−f1,sj−

) 1

Σ
{k}
T (s)

. (200)

13. E

NT∑
j=1

g1,τj−

∫ τj−

0

g2,tdWt

∣∣∣ŶT (s) = y,NT = k, {τ = s⃗}


= y

k∑
j=1

g1,sj−

(∫ sj

0

g2,tf2,tdt

)
1

Σ
{k}
T (s)

. (201)

14. E

NT∑
j=1

g1,τj−

∫ τj−

0

g2,tdWtXj

∣∣∣ŶT (s) = y,NT = k, {τ = s⃗}


=

k∑
j=1

(
g1,sj−f1,sj−

)(∫ sj

0

g2,tf2,tdt

)
H2(y,Σ

{k}
T (s))

(Σ
{k}
T (s))2

. (202)

15. E

NT∑
j=1

(g1,τj−Xj)(g2,τj−Xj)
∣∣∣ŶT (s) = y,NT = k, {τ = s⃗}


=

k∑
j=1

(
g1,sj−f1,sj−g2,sj−f1,sj−

H2(y,Σ
{k}
T (s))

(Σ
{k}
T (s))2

+ g1,sj−g2,sj−

)
. (203)

16. E

NT∑
j=2

g1,τj−

Nτj−∑
J=1

g2,τJ−

∣∣∣ŶT (s) = y,NT = k, {τ = s⃗}


=

k∑
j=2

g1,sj−

j−1∑
J=1

g2,sj−. (204)

17. E

NT∑
j=2

g1,τj−

Nτj−∑
J=1

g2,τJ−XJ

∣∣∣ŶT (s) = y,NT = k, {τ = s⃗}


= y

k∑
j=2

g1,sj−

j−1∑
J=1

g2,sJ−f1,sJ−
1

Σ
{k}
T (s)

. (205)

18. E

NT∑
j=2

g1,τj−Xj

Nτj−∑
J=1

g2,τJ−

∣∣∣ŶT (s) = y,NT = k, {τ = s⃗}


=

k∑
j=2

g1,sj−f1,sj−

j−1∑
J=1

g2,sJ−
1

Σ
{k}
T (s)

. (206)

19. E

NT∑
j=2

g1,τj−

Nτj−∑
J=1

g2,τJ−XJXj

∣∣∣ŶT (s) = y,NT = k, {τ = s⃗}


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=

k∑
j=2

g1,sj−f1,sj−

j−1∑
J=1

g2,sJ−f1,sJ−
H2(y,Σ

{k}
T (s))

(Σ
{k}
T (s)2

. (207)

Remark B.2. Due to the time dependence of average options, multiple integrals ap-
pear in (107). To reduce computational burdens in practice, we apply the following
approximation:

k!

T k

k∑
j=1

∫ T

0

∫ sk

0
· · ·
∫ s2

0
hsjg(Σ

{k}
T (s))ds1 · · · dsk−1dsk ≈ k

T
g(Σ

{k}
T (T ))

∫ T

0
hsds,

(208)∫ T

0

∫ sk

0
· · ·
∫ s2

0
f(Σ

{k}
T (s))ds1 · · · dsk−1dsk ≈ f(Σ

{k}
T (T )), (209)

where Σ
{k}
T (s) :=

∫ T
0 |f2,s|2ds+

∑k
j=1 |f1,sj |2 and Σ

{k}
T (T ) :=

∫ T
0 |f2,s|2ds+ k

T

∫ T
0 |f1,s|2ds.
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