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Pricing Average and Spread Options under
Local-Stochastic Volatility Jump-Diffusion Models
Online Appendix

Kenichiro Shiraya* Akihiko Takahashif

July 6, 2017

This online appendix provides results omitted in the paper with the same title.
Appendix A explains all the definitions and equations necessary for practical computa-
tions of an option pricing formula in Theorem 4.3: Section A.1 gives a summary with
Corollary A.1, which shows our pricing formula with complete expressions of constants
Cir (1=1,2,3), C; (j =4,5,6) appearing in the theorem. Section A.2. provides the
details of the derivation. Appendix B lists up the conditional expectation formulas
used in the derivation of the theorem.

A Summary and Details of Calculations in Theorem 4.3

A.1 Summary of the calculations

Firstly, for a known parameter € € [0, 1] we consider the following stochastic integral
equations: for i =1,--- ,d,

. ) r T
SHO = i+ / iS5y Vdt + ¢ / b5 (012, 8(7) am
0 0
n (Nyr

L) mpe)
e | o0~ [ ASB o). o
=1 \ j=1

O’;l(d = Ué—i—/oT,uai(Ug), >dt+6/(;T¢az<U§))th
Ni,1

i (O gp©)
+Z Zhow o /OAat E[ny), Jdt |, (2)

where sj, of are given constants, and o} is a deterministic piecewise continuous func-
tion of ¢, and W is a 2d-dimensional (independent) Brownian motion. Each N,
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(I = 1,---,n) is a Poisson process with a constant intensity A;, which is indepen-

dent of each other. IVj, (I =1,--- ,n) are also independent of all W; 7;; stands for the
j-th jump time of Nj; For eachl =1,--- ,nand¢=1,---,d, both (ZN” hgz) J) .
7 ) ti

and (Z;V:li hgi)7l7j)t20 are compound Poisson processes. (Zjvzl{ = 0 when N;; = 0).
Rd X R — R, and ¢, : R? x RY — R%*, (2! = S or ¢'), and we assume

that ,u z, ¢x“ Ei)lj satisfy some regularity conditions (see Section 2 and 3). We

(¢) €Y,

also suppose that 3%, wilj = € «t.Li — 1 where

’L

7l7
, 2

Yxl,l,j ~ N( Mgi 1y x’,l)
In order to reduce the computational costs for numerical experiments, we use the

3rd order (€3) corrections obtained by a no-jump model, which is defined as

- . T T )
GLSVE 56+/0 QigHESV (e )dt+e/0 b <UZ LSV(e)’Sz,LSV(e)> aw,  (3)

. . T y
o—;lLSV(E) - o +/ i (Uz,LSV(E)’t> dt + 6/ i ( ZLSV(E)) dW,. (4)
0

i,(e

Next, let us define new processes A,
ALSV(
as A,

= emyi; (Mg a constant), or h

) based on the price processes (1) and (2) as well
9 based on the price processes (3) and (4):

i,(e) z (e)
At - Zw (1) 1 t( )St}?

m;
iLSV(e) (i) i, LSV (€)
Ay = ij St;i) 1{t§i)§t}7 (5)
=1
where 0 < tgi) - < t(l) < T, each m; denotes the number of the underlying asset

price S%(©) (Si’LSV(E)) to which a discrete average option refers, and each w](-i) stands

for the weight of the asset price $“(9) at date tg-i). Then, we can describe the underlying
. (e) .
asset price process g(A; ') of an average option as

g(A,gE)) _ Ed:Ai,(e)7 g zLSV(e ZAz ,LSV (e (6)
i=1

Remark A.1. The underlying asset of spread option is the spread of futures prices
with two different maturities (Th < Ta). More precisely, the spread consists of a long
position in the first expiring futures (whose price is denoted by Slv(e)) in the spread and
a short position in the second expiring futures (whose price is denoted by SQ’(G)). Then,
the underlying asset price process of an spread option is given as a special case of an
average option:

AP = wiSE gy, APV =S VO o (1=1,2, Wl =1, w? = 1),

T;
Q(A?(e)) _ Ag,(e) . A?’(E), g(Ai,LSV(e)) _ Ai,LSV( e A?’LSV(E).

(7)



Then, the payoff function of an average/spread option with maturity 7" and strike
K is defined as (g(Agf)) - K)T(:= max{g(Agf)) — K,0}) for a call option and (K —
g(Agf)))"’(:: maX{K—g(Agf)), 0}) for a put option. In this way, we are able to evaluate
average and spread options in a unified manner.

By specifying the functions ¢gi, p,i and ¢, (i = 1,--- ,d) in (1)—(4), we can express
various types of local-stochastic volatility models.

In particular, an extended Bates model and an extended SABR model used in the
numerical examples (that appear in Section 5 of the paper) are given as follows:

e (Extended Bates model) for i =1,2,--- ,d,

bsi(0,8) = (pi v WiVt ... ,pi72dvi5i’5"\/;), (v' : a constant),
foi (o) = N(6" — 6%), (A, 0" : constants),
Goi(0) = (PariaV'Voi, -, paginav' Vo), (v : a constant).

e (Extended SABR model) for i =1,2,--- ,d,

bgi(0,8) = (pi1v'S™Piat ... | pioqu'SHFiah), (v : a constant),
Hoi(0') =0, (1gi(0") = X' (6' — o') with A" = 0),

bgi(0) = (pirarv'c’, -, pira1v'c"), (V' : a constant).

pij is the (i, j)-element of a 2d x 2d matrix obtained by Cholesky decomposition
of the correlation matrix of the correlated Brownian motions in Section 5.

Next, let us provide a concrete pricing formula that can be applied with e = 1 to nu-
merical examples in Section 5 of the paper. More precisely, we show an approximation
formula for option prices under the following setup:

e Only one type of the jump components, i.e. n =1 in (1)—(2), and hence we use
the notations independent of jumps types [ (e.g. A = Ay).

e Specification of the jump size in (1)—(2):
(For the log-normal jump case)

Y .
h;?j = e“eli — 1 with Vi ; ~ N(myi,v?%) (myi, v, constants),

zt =8 or o,
We also use the notation J; ¢ that denotes the (i,1")-element of ¥}, d x d corre-
lation matrix among the jump sizes of S and S*.

(For the constant jump case)

h

= €My (mgi: constant)



e The underlying asset price process is described as (6) with (5), which corresponds
to the one for a discrete average option. The one for a spread option is given by
(7) as its special case.

e The drift terms in volatility processes are set as the one for the extended Bates
model, that is p1,:(0) = A (0* — o), whence \! = 0 gives the one for the extended
SABR model.

e We provide an explicit formula for the call option, since the call price C(K,T)
with maturity 7' and strike K gives the put price P(K,T) based on the put-call
parity as follows:

d m;

PET) =K -> Y w! efo ad“JFC(KT)

i=1 j=1
Then, in Section 5 we apply the formula with:
e o' =0 for all i in (1)-(4)
° 7951‘751" =1 for all ¢,
e six specifications of the model (i)—(vi) stated in Section 5

Now, we state the next result as a corollary of Theorem 4.3 in the paper.

Corollary A.2. An approximation formula for the initial value C(K,T) of a discrete
(@

average call option with maturity T and strike price K with K = Zl 1 Zmll w; l)efo agds g 6—
€% for an arbitrary % € R is provided as follows:

Zp{’“}e_rT{e{y’“N f%} + 2l 0,2}
h= b

(K} Hy (y; 2 (&}
Cl N {k C’ng +C3kT n(yx: 0, X77)
Xr T
Hy (% Xr)

where r is a constant risk-free rate, N(z) denotes the standard normal distribution

function and n(x;0,%) = mexp( 2). Moreover, Hy, (:E;Z;{Fk}) denotes the k-th
order Hermite polynomial: particularly, Hy ( 'Z‘{Tk}> =z, Hy (x; Z‘{Tk}> =% — EZA{Fk}
and Hy (:1:; Er}k}) =gt — {k} 22 +3 (Z{ }> Also, pry, 5@}’ Y{kys Er}k} and X1 are
given as follows:

(AT)ke_AT

Py = ©)



Ey = Wi(k—AT)mgisp, (10)

d
vy = 9w+ =D i+, (11)
=1
d d
| (w065 (47,52 (w0105 (40,50 at
=1 4=1
d d
+ Z k (ﬁ)ivsisé) 1951'751'/ (’lf)ilvsilsg) s (12)
i=14=1
Sro= o (13)

where x' means the transpose of x. We also introduce the notation 9% which stands for
the i-th order partial differential operator with respect to x, and

g £

B ; i
wi(t) = Zw§l)1{t<t(i)}€ft =, (14)
j=1 -
1 m; (0
~ l J id
Wi = 7 wjz)ty)efo s S (15)
j=1
i (0
R ; i
ailt) = Dol (16)
i=1 o
Then, the coefficients Cy g, --- ,C3,Cya,- -+ ,Cg are constants that are provided in
the following:

(log-normal jump case)

d
Clk = Z @ikm%isé
=1

d
+ Z Wi (% + v)shT
i=1

d
. ; kT
+ Z wWiAmgi somgi -
i=1



d T
+Zwl/ AmsiAmSitsédt,
i— 0
LT kt d
;/0 wi(t)asiﬂssi?mgls IZ ¢51dt
d T d
+Z/ wz(t)asngszZwl(t)qS{S,IAmSZefoa 'ds ztdt
=170 =
d T d -
+ Wi(t)O5idgi ﬂ)[ ) @lsr D mie N W 56 0) gy gy
Z ( ) ot Vs S T o +
+ Z/ wZ OZ¢SL wa ¢51Amoz 7)‘i(t7“) Zj(o)dudt

—i—szkaSmsto 21951 Srirvgr st
1=1 I=1

d T t .y d k
+Z/ 'J)ZmSZ/ e_fo asd5¢slzw1(t)¢g[dudtf
4 0
k j—1

+2 Z ;s Z stwsz Z Vgi SJUSJsto

j=11=1
d d
- - I kT
+Z'Usiwl'Z'[gsivsIWIvslsoAmsiS()?
i=1 =1

d T _ d
+)  TiiAmg / e~ Joatds g, > wi(t)ggidt
0 =1

i=1

d T ) d
-3, / tAmgiel 2505 S iy (1)t
i=1 0 I=1

d d LT
+ Z 'UNJZ‘SBAmSz'USz‘ Z 1951'75(]115JU~JJ837,
i=1 J=1

d T d o, d
Z/ wi(t)asiqﬁsizwf(t)qbg]/ efualsds¢sizwj(u)(ngdudt

(17)

(18)

d
—1—2/ w;(t ngqﬁslz:w[ qbsf—efoo‘dsvss Z JﬂSzSJUSJSOdt

d

d ¢ (
0;(t)0,ipgi E 0 - —Af(t—u) g ;
+;/0 )09 =1 1(0)%s /0 (1) dudt



d T d
'y / Bi(8)dpidi Yy 0r(t) P
= Jo 1=1

t
k i
X/o T Voic A=) 6(0) E Vgi 51 Ugs Wy 57 dudt
J=1

d d d 2
+Zkz(v5i)2(wl 2 4 Zk: <U52w15021951 Swsfw[so)
i=1

i=1

—1—2/ WiVgi ZT’U}[ﬁsz SIVSIS) Z/ eo ot dsgbssz( )cbsjdudt—
d k j—l d

+ Z Wysh Z Z Vgi Z Vgi 51U58)Vgi Z 19535(]1151101]33. (19)
i=1 J=1

Jj=11=1 =1

(constant jump case)

; kT
i Amgisgmgi —
—i—;w mgiSyMmg 5
d T '
+ Z UNJz‘ /0 Amsi Amsitsédt, (20)
d T ket d
Co, = Z/O ﬂ)i(t)asi(ﬁsi?msls Z (f)sldt
i=1 I=1
d T d
+Z/0 w;(t)0gidgi ij(t)cblsfj\msiefoa ds tht
i=1 I=1
d T d t k )
+ u‘)z-té?ai i wr(t)d, /mgie_)‘z(t_u)aig(o)dudt
> [ b5 > 016 | 7
d T d
+3 /0 @i (1), b5 Y W1 () $lgr Ay / N (=) 55 O) gy gy
=1 I=1

d T R t [ aids d ) ' k
+Z ; WiMmgi ; e Jo ngiZw[(t)qu, u tf
i=1 I=1



d

T _ d
+ZT1D1A.mSZ /0 e fot O‘édsgbsi Zw](t)qbqut
=1 I=1
d T . d
= / tAmgielo 5% pe >y (1) ¢t (21)
i=1 0 I=1
d_ T d toy d
6'3]c = Z/ wi(t)85i¢si Z ﬂ)[(t)(z)fgj / efu asdsqssi Z QI)J(U)QbeJdUdt
i=170 I=1 0 J=1
d T d t . d
+> / Wi(1)0pipsi Y wr(t) Pl / e NG > " (b) @y, dudt
i=170 I=1 0 J=1

d T d
+Z/ W;i(t)0yipgi Zﬂ_}](t)(blsq. (22)
i=170 =1
(log-normal and constant jump cases)

1 1
Cy = 5[2(134) + I5(135) + 5[2(136)

%12(154) + I,(155) + I(156) + 312(157) + I,(158), (23)
G = L(134) + 14(135) + S 1,(156), (24)
1 1 1
Co = 3I0(134) + o(135) + S To(136) + 5 [2(154) + 12(158), (25)

where the parenthesized numbers correspond to the equation numbers in the next sub-
section A.2 (details of the calculations).
For M = 134,135,136,

d T t
LM =Y < /0 Iha3e,dM 1 /0 QM,Qs,iqM,ls,idet) X

=1 I=1

T T
/ / d d
an 5r,19M 1,1 AM 4w, 19M,1u,1GUAT |,
0 0

d d

T t T
L(M) = Z {/0 (ﬁ\/j,st,iQM,lt,z’/O QM,sr,I(IM,h,I/O A0 2u 1M 4w, 1 dudrdt
i—1 I=1

T t r
/ / /
+ / dhrse,19M,1t,T / qM 3r,idM 1ryi / qM 20,i9M 4u,1dudrdt
0 0 0

d

T t r
/ / /
+ / qn3t,i9M 1t / qn 20, M 5, T / A0 4, 19M, 1w, 1dudrdt
0 0 0

T t t
+/ A0y 30000 56,1 </ QM,zs,i(hst) </ QE\/[Au,IQMJu,Idu) dt
0 0 0

T r u
/ / /
+/ qM,5r,IQM,1r,I/ qM,3U,¢QM,4u,I/ qM,gs,iqM,ls,ideUdT}7
0 0 0
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where
/
134,13

/
q134,2t,i

/
q134,3t.3

/
q134,4¢3

/
q134,5t,i

/
q135,1t,i

/
q135,2t,i

/
q135,3t,i

/
q135,4t,i

/
q135,5t,i

/
q136,1t,i

/
q136,2t,i

/
q136,3t,i

/
q136,4t,i

/
q136,5t,i

e o atdsgg,,
Wi (t)0sidsi,
e o s,
Wi (t)0sidsi,

d
> wit)bsi,
i=1

e fot agdsgbsiv
w;(t)dgipgi,
)\it¢ i

U_]Z( ) _)\Zta ¢Sz

Z wl (t)ﬁssu
=1

)\thbo.i 7

@i (t)e 10,161,

)\z
t¢0’7

wz( ) tﬁa@Sl

For M = 155, 156, 158,

where

/
q155,1t,i

/
q155,2t,i

/
q155,3t,i

/
q155,4t,i

d T t s
/ / /
Z </ QM,4t,z‘QM,1t,z'/ QM7357iQM,ls,i/ qM,guviqM,lu,idudsdt> ,
0 0 0

=1

d

Z t)dsi,

—1
e o atdsgg,,
Osi i,

W;(t)0si g



d
Ns6.1t0 = Z t)dgi, (45)
9356,2@1' = ext(baiv (46)
t i i
Gse3ti = € Jo exids=2 ",i g1, (47)
q156,4t,i = Wi(t)dsigg:, (48)
d
Gssai = Z Wi (t)dsi, (49)
i—1
qg58,2t,z’ = 6)‘%‘%1‘7 (50)
qi58,3t,i = aoi ¢0i7 (51)
Nssati = wi(t)e_/\ltaai bgi- (52)
For M =154,1
d ¢
L(M) = Z { ( QM,2u,iQM,1u,idu> (/ QM,ss,z'QM,u,idS) QMAt,i(JM,lt,z'dt} ;
— 0
d
Io(M) = Z </ / U0 20,1 M 3, UG a1 190, 1mdt)
where
d
Qsa1ei = Z w;(t)dgi, (53)
i—1
/ S L —fot alds 1 54
Qisa2ti = 1543t =€ Ggis (54)
/ — (D)o otdsg2 4 55
Qisaati = Wilt)e i Psi, (55)
d
Qsraei = Z w;(t)Pgis (56)
i—1
Gsroi = Q57360 =€ Poi, (57)
Qsrati = wi(t)ed/\ltagi(ﬁsi' (58)

The derivation of the functions Iy, Is, and 14 is provided in the next subsection.

Remark A.3. When we do not have closed-forms for the multiple integrals on the time
parameter that appear in the calculation of the conditional expectation formulas, some
numerical method is necessary.

However, all the multiple integrals necessary for the evaluation of Cy - -+ ,C3, Cy, - -

are computed by the program code with only one loop against the time parameter. For
instance, a multiple integral is approrimated for the numerical integration as follows:

/OT /() /0 o /0 " h(v)dvduds

10
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M i J
~ Z Atzf(tl) Z Atjg(tj> Z Atkh(tk)
i=1 j=1 k=1

M
=D ALF(t) (G(tio) + Aqg(ts) (H(ti1) + A h(t)))
=1

where Ati = (ti_ti—l); H(tl) = H(ti_l)—l-Atih(tj) and G(tz) = G(ti_l)—FAtig(tz‘)H(ti).

Hence, the order of the computational effort is at most M, where M 1is the number
of time-steps for the discretization in the numerical integral. Note that we have no
problems in terms of computational complexity and speed since various fast numerical
integration methods are available such as the extrapolation method.

A.2 Detalils of the calculations
For ease of the expressions we introduce the following notations:
o XM = %X(e)‘ _n, where X corresponds to S, o, h.
e=0

o g := (pg1(0,9), - ,0ga(c,5)) and @, = (Py1(0), - ,dya(c)) are d x 2d

matrices.
e We define an operator "+ as follows: When A and B are d x 2d matrices,
(A)1a(B)ig -+ (A)1,24(B)1,24
Ax B = : 2 : (59)
(A)g1(B)ay -+ (A)ag2da(B)az2a

When A is a d x 2d matrix and B is a d-dimensional vector,

(A)11(B)r - (A)124(Bh
AxB=BxA:= : : . (60)
(A)ga1(B)g -+ (A)g2a(B)a

When A and B are d-dimensional vectors,

(A)1(B)
Ax B := . (61)
(A)a(B)a

e We also define 0,®; (x =S or o, 2 =S5 or o) as

2 (@a)11 o or (Pa)1,2d
0, Bz = : - : ; (62)
2 (@a)ar o 52 (Pa)a2d

where (®;); ; denotes the (7, j)-element of the d x 2d matrix ®;.

11



e Let us introduce the following notations:
St - (St17 7Sg>7 Ot = (01517"' 70—21)7
) LG e . LG e
St(a) = (S, (J),,” ¢ (]))’ o) — (o, (3)7__, o (J))7

(&) _ (@) (4) (@) _ (@) (4)
gy = (hgi jio s hga)s holy = (hgi jio  hga ),
efot asds _ (ef(f aids’ . 7ef0t agds) and e = (€>‘1t, L ’eAdt).

Based on these preparations, we obtain the next proposition.

Proposition A.4. 1. The coefficients, S(Ti), h(;)J (x =,8,0), i = 0,1,2 and m}i)
1=20,1 are given as follows:

S(TD) = elo 50, (63)
JFEFO) = O+ (00—0)xe T, (64)
h’) = o, (65)
s = / Ll ads g (o12,52) aw,
0 .
+ (Z h) — ATE [hg};}) xS0 (66)
j=1

T Nz
U(Tl) _ /0 e MT—t) o, <at(g)> dW; + (Z h((:]) £ e MT=75) 0'7(_?)_
j=1

T
—AE [hfﬂ] w e M 4 / M % O't(o)dt> , (67)
0
h;lg = my = (Mgy1, - ,mya), (for all j, constant jump case) (68)
hgg = Yi =Y, ,Ya ), (log-normal jump case) (69)

T
s& — o / el ooty 9505 (02, 510) « S aw,
0

T
+2 / e ends 1 9, B (Uﬁ), S@) o Vaw,

0
Nr
+< > onG) — ATE [0} b« 51
j=1
Nt T T
+2 Z hgg * eij asds 5’%1)7 —2AE [hg)l] * / eli asds Sﬁ)dt> ,
j=1 0
(70)
hf; = 0eRY, (for all j, constant jump case) (71)

12



R = Yy * Yy j. (log-normal jump case) (72)

1.7]

LSV (i

2. The coefficients, Sr_ﬁsv(i) (i =1,2,3) and oy ) (i = 1,2) in the asymptotic
expansions are given as follows:

S%SV(I)

LSV (1)
or

S£SV(2)

LSV (2)

GLSV(3)

T
/ It ag (o 5 ) amm, (73)
0
T
/ e M x @, (0,50)) dWr, (74)
0
T
2/ el st 4 9 g (0,50), St(O)> « 55V Waw,
0
T
—|—2/ eftT asds 0y ®g (o-t(O))St(O)) % O_tLSV(l)th’ (75)
0
T
2/ e_’\(T_t) % Oy Dy (0150)) % O'tLSV(l)th
0

T t
e B e GO L

0 0
(76)

T
6 el et 8 (o7, 5(0) e (SE5D) (8O
0
T
o [ () 5
0
T
+6/ eftT asds 63(1)5 (0150)7550)) N (Ustu)) « (O‘st(l))th
0

T
+6 / eli asds 4 9 B (a§°>, S§°)) « LSV, (77)
0

In order to obtain the approximate value (8), all we have to do is to calculate the

constants Cy i, - -+ ,C3 1, Cy, - - -, Cg. Hereafter, we derive those concrete expressions for

a discrete average option, whose payoffs is defined as (g(Ar) — K)*(:= max{g(Ar) —
(®

Lo
K,0}), where the strike price K is defined by K = Zle > wj(-l)efoj sy — €% for an

arbitrary % € R. We remark that a spread option is regarded as its special case.

Firstly, let us define Ai’(e) as

BN PROPRE
tg.) {tj St}

450 Z 3 D610 (78)
j=1

Then, a call payoff function f is expanded as:

Flo(AY) =

(948 - K)

+

13



+
= e(g(Ag}))+@/) +e21{( N @}9 (2‘A(2)>

1 1 1 2
3 (3) (2) 3
1 (gaagroorgo (542) * ity (548) ) ot

n an €
g(Af) = g <8ETLA%)‘€—O>
d m;

- ZZ w; 3n Z(ZE)L 0 {t(’)<T}

=1 j=1

d m;

- ZZ“’ () {t;i)ST}' (80)

i=1 j=1

Here, the strike price is expressed as K = g(A( )) —e% for some % € R, and ¢ is given
by (6).

We use a lemma in Appendix B to obtain values of each conditional expectation,
and obtain an approximate pricing formula for average call options with ¢ = 1.

We set ky := > 2 1¢7 <y, k = kr, and S:= (S, ,5%) defined as

Z/ N asdsgbs ,q 07 ) Wq“‘ZUSZCSZ efoa ds z (81)

In this setting, we have g(Ag})) = g(Ar) + 9y, r) (= Zle flgﬂ + Z;j:l fik},T)’
where

AZT 'lU( )S ( ) {t(z)<T}7
7j=1
i i i 7 aids i
oy = Zw]() (ktg.“ - Atg )> msiefo sdsgh (82)
j=1

Then, for ease of numerical computation, that is to avoid the multiple time-integrals

appearing in Corollary 3.3, we approximate & [kt and the distribution of g(Ar): With
e RO

the notations w;(t) := 37" w](-) 1<ty € eh’ asds and @, = T EJ 1w efo asds

let us approximate 5?@} ., by q’k}, which is defined as
Epy = Wi (k — AT) mgisp, (83)

14



where the number of jumps until tg»i) (ie. k t(i)> is replaced by the number of jumps until
j

T (i.e. k= kg). Moreover, the distribution of g(flT) is approximated as N (O, E{Tk}>,

that is the normal distribution with mean zero and variance E;k} defined as

S =YYy [ (005 (o 500)) (03 (o47.57))

=1 qg=1i=1¢'=
d

+ Z Z k (wivgish) Vgi gi (71)1"1)51'/ sg) . (84)

i=1¢'=1

(In the case of d = 1 and n = 1, Zr}k} corresponds to Z{k}( T) in Remark B.2 of Appendix
B.) In sum, given { Ny = k}, we obtain an approximation for the distribution of g(A(l))
as N(g(&gxy)s Z; }) with g(&gry) = Zi:l f{k}, i.e. in the subsequent analysis, we treat
its distribution as if g(Ag})) ~ N(9(&ry), E{Tk}).

Next, let us evaluate the expectation of each term in the right hand side of (79):
For the e-term, with yy, := % + g({g1y),

+
6E[<g(A§~1))+€’/> ]
= Ezp{k} / / .T—l-@ p {T BT (x )dm(ﬁ
k=0

> [ @+ @) nla gl 5

— Zp{k}/ (x 4+ yr)n(x : O,E{Tk})daﬁ

%

_ eZp{k}{ykN ) 4t n o, 2{’“})} (85)

AM

7 - k,—AT
where fOT = fOT (fk -"fOtQ, dt = dty---dtg, ppy = %, and p A= 27 () stands

for the density function of Ag}) conditioned on {r = t} = {r = ti,---, 7 = t1}
(0<t1< <tk<T)WithNT:k
For the e2-term and one of the e3-terms, with A(m) = g;; A(g) L:O (m =2,3),

m Lm)
B[ty ()]
0 T
m k! T om) A® .
‘ Zp{k}Tk/o /Rl{gm%))w/}g (WA( )>P =07 () dadt
k=0 :

15



&
[}
3
gk
=3
=
N
3=
O\ﬂl
—
3
=
@
A~
3|~
=
RO

— N = b {r = 8} (e (). 5o

(Ag})> =z, Np =k, {r= t_}] n(x : 0, Z{k})dxdt
k=0 Yk
o < g [T 1 ) ; v
= ¢ Zp{k}/y Tk/o E |:g (m'A% )> |g( (Tl)) :x,NT:k,{Tzf}] tn(az:O,E{T})dx.
k=0 Ik

(86)

For the remaining e3-term,

L)
iy (547)
< g T 1 2 40 ,
— 3 (2) T=t
= € Zp{k}Tk/O /RCS{Q(A(TUFW}“CI <2|AT> p { _}T( )dib‘dt
k=0
< g T
_ 3
= ¢ kZ_Op{k}Tk/ /5{g(A§}>):?y}
Ly 4 .
2' ‘g ( ) =2, Np =k, {r=1t}|p" =07 (z)dzxdt
S
3
€ Zp{k}Tk/O /R‘S{g(A;”)=éy}
k=0
1 2 -
(Q'A(2)> 9 (AF) =2 Np =k {r = 5}] n(a : g(&), S0 dadi
= Zp{k} / / LErro—
L@ e {k} 7o 7
2'A | <AT ) =a,Np =k, {r=1}| n(z: 0,27 )dzdt

0 k! T 1 2 3 B
= & Zp{k}—Tk /0 E|g <2;A(TQ)) g <A(T1>) = —yp, Np =k, {r = g}] di
k=0 '

xn(—y : 0, E{Tk}). (87)

SE

xE

Q

xE

xE

Moreover, since we use LSV model for the coefficient of €3 to reduce the computa-
tional costs, we evaluate the following equation for an approximation for average call

16



prices: with the notation X7 =

B|(s(49) - )]
6§:p{k}{yki\7
k=0

S| 3 B
e Zp{’f}/ / [ ( )> g (A(Tl)) — &, Np =k, {r = &}| dt n(z: 0,28 dz

1 ~
A;SV(B)) g (A;sv(l)) — 4 n(z:0,X7)dz

peat

3
+e’E o1

3!

sioh

R ]

\/W

1 S
B <A;SV(2)> ‘g (A;SV(D) - _g/] n(—% :0,%r).

In the rest of this subsection, we show the details of the calculation for the right hand
side of the equation above. (In the following we omit some notations for simplicity.)

First, we define w;(t) := Z;n:ll w](.i) 1

as follows:

L @) _
g(mAT> -

(%)
{t<ty

T t
/ w(t) * OgDg * / eluasds 4 O sdW,, dW;
0 0

' I
+/ ()*85@5*2]15 xe

0 j=1

asds

T
w(t) * Ds®s * AE[hG)] / eluesds 5O g qw,

T
w(t) * O, Pg * / e M=)y & AW, dW,
0

T Nt
W(t) % 0pDg * Z h((jlg s e M) 05?)_th
j=1

+

_l’_
S— S

T

0

|
Z S—

T
+ w(T;) * hg; * 50

.
Il
N

—1 * AE[h } * 50T

+ Zw(Tj) * hg) */ elo et 4 Bgaw,
— 0

N~ NT.f
j=1 m=1

17

t
W(t) * 0 Dg * AE[hS%] e M x / Mk ai()jduth

eJo @sds and get an expression of g (%A(T2 ))

(89)

(90)

(88)



Nt

Z w(T;) *h(Sl *AE[ ]*So*Tj (99)
j=1
T t w
+ / WAE[RY)] * / eJo s s g dW, dt (100)
0 o
T
—/ GAE[R Z h), * sodt (101)
0
T
+/ wAE[ ] * AE[ ] * Sodt, (102)
0
where
E :h;i{I: - E [eeYI’?l - 1} — it I (103)
0 ] _ (e) _ _
E _h:r:i,l_ = E [h:ﬂ 1] =0 1-1=0, (104)
[, (1) ] em_;i+1e20?,
E h(xl?l_ - [ (€ 1} T s S = (105)
2) T i+le2p2. i+Le2?
E _h;‘?l_ - 862E [ xt 1} < et T Yl (Mg + €V, )2 e ) e=0
=R (106)
Next, we define the expression F(X) as
KT i r
FX) = [ B [X|g(AT )=a,Nr =k, {r = t_}} dt, (107)

where X stands for the expression in the equation number (X). Then, we obtain the

following approximations of F' (g(Agﬂ2 ))) by using formulas in Lemma B.1 of Appendix
B with the approximation of Remark B.2:

F(g(AP)) ~ G(89) + G(90) + G(91) + G(92) + G(93) + G(94) + G(95)
+G(96) + G(97) + G(98) + G(99) + G(100) + G(101) + G(102),
(108)

where G(89) ~ G(102) are provided with the k-th order Hermite polynomial Hy, (:n; EZ‘{,{C})
as follows:

o Hy(z, 54)
(89) Z/o it 351%12“,1 ¢SI/ [fotds g ij Podudt—>"2T 2 (E{k})2 . (109)

=T kt - Hi(z, 1)
G(QO) = Z/O wi(t)asicbsi?msls Z ¢51d T, (110)
i=1 I=1 T
d T d d {k}
kt toigs Ha(x, X
+Z/ w;(t)0gidgi Z@I(t)(f)gq?efo od Vgi §g Z ﬁsistUSJsgdtﬂx{ik}Tz),
i=170 I=1 J=1 (=)
(111)
d T d ) {k}
igs i, o H X
GOy = > / wi(t)asi¢>siZi)](t)qbgzl\msiefot “Sdssgtdt%, (112)
i=1 "0 I=1 T

18



G(92)

G(93)

G(94)

G(95)

G(96)

G(97)

G(98)

G(99)

G(100)

d T t ) d {k}
C\i(t—u _ Ho(x, X
}:/ Wi(1)3,: b § :w, ¢>SI/ MO :wJ(t)(ﬁ:ngudtz(;{k})Tz ) (113)
i 0 J=1 T

1=1
d T X {k}
k X (t—u) _i)(0) Hy(z,5p7)
; /0 w; (t qusz(t )Plst / Zmgie o dudtT (114)
d T
+Z/ wi(t ¢>51wa )6
=1 0
SN Ha(w, 21™)
X/ T A* (t ) (0 Z’l?sz O‘JUS‘]wJ’SOdUdtW? (115)
J=1 T
t ) {k}
A (t—u i Hl(.’t,z )
Z/ w; (t QSSLZw[ quIAm[,Z/O e M )U;(,O)dudtTk}T, (116)
T
wikm ,-50 117
s
d d {k}
; H by
+Zwik2msivsi86Zﬂsiys[ﬁ)[l}slsfg% (118)
i=1 I=1
d 2 {k}
HQ(SL‘,E )
+Zk ’L)51 'UJ'L 80 +le€ ('Uszw'bs();’l?sq SI'UgIﬂ]ISé) (Z:;[—'ik})j;, (119)
d .
> wiN(mE + vEi)soT, (120)
i=1
d T t d {k}
U H E
Z/ wimsi/ e do et g ()qsszdudtk%f) (121)
=170 0 = T
ol k Ha(z, 24
+Z/ wzfuszszzﬁsL SI'UsISOZ/ Je dé(i’SLU)J( t)dss du dt (Z{k}) )
(122)
d C k g-1
D sy Y Y mgimg (123)
i=1 j=11=1
d k j—1 {k}
. Hy(z, X
123 st zzmwsbzﬁsls,vs,wﬁg% (124)
i=1 j=11=1 T
d k oj—1 d d {k}
o - Ha(x, X
+Zwi56 Z Vgi Zﬁsqz’sbvsbsﬁvsi Zﬁsiys‘zvs‘/w‘zsbjﬂ{ik}i), (125)
i=1 j=11I=1 =1 J=1 Er7)
d
T
stiﬁ)i/\msqzso% (126)
i=1
d d {k}
kT Hi(z,%
+Z’U51w121931 SI'LU]'UsISoAmSLSO 2 %, (127)
i=1 =1 Xr
d T . d H( E{k}
~ — v _ 1\, )
S rwdms, [ eSS mel S (129
i=1 0 I=1 X
d T d {k}
- tag s _ Hl(a:,E )
fzwi/ tAmg: jelo @4 $si Y wr(t)gsrdt———rI—, (129)
i=1 0 I=1 Xy



d kT
G(101) = ZwiAmSisgmsi7 (130)

=1

3 3 kT Hi(z, 24
+ wz'SoAmsisti 1951 SJUstJSOJ 2 %, (131)
= = T

G(102)

d T )
> / Amgi Amgitshdt. (132)
: 0

The results of the constant jump case can be derived in a similar way to that of the
log normal jumps, and we omit them.

. 1 ALSV(2)\? .
Next, let us show the expression of F' | g (iAT ) by applying the formulas

in Appendix B of Shiraya-Takahashi [1]. Hereafter, the expression F(X) as
F(X) = [X| (AESV(y = x} . (133)
Then,

2 T ¢ 2
F <g (;A;SV@) ) = Flyg (/ w(t) * 0P */ el asds @Squth> 134)
. 0 0

T t
+2F (/ w(t) * OsPg */ elu csds @Squth>
0 0

T t
X (/ o(t) * 9,Pg */ e M) *<I>gquth> )(135)
0 0

2
T t
+F|g (/ w(t) * 0y Dg */ e M) <I>0quth>
0 0

(136)
(137)

I
Q
—
—
w
=~
N~—
+
[\)
Q
N
—
w
ot
=
+
Q
—~
—
w
(@]
N/

Here, we define w;(t) := > 7, w](.i)l G elo? asds,
Then, we obtain the expressions of é’(M ) for M = 134,135,136 as follows:

d d T t
) Sl Y ARTTY pr—
; 0

T r
H4 I‘;ET
/ M5T,IQM,17',I/ qg\/[74u71qM71u71dudr (274)
0 0 (X7)
d

d

t T
+ZZ{/ ‘JM,gt,i‘JM,lt,i/O q§\/1,5r,IQM,1r,1/O QM,zu,i(IMAu,IdUdet

1=11=1
t r
/ /
+/ QM75t7IQM,1t,I/ QM,3r,iQM7lr,i/ A0 20,i9M 4u,1dudrdt
0 0 0

t T
! !
+/ QM,3t,iqM,1t,i/ (JM,2r,¢qM,5nI/ qM a0, 19M, 10, 1dudrdt
0 0 0
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T ¢ ¢
+/ q§\4,3t,iq1V[,5t,I (/ (JM,zs,ifhst) (/ (15\4,4u,IQM,1u,1du> dt
0 0 0

T T u
Hy(z; ¥r)
+/ QMMIQM,M,I/ QR1,3U,iQM,4u,1/ A0 2s,19M 15 idsdudr 7(2 5
0 0 0 (Er)

d d T
+ZZ/O /0 qM’2u7iQM’4"7[dquW,Bt,iQM,stJdt

1=11=1
_ I4(M)H4(;CT;)§T) + IQ(M)HQ((;UT;)X;T) + I(M), (138)

That is, for M = 134,135, 136,

d T t
L(M) = Z </0 QM,st,i(JM,lt,i/O q;\/f,Qs,z‘QM,ls,idet) X

i=1 =1

T T
/ / d d
an 5r,19M 1,1 Apf 4u, 19M 10, 7QUAT |,
0 0

d d

T t r
L(M) = Z { /0 Ahg 30400, 100 /0 Ahg 5 19M 1T /0 A0 20,9M 4u, 1 dudrdt
i=1 =1

d

T t r
/ / /
+ / A0, 5t,19M.1t,1 / A0 3r,iAM, 11, / qM 2u,i9M,au,1dudrdt
0 0 0

T t r
/ / /
+ / anr,3t,i9M 1t / An2r i 9M 57,1 / QM74U7IQM71u7jdud7'dt
0 0 0

T t t
+ / A0 30000 56,1 < / q§\4,23,@-q1sd8> < / q’MAu,IqM,lu,IdU> dt
0 0 0

T T u
/ / /
+ / 40 5, 19M 17T / AN 3u,i M Au, T / qM,2s,iQM,1s,id8dudT}7
0 0 0

d d T ¢
B0 = S5 [ iy st
i=1 ;=170 J0
where
d
N341t0 = Zwi(t)ﬁbsiv (139)
i—1
t i
QN340ti = e~ o O g, (140)
Q3azes = Wi(t)Isidgi, (141)
¢ i
N3aati = e o @l g, (142)
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Qaases = Wit)Isidg, (143)

d
N35.160 = Z w;(t)pgis (144)
i=1
_ [t
qg35,2t,i = e ho a5d8¢su (145)
Qaszt; = Wit)dgidgi, (146)
Q135,4t,i = e)\lt¢0i ) (147)
Gi3s508 = wi(t)e " icgi, (148)
d
qiSG,lt,i = Z W;(t)pgis (149)
i=1
Qsoot; = € ' Gois (150)
%36,31&,1' = wi(t)e_/\ztaa@su (151)
(1336,4@1' = Moy, (152)
Qsosts = Wilt)e M Oyidgi. (153)

Next, we show the expressions of g (%A;SV(3)> by applying the formulas in Ap-
pendix B of Shiraya-Takahashi [1].

T t 2
F (g <%A{;sv(3>>) = %F </O w(t) x 0D * (/0 i asds @Squ) th> (154)

T
+F (/ ’U_J(t) * 0sPg
0
t wo
*/ eli@sds L 9edg */ el asds @SdWUquth> (155)
0 0
T
+F (/ QII(t) * 0s®Pg
0
t u
*/ eluasds 5, B */ e MUY @UdWUquth) (156)
0 0
1 T t 2
+5F / w(t) x 92D * (/ e MW <1>(,qu> AW, (157)
0 0
T
+F (/ B(t) * Do s
0
t u
*/ e M 4 9,0, */ e MUY @adWUquth) (158)
0 0
= %G(154) + G(155) + G(156) + %G(157) + G(158). (159)

We obtain the expressions of G(M) for M = 155,156, 158:

d T t
G(M) = E (/ q;\/l,4t,iqM,1t,i/ QM,ss,i(IM,ls,i/
— \Jo 0 0

S

Hs(z;5r)

q§VI,2u,iqAI,1u,idUdet) or)
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That is, for M = 155,156, 158:

Ir(M)
where
/
q155,1t,i

/
q155,2t,i

/
q155,3t,i

/
q155,4t,i

/
q156,1t,i

/
q156,2t,i

/
q156,3t,i

/
q156,4t,i

/
q158,1t,i

/
q158,2t,i

/
q158,3t,i

/
q158,4t,i

G(M)

>

i=1

d

= > wi(t)os:,

=1
= e fot aéds¢si7
= 8Si¢5i7
= wi(t)0sidsi,
d
i=1

it
= € ¢0i7

= (%12(154) + I>(155) 4 I>(156) + 312(157) + 12(158))

. )
— e Jo oﬂsds—)\ztagi bsi,

= wl(t)asl¢527
d
= Z wl(t)QSSU
=1

At
= e ¢O’i7

= 8& ¢cri )

= H)i(t)e_)‘itaaiqbsi.
We also have the expressions of G(M) for M = 154,157 as follows:

d

i=1

T t
+ (/ / QXf,zu,i(JM,su,iduq;u,z;t,ifJM,lt,idt)
0 0

Hy(z;27)
(Br)

H;(x;37)

I,(M) 1)

That is, for M = 154, 157,

L(M) =

M=

i=1
d

=1

+ Io(M)

23

H3(%;%r)

L (160)

T t s
/ / /
</ QM,4t7iQM,1t,z'/ QM,?,S,iC]M,ls,z‘/ qM72u7¢QM,1u,idUd8dt> )
0 0 0

(161)

(162)
(163)
(164)

(165)

(166)

(167)
(168)

(169)

(170)
(171)

(172)

T t t
H3(z; 2
> {/ </ q;V[,2u,iqM,1U,’idu> (/ qM,ss,iQM,ls,idS) QMAt,iQM,lt,idt} 3(27’5)
0 0 0 ( T)

Hy(z;Xr1)

Y

(173)

T t t
{/ </ QMQU,Z-QM,lu,idU) </ QM,gs,Z-QM,ls,idS) QEMAt,iQM,lt,idt} ;
0 0 0

T rt
Z (/ / Q;MQ“;L'QM,Bu,idUQMAt’iQM,lt,idt> )
. 0 0



where

d
Gsaari = Z Wi (t)dsi, (174)
i=1
/ _ = ft alds
Qisa2ti = @543t =€ 10T ogi, (175)
! N ftaids 2
Q154,45 = w;(t)elo ¥ 0% pgi, (176)
d
Gsras = Y wi(t)oss, (177)
i=1
(1357,21;,1' = q1573t; = em%u (178)
Ns74t0 = Wi (t)e M2 g (179)

Finally, if necessary, we use the next integral formula:

o
Hi(z,X)n(z;0,X)de = ¥Hp_1(—2,X)n(z;0,%), (180)
—z
and collecting the terms with the same order of x in Helmite polynomials, we obtain
the coefficients C1 , -+ ,C3 1, Cy, -+ ,Cg in (8) as follows: with E{Tk} given by (84),

Ci, = (117) + (120) + (123) + (126) + (130) + (132), (181)
Cs, = ((110) + (112) + (114) + (116) + (118) + (121)
5}
+(124) + (127) + (128) + (120) + (181))—L—_ (182)
Hl(x;ZT )
(Z{k})Z
Cs, = ((109) + (111) + (113) + (115) + (119) + (122) + (125)) — L2,
HQ(.’E;ZT )
(183)

Cy = 312(134) + I(135) + 312(136)

%12(154) + I(155) + I(156) + 312(157) + I(158), (184)
s = 314(134) +1,(135) + %14(136), (185)
Cs = %10(134) +Io(135) + 310(136) + %12(154) + I(158). (186)

B Conditional Expectation Formulas

Appendix B lists up the conditional expectation formulas used in the derivation of
Theorem 4.3. While we show the one-dimensional case for ease of exposition, one can
obtain the formulas for the multi-dimensional case in a similar way.
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Lemma B.1. We assume f1¢, for, 914,924, it © = 1,2,...,5 are Ry — R determinis-
tic piecewise continuous functions on [0,T]. Fach N is a Poisson process with intensity
A, which is independent of each other. T; stands for the time of the j-th jump in N.
W is a one-dimensional Brownian motion, that is independent of N. X; follows a one-
dimensional standard normal distribution N(0,1). X; and Xj/ are independent for

j# j/. X is also independent of W and N. H,(x;X) denotes the Hermite polynomial
of degree n.

Firstly, let us define Yp(s) and Z;k}(s) as follows:

T k
YT(S) = / fz’tth + Zfl,zj_Xj, (0 <8 <8< - <8 < T), (187)
0 =
st (g) = / |f25|2ds+z o PO0<si<sy< - <sp<T).  (188)
j=1
Moreover, we define {T =5} as {T =35} :={m =51, , 7k = Sk}

Then, we have the following formulas.

T . . T Hi(y; 28 (s
1. E / @2, dWi|Yr(s) =y, Nr =k, {r =5}| = / ot fo,cdt MTT())
0 0 257 (s)

(189)
t
2. E / / CI2,uquQS,tth|?T(S) =y, Nr=k{r= 5'}] =
{k}
(/ / 42,uf2,udugs i f2 tdt> Hz(y{’kz}( )( )) (190)
T
3. E (/ QQ,uqu> (/ q3,de5> |YT( ) - yvNT = ka {T = g}] =
0 0
! ! Hy(y: 28 (s) [T
</0 QQ,u,fz,udU> (/0 Q3,sf2,sd5> T(TSP +/0 q2,t93,¢dt. (191)
T t s
4. E / / / 42,udWq3,5dWsqs 1 dW,| Y1 (8) = y, Ny = k, {1 = §’}‘| =
o Jo Jo
! ' ’ Hy(y; 24 (s))
(/0 q4,t.f2,t/o q3,sf2,s/(; q2,uf2,udUdet> Bzy{Tk}()
(192)
T t t R
5. E / </ QQ,uqu> </ q3,des> q4,tth‘YT(S) =Y, NT = k, {T = g}‘| =
0 0 0
o t H(y; 25 (s))
{/ (/ q2uf2udu> (/ q35f25d8> q4tf2tdt}3;j¥€}<))
{k}
(/ / 42,uq3,uduqa, f2 tdt> Hl(;i{kz}( )< )) (193)
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10.

11.

E

T t T r
([ ) ([ [ )= -s-5) -
0 0 0 0
! ! T - o
Hy(y; 2 S
/ Q3,tf27t/ 2,5 f2,sdsdt / q5,rf27r/ q4.u fo,ududr %
0 0 0 0 niF (s)
T t r T ‘ ,
+ / q3,tf2,t/ q5,rf2,r/ qz,uq4,ududrdt+/ q5,tf2,t/ CIS,Tf2,r/ 2,04 ududrdt
0 0 0 0 0 0
T t r T ' .
+/ q&tfz,t/ QQ,rq{ﬁ,r/ Q4,uf2,udud7‘dt+/ 43,5, (/ q2,sf2,sd8> (/ q4,uf2,udu) dt
0 0 0 0 0 o

T T u {k}
Hs(y; 2 S
Jr/ Q577’f2,r/ Q3,uq4,u/ QQ,sz,stdUdT Q(yTT())
0 0 0 X7 (s)?

T t
+/ / 42,uq4,uduqs,1qs dt. (194)
0 0

=

Np
E |:Z glv"'.i—’)A/T(S) =y, Np =k {r= §}]

<

I

gl7$j_' (195)

=

T

gl’.,—j,Xj‘?T(S) = y,NT = k’7 {T = §}

=
(]

j=1
k {k}
Hl Y, by S))
= Zgl,s]'fl,s]-(z{k}’r( (196)
j=1 7 (s)
T Nt
E / 92t Zgl,rj_th’YT(S) = y,NT = k7 {7‘ = §}
0 =
k T {k}
Hi(y, % S
=> (/ gz,tfztdt) gl,sﬁ%- (197)
j=1 \”/5i r(s)
T Ny
E / 926 Y 91— X;dWi|Yr(s) =y, Ny = k, {r = 5}
0 =
k T {k}
Hy(y, % S
= Z (/ 92,tf2,tdt> (91,8~ f1,5,~) Z(TT(Z)) (198)
i=1 \”ss (Er7(s))

T N

E / 2.t Zgl,ijdt‘YT(s) =y,Nr =k, {r =35}
0 =

k

= Z (/0 gz,tdt> 91,5, — (199)

j=1
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12.

13.

14.

15.

16.

17.

18.

19.

E

2

J

>

2

(gl,s_j—fl,sj_ggsj_f17s_7._

[ V)

J

Ny

92,t Zgl,rj,det’YT(s) =y, Nr =k, {r =35}
j=1

T
/ g2,¢dt

> (glwsj_fl,["j—) T

1
R
=i (s)

91,73-7/ | g2xtth‘YT(S) =y,Nr =k, {1 =5}
0

Sj
91,s;— (/ gz}tfz’tdt>
0

Ji.7i— / 92,tthXj‘YT(S) =y,Nr =k, {r =35}
0

% (k)
(91,5,~ f1,5,-) (/ g2,tf2,tdt> M
0

1

=i (s)

(2 (s))?

(glﬁer)(gzerj)‘YT(S) =y,Nr =k, {r =35}

N,

Jl7i— Z 92,71_‘?T(s) =y,Nr =k, {r =35}

(=8 (s))?

92»TJ—XJ‘Y/T(S) =y,Nr =k, {r =5}

ngsJ_fl,SJ—

N.

1

T

7j
917y -Xj Z 9217‘7*‘YT(S) =y,Nr =k, {r =35}

J

=1

j7

1
1
g1,sj—f1,s]-— ZQQ,S.I* & .
= )

T

™)

gl,Tj—

N..

J

J

1

gQ,TJ—XJXj

Yr(s) =y, Nr =k, {r = 5}
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+ gl,s_i—9275_7_> .

(200)

(201)

(202)

(203)

(204)

(205)

(206)



k J—1 {k}
Ho(y, X7 (s
= Zgl,s]'—fl,sJ'— ZQQ,SJ—fl,s,]—M- (207)
J=1

k
= (= (s)2

Remark B.2. Due to the time dependence of average options, multiple integrals ap-
pear in (107). To reduce computational burdens in practice, we apply the following
approximation:

k T psg s T
i ' : {k} Lk
T J;/O /0 . /0 hs,g(X37 (s))dsy - - - dsp_1dsy, = Tg(ET (T))/O hsds,

(208)
T Sk 52
/O /0 . ./0 f(Z;k} (s))dsy---dsg_1dsy ~ f(z];k} (1)), (209)

where E{Tk}(s) = fOT |f278|2ds+2§:1 \fLSj\Z and Z{Tk}(T) = fOT | f2,s 2ds+% fOT |f178]2ds.
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