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Abstract

In this work, we systematically investigate mean field games and mean field type control
problems with multiple populations using a coupled system of forward-backward stochastic
differential equations of McKean-Vlasov type stemming from Pontryagin’s stochastic maximum
principle. Although the same cost functions as well as the coefficient functions of the state
dynamics are shared among the agents within each population, they can be different population
by population. We study the mean field limit for the three different situations; (i) every agent is
non-cooperative; (ii) the agents within each population are cooperative; and (iii) the agents in
some populations are cooperative but those in the other populations are not. We provide several
sets of sufficient conditions for the existence of a mean field equilibrium for each of these cases.
Furthermore, under appropriate conditions, we show that the mean field solution to each of
these problems actually provides an approximate Nash equilibrium for the corresponding game
with a large but finite number of agents.

Keywords : mean field game, mean field type control, FBSDE of McKean-Vlasov type

1 Introduction

In pioneering works of Lasry & Lions [26, 27, 28] and Huang, Malhame & Caines [22], the two
groups of researchers independently proposed a powerful technique to produce an approximate
Nash equilibrium for stochastic differential games among a large number of agents with symmetric
interactions. Importantly, each agent is assumed to be affected by the states of the other agents
only through their empirical distribution. In the large population limit, the problem is shown
to result in two highly coupled nonlinear partial differential equations (PDEs), the one is of the
Hamilton-Jacobi-Bellman type, which takes care of the optimization problem, while the other is of
the Kolmogorov type guaranteeing the consistent time evolution of the distribution of the individual
states of the agents. The greatest benefit of the mean-field game approach is to render notoriously
intractable problems of stochastic differential games among many agents into simpler stochastic
optimal control problems. For details of the analytical approach and its various applications, one
may consult the monographs by Bensoussan, Frehse & Yam [2], Gomes, Nurbekyan & Pimentel [20],
Gomes, Pimentel & Voskanyan [21] and also Kolokoltsov & Malafeyev [24].

*All the contents expressed in this research are solely those of the author and do not represent any views or
opinions of any institutions. The author is not responsible or liable in any manner for any losses and/or damages
caused by the use of any contents in this research.
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In a series of works [7, 8, 9], Carmona & Delarue developed a probabilistic approach to these
problems, where forward-backward stochastic differential equations (FBSDEs) of McKean-Vlasov
type instead of PDEs were shown to be the relevant objects for investigation. In particular, they
provided the sufficient conditions for the existence of an equilibrium for mean field games with
the cost functions of quadratic growth in [8]. In the case of cooperative agents who adopt the
common feedback control function, they showed in [9] that the large population limit results in
the optimization problem with respect to a controlled McKean-Vlasov SDE. Using the notion of
so-called L-derivative, which is a type of differential for functions defined on the space of proba-
bility measures, they solved the problem by a new class of FBSDEs of McKean-Vlasov type. A
probabilistic but weak formulation of the mean-field games was studied in Carmona & Lacker [12]
and, in particular, in Carmona, Delarue & Lacker [13] in the presence of common noise. The details
of probabilistic approaches, concrete examples, and many references for various applications are
available in the recent two volumes of monograph [10, 11].

In this work, we are interested in mean field games and mean field type control problems
in the presence of multiple populations. Here, the same cost functions as well as the coefficient
functions of the state dynamics are shared among the agents within each population, but they can
be different population by population. Mean field games with multiple populations arise naturally
in most of the practical applications, and were already considered in the first original work of [22].
Lachapelle & Wolfram [25] modeled a congestion problem of pedestrian crowds, and Achdou, Bardi
& Cirant [1] studied the issue of urban settlements and residential choice using the mean-field
game representation. Feleqi [17] and Cirant [14] dealt with ergodic mean field games of multiple
populations under different boundary conditions. Recently, Bensoussan, Huang & Lauriere have
considered a new type of problem in [3]|, where the agents within each population are cooperative
but compete with those in the other populations. They gave necessary conditions for equilibrium
in terms of master equations. Note that, in all of these existing works, the analytic approach based
on coupled nonlinear PDEs has been adopted.

In the current paper, differently from the existing works, we have adopted the probabilistic
approach and closely followed the procedures developed in [8, 9]. In addition to the mean field
games of multiple populations, we have studied the situation where the agents in each population
are cooperative as in [3], and yet another situation which is a mixture of the first two cases: the
agents in some populations are cooperative within their own but those in the other populations are
not. The presence of multiple populations induces a system of FBSDEs of McKean-Vlasov type.
Although it is a coupled system of FBSDEs due to the interactions among different populations,
the couplings appear only through the mean field interactions i.e., the distribution of the state of
the representative agent of each population. This feature allows us to solve a matching problem
corresponding to the state of equilibrium by Schauder’s fixed point theorem in a quite similar
manner to [8]. In each of the three cases mentioned above, we have found several sets of sufficient
conditions for the existence of an equilibrium, in particular the one which allows the cost functions
of quadratic growth both in the state variable as well as in its distribution so that it is applicable
to some of the popular linear quadratic problems. Moreover, we have investigated the quantitative
relationships between the mean field problems discussed above and those with finite agents. In
particular, under additional assumptions, we have proved that each mean field solution actually
provides an approximate Nash equilibrium for the corresponding game with a large but finite
number of agents. It highlights some interesting differences between the game where all the agents
are non-cooperative and the one where the agents are cooperative in some populations.

The organization of the paper is as follows: after explaining notations in Section 2, we study
the mean field problems in the first half of the paper; in Section 3 (i) the case of non-cooperative
agents, in Section 4 (ii) the case where the agents are cooperative within each population, and in
Section 5 (iii) the agents in some populations are cooperative but those in the other populations are



not. In the second half of the paper, we investigate the corresponding problem with finite number
of agents; we treats in Section 6 the case (i), in Section 7 the case (ii), and finally in Section 8 we
treats the case (iii). Although we set the number of populations to two in the main analysis, this
is just for notational convenience. We shall see that the analysis can be easily generalized to any
finite number of populations. Finally, we conclude in Section 9.

2 Notations

Throughout the paper, we work on some complete probability space (€2, F,P) equipped with a
right-continuous and complete filtration F = (]:t)te[o,T] supporting two independent d-dimensional
standard Brownian motions (W' = (th)te[07T],W2 = (W)iep,r]) as well as two independent
random variables ¢!, €2 € L*(Q, Fo, P;R?). For cach i € {1,2}, F' := (F})ie,r) C F is a complete
and right-continuous filtration generated by (£, WZ) Here, T' > 0 is a given terminal time. To
lighten the notation, unless otherwise stated, we use indices ¢ and j specifically to represent an
element in {1,2}, and we always suppose that j # ¢ when they appear in the same expression.
Moreover, we use the symbol C' to represent a general nonnegative constant which may change line
by line. When we want to emphasize that C depends only on some specific variables, say a and
b, we use the symbol C(a,b). We let || - || denote the L2(Q, F,P; R%)-norm. We use the following
notations for frequently encountered spaces:

e S? is the set of R%-valued continuous processes X satisfying

1
1X|g == E[ sup |X;[?]% < o0 .
t€[0,T]

e S is the set of R%-valued essentially bounded continuous processes X satisfying

|| X ||ge == || sup |X,g|HOO <00 .
te[0,T

o H? is the set of R¥*?-valued progressively measurable processes Z satisfying

Hmmm:EKATMﬁﬁﬂé<m.

e L£(X) denotes the law of a random variable X.

o M}(Rd) is the set of finite signed measures p on (R?, B(R?)) such that [p, |z|d|u|(z) < cc.

e P(R?) is the set of probability measures on (RY, B(R?)).

e P,(R%) with p > 1 is the subset of P(R?) with finite p-th moment; i.e., the set of u € P(R?)
satisfying

Myt = ([ lolPutan)” < oo

We always assign P,(R?) with (p > 1) the p-Wasserstein distance W), which makes the space
Pp(R%) a complete separable metric space. As an important property, for any p,v € P,(RY), we
have

Wy(u,v) = inf {BJ|X = Y55 £(X) =, £(Y) = v} .

For more details, see Chapter 5 in [10] or Chapter 3 in [5].



3 Mean Field Games with Multiple Populations

In this section, we consider a mean-field limit of a game among a large number of non-cooperative
agents in the presence of two populations. Here, each agent competes with all the other agents but
shares the common cost functions as well as coefficient functions of the state dynamics within each
population. As we shall see, extending to the general situation with finite number of populations
is straightforward.

3.1 Definition of the Mean Field Problem

Before specifying detailed assumptions, let us formulate the problem of finding an equilibrium in
the limiting framework. It proceeds in the following three steps.

(i) Fix any two deterministic flows of probability measures (u’ = (M%)te[o,ﬂ)ze{m} given on R,
(ii) Solve the two optimal control problems

1,2 2,1
inf J** (al), inf JEH (o 3.1
nf el e ) (3.1)

over some admissible strategies A; (i € {1,2}), where
php? 1 ’ 11,2 1 112
S (e )::E[/o fl(t>Xtnutv/'Lt?O‘t)dt+91(XT7/'LTa/LT):| )
2,1 T
I @) = B[ [ alt, XE kot + o (Kb

subject to the d-dimensional diffusion dynamics:

dX} = b1 (t, X} pr, 12, ab)dt + oy (8, X, pr, p2)dW,
dX} = bo(t, X7, i, pit, o) dt + oo (t, X7, pf, puy )dWE

for t € [0,T] with (X = & € L*(Q, Fo, P;RY)) . _,.

that A; is the set of A;-valued Fi-progressively measurable processes o' satisfying E f(;f lad|2dt < oo
where A; C R is closed and convex.
(iii) Find a pair of probability flows (u!, u?) as a solution to the matching problem:

For each population i € {1,2}, we suppose

A~ 1’ 1’ 2 A~ 27 27 1
Ve [0,T],  pr=LX M), pi=LXPHH), (3.2)
where (Xi’“i’“j)ie{l,z},#i are the solutions to the optimal control problems in (ii).

Remark 3.1. It is just for convenience to use the common dimension d (as well as k for A;) for
both populations.

3.2 Optimization for given flows of probability measures

The main assumptions in this section are as follows:

Assumption 3.1. (MFG-a) L,K > 0 and A\ > 0 are some constants. For 1 < i < 2, the
measurable functions b; : [0,T] x R x Po(RY)2 x A; — RY, o : [0,T] x R x Py(RY)2 — RIXd,
fi [0, T] x R x Po(RY)2 x A; — R, and g; : R? x Po(R%)? — R satisfy the following conditions:

(A1) The functions b; and o; are affine in (z,«) in the sense that, for any (t,z, p,v,a) € [0,T] x



RY x Py(RH)2 x A;,
bi(t, z, p, v, ) := bio(t, u,v) + b; 1 (t, p, v)w + bio(t, p,v)ar
Ji(ta €, W, V) = 0-170(ta M, V) + 0-7;71(t7 M, V)x s

where b; o, bi1,bi2,0i0 and o;1 defined on [0,T] x Po(R4)? are RY, RIxd RIxE RAXd gy Rdxdxd_
valued measurable functions, respectively.

(A2) For any t € [0,T], the functions Po(RY)? > (u,v) — (bio,bi1,bi2,0:0,0:1)(t, 1, ) are
continuous in Wo-distance. Moreover for any (t, u,v) € [0,T] x Pa(R%)?,

‘bi,()(tuu7 V)|’ |O-i,0(tvu) V)| < K+ L(MQ(:U‘) + MQ(V)) )
‘bi,l(tvu7 V)|7 |bi,2(t7:u’7 V)‘v ‘Ui,l(ta,ufvl/)‘ < L.

(A3) The function R% x A; 3 (z,a) — fi(t,z, u,v,a) € R is once continuously differentiable with
L-Lipschitz derivatives, i.e. for anyt € [0,T], u,v € P2(R?Y), z,2' € R, a,a’ € A;,

‘a(z,oa)fi(ta x/’u’y’ O/) - 8(x,a)fi(t?xaﬂa v, a)’ < L(’Jﬁ‘/ - .CE‘ + ’O/ - OéD )

where Oy o) fi denotes the gradient in the joint variables (z,a). fi also satisfies the A-convewity:

fi(taa/‘/vH? v, O/) - fl(ta T, [V, Oé) - ((CL‘/ -, o — Ot), a(z,a)fi(tvxnu’a v, Oé)> > >\|O/ - Oé|2 .
(A4) For any (t,x, u,v,a) € [0,T] x R? x Py(RY)? x A;,
’a(z,a)fi(tvxnua v, O‘)’ <K+ L(|l" + |Oé’ + MQ(M) + MQ(V)) .
’fi<t7x7ﬂa v, O‘)’ <K+ L(|w’2 + ‘a‘Q + MQ(IU)2 + MQ(V)z) :

Moreover, for any (t,z,a) € [0,T] x R? x A;, the functions Po(RY)? > (u,v) — fi(t,z, p,v, ) and
Pa(RN?2 3 (1,v) v O o) fi(t, T, p, v, @) are continuous in Wa-distance.

(A5) For any p,v € Po(RY), the function R? > x +— gi(x,p,v) € R is conver. It is also once
continuously differentiable with L-Lipschitz derivatives, i.e. Y,z € R, pu, v € Po(RY), it holds

‘aﬂcgi(x/vua V) - 3x9¢($7ﬂ) V)| < L|x/ - $| .

For any x € RY, the functions P2(R)? 3 (u,v) + gi(x, 1, v) and P2(RH? 3 (u,v) = 0ugi(z, p,v)
are continuous in Wa-distance. Moreover, the growth conditions

‘8:Dgz<xvuv )| < K+L(‘$|+M2 +M2 V) ’
|gi(xau7 )| <K+L(‘$|2+MZ( ) +M2<V)2) >

are satisfied.

We first consider the optimal control problem (3.1) for given deterministic flows of probability
measures. The corresponding Hamiltonian for each population H; : [0,7] x R? x Py(R%)? x RY x
R¥*d x A; — R is defined by:

Hi(taxaﬂa Vaywzaa) = <bi(taxaﬂa v, Oé),y> + tr[ai(t,x,,u, V)Tz] + fi(tvxuuv v, Oé) : (33)

Since o; is independent of the control parameter, the minimizer &;(t, x, u, v,y) of the Hamiltonian



H; can also be defined by a reduced Hamiltonian H Z.(T):

Q; (tv T, [, v, y) = a‘rgminaeAiHi(r) (t7 T, VY, a) (34)
where
Y (t e, p, vy, 0) = (0i(t, @, v, 0),9) + filt, 2, 1,v,0),

The following result regarding the regularity of &; is a straightforward extension of Lemma 2.1 [§].
Lemma 3.1. Under Assumption (MFG-a), for all (t,z,u,v,y) € [0,T] x R? x Py(R%)? x RY,
there ezists a unique minimizer &;(t, x, 1, v,y) of HZ»(T), where the map [0,T] x RY x Py(R%)? x R% 5
(t,z, p,v,y) — &i(t, x, p,v,y) € A; is measurable. There exist constants C' depending only on (L, \)
and C" depending additionally on K such that, for any t € [0,T],z,2',y,y € R, p,v € Po(RY),

it 2, v y)| < O+ C(Jz] + [yl + Ma(p) + Ma(v))

|Gty a, vy y) — Galt, 2, v,y < C(le — 2| +y — ) -

Moreover, for any (t,z,y) € [0,T] x R x R, the map Po(RH? > (u,v) — &4(t,x, p,v,y) is
continuous with respect to Wa-distance:

|di(t,$,u, v, y) - &i(taxaul7yl7y)
S (QA)il (|bi,2<t7 M, V) - bi,?(tv MIJ V/)Hy‘ + ’aafl(tv Z, W, v, dz) - aaf’b(tu Z, /“L/7 V/7 &Z)|>
where &; = &;(t, x, p, v, y).

Proof. To lighten the notation, let us write p = (i,) € Po(R?)2. Since the function A; > a

Hi(r) (t,z, p,y, a) is strictly convex and once continuously differentiable, &;(t, x, p,y) is given by the
unique solution to the variational inequality:

Vﬁ € Ai; <B - di(tvxapvy)a804Hi(r)(t7x7p>y7&i(taxnoa y))> > 0. (35)

By strict convexity, the measurability is a consequence of the gradient descent algorithm (Lemma
3.3 [10]).
With an arbitrary point §; € A;, the A-convexity implies that

H(t,e,p,y.8) = H"(t,z,p,y,d)
2 Hi(r)(t’ffvp)?/’ﬁi) + <OA[Z - Bia aOéHi(r)(tqu‘a Y, ﬁl)> + )\|dl - /BZ|2 )
where &; := &;(t, z, p,y). Hence we have
@i — Bi| < X (|bia(t, )yl + 10afi(t, 2, p, Bi)]) - (3.6)

This gives the first growth condition. Next, with &; := &(t,z, p,y) and &, := & (t, 2, p,y'), the
optimality condition implies

~

<d; - di, 804H1(T) (ta z,0p,Y, dl) - aaHi(T (t7 xlv P ylv d;» > 0.
This inequality, together with the A-convexity, gives

<d; - OA‘% bi,Q(ta p) ' (y - y,) + 8afi(t7$>/)a OA‘Z) - aafi(t7x,ap7 CAVZ)) Z 2)"d1 - d; 27



and thus |dl - A;‘ S (2)‘)_1(|b1,2(t7:0)||y - y/’ + |aafi(t7map7 &’L) - aafi(taml7pa dz)’) This proves
the Lipschitz continuity in (x,y). The continuity with respect to the measure arguments follows
exactly in the same way. O

For given flows u', u? € C([0, T]; Po(R?)), the adjoint equation of the optimal control problem
(3.1) for each population 1 < i < 2 is given by

Y} = —0uHi(t, X{, mj, 1], Y, 24, (t, X iy, o, V7)) dt + ZEdW (3.7)

with j # i, X§ = & € L2(Q, Fo,P;R%) and Y} = 8,9i(Xi, pidr, i), which is a C(L, \)-Lipschitz
FBSDE. Notice that H; must be the full Hamiltonian instead of reduced one due to the state
dependence in ;. Here, 0, H; has the form:

O Hi(t,x, vy, z,c0) := b 1(t, p, V)Ty + trjoia (¢, 1, I/)TZ] + O fi(t,x, pyv, ) .

Theorem 3.1. Under Assumption (MFG-a), for any flows ,u u? € C([0, T); P2(RY)), the adjoint
FBSDE (3.7) for each i € {1,2} has a unique solution (X, th)tG[O 1 € S? x S? x H2. Moreover,

there exits a measurable function uf m [0,T] x R — R? such that, with some constant C
depending only on (L, \),

vt € [0,T),Vz,z' € RY, \ufi’”j (t,z) — ufi’“j (t,2")| < Clz — 2| (3.8)

and also that V't € [0

)T]7Yt:u u](t Xt) P-a.s.
If we set &' = (&} = i

Git, X7, ity 1, Yi) ) eeorr) then for any B = (B))sepo.r) € Ai, it holds:
i,g . T . ;19 i,d .
JE (&) AR / Bi — GiPdt < JH (81) | (3.9)
0

Proof. The last claim regardmg the sufficiency of the stochastic maximal prlnClple is well known. In-
deed, if a solution (X7, Y}, Z: )te[O 7] exists, then using the convexity Gi (X, pl, i) — gz(XT, s MT)
(XE — XL, azgl(XT,,uT,,uT)), evaluating the expectation E[(X% — Xi. V)] by the Tto formula,
making use of the A-convexity of the Hamiltonian, we get the desired result. Here, (the[O,T] with
X = &' denotes the solution of the SDE (3.7) with 3; instead of ¢&; as its control. See, for example,
Theorem 6.4.6 in [31].

The existence of a unique solution to the adjoint FBSDE as wall as the Lipschitz continuous
decoupling field follows from a straightforward extension of Lemma 3.5 in [8]. First, since the adjoint
FBSDE (3.7) is C(L, \)-Lipschitz continuous in (z,y, ) and o; is independent of Z¢, Theorem 1.1
in [15] guarantees the existence of a unique solution for small time T' < ¢, where ¢ = ¢(L, \) is a
constant depending only on (L, \). Thus, for a general T, we still have the unique solvability on
[T — 6, T] with 0 < 6 < c and any initial condition ¢ € L2(Q, Fy,, P;R?) at to € [T — §,T]. We let
(X oyttt ZZ’tO’gz)te[tmT] denote this solution. Following the proof of Theorem 2.6 in [15] (see
also Proposition 4.8 in [10]), we can establish the existence and uniqueness on the whole [0,T] by
connecting the short-term solutions provided we have

d i,t0,2 1,80,y
V:L” y e R ? |}/;50 - }/;0

<Clz -y, (3.10)

for some C' independent of ¢y and J. Here, by Blumenthal’s zero-one law, Y, and Y, are



deterministic. We are now going to prove (3.10). Let us put

JOm =B [ A X", i ] 65Ot + gi (X7 )]

7
to
with &% := @;(t, X' ut, 1, Y,""%). Then similar arguments deriving the relation (3.9) gives
T . .
(y _%Yt7500750> ‘f‘JZO’z + /\E/ ‘d?to,y _ &i’to’x|2dt < J;fo,y ) (3.11)
to

Exchanging the role of x and y in (3.11) and adding the two inequalities, we obtain that

QAE/ |d;7to,x _ dz’to’y|2dt < (x -y, Ytzto,z _ Y;Z7t0,y> ) (3.12)
to

0

Now, treating the controls &%'0:® a%t0:¥ as well as the forward varibles X%'0:% XY a5 external
inputs, we apply the standard stability result of Lipschitz BSDEs (e.g., see Theorem 4.2.3 in [36])
to obtain the estimate for E[sup;cp, n |Ytz’t°’x - Y;’to’y 2]. Then, applying the standard stability
result of Lipschitz SDEs (e.g., see Theorem 3.24 in [36]) to this estimate gives

E[ sup |X;"F — X024 sup [V)10F — v
tE[to,T] t€(to,T)]

T . .
<o) (lo-yP+E [ lair - aporar)
to

Now the inequality (3.12) proves the relation (3.10) with C' depending only on (L, ), and hence

also the existence of a unique solution for general 7. The decoupling field is defined by !’ e
0,7] x RY 5 (t,2) = V""", and the representation P(V¢ € [0,T], Y = ub (t, X})) = 1 follows
from the uniqueness of the solution as well as its continuity (Corollary 1.5 in [15]). Its Lipschitz
continuity is a direct result of (3.10). O

Remark 3.2. In the remainder, we often use the simpler notation u; for the decoupling field without
the superscripts (u', p?).

Lemma 3.2. Suppose that two set of functions (b;, i, fi, gi) and (b, ag, Z’,g;) satisfy Assumption
(MFG-a). For given inputs &', & € L?(Q, Fo, P;R?) and (p!, p?), (ut, ') € C([0, T]; Po(RY))2,
let us denote the corresponding solution to (3.7) by (XZ',Y;",Zg)tE[OyT] and (X;’l,Yt/’Z,Zt/’Z)te[QT},

respectively. Then, there exists a constant C depending only on (L, \) such that

E

—

sup |X{ — X;'[*+ sup |V —Y/'P+ / |2 — Z;"|dt
t€[0,T] t€[0,T] 0

< CE [\ii — & 4 1009i (X, W, 1) — Ougi(Xip, pi, )]

+/0 |bi(t7Xz’luévugvai(thZnuivﬂgvi/tz))_b;l(t’ngugzvugjv&;(uXZvMQZvMQ])Y?))th

T . . . . T . . . . . . . . .
+/0 Ioi(t,XZ,ui,ui)—Ué(t,XZ,MQ’Z,MQ’])FdH/0 (IﬁxHi(t,XZ,ui,ui,W,ZZ,@i(t,XZ,Mi,Mi,W))

O H] (1, Xy i Y 28 X YR dt]

where the functions H;, H! : [0,T] x R? x P(R%)2 x R? x R¥*4 x A; — R are the Hamiltonians

(3.13)



(3.3) associated with the coefficients (b;, 04, f;) and (b, 0%, f!), respectively, and &;, &, are their

77 ')
minimizers. In particular, there is another constant C' depending additionally on K such that

B[ sup X2+ s 7+ [ 7P < (€1 + s ZM2 D ETCANNCRT)
t€[0,T] t€[0,T) te(o, T]

and, for any t € [0,T],

2

Y} < C(|X}|+ sup My(ul)) +C', P-a.s. 3.15)
¥l < c(1xi) temz h) (

Proof. Since the FBSDE (3.7) has Lipschitz continuous coefficients, it is standard to show that
there exists some constant ¢ depending only on (L, \) such that the estimate (3.13) holds for small
T < ¢. In particular, by applying Ito formula to |V} — Y;"*|2, we see that E[supyepo,n Vi — Y"1+
fo |Zi — Z"|?] is bounded by the terms related to the backward equation in (3.13) plus the term
CIE[supte[O Xt — X/"2]. On the other hand, the similar calculation shows that E[suptepo,r) [ X7 —
X}"|?] is bounded by the remaining terms in (3.13) plus CTE[supepo, 7 Y/ —Y,"|2] where C depends
only on the Lipschitz constants of the system. Hence, for small T < ¢, we obtain the desired
estimate.

For general T', the estimate is a result of connecting the short-term estimates (Lemma 4.9 [10]).
Since the same technique will be used also in Lemma 4.3, let us explain it here in details. We first
divide the interval [0, 7] into finite number of subintervals ([T;—1,T%])i<k<ny with Top =0,Tn =T
and T — Tp—1 < c for each k. The estimate for ©(T}_1,T)) = E[SUPte[Tk_l,Tk] | X} — Xg’i 2

SUDte(ry, ] Vi - Y2+ fTT;;k,l | Zi — Zz’i|2dt] on each interval can be written in the from

O(Ty—1,Tr) < CE[\Xﬁ = X5 P s — ) (Th, X[

Ty . L

+/ ‘(bl - b;a g5 — O-z/'a ale - aﬁ?H{)(&X;v Yszv Z;)|2d5}
Tk-1

pwhpd VAN TR

where we have used the notation u; := u; UG = U and omitted the arguments regarding

(W, p'7)1<j<2 to lighten the expression. The LlprhltZ continuity in (3.8) is crucial to derive this
expression. For k = N, it gives O(Ty_1,Tn) < CE“X%N X7 \2+]5T|2+f:,€v_1 |5h5|2d8} where

Tn-1

51 = (029i—0.g.) (T, X%) and Shs := (b;—b, 03—0’, 0. H;— 0, H!)(s, X1, Y}, Z1). This means, in par-
ticular, B[|(u;—u}) (Tiy_1, X 2] < C’IE[|X§FN71—X};71|2+]5T|2+f$N_1 |5h8|2ds] Since it holds

Tn-1

for any initial value X%Jiv,p we obtain E[|(u; —u})(Tn—-1, X%Nil)m < CE {|5T\2+fTN |0hs |2ds} by

choosing X%j\;,l = X}Nil. This estimate then implies ©(Tn_2,Tn-1) < C’IE[|X% - X};j 2|2
|67 + f,l?N_2 |5h3|2ds}. By iteration, we get for any k,
j 1|2 2 ’ 2
K
O(Ti. Ti1) < CE[|Xf, — X2 + |or| +/Tk h,2ds] (3.16)

Moreover, by iterating the relation E[| X7, —XT 2] < CIE[\XTk ) —X’TIZ 1\2+\5T]2+ka |0hs \st]



we get
E[|X5, — X7 "] < CE[!&Z—&”HMMT\H /O |6hs|2ds} : (3.17)

Inserting the estimate (3.17) into (3.16) and summing over k, we obtain the desired estimate.
In order to obtain the growth estimate, we put, for any (¢, z, u, v, ) € [0, T] x R% x Py(R%)? x A;,

bl(t7 €T, w,V, Oé) = Ui(tu z, L, V) = gl(xa 122 V) =0 ) fl(t) z, uw, v, Oé) = )\|Oé’2 )
and ¢ = 0, which then satisfies Assumption (MFG-a) and makes (X?,Y? Z%) identically zero.

Plugging them into (3.13), we obtain the estimate:

B sup X[+ sup (VP [ |20 ]
t€[0,T t€[0,T)] 0
E/,i

. . T . . . .
SC(I §+I8xg§(0,u¥,u%j)l2+/o |02 1 (2,0, "y iy, 64,0, 11", 11y, 0)) |2t

T - . -
+/0 [958, 0, ", 17 @08, 0, " 17 0)) 2+ |oi (2, 0, i) Pt ) (3.18)

Now, by symmetry, the desired estimate (3.14) holds for (X? Y? Z%). Finally, using the initial
condition X} = 0 at time ¢ yields

1 2 A
Y| <E| sup \Y?’t’olﬂz < C sup > M(pl)+C'.
s€(t,T) s€[t,T] j=1
Now, by the Lipschitz continuity (3.8)(or equivalently (3.10)), we have |V} — Y0 = |Yti’t’X; -
Y% < C|X}|. This proves the growth estimate (3.15). O

3.3 MFG equilibrium under boundedness assumptions

In preceding subsections, we have seen that, for given deterministic flows of probability measures
pt, pu? € C([0,7T]; Po(R%)), the solution to each optimal control problem of (3.1) is characterized by
the uniquely solvable FBSDE (3.7). Hence finding an equilibrium condition (3.2) results in finding a
solution to the following system of FBSDEs of McKean-Vlasov (MKV) type: for i,5 € {1,2}, ] # 1;

A} = =0, H; (t, X}, L(X}), L(X]), Y}, 2}, 6u(t, X[, L(XT), L(XT), Yi))dt + Z{dWy;,  (3.19)

with X = & € L2(Q, Fo,P;R?Y) and Vi = 8,.g:( Xk, L(XE), £L(X3)). Although two MKV-type
FBSDEs are now coupled, their interactions appear only through the laws of the two populations.
Thanks to this property, we can still apply a similar strategy developed by Carmona & Delarue
[8, 7]. A crucial tool to prove the existence of an equilibrium is the Schauder’s fixed point theorem
[32] generalized by Tychonoff [35]!. The following form is taken from Theorem 4.32 in [10].

Theorem 3.2. (Schauder FPT) Let (V,||-||) be a normed linear vector space and E be a nonempty
closed convex subset of V.. Then, any continuous mapping from E into itself which has a relatively
compact range has a fived point.

!See, for example Shapiro [33], for pedagogical introduction of fixed-point theorems and relevant references.
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In this subsection, we prove the existence of a solution to the system of FBSDEs (3.19) under
additional assumptions.

Assumption 3.2. (MFG-b) For 1 <i <2, there ezist some element 04, € A; and a constant A
such that, for any (t, u,v) € [0,T] x Pa(R%)?,

|bi70(tnu7 V)|a |0-’i70(tnua V)| <A 5
|8€L‘gi(0aﬂ’ V)|7 |8((E,a)fi(t70),u’a v, 0A1)| <A.

Here is the main result of this subsection.

Theorem 3.3. Under Assumptions (MFG-a,b), the system of FBSDFEs (3.19) (and hence the
matching problem (3.2)) is solvable for any &', €2 € L2(Q, Fo, P;RY).

Proof. With slight abuse of notation, we let (Xti’p, Yti’p, Zti’p)te[o,T] denote the solution to the FB-
SDE (3.7) for a given flows p := (pu!, u?) € C([0,T]; P2(R%))? and the initial condition X;” = &
By Theorem 3.1, we can define a map:

@ : C([0,T); P2(RY)? 5 (1!, 1) = (LX) P)iciors LX) ietorry) € C([0,T]; Po(RY))?

In the following, we are going to check the conditions necessary for the application of Schauder FPT
to this map. As a linear vector space V' in the FPT, we use the product space C([0,T7; /\/l}c(]Rd))2
equipped with the supremum of the Kantorovich-Rubinstein norm:

2

(et )= sup [|pg[k. , (3.20)
i—1 t€[0,T]

with : [|ullxr. = [n(EY)] +sup] /R Uw)ulda); 1€ Lipy (B, 100) = 0}

where Lip, (R?) is the set of 1-Lipschitz continuous functions on R?. Importantly, the norm ||-||xr,
is known to coincide with the 1-Wasserstein distance W; on Pi(R?) (Corollary 5.4 in [10]). Of
course, the reason to use a space of signed measures is to make it linear.

From (3.6) with (5; = 04,), it is immediate to see that |&;(t,0, p,0)| < C(A, A). Hence, by using
the estimate (3.18) in Lemma 3.2, we get E[supte[O’T] |Yti’p\2] < C(L, A\ A)(1+||€%])3). Then the
Lipschitz continuity of the decoupling field implies that |Yti’p |<C (1 + \Xf’p \) with C independent
of p. Therefore, again by (3.6), we have |d;(t, X[?, p, Y;"P)| < C(1 + | X}”|). Now, it is standard
to check that E[|X;” — Xi?] < C|t — s| and hence

WaL(X[P), L(XIP)) < Clt — 5|2 (3.21)
holds uniformly in p. Since &; is of linear growth in Xti’p , it is also straightforward to obtain
1
E[SUPte[o,T] ]XZ’p|4|]:0} * < C(1 + [¢'%) uniformly in p. This inequality guarantees the uniform
square integrability. In fact, the following estimate holds uniformly in p with any a > 1;?

1

0,p|2 , -1 Q29 2
ELSE%]'Xt L e xioiz) < €07 +EIEP e vm]) (322)

Since the relation will be used repeatedly in the following, let us explain it here. For any D € F

2See p. 259 in [10)].
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and € > 0, we have, by Cauchy-Schwarz inequality,

E[ sup |X/*?1p] < CE[(1 + [¢/[))P(D|Fo)?]
t€[0,T]

< O(c+ B[+ [€)10]) < CE[(1 +1¢'2)15]*.

In the last inequality, we have maximized in e. Here, C' depends on ||¢?||2 but not on p. We also
have

sup E[(14 ) 1p] < Ca 2 +E[|E12A e« m + Ligii>a
DEF;P(D)<Ca—2 [+ 1€F)10) [1€°1¢ {lgr1<va} {I¢ IZW})]

< 2007 +E[EP s vy -

Since P(supte[o’ﬂ |Xf’p| > a) < Ca~? by Chevyshev’s inequality, the estimate (3.22) is now estab-
lished.
The above estimate suggests us to restrict the map ® to the following domain:

&= {(u',1?) € C([0, T}, Pa(RD)

Va21,1§2§27 Sup/ x2uidmgca71+E 5121 . . 5 7
te[0,7) \x|2a| Philde) ( “ "Lye IZW}]) }

which is a closed and convex subset of C([0,T7]; M}(Rd))Q. Choosing C' sufficiently large, we can
make ® a self-map on £. By the estimate (3.22) and Corollary 5.6 in [10], there exists a compact
subset K C P2(R%)?2 such that Vt € [0,T], [®(p)]; € K for any p € £ Combined with the
equicontinuity (3.21), Arzela-Ascoli theorem implies that the image ®(&) is a relatively compact
subset of C([0, T]; Po(R%))2, and in particular of C([0, T]; P;(R%))2.

Finally, by Lemma 3.2 and also by the continuity of coefficients in the measure arguments in
Ws-distance, the dominated convergence theorem implies that E[supte[O,T] |Xti’p — Xf’p l|2] -0

when 1 < i < 2,Vt € [0,T], Wa(ui, ") — 0. Note that, by Theorem 5.5 in [10], when p converge
with respect to the norm || -|| in (3.20) under the restriction to the domain &£, p actually converges
in Wh-distance. This proves the continuity of the map ®. Now the existence of a fixed point (not
necessarily unique) of the map @ is guaranteed by Schauder FPT, which provides a solution to the

system of FBSDEs (3.19). O

3.4 MFG equilibrium for small 7" or small coupling

In order to allow the quadratic cost functions relevant for popular Linear-Quadratic problems, we
want to relax Assumption (MFG-b). This is exactly what Carmona & Delarue have done in [8] for
single population. Although we can follow the same route, it requires much stronger assumptions
than (MFG-a). Unfortunately, the conditions required in [8] preclude most of the interesting
interactions among different populations through their state dynamics. In this work, in order to
allow flexible interactions among populations and also to be complementary to the result in [§],
we focus on the problems with small T'. Requiring small 7" is a reasonable trade-off for quadratic
interactions by considering the fact that, even for a deterministic LQ-problem, the relevant Riccati
equation may diverge within a finite time. After the analysis for small T, we provide another
solution which allows general T" but requires the couplings between FSDE and BSDE are small
enough.

12



Theorem 3.4. Under Assumption (MFG-a), there exists some positive constant ¢ depending
only on (L, \) such that, for any T < ¢, the system of FBSDFEs (3.19) (and hence the matching
problem (3.2)) is solvable for any &', €2 € L2(Q, Fo, P; RY).

Proof. For any n € N and pu € P2(R?), let us define ¢, o p as a push-forward of x by the map
nx

R? > 2+ —————— In other words, for any random variable X with £(X) = p, the law of
max(M(1), )

n

maX<M2 (M)? n)
with respect to Wa-distance. Using this map, we introduce a sequence of approximated functions

is given by ¢, o . Obviously, My (¢, o) < n and the map p — ¢, o is continuous

(b207 b227 U’ZO)(t? y V) = (bi707 bi,?? Ui,O)(tv (an o u, ¢n o V) )
[tz pv,a) = filt,z,pnop, dnov,a),  gi'(x, p,v) = gi(x,dn o p, dnov),

and accordingly define

b?(ta $, ,LL, V? O[) = bzo(t,ﬂ7 V) + bi,l(t7u7 V)l’ + bZQ(tHU‘v V)O[ 9
O',?(t,l',/h V) = UZO(tv M, V) + O-i,l(t7/*67 V)LI,’ )
Hﬁ(ta%%’/vyazaa) = (b?(t,x,u, v, a)7y> +tr[0?(tux7M7V)TZ] +fzn(t7x7,u7 I/,Oé) ’

for any (t,z, 1, v,y, z,a) € [0,T] x R? x Py(R?)? x R? x R™*4 x A;. Since 9, HI'(t, z, 1, v, y, 2, @) =
bi2(t, dnop, dnov) y+0afi(t, z, pnopu, dnov, ), the minimizer given as a solution to the variational
inequality (3.5) satisfies

d?(f,ﬂj,u, v, y) = di(taxa ¢n O [, ¢n © V,y) , (323)

where ¢; is the minimizer of the original Hamiltonian H;. The regularization for b; 2 is done solely
to obtain the simple expression (3.23) for the minimizer.
The new coefficient functions (b7, 07, f]*, gI') clearly satisfy (MFG-a,b) for each n. Thus

Theorem 3.3 guarantees that there exists a solution to the following system of FBSDEs of MKV-
type with 4,5 € {1,2}, j #i:

dX;™ = 0 (X" LG, LX), 6], X" £(X™), L), Y ™))dt
+o(t, X" LX), LX) dWY (3.24)
dY; ™ = 0. HJ(t, X;" LX), L) Y 2" 6 (6, X0 L(X0™), L), Vi)t + 2" dwy

with X" = ¢ and Y7 = 8,gM(X2", L(XE™), L(XE™)). Treating (L£(X;™))1<i<a as inputs, we can
see that there exist some constants C' = C(L, \) and C' = C'(L, A\, K) such that

2
Y < C(IXi1+ sup 32 M(L(G™)) +C
set,T) .
b J—l

from the growth estimate in Lemma 3.2. It then follows from Lemma 3.1 that

2
+ sup S Mo(L(XEM)) +C,

a7 X0 LX), LX), Vi) < ¢ (x0T
s€(t,T] =1
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uniformly in n. Then, for any t € [0, 7], it is easy to check that

BN < CBER+ [ (b Xim £00), LG, GO + ot X[ LX), LX) P

IN

'+ (€13 +T sup ZM2 +c/ ZE X2 (3.25)

s€lo, T]

with C = C(L, A). Applying Gronwall’s inequality to the summation over 1 < i < 2, we get

sup ZE \X”Z <C’—|—C<H£H2+T sup ZMQ Xti’”))2>,

tel0,7] ;4 te[0,7] ;=

with & := (&%, €2). Therefore, there exists a constant ¢ depending only on (L, \) such that, for any
T <c,
2

sup > E[|XP"P] < C'(1 + |I€][3) (3.26)
te(0,7] ;4
uniformly in n.

Let us assume 7" < ¢ in the remainder. From (3.26), we can show straightforwardly that

6),
. . . 1 .
E[|X}" — X¢"[?] < Ot — s| and E[sup,cio 7 | X" |*1F0]* < C(1+ |¢[?) hold uniformly in n. Just
as in (3.22), we have for any a > 1,

N

,m 2 ) -1 1|2 )
iléIiELES[%%}‘Xt L suprepo xinzay] <C(07 +E[EPLpgzm])

Hence, combined with the equicontinuity, we conclude that (£(X; ’n)te[oyT},E(Xf "ecio, ) )n>1 Is a
relatively compact subset of C([0, T]; P2(R%))2. Therefore, there exists some (u', u?) € C([0, T]; P2(R?))?
such that, upon extracting some subsequence (still denoted by n),

lim sup Wa(L(X;™), ;) =0, i€ {1,2} .
=90 4e[0,T)

Let us define (X{,Y{, Z{)icom),1<i<2 as the solutions to the FBSDEs (3.7) with those (', pu?)
as inputs. The convergence ]E[supte[O,T] |Xtm — Xti|2] — 0 as n — oo can be shown by the
stability result in Lemma 3.2. Note that, thanks to the boundedness of (3.26), there exists
no € N such that we can replace all the approximated coefficients (b}, o7, f[L, g, &) by the orig-
inal ones (b;, 0y, fi, i, &;) for any n > ng. The convergence ]E[SUPte[O,T] X" — X} ] — 0 then
follows easily by the dominated convergence theorem. By the inequality sup;cjo ) Wa(L£(X¢), py) <
SUPye(o,7) (Wa(L(X7}), E(Xtm)) + WQ(E(XZ’H), 1)), the above convergence implies ! = L(X7])seq0.1]
1 <i < 2. Therefore, (X}, Y, Z;)ic[o,1],1<i<2 s actually a wanted solution to the system of FBSDEs
(3.19). O

Another simple method to allow the quadratic cost functions is making the couplings between
FSDE and BSDE small enough.

Theorem 3.5. Under Assumption (MFG-a) and a given T, the system of FBSDEs (3.19) (and
hence the matching problem (3.2)) is solvable for any &', &% € L2(Q, Fo, P;RY) if A4 |bi2||oo, 1 <
1 < 2 are small enough.

Proof. By the growth estimate for &; in (3.6), it is straightforward to check that the term involving
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SUPgefo, 7] My(L£(X2™))2 in (3.25) is proportional to A7Y|b;2]]oo- Thus, by making A71|b; 2||eo small
enough for a given 7', we obtain the same estimate (3.26). The remaining procedures for the proof
are exactly the same as in Theorem 3.4. O

Remark 3.3. As one can see, there is no difficulty to generalize all the analyses in Section 3 for
any finite number of populations 1 < i < m. It results in a search for a fixed point in the map
C([0, T); Po(RN™ > ()™, — (L(X)eepor)y € C([0, T); P2(RH))™, which can be done in the
same way.

4 Games among Cooperative Populations

In this section, we try to establish the existence of a Nash equilibrium between two competing
populations within each of which the agents share the same cost functions as well as the coefficient
functions of the state dynamics. The difference from the situation studied in Section 3 is that the
agents within each population now cooperate by using the common feedback strategy, say, under
the command of a central planner. This results in a control problem of McKean-Vlasov type in the
large population limit. See Chapter 6 in [10] to understand the details how the large population
limit of cooperative agents induces a control problem of MKV type. The current problem has been
discussed in Section 3 in Bensoussan et.al.[3] in the name Nash Mean Field Type Control Problem,
where the necessary conditions of the optimality are provided in the form of a master equation.
In this section, we adopt the probabilistic approach developed in Carmona & Delarue (2015) [9]
for single population, and then provide several sets of sufficient conditions for the existence of an
equilibrium.

4.1 Definition of Nash Mean Field Type Control Problem

Let us first formulate the problem to be studied in this section.
(i) Fix any two deterministic flows of probability measures (u" = (11)se(0,7)ie{1,2) given on R,
(i) Solve the two optimal control problems of McKean-Vlasov type

inf J* (a!), inf J¥ (a2 41
a{gAl i (o), agéAz 5 (@) (4.1)

over some admissible strategies A; (i € {1,2}), where
2ol ’ 1 1y 2 1 1 1y 2
T @) =B [ X200 i odde -+ on (XL 3]
) T
I (@) = B[ [ 1ot X2 LO) o+ n (X LX) )]

subject to the d-dimensional diffusion dynamics of McKean-Vlasov type:

dX} =b1(t, X}, LX), 12, o) dt + oy (t, X1, LX), pu2)daw}
dXt2 = bQ(ta Xt27 ‘C(Xt2)a ,LL%, O‘?)dt + 02(ta Xt27 E(XtQ)a M%)dWE )

for t € [0,T] with (X§ = & € L*(Q, Fo,P;RY)), ...
pose, as before, that A; is the set of A;-valued Fi-progressively measurable processes o' satisfying
E fOT |ad|2dt < oo and A; C R¥ is closed and convex.

For each population i € {1,2}, we sup-
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(iii) Find a pair of probability flows (u!, u?) as a solution to the matching problem:
ve[0,T), pf= LX), Wk =L, (4.2)
where (X i’“j)ie{l,Q},j;,éi are the solutions to the optimal control problems in (ii).

4.2 Optimization for given flows of probability measures

In this subsection, we consider the step (ii) in the above formulation. Before giving the set of
main assumptions, let us mention the notion of differentiability for functions defined on the space
of probability measures. We adopt the notion of L-differentiability used in [9], which was first
introduced by Lions in his lecture at the College de France (see the lecture notes summarized in
[6]), where the differentiation is based on the lifting of functions P2(R%) > u — u(y) to functions %
defined on a Hilbert space L2(Q, F,P; R?) by @(X) := u(L(X)) with X € L2(Q, F,P; R?) over some
probability space (€2, F,P) with © being a Polish space and P an atomless probability measure.

Definition 4.1. (Definition 5.22 in [10]) A function u on Po(R?) is said to be L-differentiable at
po € Po(R?) if there exists a random wariable Xo with law pg such that the lifted function u is
Frechet differentiable at Xg.

By Proposition 5.24 [10], if u is L-differentiable at jo in the sense of Definition 4.1, then u is
differentiable at any X} with £(X])) = po and the law of the pair (X{, Du(X()) is independent
of the choice of the random variable X{. Thus the L-derivative may be denoted by 0,u(puo)(-) :
RY > 2+ duu(po)(z) € R, which is uniquely defined pg-almost everywhere on RY. It satisfies,
according to the definition, that:

u(p) = u(po) + E[(X — Xo, 9u(L(X0))(Xo0))] +o(|| X — Xoll2) ,

whenever the random variables X and Xo have the distributions L(X) = p, L(Xo) = po. For
example, if the function u is of the form u(u) := [pa h(z)u(dz) for some function h : R? — R, we
have u(X) = E[h(X)] by a random varibale X with [,( ) = p. If the function h is differentiable,
the definition of L-derivative implies that O,u(p)(-) = 0h(-). For details of L-derivatives, their
regularity properties and examples, see Section 6 in [6] and Chapter 5 in [10]. We now give the
main assumptions in this section:3

Assumption 4.1. (MFTC-a) L,K > 0 and A > 0 are some constants. For 1 < i < 2, the
measurable functions b; : [0,T] x R? x Py(RY)? x A; — RY, o; : [0,T] x R? x Py(R?)2 — RIxd,
fi [0, T] x R% x Po(RY)2 x A; — R, and g; : R? x Po(R%)? — R satisfy the following conditions:
(A1) The functions b; and o; are affine in (x,c, 1) in the sense that, for any (t,z,u,v,a) €
[0, 7] x R? x Py(RY)2 x A;,

bi(t, @, p, v, a) = big(t,v) + b1 (t,v)z + bia(t,

) Zz(t,l/)Oé )
oi(t,z, p,v) = 0oio(t,v) +oi1(t,v)r+ a1t V)i,

where i := fRd zp(dx), and b@o,bi’l,l_)i,l,bi,g,ai,o,am and ;1 defined on [0,T] x Po(RY) are RY,

Rixd Rdxd Rdxk Rdxd Rdxdxd gpq RAxdXd_yqlyed measurable functions, respectively.

(A2) For any t € [0,T], the functions Po(R?) > v (b@o,bi’l,gi,l,bi,g,ai,o,am,&i,l)(t,u) are
continuous in Wo-distance. Moreover for any (t,v) € [0,T] x P2(R?),

bio(t, V)|, |oio(t,v)| < K + LMs(v)

161 (t, V)], [bi1 (8, v)], 102 (t, )], i (t,v)]s |G (8 v)] < L

3We slightly abuse the notation to lighten the expression.
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(A3) For anyt € [0,T],z,2" € R, p, pi, v € Po(RY) and o, o € A;, the functions f; and g; satisfy
the quadratic growth conditions

|fi(t, s v @) < K+ Ll + ol + Ma(u)® + Ma(v)?)

g, )| < K+ L(|al” + Ma(n)* + Ma(v)°)

and the local Lipschitz continuity

|fi(t7x,7:u/v v, O/) - fi(tvxvu’ V’a)| + |gi($/nu’/7y) - gi(xvu’ V)|
< (K+L[\(l",0/)| + (@, ) + Ma(p') + Ma(p) +M2(V)]) (2", a) = (2, 0)| + Wa (i, )] -

(A4) The functions f; and g; are once continuously differentiable in (x, o) and x respectively, and
their derivatives are L-Lipschitz continuous with respect to (x,a, p) and (z,p) i.e.

‘a(z,a)fi(ta l‘,, Mlv v, O/) - a(:v,a)fi(ta Ty sV, a)| + ‘8xgi(l‘/7/i,; V) - azgi(x,,u, V)’
S L(|ﬂ£’l - l‘| + |O/ - Oé’ + WQ(M/HM)) 3

for any t € [0,T],z,2" € RY, pu, 1/, v € Po(RY), a, 0 € A;. The derivatives also satisfy the growth
condition

10,0 fi(t, @, v, @)| + 10w gi (2, 1, )] < K + L(J2| + |af + Ma(p) + Ma(v)) -

Moreover, the derivatives O, o) fi and 0rg; are continuous also in v with respect to the Wa-distance.
(A5) The functions f; and g; are L-differentiable with respect to the first measure argument p and
they satisfy that, for anyt € [0, T),z,2’ € R, p, 1/, v € Po(RY), o, o € A; and any random variables
X, X" with L(X) = p, L(X") = i, L-Lipschitz continuity in L2 i.e.,

Haufi(taxlaﬂla v, O/)(X,) - 8ufi(ta z, W, V, O‘)(X)H2 + Ha,ugi(x/v Mlv V)(X/) - a,ugi(xa H, V)(X)HQ
< L(l2" — [+ ]/ —al +[|X" = X]|2) ,

as well as the following growth condition:
10 fi(t, @, v, ) (X)]2 + [10ugi(x, 11, V) (X)]|2 < K + L(J2] + o] + Ma(p) + Ma(v)) -

Moreover, the maps P2(R%) 3 v w O, fi(t,x, u,v,a)(v) and Po(R?) > v = 0,ugi(x, u,v)(v) are
continuous with respect to Wa-distance for any (t,z,p, ) € [0,T] x R x Py(R?) x A;, and p-a.e.
v € RY.

(A6) For anyt € [0,T),z,2" € RY, p, v € Po(RY), o, € A;, and any random variables X, X'
with L(X) = p, L(X') = 1/, the functions f; and g; satisfy the convexity relations:

fi(t7$/7,u'/71/7 O/) - fi(t,il’f,,u, v, OZ) - <(x/ - .TJ,O/ - a)va(x,a)fi(t7$7/j/7 I/,Oé)>
~E[(X" ~ X0, fi(t, 2, v, 0) (X)) 2 Mo’ —of?
gi(x/,ul,y) - g’i(xuu? V) - <l‘/ - xvaa:gi(xnu’a V)> _E[<X/ - X7 augi(xvu7 V)(X)>:| >0.

Remark 4.1. By Lemma 3.3 in [9], the Lipschitz continuity in (AB5) above implies that we can
modify O, fi(t, z, p, v, @) (-) and d,gi(z, 1, v)(-) on a p-negligible set in such a way that, Yv,v' € RY

’a“fi(t,m,/.l,,l/, Ck)('l),) - al.bfi(taxﬁiv v, Ck)('l))‘ < L”U, - 'U’ )
|augi($,M7V)(U/) - 6/191'(377“77/)(@)‘ < L‘Q}/ - Q}‘ )
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for any (t,x, p,v,a) € [0,T] x R x Po(RY)? x A;. In the remainder of the work, we always use
these Lipschitz continuous versions.

As before, we first consider the optimal control problem (4.1) for given deterministic flows of
probability measures. The Hamiltonian for each population H; : [0, T] x R% x Py (R%)? x R% x R4*9 x
A > (tyx, u, vy, z,0) = Hi(t,z,pu,v,y,2,a) € R and its minimizer &; : [0, 7] x R? x Py(R?)? x
RY > (t, 2, u,v,y) = &;(t,z, p,v,y) € A; are defined in the same way as (3.3) and (3.4) with the
coefficients replaced by those given in the current section.

Lemma 4.1. Under Assumption (MFTC-a), for all (t,z,p,v,y) € [0,T] x R? x Py(R%)? x R?,
there exists a unique minimizer &;(t, x, ju, v,y) of HZ-(T), where the map [0,T] x RY x Py(R%)? x RY
(t,z, u,v,y) — &i(t,x, p,v,y) € A; is measurable. There exist constants C' depending only on (L, \)
and C" depending additionally on K such that, for any t € [0,T],z,2',y,y € R, u,v € Po(RY),

|@i(t, , v, y)| < O+ C(|2] + yl + Ma(p) + Ma(v))
\&i(t,x,u,u,y) - @i(t7x,aﬂaya y/)’ < C(‘l’ - .%'/‘ + ‘y - y/|) .

Moreover, for any (t,z,y) € [0,T] x R? x R, the map Po(R)? > (u,v) = &(t,x, p,v,y) is
continuous with respect to Wa-distance:

|éél(t7 €T, [V, y) - @’L(ta xz, ,U,,, Vla y)|
< (20) 7 (LWalpr, 1) + [bia(t. ) = bia(t, V) Iyl + [0ufilt, 1 v,60) = Dafilt vtV )

where &; 1= &;(t, x, p,v,y).
Proof. It can be shown exactly in the same way as Lemma 3.1. O

The control problem (4.1) for each population 1 <4 < 2 with a given flow of probability measure
w € C([0,T]; Po(RY)), j # i is actually the special case studied in [9] and Section 6.4 in [10]. In fact,
we have removed the control ; dependency from the diffusion coefficient ¢;.* The relevant adjoint
equations for the optimal control problem of MKV-type (4.1) are given by with ¢, 5 € {1,2},j #

X} = bit, X{, LX), i, Gty XJ, LX), i, YY)t + o(t, X7, LX), 1] )W
Ay} = —0,Hit, X}, L(X}), 4], Y/, 2}, éa(t, X[, L(X]), 1Y)t (4.3)
—E[0,Hi(t, X{, LOX]), 1], Y, Z}, éa(t, X[ LOX7), i, V) (X)) dt + Z{dW
with Xj = & € L2(Q, Fo, B;RY) and Y7 = 0,0i(X7, L(XT), ) + E[0,9i (X7, LX), ) (X5)]-
Here, (2, F,P) denotes a copy of (€2, F,P) and every random variable with tilde, such as X, denotes
a clone of X on (Q, F,P). The expectation under P is denoted by E. More explicitly, one can write
(4.3) as
X} = (bio(t, p5]) + bia (1) X+ b1 (6, ] JE[X]) + by (8, )b (8, X, L(X), pif, V7)) dt
+(050(t, 1)) + 0o (6, 1) X + 01 (¢, 1] )E[X]]) AWV
Ay = = (i (b ) TYE + i (b gif) T 21+ O filt, X7, LOXD), i e, X, LOXT), 1Y) dt
—(bi1 (8, 1)) "ELYY) + Gia (6, 1) TE(ZE] + B[O, fi (8, X7, £(X7), ] (s X, LOX7), 1], Y (X7)] e
+Z{dWy

Tt then makes possible to derive the stability relation irrespective of the size of Lipschitz constant for Z.
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which is a C(L, \)-Lipschitz FBSDE of McKean-Vlasov type. Note that due to Lemma 4.1, &; is
Lipschitz continuous not only in (X% Y*) but also in £(X*). For each i € {1,2}, it is important
to notice that the Lipschitz constant is independent of the given flow p/,j # i. Since Assumption
(MFTC-a) satisfies every solvability condition used in [9], we have the following results:

Theorem 4.1. Under Assumption (MFTC-a), the adjoint FBSDE (4.3) of each i € {1,2} has a
unique solution (X},Y{, Z{)iepr) € S x S? x H? for any flow p € C([0,T); P2(RY)) and any initial
condition & € L*(Q, Fo,P;RY). If we set &; = (& = d4(t, Xf,E(Xf),ug,ﬁi))te[o )

the optimal control. In particular, the inequality JZ“](dZ) + AE fOT |8 — aif2dt < Ji”'] (B%) holds for
any B € A;.

then it gives

Proof. This is the direct result of Theorem 4.7 (sufficiency) and Theorem 5.1 (unique solvability) by
Carmona & Delarue (2015)[9], where the sufficiency is proved in a parallel way to Theorem 3.1, and
the unique solvability is based on the continuation method developed by Peng & Wu (1999) [30]. O

Lemma 4.2. Under the same conditions used in Theorem 4.1, for any t € [O,T] and any & €
LQ(Q,}"t,IP’;Rd),_ there exists a unique solution, denoted by (Xﬁ"t’gl,l/'si’t’gl,Zﬁ’t’gl)tgng, of (4.3) on
[t, T with Xz‘,t,ﬁ’ = £ as initial condition. Moreover, for any j € Po(R?), there exists a measurable
mapping ufj (t,p) : RY S 2 ufj (t,z, ) with Yti’t’gl = ufj (t, &4, L(£Y) P-a.s. such that, for any
¢, ¢ e L2(Q, 71, i RY),

i . . 1 . . 1 . . 1
E[Jul” (t,€", £(€") — ul” (8,6, L(E)[P]* < CE[l¢' — )2, (44)
with some constant C depending only on L and .

Proof. This is a direct result of Lemma 5.6 in [9]. The Lipschitz constant can be read from the
stability estimate used in the continuation method (Lemma 5.5 in [9]), which is dependent only on
the Lipschitz constant of the FBSDE. O

Remark 4.2. . Note that, due to the uniqueness of the solution, we have for any t € [0,T],
Yi = Yf’o’gl = Y;’t’Xg = ufj (t, X!, L(XD)) P-a.s. Moreover, once again by Lemma 3.3 in [9], for any

p € Po(RY), there exists a version R? > x ufg (t,x, 1) in L2(RY, 1) that is Lipschitz continuous
with the same Lipschitz constant C used in (4.4) i.e., \ufg (t,z,p) — uf] (t,2',p)| < Clz —2'| for
any z,x’ € R In the remainder, we always use this Lipschitz version and often adopt a simpler
notation u; without the superscript p’.

Making use of the Lipschitz continuity in Lemma 4.2, we can derive the stability relation.

Lemma 4.3. Suppose that the two set of functions (b;, 03, fi, gi) and (b}, 0L, fl, g}) satisfy Assump-

tion (MFTC-a). For given inputs &,&" € L*(Q, Fo,P;RY) and p, 7 € C([0, T); P2(RY)), let
us denote the corresponding solution to (4.3) by (X}, Y}, Zf)te[o,T] and (X', Y], Zt/’l)te[o,T]y respec-

°In 9], A = R* is assumed. However, there is no difficulty for extending a general closed and convex subset
A C R*, which is actually the case studied in Chapter 6 in [10].
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tively. Then, there exists a constant C' depending only on (L, \) such that

B sup (X}~ X'P o+ sup [vi = YR+ [ |7 - 2P
t€[0,7] te[0,7] 0
< CE{Ifi — &2 4 100gi (X, L(XE), 1) — Bgh(Xin, LX), )2

+ /0 b X0 06, i Gt X OG0, Y9) — Ve, X5, LKD), Y, 0, 6, £XE) i, V)Pl
ot X2 20K ) = o0, X4, £ P
(0o X3 L0 7 40,5 0K, 7)
0, H(t, X LOXT), i Y, 28, 6t X £OX), i i) )
B[ K LK T Z i, K 2080, 5) 0
— 0, HY( X LX), 7Y 2 6l X LX), 1 V) (XD i (4.5)

where the functions H;, H] : [0,T] x RY x Pg(Rd) x R x R™*?4 x A; — R are the Hamiltonians as-

sociated with the coefficients (b, 0, fi) and (b}, o}, f1), respectively, and &;, &, are their minimizers.

In particular, there is another constant C' depending additionally on K such that
B[ sup X+ sup VP b [ 1zpal <o(iE+ s anGd?) + € (4s)
te[0,T] tefo,T (0,7

and, for any t € [0,T],

Y < C(lIg]l + IXi + sup Ma(ul)) +C', P-as. (4.7)
s€[0,T7]

Proof. It can be proved in the same way as Lemma 3.2. For small T' < ¢, where ¢ is dependent
only on (L, ), using the inequality W(L£(X),L(Y))? < E|X — Y|?, one can show the stability
relation (4.5) exactly in the same way as in the standard Lipschitz FBSDE of non-MKV type. For
general T, we can connect the short-term estimate by the same technique adopted in the proof of
Lemma 3.2. Here, we make use of the Lipschitz continuity in Lemma 4.2.

As for the growth conditions, we get, by the same arguments used to derive (3.18),

T
E[ sup |XiP+ sup VI / 1zl
t€[0,T] te[0,T
< C(II€'13 + 10.9:(0, 50, H)I? + 10,93(0, 00, 12) (0)?
T . . .
+/ (|bi(t707507Ui764i(t707503/‘%70)”2 + |Ji(tv 0> 507“3{)‘2)(#
0
T ) . . .
+/ (‘amfz(ta Oa 507”%7 &z(tvoa 507,“%70)”2 + |a/$fl(ta 07 50) /.Li, &z(t707 507/‘%70))(0)|2)dt> (48)
0

where dy denotes the distribution with Dirac mass at the origin. (4.6) now easily follows. Finally,
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since ;i = "M, we have [Jus(t, X{, LX)l < C(1Ig']]2 + supeory Ma(p]) ) + €' from (4.6).

By the Lipschitz continuity in Remark 4.2 and the estimate in (4.6), we get

(8,0, LX) < st X3, LKD)l + I < C (11 + 0 Malid) +C
te|0,

Using the Lipschitz continuity in Remark 4.2 once again, we get the desired estimate (4.7). O

4.3 Nash MFTC equilibrium under additional boundedness

In preceding subsections, we have seen that, for given flows of probability measures p', u? €
C([0,T]; Po(R9)), the solution to each optimal control problem of (4.1) is characterized by the
uniquely solvable FBSDE (4.3). It follows that finding a solution to a matching problem (4.2) is
equivalent to find a solution to the coupled systems of FBSDEs of MK V-type: for i, 5 € {1,2},j # 1,

d)/t = _8xHi(t7Xt7[’(XZ)7[’( t)?i/t 7Zt7di(t7sz[’(XZ)?E(Xt])’Y;‘,Z))dt (49)
—E[0,Hi(t, X{, L(X]), L(X]), Y, Z4, qat, XY, £(XD), £(XT), V) (X)) dt + ZidW,

with X§ = & € L2(Q, Fo, P;R?) and Y7 = 0,0:(Xfr, LX), LIX7))+E[0,9: (X7, LX), L(X7))(XF)] -
In this subsection, we prove the existence of a solution to the system of FBSDEs (4.9) under
the additional assumption.

Assumption 4.2. (MFTC-b) For each 1 < i < 2, there exists some constant A and some point
04, € A; such that, for any t € [0,T] and any v € Pa2(R?),

bio(t, V)]s loio(t V)| < A,
10(z,a) fi(t, 0,60, v,04,)|,024i(0, 0o, )| < A,
10 fi(t,0,00,v,04,)(0)|,10,9:(0, 60, v)(0)| < A

Here is the main result of this subsection.
Theorem 4.2. Under Assumptions (MFTC-a,b), the system of FBSDEs (4.9) (and hence the
matching problem (4.2)) is solvable for any &', €% € L2(Q, Fo, P;RY).
Proof. We let, with 1 < i < 2, (Xf’“j,Yti’“j, ZZ’“j)tE[O,T] denote the solution to the FBSDE (4.3)

for a given flow p/ € C([0,T); P2(R?)) j # i and the initial condition Xé’“j = ¢'. By Theorem 4.1,
we can define a map:

®: C([0, T Pa(RY)? 5 (!, u2) = (LOXH Vicrorys LX) epory) € C[0. T Po(RY))?

It is easy to see that the solvability of the system of FBSDEs with McKean-Vlasov type (4.9) is
equivalent to the existence of a fixed point of the map ®. As in Theorem 3.3, we equip the linear
space C([0,TY; /\/l}c(]Rd))2 with the supremum of the Kantorovich-Rubinstein norm (3.20) so that
we can apply Schauder FPT (Theorem 3.2).

We start from studying a priori estimates. By the estimate in (3.6), we get

it 2, 1, v, )| < A (1bia(t )|y + 10a filt, 2, 111, 04,)]) + 04,

and hence |a;(t, 0,80, 12, 0)]| < ATTA 4 04,] < C(A, A) uniformly in p/. The estimate (4.8) then
implies that E[SuPte[O,T] v, 2] < C(1+1|¢13) with C independent of p/. From the last part of
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the proof for Lemma 4.3, we get, for any ¢ € [0, 7],
Y <O+ €l + X7 ), Pas.

and hence |oli(t,Xti’“j,E(Xti’“j),ﬂ{,)/;’"”jﬂ < C(1+ €] + ]XZ’“j] + Mg(ﬁ(XZ’”j))) uniformly in
/. Thus it is straightforward to see that there exists some constant C' independent of w1’ such
that E[sup;ejo 1y X" 2] < C and

. 1 ‘ .y o
B sup 1Y 1H7] < OO+ IER), Wab(™), LX) < Cle = s, Yt5,€ [0.7)
S El

Therefore, just repeating the arguments used in the proof for Theorem 3.3, we can show that ® is
a self-map on a closed and convex subset € of C([0,T7; M}(Rd))Q,

&= { (', 1?) € (10,7 Pa(r1)

1
Va>1,1<i<2, sup/ zPui(dz) < Cla '+ E[|€* 10 - 1 (4.10
Sup |z|2a| |“ i (d) ( €1 g |2f}> } (4.10)

with some constant C' and that ®(&) is a relatively compact subset of C([0,T]; P2(R%))2. The
continuity of the map ® can be shown by Lemma 4.3 just as in Theorem 3.3. Schauder FPT now

guarantees the existence of a fixed point for map ®, which then establishes the existence of solution
to the system of FBSDEs (4.9). O

4.4 Nash MFTC equilibrium for small 7" or small coupling

Here is the main result of this section.

Theorem 4.3. Under Assumption (MFTC-a), there exists some positive constant ¢ depending
only on (L, \) such that, for any T < c, the system of FBSDEs (4.9) (and hence the matching
problem (4.2)) is solvable for any €', &% € L2(Q, Fo, P;RY).

Proof. As in the proof for Theorem 3.4, we use the push-forward ¢,, o i1 of the measure pu € Po(R?)

defined by the map R? 5 z ne

——— . For eacn n € N, we introduce the approximated
max(Ma(p),n)

coefficient functions by
(b0, 07’9, 070) (£, v) := (bi0, bi2, 0i0) (¢, P 0 V),
[tz pv,a) = filt,z,p,pnov, @), gi' (2, 1, v) = gi(z, 1, pn 0 V)

and accordingly define

b (t, @, p v, @) v= bz%(ﬂ v) + bi,l(t’ V)T + Bi,l(t’ V)i + bZQ(t’ v)a,
of (t,x, p,v) i= opo(t,v) + oia(t,v)e + a1 (8 v)ii
H(t,x,pu,v,y,z,a) == (b (t, x, p, v, a), y) + tr[af’(t,x,ujy)—rz] + flH(t,x, v, Q) .

It is obvious to see that the approximated coefficients (b7, 07", f*, g') satisfy every condition in

Assumptions (MFTC-a,b). Moreover, the minimizer &' of H" is given by

d?(t,x,,u, v, y) = di(taxv My ¢n ov, y) )

22



where &; is the minimizer of the original Hamiltonian. The regularization for b; 2 is done solely
to obtain the simple expression for &' as above. By Theorem 4.2, for eacn n € N, there exists
a solution (Xf’",l@i’",Zf’")te[O 7,1 < i < 2 to the system of FBSDEs (4.9) with the approxi-
mated coefficient functions (b}',07, fI', g )1<i<2. By the estimate (4.7), there exist constants C
depending only on (L,\) and C’ depending additionally on K such that, for any ¢ € [0,7],

Y, < C(||£’H2 + X"+ SUPe(o,7] MQ(E(Xj’n))) + C’, P-a.s. uniformly in n. Lemma 4.1
then implies that a7 (t) := &™(t, X™, L(X]™), L(X]™), V") satisfies |47 (t)| < c(||gi||2 + X"+
My (L(X}™)) + supsejor) Mz(E(Xﬁ’"))) + C'". Thus, for any t € [0, 7],

. . t . - .
B(XF) < CE[IEP+ [ [ X2, £00"), (X7, 67 (o)
Haf’(s,Xﬁ’”,E(Xﬁ’”),E(Xj’”))ﬂds]
< (HilllﬁT sup M(L / ZE Red ]ds) +C. (4.11)
s€[0,T

Hence Cronwall’s inequality gives 37, supefo,r] E [|Xtm\ | <c'+cT 2 SUDye(o, 7] My(L(X[™)2,
where C" now depends also on [[£||2. Therefore there exists some constant ¢ depending only on
(L, \) such that, for any 7" < ¢,

2

> sup E[|IX;"?] < C(L, N K, |[€]]2) (4.12)
i—1 t€[0,T]

uniformly in n. For such T' < ¢, using the estimate (4.12), we get by the standard technique that
; 1
Wa(L(X;™), LX) < O(L, A K, [[€]]2)]t — 5|2,

1
E[ sup [X;"1F0]* < C(LA K, IIgl) (14 I€2) |
t€[0,T]

uniformly in n. We thus see that (E(th’n)te[oﬂ, L(X} "™)iclo,1))n>1 is a relatively compact subset of
C([0,T]; P2(R%))2. Upon extracting some subsequence, there exist !, u? € C([0,T]; P2(R?)) such
that limy, o0 Supsep, ) Wa(L(X"), pf) = 0,1 <4 < 2. By letting (X7, Y/, Z{)icjo1),1<i<2 denote
the solution to the FBSDE (4.3) with the flows (u!, u?), we can prove that (X}, Y/, Zf)te[o,T},lgiQ
is actually a solution to (4.9) by the stability estimate in Lemma 4.3 and the same arguments used
in the proof for Theorem 3.4. 0

As in Section 3, it is possible to guarantee the existence of an equilibrium for a given T with
quadratic cost functions by making the coupling between FSDE and BSDE small enough.

Theorem 4.4. Under Assumption (MFTC-a) and a given T, the system of FBSDEs (4.9) (and
hence he matching problem (4.2)) is solvable for any &*,€2 € L2(Q, Fo, P;RY) if A7 |bi2lloo, 1 <
1 < 2 are small enough.

Proof. As in the proof of Theorem 3.5, the term involving sup;c(o 7 Mo (L(X2™)? in (4.11) is
proportional to A7![|b; 2| Hence, if we make this factor small enough, we obtains the estimate
(4.12) for a given 7. The remaining arguments are the same as in the proof for Theorem 4.3. [
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Remark 4.3. There is no difficulty to gemeralize all the analyses in Section 4 for handling any
finite number of populations 1 < i < m.

5 Games among Cooperative and non-Cooperative Populations

As a natural extension of Sections 3 and 4, we now study a Nash equilibrium with two populations,
where the agents in the first population (P-1) cooperate by adopting the same feedback strategy
while each agent in the second population (P-2) competes with every other agent. As before, we
assume that the agents in each population share the same cost functions as well as the coefficient
functions of their state dynamics. Let us call the large population limit of this problem as Nash
MFTC-MFG Problem.

One of the motives to study this problem is to treat a situation, for example, where a large
number of oil producers are competing to maximize their profits while a part of them are members
of a certain association, such as OPEC, cooperating within the group to maintain a favorable level
of oil price. Since the analysis can be generalized to any finite number of populations, it may have
a wide scope of application.

5.1 Definition of Nash MFTC-MFG problem

We formulate the problem in the following way.
(i) Fix any two deterministic flows of probability measures (u’ = (Mé)te[o,T])z‘e{m} given on R,
(ii) Solve the two optimal control problems

inf J*(a}), inf JEH () (5.1)

al EAl OCZGAQ

over some admissible strategies A; (i € {1,2}), where
P! g 1 1y 2 1 1 1y 2
I @) =B [ X LCE o+ on (X LG 3]
2,1 T
J; H (CYQ) =E |:/O f2(t7 Xt27 M%? :u%? Oé?)dt + QQ(X%, :u%“7 :U%“)} )

subject to the dynamic constraints

dth = bl(ta tha ‘C(th)a ,LL?, O‘%)dt + Ul(ta th? ‘C(th)a M%)thl ’
dXt2 = bQ(tth”u%,M%?a?)dt+02(t7X37H%aM%)th2 ’

for t € [0,T] with (X{ = & € L*(Q, Fo, P Rd))1<i<2. Notice that the first control problem is
of McKean-Vlasov type which represents the large population limit of cooperative agents. For
each population ¢ € {1,2}, we suppose that A; is the set of A;-valued F’-progressively measurable

processes o' satisfying E fOT |ai|2dt < oo and A; C RF is closed and convex, as before.
(iii) Find a pair of probability flows (u!, u?) as a solution to the matching problem:

/\17 2 A27 27 1
vt € [OvT]a ”1} = E(Xt # )7 :ul? = E(Xt e ) ) (52)

where (X1#*) and (X2#*#') are the solutions to the optimal control problems in (ii).
Throughout Section 5, the major assumptions for the coefficients (b1, 01, f1,91) of the first

population (P-1) are given by (MFTC-a), and those for the coefficients (be, 02, fa,g2) of the
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second population (P-2) are given by (MFG-a). We have already learned from Theorems 3.1 and
4.1 that the solution to each of the optimal control problems in (5.1) for given deterministic flows
', pw? € C([0,T]; Po(RY)) is characterized by the uniquely solvable FBSDEs,

dth = bl(t’ th7 £(Xt1)a /‘?7 é‘l(ta tha E(th)a :u?v K&l))dt + Ul(tv tha £(th)v ﬂ%)thl )
aY,' = 0. Hi(t, X}, LX), 13, Yy 2}, an (6, X0 LX), i, Yt
—E[0,H:(t, X}, L(X}), 17, V', Z s an (6, X7 L(X]), 17, Vi) (X)) dE + ZEawy (5.3)
with X§ = ¢! and Y} = 0,01 (t, X}, L(X}), 13) + E[0,,91 (X}, L(X}), 42)(X})], and

dXt2 - bQ(ta X1527 :U't27 ,u%v @Q(ta tha NtQ’ ,U,%, Y?))dt =+ 02(t7 tha M?? M%)thz s
AY? = =0, Hy(t, X7, i, g, Y2, 27, Gat, X7 i g, Yi2))dt + Z7dWE (5.4)

with X2 = €2 and YT2 = 0,92 (X%, ,u,2T, ,ulT), respectively. Here, the Hamiltonian H; and its minimizer
&; are defined as before using the corresponding coefficients (b;, oy, f;).

5.2 MFTC-MFG equilibrium under additional boundedness

In order to establish the existence of an equilibrium (5.2), we have to show the existence of a
solution to the following coupled system of FBSDEs:

dX} = bi(t, X;', L(X]), L(XP), 6a(t, X[, LX), LOXF), Vi)dt + o1(t, X}, LX]), LXT))dW

d)/tl = -0 Hi (1, thv [’(th)v ‘C(Xf)’ }/tlv Ztla a (t, th’ ,C(th), 'C(XtZ)a }/tl))dt
-E [aqu (t, th) ‘C(th)ﬂ ‘C(X1€2)7 1/tl’ Zt17 dl(tv thv [’(th)v [’(Xt2)7 }/tl))(th)]dt + Ztlthl ’

with X§ = ¢! and Y7 = 0,01 (t, X7, L(X}), L(X3)) + E[0,91(XF, L(X}), L(XF))(X})], and

AX7P = bo(t, X7, L(X7), L(X}), dalt, XF, L(XF), LX), Y72))dt + oo (t, X7, LX), LX) AW
AP = =0, Ha(t, X7, L(X7), L(X}), Y7, 22, da(t, X7, L(XD), L(X}), YP))dt + ZdW? , (5.5)

with Xg = €2 and Y2 = 0,92(X%, L(X2), L(X1})).
In this section, our goal is to prove the following result.

Theorem 5.1. Under Assumptions (MFTC-a,b) for the coefficients (b1, 01, f1,91) and Assump-
tions (MFG-a,b) for the coefficients (b2, 02, fa2,92), the system of FBSDEs (5.5) (and hence the
matching problem (5.2)) is solvable for any &', €2 € L2(Q, Fo, P; RY).

Proof. We let (th’”Q,Ytl’“Q, Z;’”Q)te[07;p] and (Xf’“z’ul,Y;’”Q’”l,Zf’”Q’ul)tE[ovT] denote the solu-
tions to the FBSDE (5.3) and (5.4) respectively for given flows of probability measures (u!, u?).
By defining the map ® as

®: C([0,T); Pa(RY)? 5 (!, 1) = (LX) seporrys LTHH Vieom) € C([0,T] Po(RY))? | (5.6)

the claim is proved once we find a fixed point of the map P.
It is the direct result of Theorem 4.2 for (P-1) and Theorem 3.3 for (P-2) that there exists a
constant C independent of u! and p? such that, for any t, s € [0, 7],

E sup [XP91NF)T <O +[EP), E[sup [X2HHAFR]E < C(1+[€2P),
t€[0,T] t€[0,T]

Wa(L(X ), LXIR) < Clt— sz, Wo(L(XPH R, L(X2##)) < CJt — s|2. (5.7)
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Thus we can show that, for the same form of closed and convex subset € of C([0,T7; M}(Rd))2 in
(4.10) with sufficiently large C, that ® maps £ into itself and also that ®(€) is a relatively compact
subset of C([0, T]; P2(R%))2. The continuity of the map ® can be shown by Lemmas 4.3 and 3.2
just as in Theorems 4.2 and 3.3. By Schauder FPT, the claim is proved. O

5.3 MFTC-MFG equilibrium for small 7" or small coupling

We now give the main result of Section 5.

Theorem 5.2. Under Assumption (MFTC-a) for the coefficients (b1, 01, f1,91) and Assumption
(MFG-a) for the coefficients (ba, 02, f2,g2), there exists some positive constant ¢ depending only
on (L, \) such that, for any T < ¢, the system of FBSDEs (5.5) (and hence matching problem (5.2))
is solvable for any &', €% € L2(Q, Fo, P;RY).

Proof. Let us introduce the approximated functions (b}, o7, f', g7 )n>1 as in Theorem 4.3 and also
(05,08, 3, g5 )n>1 as in Theorem 3.4, which satisfy Assumptions (MFTC-a,b) and Assumptions
(MFG-a,b) for each n, respectively. Theorem 5.1 then guarantees that there exists a solution to
the system of FBSDEs (5.5) with the approximated functions (b, o7, f", g7")1<i<2 for each n. We
let (Xti’n, Y:’n, ZZ’”)tE[O,T], 1 < < 2 denote the corresponding solution.

Since inequalities (4.11) and (3.25) still hold, we can show that there exist constants C' depending
only on (L, \) and C’ depending additionally on K such that,

E[xt?] < OB+ T sup Mp(£(X2™)” + / EZ XimP]ds) + O
s€[0,T]

E[x7") < C (€33 +T sup ZM2 LX) / ZE X" 2]ds) +C" .

s€[0,T] ;9

Hence we get, by Gronwall’s inequality, that

sup Z]E (X712 <C(HEH2+T sup ZMQ X;”))Q)%-C”.
tel0, 7], s€[0,T) ;=

Therefore there exists a positive constant ¢ depending only on (L, A) such that, for any T < ¢,

sup E[ in
t€[0,T] ;

PO+ IglS) -

Using the linear growth property of @ in | X;|, we can show that (E(th’")te[o’;p] , L’(Xf’n)te[o;p])nzl
is a relatively compact subset of C([0,T]; P2(R%))2. The remaining arguments proceed in exactly
the same way as in the proofs for Theorems 4.3 and 3.4. O

Theorem 5.3. Under Assumption (MFTC-a) for the coefficients (b1, 01, f1,91) and Assumption
(MFG-a) for the coefficients (ba, 02, f2, g2) and a given T, the system of FBSDEs (5.5) (and hence
matching problem (5.2)) is solvable for any &,€2 € L2(Q, Fo, P; RY) if A=Y |bialloo, 1 < i < 2 are
small enough.

Proof. The claim can be proved in a completely parallel way to Theorems 3.5 and 4.4. O

Remark 5.1. As in Sections 8 and 4, the analysis can be easily extended for the situation with
any finite number of cooperative and non-cooperative populations.
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6 Approximate Equilibrium for MFG with Finite Agents

In the remaining sections, we investigate quantitative relationships between the solutions to the
mean field games obtained in the previous three sections and those to their associated games with
finite number of agents. We make use of the techniques developed in [34, 4, 6, 8, 9] and in particular
Chapter 6 in [11] with appropriate generalizations to fit our situation. First, in this section, we
shall study the finite agent problem associated with the multi-population mean field game solved
in Section 3. Throughout the section, we assume that the conditions used either in Theorem 3.4 or
Theorem 3.5 are satisfied. We let (u', u?) € C([0, T]; P2(R%))? denote a solution to the matching
problem (3.2).

6.1 Convergence of approximate optimal controls

For each population 1 < ¢ < 2, we suppose that there are IV; agents who are labeled by p. Let us
first introduce N; independent and identically distributed (i.i.d.) copies of the state process in the
mean field setup:

dX0P = by(t, X0P, il il &PV dt + o5 (t, X 0P, il i YdW)P (6.1)
for 1 <p < Ny, j#i, t€[0,T] with X5 = €2, and
Q?p = (t Xta:uthuﬂu%(tvii))

for any ¢ € [0,T]. Here, (€9P)1<p<n; is the set of i.i.d random variables with £(£%P) = puf, and
(WoP = (W P)icio,r1)1<p<n; are independent standard Brownian motions, which are also indepen-
dent from (£%P)1<,<n,. Moreover, they are assumed to be independent from those in the other
population. In other words, all of the set (£%P, WP Ji<p<N;,i<i<2 are assumed to be independent.
u; is the decoupling field given in Theorem 3.1 associated with the equilibrium flows of probability
measures (p', p). &; is the minimizer of the Hamiltonian for the population i defined in (3.4). By
construction, (X*?);<p<n, are i.i.d. processes satisfying £(X;7) = ui, Vt € [0,T]. We denote the
empirical distribution for (X J1<p<N, by

1
By = N; Zéii’p )
p=1

In the remainder, the complete probability space (€, F,P) is enlarged accordingly to support
(&P, W"P)1<p<n; 1<i<2 and the filtration F is assumed to be generated by (£"7, W*P)1<,<n, 1<i<2
with complete and right-continuous augmentation.

Lemma 6.1. Suppose that the conditions either for Theorem 3.4 or Theorem 3.5 are satisfied.
Then, for each population 1 < i < 2, there exists some sequence (en,)n,>1 that tends to 0 as N;
tends to oo and some constant C' such that

sup E{Wg(ﬁi,ui)z] < C’e?\fi .
t€[0,T]

Furthermore, when i € P (RY) with r > 4, we have an explicit estimate

6?\71' = N,L-_Q/ max(d,4)(1 -+ ln(Ni)ld:4) .
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Proof. When pf € P.(R%), ¥r > 2, it is standard to check

sup My (ut)" < E| sup [X;)] < C(1+ My (uh)")
te[0,T] t€[0,T7]
with some C' independent of N; thanks to the linear growth of the coefficients in (6.1). Then, the

last claim is the direct result of Theorem 5.8 and Remark 5.9 in [10].
As for the first claim, (5.19) in [10] implies

: T, 1\2
m E[Wa(g, 4)°] =0 (6.2)

for each t. In order to prove the uniform convergence in ¢ 9, it suffices to show that there exists a
compact set K C C([0,T];R) such that

i
(B 1) ieon) ., €K

In fact, if this is the case, every subsequence has a uniformly convergent subsequence, all of which

converge to 0 due to the pointwise convergence in (6.2). Hence, the whole sequence must uniformly

converges to 0. The boundedness can be checked by

N.
o 1 < . ) )
sup E[Wa(uy, 41)*] < 2 sup (ﬁ§ EHK?”IQHMz(ué)Q) <4 sup My(p;)® <C .
t€[0,T) t€[0,T) i —1 t€[0,T)

Moreover, for any 0 <t,s < T,

‘E[Wz(gi,ui)z] —E[Wa(y, ul)?] ’ < CE[(Walu!, ) — Walp!, i2))?] 2

< C(BIWa(pi, 1)?) + Wa(pig, 1i)?)* < CE[IX}? — XiP[2]2 < Clt = sl

which implies the equicontinuity. Arzela-Ascoli theorem guarantees the desired compactness. [

Assumption 6.1. (MFG-FA) On top of Assumption (MFG-a), either T or (A\7!||b; 2||0)1<i<2
is small enough to satisfy the conditions for Theorem 3.4 or Theorem 3.5. Moreover, for 1 <i < 2,
(A1) There exists some constant K such that

(63,0, 3,0) (&, 1, V") = (biso, 0i0) (8, 1, )| < K (Wa (!, ) + Wa (v, v))

for any t € [0,T), 1/, u, ', v € Pa(RY), and b;1,b;2 as well as 0;1 are independent of the measure
arguments.

(A2) f; and g; are local Lipschitz continuous with respect to the measure arguments i.e., there
exists some constant K for any t € [0,T],z € RY, i/, pu, v/, v € Po(RY) and o € A;, such that,

’(fivgi)(t7x7/j’/7 Vlva) - (fivgi)(t7xvu7 V7a)
< K(l + |2 + Mo (') + Ma(p) + Ma(v') + Ma(v) + Ial) (Wa!, ) + Wa(/,v))

6See the arguments leading to the estimate (2.15) in the proof of Theorem 2.12 in [11].
7Although there is no (t, ) dependence in g;, we slightly abuse the notation to save the space. Note that the
local Lipschitz property for the arguments (z, ) follows from (MFG-a).
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For 1 <i,j <2 j+#1i,1<p<N;, let us consider the following state dynamics.
dXPP = bit, Xy i, ], 6p )t + oyt Xy g i) AW (6.3)
for t € [0,T] with X/? = £, Here, [ := N Zp 1 Oxir is the empirical distribution and

@i’p = &(t, Xt’paﬂtaﬂtauz(t X ))

Since we have Wy (1, i)")? < N% Zévz"l | XP— X"P|2 Assumption (MFG-FA) (A1), the Lipschitz
continuity of &; and that of the decoupling field u; make (6.3) an (/N7 + N2)-dimensional standard

St >4l P>

feedback control function [O, T] x Rd S (t,x) = Qi(t, 2, pt, gl ug(t, z)). The cost functional for the
agent p in the ith population is given by

NiNjp, o o S
YA LR D) —E/ fztXZp,u%,ui,ai’p)dt+gi(X’Tp,MT,M]T)}~

On the other hand, the optimal cost functional for the mean field game in Section 3 is

_E/ fi(t Xt uuta,utvat,p)dt+gl(X?“puu%“Hu%“)} .

Lemma 6.2. Under Assumption (MFG-FA), for all1 <i<2, N; ¢ N, 1 <p < N,, there erists
some constant C independent of (N;)?_, such that,

2
’JNZ,N],p( ,(IN;) a] (N ) —_ J,LP| é CZENj )
j=1

where €N, is the one given in Lemma 6.1.

Proof. 1t suffices to check the case with (p = 1). By Lipschitz continuity and the triangle inequality,
‘71 3 t -71 2 s - 2 . .

we have E[supse[()?t] X =X <Oy E[|X§ - i) (u%,ﬁ;)Q—in:l Wa(p;, M%)Q] ds.

Applying Gronwall’s inequality after summing over 1 < i < 2, we get

2

2
E[ sup |X,f’1 - X! ] < CZ sup E[Wg(ut,,ut ] < C’Ze?vi .
i—1  tel0T] =1 t€[0,7] ,

Hence the triangle inequality implies that supte[O’T]E[Wg(ﬁi,u}:)Q] < C’Z?:l e%\,j. We also see

E[Supte[oﬂ |Xti’1\2] < C(l + E[supte[o’ﬂ |Xi1]2}> < C. Using local Lipschitz continuity, it is
straightforward to conclude

[N
——

2
€10, .

2 1 2
x sup E[IX]! = Xp' 2+ Y Wl i)Y <O e, -
t€[0,T] J=1 j=1
O

Remark 6.1. From the above analysis, we see that (MFG-FA) (A2) is unnecessary if we only
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need the convergence JZNi’Nj’p(o‘zi’(Ni), &P W)y — JP when Ny, Ng — 0o. (A2) is just used to derive
the explicit order of convergence in terms of (eNi)?zl.

6.2 Approximate Nash Equilibrium

In order to investigate an approximate Nash equilibrium, we suppose that one agent deviates from
the feedback control function [0, 7] x RY 3 (¢,z) + G&;(t, x, pt, ), u;(t,x)). By symmetry, we may
assume that this is the first agent in the ith population. The state dynamics of the agents is now
given by, 1 <4,7 <2,5#1i,1 <p <Ny,

AU? = b (t, UP 08 ), BiP)dt + o4(t, UP 78, 7)) dWEP
for t € [0,T] with Ué’p =¢P. B4 € H? is any A;-valued F-progressively measurable process, and

@em = Gt Ut7p>,utvut’ul(t Ut "))

, Ni
51{@ =« j(aUtquutnutauj(7Utjq)) N

2<p<
1<q< (6.4)

vl o= N Zp 1 Uzp, 1 <4 < 2 is the empirical distribution. This is an (N7 + Na)-dimensional
Lipschitz SDE and hence well-defined. The cost functional associated with the deviating agent is
given by

Nz,NJ,l(le ~d (N;) ™1 (N) _E / f’L t Utl y%’ﬁg’ t )dt—FQi(UTl,ﬁT,ﬁ%)

Remark 6.2. As we can see from the above definition of control strategies, we shall focus on
the approrimate Nash equilibrium in the sense of the closed loop framework. The analysis for the
open loop framework can be done in almost the same (actually slightly simpler) manner, which just
requires to replace the feedback forms in (6.4) by

5t,p O‘t7p7 QSPSN’M 5g’q ;gqy 1 quN] .
Here is the main result of this section.

Theorem 6.1. Under Assumption (MFG FA) with sufficiently large (N, )l 1, the feedback control
functions ([0, T] xRY > (¢, z) — G;(t, z, ui, 1 ug(t, :1:)))1<”<2Héz form an (25:1 €N, )-approzimate
Nash equilibrium i.e., there exists some constant C' independent of (Ni)%zl such that

NN 1([@11 &bV ‘1’&2',(1\6‘)) >JN”NJ’1( B(N3) g, (N3)) CZEN

_1

for any A;-valued F-progressively measurable processe 351 € H2, where (EN]. = max(eNj , Nj E))1§j.§2.

Proof. (first step) Let us introduce another dynamics
7'71 7'71 . . A7
dU; :bl(t7 U; 7,“7127/[127/82 )dt+oz(t Ut 7Mtﬂut)dwll
for t € [0,T] with Ué’l = ¢4 Tt is immediate to see that the following estimate holds:

E[ sup [T} 2] < C(1+[|8"|2). (6.5)
te[0,7)
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The associated cost functional
Z 1 ‘71 7 ] 7,1 77;71 i J
Ji (8" / Fi, U gy, By )dt + gi(U i, 107)
satisfies, by Theorem 3.1, an inequality

T .
THB) = Tl AR / B — i 2 (6.6)
0

(second step) By the linear growth property of the coefficients, we get
‘ b 1o 1A :
B[0i7R) < 0(1+ [ B[0RR + 5 S UIE + 5 S0 08 + 1m 185 ds)
L p=1 7 g=1

. t , T 1 Y
E|lv7?] < c(1+/0 E[\Ug’q|2+ﬁZ\U§’p|2+FZ|Ug’q|2}ds> :
! p=1 7 =1

Taking the average and the applying Gronwall’s inequality, we get
1 N 1
P J:q 01112
sup (5 DBl Z 107P]) < 01+ 57118 1) (6.7)

t€[0,T) =1 —

Using the above estimate and Burkholder-Davis-Gundy (BDG) inequality, we get
1 A
E[ sup [U77) < C(1+ (5 + pmn)) 18122 (6.8)

t€[0,T]

. 1 ,
E[ sup (U] < 01+ 1182 -

t€[0,T]
By similar calculation, we see
B0 - Xi7) < CE [ B[JU - X3P+ 3 Walo i + Ly |85 — a1 ds
0 ,
7=1
Combining the same estimate for the jth population, we get from Gronwall’s inequality that

N; N;

1
o E U%p X%P = E UJQ XJq
v (5 2 )+ Z \ )
2
Azl
C(;tesgé%}E[WQ(ut,ut / 18" \th)

< (1 + 1B Ba)k, + ¢, ) -
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Here, we have used ||a"!||2, < C and the result of Lemma 6.1. By the triangle inequality,

2

EW?Z”iZ S2 W ’ +E|W- i7i2
ts[lé%]; (W2, ph)?] tes[%pﬂ;< 2 (7, 1)?] + B[ Wa(u m)])

C((+118"13)ek, + <, ) (6.9)

IN

holds. Similarly, we have

t ) . . . .
B sup (U3 U] < OB [ (103~ T4 4 Walwh )? + Wl )] ds
s€[0,¢] 0

and hence from (6.9) we get

E[ sup Uit ~o)!
te[0,T)

2]% < C<(1 + HﬁiJHHQ)gNi —l—ij) . (6.10)

(third step) Finally, we get from the local Lipschitz continuity of the cost functions,

N;,Nj,1 7 ,\Z‘ N—1 5 . —1 i
|J J (ﬂ ,1 7(N1) ’a],(NJ)) _ JZ (IB 71)|

1 — 1 il i G g, i1 —i —j 77l i g
\E[/ (it UP 771 B = ST i B dt 4 iU 5, 7) = gu(TF 1))

< 0(1 + sup E[\U;’IP FT? + Ma(7)? + Mz(vi)z} C 4+ HB“lHHz)
te[0,7)

1
2

2
. . . 1
«( sup BIUF - TY P14+ Y sup E[Wa() )] ) |
te[0,T] i—1 t€[0,T]

From (6.5), (6.7), (6.8), (6.9) and (6.10), we get
[N g @ T a0 — T ()
C 1+ 118" |g2) (1 + 118" Jg=)en, + 2w, ) -

By the estimate in Lemma 6.2, (6.6) and the fact that ||&’

i < C, we see

JN'N'lgyl &N ~'UW))_tﬁWJWJ(@%UW)Ai%”%U

> A6 — 6B — C(L+ 118" ) (1 + 118 e, + e, )

2 2
>(A=CY en)|IB —a" [ = CY en, -
j=1 j=1
For large N7 and Ns with C 2321 en; < A, we get the desired result. O

Remark 6.3. The above analysis can be generalized straightforwardly to the setup with any finite
number of populations, 1 <1 < m.
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7 Approximate Equilibrium for MFTC with Finite Agents

In this section, we shall show how the solution to the Nash MFTC problem studied in Section 4 can
provide an approximate Nash equilibrium among the two competing populations of finite agents
who are cooperative within each population. In the last section dealing with the non-cooperative
agents, the effect to the interactions from the agent deviating from the optimal strategy was shown
to vanish in the large population limit. This does not happen in the current case, because all
the agents in one population adopt the common strategy different from the optimal one. We
shall see that this feature requires us more stringent assumptions to obtain an approximate Nash
equilibrium.

Throughout the section, we assume that the conditions used either in Theorem 4.3 or Theo-
rem 4.4 are satisfied. We let (u!, u?) € C([0, T]; P2(R%))? denote a solution to the matching problem
(4.2). Moreover, unless otherwise stated, we use the same notation in the last section.

7.1 Convergence of approximate optimal controls

For each population 1 < i < 2, we first consider (IV;) i.i.d. copies of the sate process in the mean
field setup

dX}P = bi(t, X077, up, ], a7 )dt + og(t, X407, il ] ) AW,
for 1 <p<N;, j#i,tel0,T] with X;” = £, and

Q?p: (t Xt hutnu’t?ul(t Xt 7“7;)) ’

where u; is the function defined in Lemma 4.2 associated with the equilibrium flows of probability
measures (p', pu?). As in the last section, (€77, W"P)1<,<n, 1<i<2 are assumed to be independent
with £(¢%P) = pi. By construction, (X“P)j<,<n, are i.i.d. processes satisfying LX) = pui,
vt €10,T]. ﬁi denotes the empirical distribution of (X/);<p<n,-

Lemma 7.1. Suppose that the conditions either for Theorem 4.8 or Theorem 4.4 are satisfied.
Then, for each population 1 < i < 2, there exists some sequence (en,)n,>1 that tends to 0 as N;
tends to oo and some constant C' such that

t€[0,T]

Furthermore, when p € P(RY) with r > 4, we have an explicit estimate

6%\71, _ Nf2/max(d,4)(1 + 111(Ni)1d:4) )

(2
Proof. 1t can be proved in the same way as Lemma 6.1. O

Let us introduce the following assumptions.

Assumption 7.1. (MFTC-FA-a) On top of Assumption (MFTC-a), either T or (A7} |b;.2]|o0) 1<i<2
is small enough to satisfy the conditions for Theorem 4.3 or Theorem 4.4. Moreover, for 1 <i <2,
(A1) There exists some constant K such that

|(bi,0,0i,0) (£, V") — (bi0, 0i0) (t, V)] < KWa(V/,v)

foranyt € [0,T), V',v € Po(R?), and b; 1,b;1,bi2,0:1 as well as ;1 are independent of the measure
argument.
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(A2) f; and g; are local Lipschitz continuous with respect to the second measure argument i.e.,
there exists some constant K for any t € [0,T),z € RY, u, v/, v € Po(RY) and o € A;, such that

|(fi)gi)(taxnu'7 Vlaa) - (fivgi)(t7xvu7 V7a)|
< K1+ || + Ma(u) + Ma(v') + Ma(v) + |a] ) Wa(v/,v)

Assumption 7.2. (MFTC-FA-b) On top of Assumption (MFTC-FA-a), for 1 <i <2, b;g
and o, are independent of the measure argument.

Remark 7.1. Assumption (MFTC-FA-b) will be used in the last part where we prove the property
of the approximate Nash equilibrium. Under this stringent assumption, the mutual interactions
among the agents belonging to the different populations are induced only through the cost functions
and can appear only in their control strategies.

As in the last section, we introduce for 1 <i,j <2, j # i, 1 <p < N; the state dynamics
dXPP = bit, X,y ], 64 )dt + o (8, XpT T ) AW
for t € [0,T] with Xé’p = &P, Here, 1} = N% Z;V:il xiP and
= @t X0l i, X7, 1) -

Under Assumption (MFTC-FA-a), it is an (N7 + Na)-dimensional Lipschitz SDE and hence is
well-defined. This corresponds to the situation where all the agents in each population adopt the
common feedback control given by the solution to the problem in Section 4. Let us write the cost
functional for the agent in the ith population as

NiN; , g ) s A4, ip —i —j
J; 0 (6N gt () —E/ filt, XPP LT, @ Zp)dt+gz(X}p,u%,u%)}-

The corresponding cost functional in the mean field problem is given by

Ji = E / fz t Xt ,Mtaﬂta@i’p)dt+9¢(KiT’p,MiT,MJf)] .

where 1 < p < N; is arbitrary in both cases. With the word cooperative, we mean that the agents
use the common feedback control function. Hence, even when we consider general strategy later,
all the cost functionals among the agents within each population are the same.

Lemma 7.2. Under Assumption (MFTC-FA-a), for all1 < i <2, N; € N, there exists some
constant C' independent of (N;)2_, such that,

BARRI AN J|<CZ€N ,

where ey, s the one giwen in Lemma 7.1.

Proof. 1t is straightforward to get the estimate
2 2

2
E[ sup |X;P - XpPPP) <CY sup E[Wa(fi, 1)?] <C> e,
=1 t€[0,71] i—1 t€[0,T] i—1
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and E[supte[oﬂ |th P12] + E[supte[o’ﬂ |X i’p 2] < C. Using the local Lipschitz continuity for f; and
gi, we can prove the convergence of the cost functional exactly in the same way as in Lemma 6.2. [
7.2 Approximate Nash Equilibrium

We now consider the general state dynamics for the agents 1 <14,57 <2, j#14, 1 <p < N;,
AU = bi(t, UPP 0870, BiP)dt + o4(t, UPP 08, o0 ) dWP

with t € [0,T], U, bP = = &P and BP € H? is an A;-valued F-progressively measurable process.
Since we suppose that the agents are cooperative within each population, we force the set of
strategies (ﬁi’p Ji<p<n, to satisfy the condition so that (€4, B4, W"p)1<p< N is exchangeable ie.
the distribution is invariant under the permutation with p. As before 7} := N Z “1 Ui denotes
the empirical distribution. The associated cost functional for the ith population is now given by,
with any 1 < p < N,

(,@Z ,BJ N) —IE / fi(t, Ut7p ﬁi,yt,ﬁt’p)dt—i-gl(U ’p,ﬁT,VT)
Let us also introduce (Y7, ZP )telo,) the solution to (4.9) associated with the forward component
(X)) eeqo,n):

dX?p = —0:Hilt, Xt Hutﬁﬂtvytm’zt , Gt Xt Huta:utv ))dt

ip . . . .
_E[a H(t Xt ’Mtnut’yt 7Zt ) & (t Xt ’:U’tvutvyt ))(K?p)]dt+Zi7detZ7p7(7‘1)

Wlth Z’lllp = xgz( praMTaMT) + E[aﬂgl(XT 7NT7MT)(X17P)]' NOte that? X?p = ui(th?p7Nt)
for any t € [0, 7.

Proposition 7.1. Under Assumption (MFTC-FA-a), for 1 <i <2, N; € N, there exists some
constant C independent of (N;)2_, such that

T . )
Ni(@h ()| gh(Ni)y _ 7, > ,\E/D 187 — &y Pt
1 T X 1
s
0

T . . . . . .
+E[/O (Hi(t, UM 5,50 YOP, 2P BiP) — H(t, UPP 5, i, YOP, 20, BiP) ) dit

—C(l—i— sup E[|UP — X7
te[0,7)

+gl(UT 7yT7VT) gi (UT’pavTaMT)} )

[

where ey, := max(N, 2,en,), and 1 < p < Nj; is arbitrary.

Proof. We can show the claim by following the same arguments used in the proof for Theorem 6.16
[11]. Since it is rather technical and lengthy, we give the details in Appendix A. O

For investigating the approximate Nash equilibrium property, we now suppose that the agents in
the ith population use general strategy (3" )1<p<n, under the restriction that (£7, "2, W*P)1<,< v,
is exchangeable, and that the agents in the jth population 1 < ¢ < N; adopt the strategy

ﬁg7q = dj(ta Utj’q)ﬂi7uéauj(t7 Ut]7q"u'i))
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for any ¢t € [0, T]. The cost functional for the ith population is now given by
TV (8RN, 6Ny — B | / fi(t, U 5,7, B dt + gi(U, O, )
0

with the above specified control strategies. We now proceed as in the proof for Theorem 6.1.

The crucial problem is the term E[Wg(ﬁg ) u{ )2]% arising from the last line in the estimate of
Proposition 7.1. Although this term is suppressed in the non-cooperative game as in (6.9), it
does not happen in the current situation. The deviation from the strategy &; for the agents in
the ith population produces the term ||3%! — &||2 with no suppression of e, in the estimate for

. . 1
E[Wa(w], 1i7)?] 2. This is why we need Assumption (MFTC-FA-b).

Theorem 7.1. Under Assumption (MFTC-FA-b) with sufficiently large (N;)2_,, the feedback
. A g ) 5

control functions ([0,T] x R? 3 (t,z) — ai(t,x,ui,,u{,ui(t,x,u};)))lgi’jglj#i form an (3251 en;)-

approximate Nash equilibrium i.e., there exists some constant C' independent of (Ni)?zl such that

2
Nin' '7 N7, A '9 N; N“N A .9 NZ A .’ N;
Ji J(IBZ( )7aJ( ]))2‘]1 ](al( ),aj( J))_CZENJ

j=1
for any Ai-valued F-progressively measurable processes (87 € H2)1<p<n, so that (§'7, 7P, W'P) 1<,

_1
is exchangeable. Here, (6Nj = max(Nj 2a€Nj))1<j<2-

Proof. Under (MFTC-FA-b), we can write the coefficients for both populations 1 < j < 2 as,

bi(t,x, ) = bio(t) +bj1(t)x +bj1(t)ii + bja(t)
Uj(t, xz, ,u) = Jj’()(t) + Jjjl(t).%' + 5j’1(t)/7, . (7.2)

For the ith population, we get

E[ sup U] < CE||¢™

t
Vo [ UER M+ 15
s€[0,¢] 0

2)ds} ,

which yields E[sup;epo 7y UP)2] < o1+ 187P|32). We also get E[sup,ejo 1 [U7[?] < C for the
jth population. Similarly, we see for the ith population,

E[sup |UP — X7
s€[0,¢]

t
) < O [ (027 = XU+ Wl )2 + Walul ) + 637 — 572 s,

and then, by Gronwall’s inequality, we get

]E[ sup |Uti’p —Xﬁ’p|2] < C’( sup E[Wg(&i,ui)ﬂ + ||g%P — abP |]%12)
te[0,7] te[0,7)
< Cley, + 187 = a"Pl|52) -

Similarly, we have

E[ sup |U77 - X79%] < C’( sup E[Wg(ﬂ{,/j{)ﬂ) < Ce% .
t€[0,7] te[0,T] B ’

In particular, by the triangle inequality, sup;cjo 7 E[WQ (ﬁ{, ug )2} < Ca?vj holds.
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From (7.2), it is easy to see
|Hz(t> UZ7p‘7 ﬁé, yi}Xi,I: Zi’pa Bz’p) _ Hz(tv Utl’pa ﬁi, Mi? X?pa Zi’pa :,p)|
= |fi(t7UZ’p?g%7PgaBz?p) - fi(taUtZ’p?yfﬁ/Lga‘ﬁ?pﬂ ' '
< C(L+|UPPI+ [Ma(mp)| + [ Ma(7))] + 18P )W, 17) (7.3)
Using similar estimate for g; and exchangeability, we get from Proposition 7.1,

gNiN; (IBiv(Ni)’ dj,(Nj)) —J;

%
T .
Z )\E/ ’/BZJ) _ Q?p
0

X X 1 i . .
~0(1+ sup B[0P+ |07P]? + 18]l ) sup E[Wa(w, 4))’]
te[0,7] t€[0,7]

T . .
0

2dt — C(1+ |82 — &"P||g2)en,

D=

2dt — C(1 4|8 — 47| )ew, — 0(1 + ||5i’p||H2)gNj .

Since ||@"P||g2 < C, and using the fact that

Hﬁi’p - Qi7p|’H25Ni < C(H/BLP - Qi’pH]%-]I?sNi + ENi)

we get
J;Vi’Nj (l@%(Ni)’ &J,(Nj)) —J; > ()\ _ CZENj)||ﬁz’p _ QLPH%{? _ Czij )
j=1 j=1
We now get the desired estimate from Lemma 7.2 for sufficiently large N1 and N. O

Remark 7.2. We have investigated the approzimate Nash equilibrium in the closed loop framework.
The analysis for the open loop framework can be done in a quite similar manner as explained
in Remark 6.2. Generalization to an arbitrary number of populations 1 < i < m can be done
straightforwardly.

8 Approximate Equilibrium for MFTC-MFG with Finite Agents

In this section, we shall see how the solution to the Nash MFTC-MFG problem studied in Section 5
can provide an approximate Nash equilibrium among the two competing populations of finite agents,
where the agents in the first population are cooperative but those in the second population are not.
As we have seen in the last section, the effect of deviation from the optimal strategy in the first
population will not be suppressed by €y,. In order to obtain an approximate Nash equilibrium,
this feature implies that we have to cut the direct interaction with the first population in the state
dynamics of the second one. On the other hand, the agents in the second population are non-
cooperative. Hence, the effect of the deviation of the single agent in the second population will
be suppressed by en,. This suggests that we may include the direct interaction with the second
population in the state dynamics of the first one.

Throughout the section, we assume that the conditions used either in Theorem 5.2 or Theo-
rem 5.3 are satisfied. We let (u!, u?) € C([0, T]; P2(R%))? denote a solution to the matching problem
(5.2). Moreover, unless otherwise stated, we use the same notation in the last two sections.
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8.1 Convergence of approximate optimal controls

For each population 1 < i < 2, we give i.i.d. copies of the state process in the mean field setup:
AXyP = bi(t, XyP, pi, 1], &) dt + oy (8, X3P, ik, ] ) AW

for 1 <p <N, j#i, te0,T] with Xg” = £, and

~ 1, 1,
Lp .= al(tXt pn“/%vﬂ%a ul(taXt p?ﬂ%)) )

P
A 2, 2,
b= a2(t7Xt pnu'?vutluu2(tﬂxt p)) ’

a
&

where u; is the master field defined in Lemma 4.2 applied to (5.3) and ug the decoupling field
defined in Theorem 3.1 applied to (5.4) where the equilibrium flow of probability measures (u!, u?)
are used as inputs in both cases. As before, ({i’p wip )1<p< N;,1<i<2 are assumed to be independent
with £(§ivp) = ,ub By construction, (X*?);<p<n, are i.i.d. processes satisfying £(X;7) = ui,
vVt e [0,T). u N Z i, 6X!” denotes the empirical distribution of (X);<p<n;,.

Lemma 8.1. Suppose that the conditions either for Theorem 5.2 or Theorem 5.8 are satisfied.
Then, for each population 1 < i < 2, there exists some sequence (en,)n,>1 that tends to 0 as N;
tends to oo and some constant C' such that

sup E[Wg(,ut,ut)Q] < Ce?\,i .
te[0,77]

Furthermore, when pl € Pr.(RY) with r > 4, we have an explicit estimate

= N (N 1my)
Proof. 1t is the direct result of Lemma 6.1 and Lemma 7.1. O
We introduce the following assumptions.

Assumption 8.1. (MFTC-MFG-FA-a) On top of Assumption (MFTC-a) for the coefficients
(b1, 01, f1,q1) and Assumption (MFG-a) for the coefficients (ba, oa, f2, g2), either T or (A™Y|b; 2|00 )1<i<2
1s small enough to satisfy the conditions for Theorem 5.2 or Theorem 5.3. Moreover, the coefficients

(b1,01, f1,91) satisfy (MFTC-FA-a) (A1-A2), and (be, 02, fo2, g2) satisfy (MFG-FA) (A1-A2).

Assumption 8.2. (MFTC-MFG-FA-b) On top of Assumption (MFTC-MFG-FA-a), the co-
efficients ba o and o2 are independent of the second measure argument, i.e. (bao,02,0)(t, 1, v) =

(b2,0,02,0)(t, ).

For 1 <i,j <2,j5#1i,1<p<N,;, we introduce the state processes
dXPP = bit, X,y ], 64Vt + o8, X0 T ) AW

for t € [0,T] with Xé’p = &P, Here, 1} := NL Z;V:il i» denotes the empirical distribution and
i t

A1, . 1, 1,
&7 = (6, XP g g un (6, X7, 1)
.2, N , )

atp = (t X p?MtvutaUQ(t X p))

Under Assumption (MFTC-MFG-FA-a), it is an (V] 4 N3)-dimensional Lipschitz SDE and hence
is well-defined. The corresponding cost functional for any agent p in the first population is given

38



by

T
TN (GO, 620 | / St X PP i i 6y )t + gy (X3 T )|
0

and the for the agent ¢ in the second population,

T
N6, 61 N)) — R / Pt X2 it 63t + go(X77, 7 b))
0

We also introduce the optimal cost functionals in the mean field setup:
T 1 2 A1 Lp 1 2
Jy = E[/ fl(taXt’paMtaMmOA‘t’p)dt + QI(XT’pv K, MT)} )
0

T
2, .2, 2,
J4 :ZE{/ folt, X%, 12wty & q)dt+92(XTq,u%,u1T)} :
0

Remark 8.1. Under the given control strategy, the value of Ji is independent of q. However, since
each agent in the second population can choose his/her own strategy in general, we need to specify
the agent when we discuss the approximate Nash equilibrium later. This is why we keep the index
q in the cost functional.

Lemma 8.2. Under Assumption (MFTC-MFG-FA-a), for any Ni,No € N and 1 < g < No,
there exists some constant C independent of (Ni)?zl such that,

2
|J{V1’N2(&1’(N1) 22 ( Ng)) Jl’ < CZEN : | N27N1,(I( 2’(N2),d1’(N1)) _ J51| < CZENJ-

where €N, is the one given in Lemma 8.1.

Proof. As in the last two sections, we can show, by the same arguments,

2

2
E[ sup |X;7 — X;P|] <CZ sup E[Wa(qi, uj)?] < C Z X
= tefo,T] — telo,1] prt

and E[supte[o’T] |Xti’p 2] + E[supte[oj] | X i’p ] < C. Thus the convergence of the cost functionals
is the direct result of Lemma 6.2 and Lemma 7.2. O

8.2 Approximate Nash Equilibrium
We now consider the general state dynamics for the agents 1 <4,7 <2, j#14, 1 <p < N;,
AU = by(t, UPP 070, BiP)dt + o4(t, USP 08, 70 ) dWP

with t € [0,T], U, b — = £ and B*P € H? is an A;-valued F—progresswely measurable process. For
the first populatlon we impose the condition so that (¢7, %P, Wt P)1<p<n, is exchangeable. As
usual, 7% 1= N Ep 1 Uzp denotes the empirical distribution. We shall investigate the following
two situations:

(setup-1): The agents in the first population adopt the general exchangeable strategy (317 J1<p<N,
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and the agents in the second population adopt, for any ¢ € [0, 7],
2, A 2, 2,
ﬂt 1= a2(t’ Ut qv“%a“%7u2(t7 Ut q)) 71 <qg< No.

(setup-2): The first agent in the second population adopts the general strategy B%1, and the
remaining agents in the second population as well as the agents in the first population adopt, for
any t € [0,T],

1 N 1, 1,
/Bt’p = al(tvUt p?ﬂ]fl7ugvul(tv Ut p,Mtl)) 71 SP S Nla
Btzq = d?(ta U37q7ugvﬂt17u2(t7 Uf’q)) >2 < q < N2 .

The cost functional for any agent in the first population in (setup-1) is given by

T
YN (L), 6200~ | / (LU 585, B ) dt + g1 (U, 7, 7))
0

with an arbitrary 1 < p < Nj. On the other hand, the cost functional for the first agent in the
second population in (setup-2) is given by

T
JéN%Nhl(lBQ’la aZ’(N2)71’ d/’l’(Nl)) = E[/ f2(t’ Ut2’1’§?7ﬁ%, t2,1>dt + gQ(UtZlvﬁ%vi%‘)] ’
0

The main result of this section is as follows.

Theorem 8.1. Under Assumption (MFTC-MFG-FA-b) with sufficiently large (N;)?_,, the feed-
back control functions ([O, TIxRe > (t,z) = Gy (t, o, u}, u?2,ui(t, u%))) for the first population and
([0, T)xR% > (t, ) v+ Go(t, z, pf, i, ua(t,x))) for the second one form an (232':1 €N, )-approzimate
Nash equilibrium i.e., there exists some constant C' independent of (Ni)le such that

2
val,NQ(ﬂl,(Nl)’aQ,(Ng)) Z JIJVI,N2 (d17(N1),d2’(N2)) _ ngN]-

j=1

under (setup-1), and also that

2
A~ 71 ~ A~ A~
JéVz,N1,1(52,l’a2,(N2) ,al’(Nl)) > JéV2,N1,1(a2,(N2)’al,(N1)> _ CZENJ'
Jj=1

under (setup-2). In both cases, (en, := max(lV; ’GNJ))1<j<2'

NI

Proof. (first step): Let us first prove the claim under (setup-1). In contrast to the assumptions
used in Theorem 7.1, the agents in the first population now have direct interactions with those in
the second population in their state processes. Applying the result of Proposition 7.1 to the first
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population, we get
T
JfVl’N2(,31’(N1), ~2,(N2)) —J > /\E/ |Bt1,17 _Q%,P‘th
0

| 1p274 s 1p|2 2,13
—C<1+ sup E[|U; 7 — X;7|%)2 ‘HE[/ 18,7 — & dt]2>5N1
0

te[0,T
T
+E| / (Hi (8, U7 o 0, Y37, 2,7, ByF) = Ha (6 Uy oy i Y7, 237, 6y ) )t
0
1,p —1 — Lp —
+o(UR" T8, 78) — g1 (UFF, 713

where (Y17, Z1P) is defined in the same way as (7.1). Since (bo,09) are independent from the
second measure argument, it is straightforward to confirm that E[supte[O’T] U} 2] < C for any q.
Then we get E [supejo 7 \Utl’p\Q] < C(14]|8%P||22) for any p. Moreover, it is immediate to obtain,
for any ¢,

E[ sup |Ut2’q 24 2] < C sup E[WQ(H?,M%)2] < Cs?\b .
t€[0,T) te[0,T]

In particular, this also implies sup,¢(g 7] E[Wa(v?, u?)?] < 053\72. Since, for any p,
B[ sup |U? — X10P] < CE [ (U0 — XLPP 4 Y- Wa(w ) + 837 — oo s
s€0,t] 0 j=1

we get, from the last estimate and the triangle inequality,

2
E[ sup |U - X17P) < C(30 ek, + 1185 - a7 )
t€[0,T) =1

By the standard calculation, we see

T
‘E[/ (Hy(t, U, 08,08, Y P, 2,7, BP) — Hy(t, UPP oy, i Y4 P, 2P, B)P) ) dt
0

+ g1 (UF2, 7, T%) — g1 (Up”, 7, NT)} ‘

C(1+ sup E[Z\Ut’p|2+]y ’p|}é [/OT“Z%JM

t€[0,T]
< C(L+ 18" ]me)en, -

N

+ 18172 dt|") sup E[Wa(, i)
t€[0,T]

Since ||a1?

lg2 < C, we get

J1N1,N2 (ﬂl’(Nl), &2,(1\72)) —J

2
> B =& — (11187 — &l ) 3 en
j=1
2 2

> (A= O en, )1V~ @l - O e,

j=1 j=1
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Now Lemma 8.2 gives the desired estimate.

(second step): Let us now prove the claim under (setup-2). By putting ¢ = 2 and j = 1,
all of the arguments in the proof for Theorem 6.1 work as they are. In fact, due to the indepen-
dence of (be, 02) from the second measure argument, some of the estimates become slightly simpler.
In particular, (6.8) and (6.9) hold with (i = 2,5 = 1). The estimate (6.10) is now given by

—21 1
E[ sup |U72J1 U, P12 <0+ 182 |m2)en,

te[0,T

without the term ep,. The estimate for |J2N2’N1’1(ﬁ2’1,d27(N2)71,d1’(N1)) - j;(,@271)| is given by
exactly the same formula as in (third step) of the proof for Theorem 6.1 with (i = 2,5 = 1). Now,
combining the result in Lemma 8.2, we get the desired estimate. O

Remark 8.2. We have investigated the approzimate Nash equilibrium in the closed loop framework.
The analysis for the open loop framework can be done in a quite similar manner as explained
i Remark 6.2. Generalization to an arbitrary number of populations 1 < ¢ < m can be done
straightforwardly, but the direct interactions in the state processes must be carefully arranged. The
empirical distribution of the states of the agents who are in a cooperative population must not
appear in the coefficients of the state process of the agents in any other populations. The empirical
distribution can appear only in the control strategies indirectly induced by the interactions in the
cost functions. On the other hand, the distribution of the states of the agents who are in a non-
cooperative population can directly appear in the coefficients of the state processes of the agents in
any populations.

9 Conclusion and Discussion

In this work, we have systematically investigated mean field games and mean field type control
problems with multiple populations for three different situations: (i) every agent is non-cooperative,
(ii) the agents within each population are cooperative, and (iii) the agents in some populations are
cooperative but not in the other populations. The relevant adjoint equations were shown to be
given in terms of a coupled system of forward-backward stochastic differential equations of McKean-
Vlasov type. In each case, we have provided several sets of sufficient conditions for the existence of
an equilibrium, in particular the one which allows the cost functions of quadratic growth both in
the state variable as well as its distribution so that it is applicable to some of the popular setups
of linear quadratic problems. In the second half of the paper, under additional assumptions, we
have proved that each solution to the mean field problems solved in the first half of the paper
actually provides an approximate Nash equilibrium for the corresponding game with a large but
finite number of agents.

As future works, we may study similar problems by adopting HJB type approach using so-called
quadratic growth BSDEs as in [10], where the backward component directly represents the value
function. Although we need the boundedness of the coefficients and the non-degeneracy for the
diffusion function, the resultant boundedness of the solution to the BSDEs will make the analysis
simpler. When each agent is subject to independent random Poisson measure, we may use the
recent developments of the quadratic growth BSDEs with jumps such as in [29, 23, 18]. Finally,
developing an efficient numerical method for mean field games and mean field type control problems
remains as a very important issue. For a general problem, due to its infinite dimensionality, machine
learning techniques (such as in [16]) are promising candidates. If the problem can be approximated
by a linear quadratic setup, its solution may help to accelerate the speed of convergence for the
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learning process in the spirit of the work [19].

A Proof for Proposition 7.1

In the following, we use the Landau notation O(-) in the sense that |O(z)| < C|z| with some constant C
independent of the population sizes (N7, Na). Let us define

T
le7p :]E[ - Z;D?XZZLPH |:/ [fi(t Ut7p ﬁéaﬁgaﬂz, ) fl(t Xt Hutuutaat )]dt:| )
0
TQ’p :E[g T 7vT7VT) gl( ijpvlj’Tnu’ )} 9
szé) :E[< 7p 8»Lgl(XTp’:uT7u'T)>] )
z '3 ~,p
25 :E]E[(U XT aa,ugl(XTan’Tvp“%“)(XT )] )

which satisfy JiNi"Nj (BN g Ny g = TyP 4 TP with Ty = Té‘f - Tzzg - Tzlg

A.1 Estimate for 73"

Consider the difference

N,
1, 1 . = ~Z-’ ~1,p ~1)q 7/ y NZ}p
(BR[O — X7, 0,00 X5, i i) (X5)) = = SOBLOF = X7, 0000 X5 i, ) (X))
7 g=1
i i l ip i NGk
E[|UFF — X77|’]*E HE 195 (X5 i, 1) (X7 )] — *Zﬁugz X e 1) (X5 r
< CE[JUL" — X572 EN, 2. (A.1)

The last estimate is from the law of large numbers with the finite second moment of J,¢;-term and the

independence of (X ;q)lgqg ~,. Taking the average in p, we get,

1 &
w2 T2k
L")

E[lUy' - X3

N;
2]50( Z ij”p7aug7,( T 7/’[’Ta:uT)(XZ7p):|

= E[Up' - X3

1 ‘ i,0 i,0 i, j 1,0
2] O(N + _ ZE]E U XT 7augz< TP7MT7/~LT)<XT )] )
p 1

where 6 is a random variable on ((NZ, F, ]IND) with uniform distribution on the set {1,--- , N;}. Using Lemma 7.1
and the Lipschitz property of 0,,g; with respect to the first measure argument, we get

N.:
1 - % 7 7
N 2138 = B[ - xi

p=1

2]5 (en,) +7ZEE XZTG,a#Qz( Zj’“p,/iT"uT)(Xle)] (A.2)

Using Lemma 7.1 also for T34, T34, we obtain

N; N;
1 N i ;
FZTjP = Z{ T 7VT7/1’T) gz( j"pvuTnu’T)}
tp=1 1

P
s iy , ™ i,0 i,0 iy i j i,0
B[ — X, 00X 1 1)) — B[R — X5, 00: (X5, i, 1) (X570 }

2

7

. i 1 1 . i . i .
+(1 +E[|U’?l _K’lll 2} 2)0(51\7 ) ﬁ [gi(U%p7VT7 V%“) - gl(UZZ“’pa VTaM%“)} .
1
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Using the fact that the conditional law of U%G (respectively X iT’g) under P is given by the empirical distri-

bution 7% (respectively HiT)’ the convexity in (MFTC-a) (A6) implies

N; N;
1 - i i i i 0P —i j
w2 h7 2 (1 +E[|Us" - X3 2) (en) Z Us" v, 7p) = gi(Ug" Vi, 1i7)] -

A.2 Estimate for T}”

Using Ito formula to evaluate E[(U - X5 Yh 7)), we can rewrite )P

T
Tllvp = E/ {Hi(t7Ut7p W7V§7Y;’pygi’pa Z,p) _H (t Xt Huta,utaY PP Z?fpadfﬁp)
0

S LR AU SNTNTR si¥ A
; i, i“p Ad, ~1,p
B[O = X" 0uHi (4 X3P i i Y37 207, 657) (X)) et

_. 0P i, i,p
= T1 1 T1,2 - T1,3 :

Using local Lipschitz continuity of H; with respect to the first measure argument, the estimate

E[ sup | X7+ sup [ViPP o+ / (127 +1ayPPat] < ©
t€[0,T] te[0,T] 0

and the result in Lemma 7.1, we get

T .

i _E/ {Hi(t, UM 0,01, Y0, 207, BP) — Hi(t, X307, il il Y i, 257, ”’P)}dt+0(5N) .

0

We also get by similar calculation that
A T
Tf;g = ]E/ [(U Xi’pﬁ H;(t, Xz’p,u ut,YZ’p Zl’p ”’p)ﬂdt
0

+ sup E[|USP — XiP12]?Olen,) -
te[0,T]

By the same arguments used in (A4.1), we get

N; T
1 7 7 i Az i,
TI:S = FZ/ E[<Ut7p t7p78 H (t Xt Hu‘tﬂu’t’Ytq72 11 q)(zt p))]dt

. 1
+ sup E[|U;! — Xy P]2O(N; 2),
te[0,T]

and then same analysis used for (A4.2) gives
1 N; 1 N; T
i, s 00 ip i J v b Al 00
ﬁle,g - ﬁZ/ E]E[<Ut 7Xt aa;LHi(thpaﬁyﬂgaXtpaztp7gtp)(xt )>]dt

. 1
+ sup E[[Up" — XP 22 O(en,) -
t€[0,T]
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Finally, we can see that
B [ 100 = G370 Hit, X7, i Y7 207, 607) = it X7 sl Y27, 247,007t
0
T , 1
< CE[/ 1817 —@;*’th} N, -
0

Using the optimality condition, exchangeability, and the results obtained above, we get

1 Qi 1 Qi . 1 r o . )
DI ~Ti5) -5 D_E /0 (87 = &y", 0 Hilt, X7 i ol Y37, 247, 6,7) | dt
7 p=1 7 p—1

= Zp:l
1 N;
"Wt

(PP - XIP, 0, Hi( X0P, i ], Y7, 207, 6)) — B[(UF0 — X300, 0, Hi(t, K0P, i il Y7, 27, 607) (X00))]
(B = &P, 0nHi (4, X it i, Y, 207 6))

-

N
{HZ t Ut Vthut?Y,Lp Zi7p7 Z’p) _H (t Xt 7/~‘Lt7/J“t7Y P Zi,]?’Q?P)

\

H(1+ swp B[O - X3 2]%+E[/O 15 a4 at] ") Olen,)

te0,T]
T 1 1 1 i L, 1 L, 1 0,1
+E/O [ (t Ul f;ﬁLYl Zt 7Bt ) (t UZ ﬁrltuu‘taX? aZ? letl.’ )]dt

T .
ZAE/ |80t — &bt 2dt
0

. A 1 T . . i
+(1 + sup E[|UM - XU12) +E[/ 16" —Qi’llzdt] 2)0(51\&)
0

te[0,T]
+E/[ (U oL Y 2ot Byt — Hi(t Uyt v, Yt 2yt ) dt
0

A.3 Final Step
By exchangeability, we have

N;

T 4 i T 1
> /\E/ mz,l A11| dt + <1+ s[up]]EUUtzl X?1|2]2 —|—E[/ |ﬁtb,1 ab 1| dtr)O(ENi)

0 te[0,T 0

T .

—i—E/ (H:(t, U o, v, Yyt 2yt Bty — Hi(L Ut o Y 20t B ] dt

0

T, —1 —_— Zl —1

—HE[gi(UTlaVTvVT) gi(UT aVTa:uTﬂ .

This gives the desired result.
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