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1 Introduction

Optimal commitment policy is a widely adopted approach among economists and policy-
makers to studying the question of how to best conduct monetary policy. For example, at the
Federal Reserve, the results of optimal commitment policy analysis from the FRB/US model
have for some time been regularly presented to the Federal Open Market Committee to help
inform its policy decisions (Brayton, Laubach, and Reifschneider (2014)). Most recently, in
many advanced economies where the policy rate was constrained at the effective lower bound
(ELB), the insights from the optimal commitment policy in a stylized New Keynesian model
have played a key role in the inquiry on how long the policy rate should be kept at the
ELB (Bullard (2013), Evans (2013), Kocherlakota (2011), Plosser (2013), Woodford (2012)).
Accordingly, a deep understanding of optimal commitment policy is as relevant as ever.

In this paper, we contribute to a better understanding of optimal commitment policy in
the New Keynesian model—a workhorse model for analyzing monetary policy—by charac-
terizing it using a novel recursive method. Our method uses promised values of inflation
and output as pseudo-state variables in the spirit of Kydland and Prescott (1980) instead of
lagged Lagrange multipliers as in the standard method of Marcet and Marimon (2016). We
describe our recursive approach—which we will refer to as the promised value approach—in
three variants of the New Keynesian model that have been widely studied in the literature:
the model with inflation bias, the model with stabilization bias, and the model with an
ELB constraint. In each model, we define the infinite-horizon problem of the Ramsey plan-
ner, provide the recursive formulations of the Ramsey planner’s problem via the promised
value approach, and describe the tradeoff facing the central bank in determining the optimal
commitment policy.

The idea of using promised values as pseudo-state variables to recursify the infinite-horizon
problem of the Ramsey planner was first suggested by Kydland and Prescott (1980) in the
context of an optimal capital taxation problem. Later, Chang (1998) and Phelan and Stac-
chetti (2001) formally described, as an intermediate step toward characterizing sustainable
policies, the recursive formulation of the Ramsey planner’s problem using promised marginal
utility in models with money and with fiscal policy, respectively. However, because their
focus was on characterizing sustainable policies, they did not solve for the Ramsey policy. To
our knowledge, we are the first to formulate and solve the Ramsey policy using the promised
value approach.’

Our aim is not to argue that readers should use the promised value approach instead
of the Lagrange multiplier approach. Rather, our aim is to show that the promised value

approach can be a useful analytical tool to supplement the analysis based on the standard

!The only exception is a recent lecture note by Sargent and Stachurski (2018) which characterizes the
Ramsey policy in the linear-quadratic version of the model of Cagan (1956) using the promised value approach.
Note that, while the Lagrange multiplier approach is almost always used in solving the Ramsey problems in
business cycle models, the promised value approach is extensively used in the literature of dynamic contract.



Lagrange multiplier approach. Both approaches should be able to find the same allocation;
we indeed find that both approaches reliably compute the optimal commitment policies in
the New Keynesian model. However, the Ramsey policies are often history-dependent in
complex ways, and it is not always straightforward for researchers to understand the trade-
off facing the central bank. Accordingly, it is useful for researchers to have an alternative way
to analyze the Ramsey policy, as it may provide new insights on the optimal commitment
policy.

One difficulty associated with the promised value approach is that it requires researchers
to compute the set of feasible promised values (see discussion in Marcet and Marimon (2016)).
We find that the extent to which this computation poses a challenge depends on the model.
For the model with inflation bias and the model with stabilization bias, the promised rate of
inflation is the only pseudo state variable, and we analytically show that the set of feasible
promised inflation rates are identical to the set of feasible actual inflation rates—which is
a primitive of the models—under nonrestrictive conditions. For the model with the ELB
constraint, the set of feasible promised inflation-output pairs cannot be found analytically,
and one needs a computationally nontrivial method described in Chang (1998) and Phelan
and Stacchetti (2001), among others, to find the set. In our numerical example, we find
that the set is large and does not represent a binding constraint for the control variables
in the Bellman equation. Thus, if one wants to casually use the promised value approach,
abstracting from the task of characterizing the set of feasible promises is unlikely to be
harmful.

Part of our contribution is pedagogical. As discussed above, the idea of solving the
Ramsey policy using the promised value approach has been around for a few decades. Yet,
researchers almost always use the Lagrange multiplier approach to solve the Ramsey policy.
Our detailed description of how to adopt the promised value approach to a well-known optimal
policy problem will be useful to other researchers who would like to adopt this approach to
other interesting optimal policy problems.

In addition to Chang (1998) and Phelan and Stacchetti (2001) who recursified the Ramsey
planner’s problem using promised values, our paper is closely related to the large literature
on optimal policy in New Keynesian models. Optimal commitment policies in the model with
inflation bias and in the model with stabilization bias have been studied by many, including
Clarida, Gali, and Gertler (1999), Gali (2015), and Woodford (2003). Optimal commitment
policy in the model with the ELB constraint has been studied by Eggertsson and Woodford
(2003), Jung, Teranishi, and Watanabe (2005), Adam and Billi (2006), and Nakov (2008),
among others. All of these papers—often implicitly but sometimes explicitly—rely on the
method of Marcet and Marimon (2016) and use the lagged Lagrange multipliers as pseudo-
state variables to characterize optimal commitment policies; our contribution is to provide
an alternative method to characterize them.

Our paper is also related to Waki, Dennis, and Fujiwara (2018) who study a mechanism-



design problem under private information in a New Keynesian model. The recursive charac-
terization of their mechanism-design problem features promised inflation as a pseudo state
variable, as in our paper, and the limiting full-information version of their model corresponds
to the standard New Keynesian model with stabilization bias we consider in Section 4. Our
paper is different from their work because we (i) examine the intertemporal trade-off facing
the central bank under the promised-value approach, (ii) contrast it with the trade-off under
the Lagrange multiplier approach, and (iii) consider two other versions of the New Keynesian
model—one with inflation bias and the other with ELB—that are commonly used in the
literature.

The rest of the paper is organized as follows. Sections 2, 3, and 4 study the model with
inflation bias, the model with stabilization bias, and the model with the ELB constraint,
respectively. In each section, we first present the infinite-horizon problem of the Ramsey
planner and describe how the infinite-horizon problem is made recursive under the promised
value approach. We then discuss the dynamics of the Ramsey equilibrium, describe the key
trade-off the central bank faces, and contrast the promised value approach with the standard

Lagrange approach. Section 5 concludes.

2 Model with inflation bias

Our first model is the one with inflation bias, which is a version of the standard New
Keynesian model in which the inefficiency associated with monopolistic competition in the
product market is not offset by a production subsidy. As the model is standard, we refer
interested readers to Woodford (2003) and Gali (2015) for more detailed descriptions. The
economy starts at time one. The model is loglinearized around its deterministic steady state.

Its private sector equilibrium conditions at time ¢ are given by

OYt = OYpq1 + Tpqp1 — 1 + 17, (1)

T = kYt + BTy, (2)

where y;, m¢, and r; are the output gap, inflation, and the policy rate, respectively. o, &, 8
are the inverse intertemporal elasticity of substitution, the slope of the Phillips curve, and
the time discount rate, respectively. r* is the long-run natural rate of interest. Equations
(1) and (2) are referred to as the Euler equation and the Phillips curve, respectively. In the
model with inflation bias, we abstract from the ELB constraint on ;. With this abstraction,
the Euler equation does not constrain the allocations the central bank can choose; it merely
pins down the policy rate given the sequence of inflation and output. This abstraction is a
common practice in the literature.

We assume that y; € Ky and m; € Kip where Ky and Ky are closed intervals on the real
line, R. For any variable z, let us denote {z:}{°; by a bold font . We say (y, ) (that is,

{ye, m }52,) is a competitive outcome if equation (2) is satisfied for all ¢ > 1, and use CE to



denote the set of all competitive outcomes.
The sequence of values, {V;}22,, associated with a competitive outcome, {y;, m}72,, is

given by

o0

Vi=> B u(yr, m),

k=t

where u(+, ), the payoff function, is given by

u(y,m) = —5lr + Ay — ) )

This quadratic payoff function can be derived as the second-order approximation to the

household welfare.?

The presence of y* in this objective function captures the inefficiency
associated with monopolistic competition in the product market. The problem of the Ramsey

planner is to choose a competitive outcome that maximizes the time-one value as follows:

Viam1 = max V. (4)
(y,m)eCE
The Ramsey outcome is defined as the solution to this optimization problem and is denoted

by {Yram.t, Tram,t}io;- The value sequence associated with the Ramsey outcome is denoted
by {Vram,t}i21-

2.1 Promised value approach

Under the promised value approach, the infinite-horizon optimization problem of the
Ramsey planner given by equation (4) is divided into two steps. In the first step, the following

constrained infinite-horizon Ramsey problem is formulated:

1= o1 [ 2
o= ma LSS G 0],
) (ym)el(n) 2 ; ! ( )
where T" (1) is the set of competitive outcomes in which the initial inflation, 7, is . This
set is formally defined in Appendix A. In the second step, the Ramsey planner chooses the

initial inflation promise, 7, that maximizes w* (). That is,

V = ma; * 5
ram,1 I'}]IES%( w (77)7 ( )
where 2 is the set of time-one inflation rates consistent with the existence of a competitive
outcome. This set is formally defined and computed analytically in Appendix A.

By the standard dynamic programming argument, it can be shown that w* (n) satisfies

2See, for example, Gali (2015) for the derivation.



the following functional equation:

/
pu— ) 6
w(n) Jexy X o u(y, ™) + Bw(n’) (6)

subject to

7T:77
™ =ry+ 61,

where 7 is the promised rate of inflation for the current period from the previous period,
and 7’ is the promised rate of inflation for tomorrow. Conversely, if a bounded function,
w: ) — R, satisfies this functional equation, then w = w*.?

Let {wpv(-), ypv(-), mpv(-), npy(-)} be the value and policy functions associated with
this Bellman equation. The Ramsey value sequence and the Ramsey outcome are obtained
by iterating over these functions with the time-one inflation rate set to the argmax of w* (1)

in equation (5).

2.2 Lagrange multiplier approach

It is useful to contrast the recursive formulation of the promised value approach with
that of the more standard Lagrange multiplier approach of Marcet and Marimon (2016). In
the Lagrange multiplier approach, a saddle-point functional equation is used to recursify the
infinite-horizon optimization problem of the Ramsey planner.® In the model with inflation

bias, it is given by

W(¢) =min _max  f(y,m ¢ ¢)+BW(e), (7)

(]5/ yGKy ,WEKH

where f(-), the modified payoff function, is given by

f(yv T, (Z)v ¢/) = u(y, 7T) + (b/(ﬂ- - Hy) - ¢7T-

Let {yra(+), moar(-), ¢7,,(-)} be the policy functions associated with this saddle-point func-
tional equation. One can find the Ramsey outcome by iterating over these policy functions

with the initial Lagrange multiplier set to zero.

3The proof is closely related to the proof of the Bellman optimality principle. See Chang (1998).

4In many papers, authors casually refer to the theory of Marcet and Marimon (2016) to justify the recursive
characterization of the Ramsey policy with lagged Lagrange multipliers, and the saddle-point function equation
is rarely explicitly formulated. For examples of papers explicitly formulating the saddle-point functional
equation associated with the infinite-horizon optimization problem of the Ramsey planner in the context of
sticky-price models, see Khan, King, and Wolman (2003), Adam and Billi (2006), Svensson (2010), and Nakata
(2016).



2.3 Analysis of optimal policy

For both the Bellman equation of the promised value approach and the saddle-point
functional equation of the Lagrange multiplier approach, the payoff function is quadratic
and the constraints are linear. This linear-quadratic structure allows us to solve the model
analytically for both approaches.” However, to describe how the promised value approach
works in a transparent way, we use a numerical example in the main text and relegate the
closed-form solutions to Appendix D. The parameter values used in the numerical example
are from Woodford (2003) and are shown in Table 1.

Table 1: Parameters
—Model with Inflation Bias—

I} y* A K
0.9925 0.01 0.003 0.024

Figure 1 shows the policy functions for the promised rate of inflation in the next period
and the output gap in the current period as well as the value function associated with the

Bellman equation.

Figure 1: Policy Functions from the Promised Value Approach
—Model with Inflation Bias—
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Note: 7 is the rate of inflation that was promised in the previous period and needs to be delivered in the
current period. 1’ is the promised rate of inflation for the next period. These rates are expressed in annualized
percent. w is the value associated with the Bellman equation (equation (6)).

In the promised value approach, the initial inflation rate is given by the argmax of the

value function associated with the Bellman equation—shown in the right panel of Figure 1.

5If the upper and lower bounds of the two closed intervals, Ky and Ki, are binding constraints, the
problem is not linear-quadratic. We confirmed that they are not binding constraints in our model.



According to the panel, the initial inflation rate—indicated by the dashed vertical line—is
slightly below 0.2 percent. Once the initial inflation rate is determined, the dynamics of the
economy are sequentially pinned down by the policy functions linking the promised rate of
inflation in the current period (7) to the promised rate of inflation in the next period (7')
and output in the current period (y), shown in the left and middle panels, respectively. For
example, the time-two inflation rate is determined by the policy function for the promised
rate of inflation evaluated at the initial inflation rate and is shown by the pentagram in the
left-panel. The time-one output is determined by the policy function for output evaluated at
the initial rate of inflation and is shown by the pentagram in the middle-panel. The black
dots in the policy functions trace the dynamics of the economy afterward.

The implied dynamics of the economy are shown in Figure 2. The central bank has an
incentive to generate a positive inflation rate at time one, which is associated with a level
of output gap that is above zero but below y*. Inflation and output converge eventually to

zero, a well-known feature of the optimal commitment policy in this model.®

Figure 2: Dynamics
—Model with Inflation Bias—
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Note: The rate of inflation is expressed in annualized percent. The output gap is expressed in percent.

To understand the trade-off associated with the Bellman equation (equation (6)), we show
in Figure 3 the objective function to be maximized and its two subcomponents—today’s
payoff, u(-,-), and the discounted continuation value, fw(-)—at ¢ = 20 when the economy
has essentially converged to its steady state of zero inflation so that n = 0. Note that two
arguments for the payoff function, inflation and output, are functions of n and 7. Thus, the
payoff function u(7,y) can be transformed to an indirect payoff function, u*(n,n’).

The fact that inflation is zero at the steady state is captured by the fact that the objective

5In Appendix G, we contrast the Ramsey equilibrium to the Markov perfect equilibrium and the value-
maximizing pair of inflation and output.



Figure 3: Trade-off under the Promised Value Approach
—NModel with Inflation Bias—
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Note: 7 is the rate of inflation that was promised in the previous period and needs to be delivered in the
current period. 1’ is the promised rate of inflation for the next period. These rates are expressed in annualized
percent.

function evaluated at n = 0, shown by the left panel, is maximized at ' = 0. The optimality
of promising zero inflation in the next period when the promised inflation rate for the current
period is zero reflects two competing forces. The first force is how the promised inflation rate
affects today’s payoff. Given that the central bank needs to deliver zero inflation today, the
lower the promised inflation rate is for next period, the higher the output today has to be in
order to satisfy the Phillips curve.” Because of the presence of y* in the payoff function, a
higher output (a lower inflation) means a higher payoff as long as output is below y*. Thus,
the central bank has an incentive to promise some deflation next period, as captured by the
middle panel of Figure 3 which shows that today’s utility is maximized at 7’ < 0.

The second force is how the promised inflation affects the discounted continuation value.
As shown in the right panel of Figure 3, a higher promised inflation rate is associated with
a higher continuation value up to a certain point, as a higher future inflation is associated
with a higher future level of output that is closer to y*. The optimality of promising a zero
inflation rate reflects these two competing effects of adjusting the inflation promise on the
today’s payoff and on the discounted continuation value.

We will close the section by examining the policy functions from the standard Lagrange
multiplier approach. Figure 4 shows the policy functions for inflation, output, and the La-
grange multiplier associated with the saddle-point functional equation (7). Unlike in the
promised value approach, these functions are functions of the lagged Lagrange multiplier,

¢_1. Time-one allocations are given by the policy functions evaluated at the initial lagged

"To see this, set 7 = 0 in the two constraints in the Bellman equation (6).



Figure 4: Policy Functions from the Lagrange-Multiplier Approach
—DModel with Inflation Bias—
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Note: ¢_; is the lagged Lagrange multiplier, whereas ¢ is the Lagrange multplier in the current period. The
rate of inflation is expressed in annualized percent. The output gap is expressed in percent.

Lagrange multiplier of zero and are indicated by the pentagram. The black dots trace the
dynamics of inflation, output, and the Lagrange multiplier after the first period. According
to the right panel, the Lagrange multiplier eventually converges to a positive value. As the
Lagrange multiplier converges, inflation and output also converge to zero, as shown in the
left and middle panels, respectively. The dynamics of inflation and output derived from the
Lagrange multiplier approach are of course identical to those implied by the promised value

approach shown in Figure 2. In Appendix D, we provide analytical proof for their equivalence.

3 Model with stabilization bias

Our second model is the model with stabilization bias. The private sector equilibrium

conditions in this model at time t are given by

oyi(st) = 0Eyig1 (s + Eymp1 (s77) — r(sh) + 1%,

7 (s') = ky(s') + BEmi1 (s + 54

The key difference between this model and the model in the previous section is that in this
model, there is a cost-push shock, denoted by s;, that additively enters into the Phillips curve.
The cost-push shock follows an N-state Markov process and its possible values are given by
the set, S := {ey, ea,...,en}. The probability of moving from state i to state j is denoted by
p(ejlei). s* denotes the history of shocks up to time t. That is, s’ := {s,}!_,. Because there

is uncertainty, the allocations are state-contingent and depend on st.

10



As in the model with inflation bias and consistent with common practice in the literature
on stabilization bias, we abstract from the ELB constraint on the policy rate, which in turn
allows us to abstract from the Euler equation. We assume that y; € Ky and 7 € Ky, where
Ky and Ky are closed intervals on the real line, R. For any variable x, let us denote its
state-contingent sequence {z(s%)}22; by @ (bold font) and its state-contingent sequence with
the time-one state s; = s by x(s). We say (y, ) is a competitive outcome if the Philips
curve is satisfied for all t > 1. We use CE to denote the set of all competitive outcomes and
use CE(s) to denote the set of competitive outcomes in which the initial state s; is s.

The sequence of values {V;(s')}22, associated with a competitive outcome is given by

o0
Vi(s') = > B (st (s ulyr(s®), mi(sh)),
k=t Sklst
where p(s¥|s') is the conditional probability of observing s* after observing s'. The payoff
function, wu(-,-), is given by
1
uly, ®) = =3 [x* + 2] (5)

The Ramsey problem is to choose the state-contingent sequences of inflation and output to

maximize the time-one value for each s € S. That is,

V, s) = max Vi(s).

remdl8) = g meecr )
The Ramsey outcome is defined as the state-contingent sequences of inflation and output
that solve this optimization problem and is denoted by {Yram.t(s"), Tram.t(s!)}:2;. The value

sequence associated with the Ramsey outcome is denoted by {Vyam.¢(s)}52;.

3.1 Promised value approach

As in the model with inflation bias, the infinite-horizon optimization problem of the
Ramsey planner is divided into two stages. In the first stage, the constrained Ramsey problem

is formulated as follows:

[e.9]

DB uls'lsi =) [mf + Myl

t=1 st|s1=s

w*(n, s) ma L
9 = X 5
(y(s);m(s)€l(n,s) 2

where T' (), s) is the set of competitive outcomes with the initial state s; = s in which the
initial inflation is 7. This set is formally defined in Appendix B. In the second stage, the

Ramsey planner chooses the initial inflation to maximize w*(n, s):

Viam1(s) = max  w*(n,s), 9
A(s) = ma W () )

where €(s) is the set of time-one inflation rates consistent with the existence of a competitive

11



outcome with the initial state s; = s. This set is formally defined and computed analytically
in Appendix B. The Bellman equation associated with the first-stage constrained Ramsey

problem is given by

N
w(n;, ;) = max u(y, ™) + p(e;le)w(n, e; 10
(i ex) yeKy meKn,{njeQ; }, () g; eiled (71] 2 1o

subject to

T™=1
N

m=ry+B Y plejlen); + e,
j=1

where we are now explicit about the specifics of the shock (recall that S := {e1,ea,...,en}).
Note that the control variables include 773» for each j € {1,2,...,N}.

Let {wpy(-), ypv(-), mpv(+), {nfvv,j(‘)}ivﬂ} be the value and policy function associated
with the Bellman equation. Note that there are N promised inflation rates that have to be
chosen.® The Ramsey value sequence and the Ramsey outcome can be obtained by iterating

over these functions with the time-one inflation set to the argmax of w*(n, s) in equation (9).

3.2 Lagrange multiplier approach

The saddle-point functional equation associated with the Ramsey planner’s problem above
is given by
N
W(¢7 ei) = min nax f(y,ﬂ',QS, ¢/7ei) +ﬂzp(6]|el)wl(¢,7ej)

¢ yeKy,meKn -
J=1

where f(+), the modified payoff function, is given by

f(ya T, gba ¢/7 ei) = u(y, 7T) + QS/(T[- — RY — ei) - gbﬂ-'

Let {yra(+), mrar(+), ¢7,,(-)} be the policy functions associated with this saddle-point func-
tional equation. One can find the Ramsey outcome by iterating over these policy functions

with the initial Lagrange multiplier set to zero.

3.3 Analysis of optimal policy

Given the linear-quadratic structure of the model, the solutions to the Bellman equation

from the promised value approach and the saddle-point functional equation can be obtained

8As a result, the larger the number of exogenous states is, the larger the number of policy functions to
solve for is. However, because an increase in the number of exogenous states does not affect the state space,
it does not necessarily lead to increased computational burden.

12



analytically.” However, we will again use a numerical example to illustrate the mechanics
of the promised value approach in a transparent way; the analytical results are provided in
Appendix E. To make the exposition as transparent as possible, we will assume that (i) there
are only two states (high and normal), (ii) the economy starts in the high state, (iii) the
economy will move to the normal state with certainty in period 2, and (iv) the normal state
is absorbing. In the remainder of this section, we will use the notation e; and e,, instead of
e1 and eg, to refer to the high and normal states, respectively. Parameter values are shown
in Table 2. The values for the parameter governing the private sector behavior are the same

as in the previous section.

Table 2: Parameters and Transition Probabilities
—Model with Stabilization Bias—

5 A K en en Dplenlen) plenlen) plenlen) plenlen)
0.9925 0.003 0.024 0.001 0 0 1 0 1

Figure 5 shows the policy functions for the promised inflation rate in the next period
and output in the current period as well as the value function associated with the Bellman
equation of the promised value approach. The top and bottom panels are for the high state
and the normal state, respectively.

The initial inflation rate is given by the argmax of the value function from the high state,
shown by the top-right panel of the figure. The initial inflation—indicated by the dashed
vertical line—is about 0.25 percent. Once the time-one inflation rate is determined, the time-
two inflation rate (m2) and the time-one output (y;) are determined by the high-state policy
functions shown in the top-left and top-middle panels, respectively. Subsequent sequences of
inflation and output—shown by the black dots—are determined by the normal-state policy
functions shown in the bottom panels.

Figure 6 shows the implied dynamics of inflation, output, and the value. A well-known
feature of the optimal commitment policy in the model with stabilization bias is that, in the
initial period, the central bank promises to undershoot its inflation target once the shock
disappears. Relative to the equilibrium under the Markov perfect policy—shown by the
dashed lines—in which the central bank does not have a commitment technology, such promise
of undershooting improves the trade-off between inflation and output stabilization at ¢t = 1
through expectations when the economy is buffeted by the cost-push shock, allowing the
central bank to achieve a higher period-one value.' The undershooting of inflation and
output will fade gradually, and inflation and output will eventually converge to zero.

To understand the trade-off the central bank faces in choosing to create deflation in

9As in the model with inflation bias, we confirm that the upper and lower bounds implied by the closed
intervals on choice variables are not binding in equilibrium.

10 Appendix H formulates the optimization of the discretionary central bank and solves for the Markov
perfect policy.
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Figure 5: Policy Functions from the Promised Value Approach
—DModel with Stabilization Bias—
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Note: 7 is the rate of inflation that was promised in the previous period and needs to be delivered in the
current period. 7’ is the promised rate of inflation for the next period. These rates are expressed in annualized
percent. w is the value associated with the Bellman equation (equation (10)).

the second period, we show in Figure 7 the objective function associated with the Bellman
equation—shown in the left-panel—and its two subcomponents—shown in the middle and
right panels—at time one when the cost-push shock is present. Consistent with Figures 5
and 6, the value of the objective function, w(-), is maximized at ' < 0. To understand why
some deflation is optimal, we need to examine how 7’ affects today’s payoff as well as the
discounted continuation value, shown in the middle and right panels of Figure 7, respectively.

On the one hand, because the inflation rate in the current period has been chosen in
the previous period, today’s payoff is maximized when today’s output is zero. Conditional
on the initial promised inflation rate of n = 1 = 0.26/400 and the cost-push shock of
e = e, = 0.1/100, the Phillips curve implies that zero output today is achieved only by
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Figure 6: Dynamics
—DModel with Stabilization Bias—
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Note: The rate of inflation is expressed in annualized percent. The output gap is expressed in percent.

Figure 7: Trade-off under the Promised Value Approach
—Model with Stabilization Bias—
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Note: 7 is the rate of inflation that was promised in the previous period and needs to be delivered in the
current period. 1’ is the promised rate of inflation for the next period. These rates are expressed in annualized

percent.

promising some deflation for the next period, as indicated by the dashed vertical line in the

middle panel of Figure 7. On the other hand, the discounted continuation value is maximized

if the central bank chooses to promise zero inflation for the next period (' = 0), as shown

by the dashed vertical line in the right panel of Figure 7. The promised inflation rate of zero

maximizes the discounted continuation value because it is associated with fully stabilized
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paths of inflation and output in the future and thus with the highest possible continuation
value of zero. The optimal rate of promised inflation—indicated by the solid vertical line—
balances these two forces. All told, the overall objective function—shown in the left-panel of

Figure 7—is maximized at ' < 0.

Figure 8: Policy Functions from the Lagrange-Multiplier Approach
—DModel with Stabilization Bias—
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Note: ¢_; is the lagged Lagrange multiplier, whereas ¢ is the Lagrange multiplier in the current period. The
rate of inflation is expressed in annualized percent. The output gap is expressed in percent.

Finally, Figure 8 shows the policy functions for inflation, output, and the Lagrange mul-
tiplier associated with the saddle-point functional equation (3.2) of the Lagrange multiplier
approach. The top and bottom panels are for the high state and the normal state, respec-
tively. The time-one inflation, output, and Lagrange multiplier are indicated by the penta-
grams in the top panels, which are the high-state policy functions evaluated at the initial
lagged Lagrange multiplier of zero. Thereafter, the dynamics of the economy are governed

by the normal-state policy functions shown in the bottom panels—because the cost-push
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shock is assumed to disappear after the first period—and are traced by the black dots. In
Appendix E, we analytically verify the equivalence of the dynamics of the economy obtained

from the promised value and Lagrange multiplier approaches.

4 Model with the ELB

Our final model features the ELB constraint on nominal interest rates and a natural rate

shock. The private sector equilibrium conditions at time t are given by

O'yt(St) = O'EtyH_l(StJrl) + Et?Tt+1(8t+1) — Tt(St) + 7’* + St (11)
mi(s") = kys(sh) + BEmiy 1 (s (12)

where s; is a natural rate shock following a N-state Markov process. We assume that y; € Ky
and 7m; € Ky where Ky and Ky are closed intervals on the real line, R. We introduce the
ELB constraint on the policy rate by imposing that r, € Kg := [rgrp, "'maz), where rgrp is
the ELB constraint on the policy rate.

Possible values of the natural rate shock are given by the set, S := {01, 2,...,0,}. The
probability of moving from state i to state j is denoted by p(d;]d;). s' denotes the history of
shocks up to time t. That is, s := {s;}! _;. Because there is uncertainty, the allocations are
state-contingent and depend on st.

For any variable z, let us denote its state-contingent sequence {z(s")}?°, by a bold font
x and its state-contingent sequence with the time-one state s; = s by x(s). We say (y,w,r)
is a competitive outcome if equations (11) and (12) are satisfied for all ¢t > 1. We use CE to
denote the set of all competitive outcomes and use CE(s) to denote the set of competitive
outcomes in which the initial state s; is s.

The value sequence, {V;(s!)}:°2; associated with a competitive outcome is given by

o0

Vi(s) = 3085 S ulsHls i (%), me(sh)),

k=t sk|st

. The payoff

where pu(s¥|s') is the conditional probability of observing s* after observing s
function, u(-,-), is given by equation (8) from the previous section. The Ramsey planner’s
problem is to choose the state-contingent sequences of inflation and output to maximize the

time-one value for each s € S. That is,

Viam1(8) = max Vi(s). (13)

a
(y(s),m(s),r(s))€CE(s)

The Ramsey outcome is defined by the solution to this problem and is denoted by {ymm’t(st),

Tram,t(8'), Tram.t(sY) }521. The value sequence associated with the Ramsey outcome is denoted
by {me,t(st)}?il-
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4.1 Promised value approach

As in the previous two models, the infinite-horizon optimization problem of the Ramsey
planner is divided into two stages. In the first stage, the constrained Ramsey problem is

formulated as follows:

% 1o i1 ¢ £\2 £\2
w ,M2,8) = max —= 15} s'|s1 = s) |me(s)” + Aye(s ,
(71,72, 5) (y(s)e(s)r(5)) €L (1 72.5) 2 tZ1 S%::SM( [s1=5) [me(s')* + Aye(s')?]

where I' (1,72, s) is the set of competitive outcomes with the initial state s; = s in which
the initial output and inflation are n; and 72, respectively. This set is more formally defined
in Appendix C. In the second stage, the Ramsey planner chooses the initial inflation and

output promises that maximize w*(n,n2, s):

w'(s) = max w*(n1,m2, S), (14)

(m,m2)€Q(s)
where €(s) is the set of pairs of time-one inflation rates and output gaps consistent with
the existence of a competitive outcome with the initial state s; = s. This set is formally
defined and computed numerically in Appendix C. The Bellman equation associated with

the first-stage constrained Ramsey problem is given by

n

w(nN1i,N2,i,0;) = max uly, ™) + B> p(516:)w(ni ;b 5,6;) (15)

yeKy m€Kn,reKp,{(n] ;.15 )€}, j=1

subject to

Y="mM,

™ =12

N
oy =Y _p(5;16:)[on ; +1h ] — v+ 1%+ 5
j=1
N

w=ry+ B p(dl6)m,
j=1

where we are now explicit about the specifics of the shock (recall that S := {01, d2, ..., 0, }). Let
{wpv (), ypv (), wpv (), v (), {1 ;. py (), M. py(-)}j21} De the value and policy functions
associated with this Bellman equation. Note that there are N promises for both inflation and
output that have to be chosen. The Ramsey value sequence and the Ramsey outcome can
be obtained by iterating over the policy functions for inflation, output, and the policy rate
found in the first step with time-one output and inflation set to the argmax of w*(n1,n2, )

in equation (14).
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4.2 Lagrange multiplier approach

The saddle-point functional equation associated with the infinite-horizon optimization

problem of the Ramsey planner above (equation (13)) is given by

N
W(d)h ¢27 52) = min max f(y7 T, ¢17 ¢ll7 ¢27 ¢/2751) + /sz(5]|5l)w(¢lla ¢l27 6])7
7=1

1,95 yEKy ,meK,reKp
(16)
where f(-), the modified payoff function, is given by

f(y) ™, ¢17 (,25/1, ¢27 (yb/27 52)

=u(y, m) + 1 (r — 1" + oy — &) — o

5 (oy +7) + ¢o(m — Ky) — dor.

Let {yra (1), moaa (), roaa (), 1 1ar(+)s &5 par ()} be the policy functions associated with this
saddle-point functional equation. As in the previous two models, one can find the Ramsey
value and outcome by iterating over these policy functions with the initial Lagrange multiplier

set to zero.

4.3 Analysis of optimal policy

Unlike the first two models, the model with the ELB constraint cannot be solved analyti-
cally under either approach. Thus, we solve the model numerically. The solution methods are
standard and their details are described in Appendix F. As in the model with stabilization
bias, we will simplify the shock structure in order to describe the mechanics of the promised
value approach in a transparent way. In particular, we assume that (i) there are only two
states (crisis and normal), (ii) the economy starts in the crisis state, (iii) the economy will
move to the normal state with certainty in the second period, and (iv) the normal state is
absorbing. In the remainder of the section, we will use the notation d. and d,,, instead of d;
and d9, to refer to the crisis and normal states, respectively. Parameter values are shown in
Table 3. The values for the parameters governing the private sector behavior are the same

as those in the previous sections.

Table 3: Parameters and Transition Probabilities
—Model with ELB—

B A K TELB ¢ on p(éc’(sc) p(ényéc) p(éc‘(sn) p(5n‘5n)
0.9925 0.003 0.024 0 -0.02 O 0 1 0 1

Figure 9 shows the policy functions for the promised inflation and output in the next
period as well as the value function associated with the Bellman equation from the promised

value approach, while Figure 10 shows the dynamics of inflation, output, the policy rate, and
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the value implied by these functions.

Figure 9: Policy Functions from the Promised Value Approach
—Model with ELB—

77'2(7711772:60) w( 771:772:66)
OJ% OOb
7]'2(771777276n) w( 771s772:5n)

Note: 11 and 72 are the output gap and the rate of inflation, respectively, that were promised in the previous
period and need to be delivered in the current period. 1] and n5 are the promised output gap and the promised
rate of inflation, respectively, for the next period. w is the value associated with the Bellman equation (equation
(15)). The rate of inflation is expressed in annualized percent. The output gap is expressed in percent.

The pair of the initial inflation rate and output is given by the argmax of the crisis-state
value function—shown in the top-right panel of Figure 9—and is indicated by the solid vertical
line. The initial inflation rate and output are about minus 0.01 percent and minus 0.6 percent,
respectively. Once the initial inflation rate and output are determined, the dynamics of the
economy are governed by the normal-state policy functions linking the promised inflation
rate and output today to the promised inflation rate and output next period, shown by the
bottom panels. The dots in the policy functions trace the dynamics of the economy. The
economy’s dynamics are shown in Figure 10.

The key feature of the optimal commitment policy in the model with the ELB constraint
is that in the initial period, the central bank promises to overshooting inflation and output
once the crisis shock disappears in the second period—a feature well-known in the literature
(Eggertsson and Woodford (2003); Jung, Teranishi, and Watanabe (2005); Adam and Billi
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Figure 10: Dynamics
—Model with ELB—
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Note: The rate of inflation and the policy rate are expressed in annualized percent. The output gap is
expressed in percent.

(2006)). The overshooting commitment mitigates the declines in inflation and output at the
ELB via expectations. After the second period, inflation and output gradually approach
to their steady state values of zero. Note that, under the optimal discretionary policy—
shown by the dashed lines—there is no overshooting in the aftermath of the crisis shock,
and the declines in inflation and output are larger during the crisis than under the optimal
commitment policy.!

Figure 11 shows the trade-off associated with the Bellman equation, given by equation
15, in the first period when the economy is in the crisis state today but is expected to return
to the normal state in the next period. Given the initial inflation rate and output the central
bank has to deliver today (11 . and 7 ), the Phillips curve pins down the promised inflation
in the next period. Thus, the only control variable available for the central bank to adjust is

the promised output for the next period, n}. The left panel shows how the overall objective

1We formulate the optimization problem of the discretionary central bank and solve for the Markov perfect
equilibrium in Appendix I.
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Figure 11: Trade-off under the Promised Value Approach (Time-One Value)
—DModel with ELB—
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Note: 1} and 75 are the promised output gap and the promised rate of inflation for the next period. Grey
shades indicate the range of ] consistent with negative nominal interest rates.

function varies with the promised output, whereas the middle and right panels show how
the two subcomponents of the overall objective function, today’s payoff and the discounted
continuation value, vary with the promised output.

As shown in the middle panel, today’s payoff is constant, as it depends only on the current-
period inflation rate and output that were promised in the previous period and thus does not
depend on the promised output for the next period. Thus, what maximizes the discounted
continuation value—shown in the right panel—also maximizes the overall objective function—
shown in the left panel. As indicated by the solid vertical line in that panel, the discounted
continuation value is maximized at around 7} = 0.2, meaning that it is optimal to promise
an output overshoot.

The optimality of a positive time-two output for the discounted continuation value reflects
the following two competing forces. On the one hand, because the time-two inflation is
given—it is implied by the time-one inflation and output, as discussed above—promising the
time-two inflation rate of zero maximizes the time-two payoff, as shown in the middle panel
of Figure 12. On the other hand, because the time-two inflation rate is positive, a promise of
zero time-two output means that the time-three inflation has to be positive and even slightly
higher than the time-two inflation because of the time-two Phillips curve constraint.'> By
promising a higher output for time two, the central bank ensures that the time-three inflation
is closer to zero, which is desirable because it is associated with a higher value, as shown by
the right panel of Figure 12. The optimality of promising a positive time-two output is the

outcome of the intertemporal trade-off between these two forces.

12With yo = 0, the time-two Phillips curve implies that 73 = 72/8.
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Figure 12: Trade-off under the Promised Value Approach (Time-Two Value)
—DModel with ELB—
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Note: ni and 75 are the promised output gap and the promised rate of inflation, respectively, for the next
period. Grey shades indicate the range of 7] consistent with negative nominal interest rates.

While 7] = 0.2 maximizes the time-one value, this is not the level of output the central
bank ends up promising for ¢ = 2 because of the ELB constraint on the policy rate. The
ELB constraint on the policy rate puts a lower bound on the promised output the central
bank can choose due to the Euler equation; given today’s output and the rate of inflation in
the next period, the policy rate needs to be sufficiently low in order to support a low level
of output in the next period. In Figure 12, any promised output below the dashed vertical
line is associated with a negative policy rate in the current period. The maximum is attained
when the promised output is at its lower bound and the policy rate is zero.

Turning to the Lagrange multiplier approach, we show in Figure 13 the policy functions
and value function associated with the saddle-point functional equation (16). The time-one
inflation, output, and Lagrange multipliers are given by the crisis-state policy functions—
shown in the top panels—evaluated at (¢1,—1,¢2.—1) = (0,0) and are indicated by the penta-
grams. Thereafter, the dynamics of the economy are determined by the normal-state policy
functions shown in the bottom panels and are traced by the black dots. The dynamics of
inflation and output derived from the Lagrange multiplier approach are identical to those im-
plied by the promised value approach, up to the accuracy of the numerical methods used. In
Appendix F, we contrast the dynamics obtained from the promised value and Lagrange mul-
tiplier approaches and show that the differences are of a magnitude in line with the numerical

errors associated with the global solution methods.
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Figure 13: Policy Functions from the Lagrange-Multiplier Approach
—Model with ELB—
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Note: ¢1,-1 and ¢2,—1 are the lagged Lagrange multipliers, whereas ¢1 and ¢- are the Lagrange multipliers
in the current period. The rate of inflation is expressed in annualized percent. The output gap is expressed
in percent.

5 Conclusion

In this paper, we characterized optimal commitment policies in three well-known ver-
sions of the New Keynesian model using a novel recursive approach—which we called the
promised value approach—inspired by Kydland and Prescott (1980). Under the promised
value approach, promised inflation and output act as pseudo state variables, as opposed to
the lagged Lagrange multipliers under the standard approach of Marcet and Marimon (2016).
The Bellman equation from the promised value approach sheds new light on the trade-off
facing the central bank and provides fresh perspectives on optimal commitment policies. The
promised value approach can serve as a useful analytical tool for those economists interested

in analyzing optimal monetary policy.
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Technical Appendix for Online Publication

This technical appendix is organized as follows:

e Sections A, B, and C describe the technical details of the promised value approach for
the three models considered in the paper.

e Sections D and E present analytical results for the model with inflation bias and the
model with stabilization bias, respectively.

e Section F describes the global solution methods used to solve the model with the effec-
tive lower bound (ELB) constraint and presents the accuracy of the solution.

e Section G presents a few additional results for the model with inflation bias.

e Sections H and I characterize Markov perfect equilibria in models with stabilization
bias and with the ELB constraint on nominal interest rates, respectively.

A Details of the promised value approach for the model with
inflation bias

Notations closely follow Chang (1998). For any variable, x¢, let @ = {z:},2,. (y,7) is
said to be a competitive outcome if, for all ¢ > 1, y, € Ky, m; € Ky, and

T = KYt + BTyl
Let CE denote the set of all competitive outcomes. That is,
CE = {(y, ) |(y, ™) is a competitive outcome} .
The sequence of values, {V;}§°,, associated with a competitive outcome, {y:, 7}, is given

by

o0

Vi = 8" ulyr, )

k=t
where u(-, ), the payoff function, is given by
1
uy, m) = =57 + Ay —y")’]
The Ramsey problem is to choose a competitive outcome that maximizes the time-one value:

Viam,1 = max Vi, (17)
(y,m)eCE

A.1 Recursive formulation

A recursive treatment of the Ramsey problem entails the use of promised inflation made
in period t given by 1,41 = m4+1. Hence, n;41 is period ¢ 4 1’s inflation rate that is promised
by the equilibrium in period t.
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Let Q denote the set of all possible initial inflation promises that are consistent with a
competitive outcome. That is,

Q = {n € R|n = m for some (y,w) € CE}.

Let ' (n) be the set of all possible competitive outcomes whose initial promise is given by 7.
That is,

I'(n) ={(y, ) € CE|m, = n}.
Under the promised value approach, the problem of the Ramsey planner is divided into
two steps. In the first step, the following constrained problem is formulated for all n € €.

i 2

w*(n) = max —=Y B! [712+)\ ye —y*
)= & 2 ; v )

In the second step, the Ramsey planner chooses the initial inflation promise, 1, that maximize

w* ().
‘/T'(lm,l = r’;leaé( w* (77) *

By the standard dynamic programing argument, it can be shown that w* (n) satisfies the
following functional equation:

win) = max  —n+ Ay —y")?] + fu (o)
Y,mn

such that (y,m,7') € K, x Ky x Q,

=1,

and

™= Ky + Bif.

Conversely, it can be also shown that, if a bounded function, w : 2 — R, satisfies the above
functional equation, then w = w*.

Since Ky and Ky are primitives of the model and are known, the object of interest
becomes 2. To find €2, we define an operator, B, as follows. For @) € R, let

B(Q) = {neRlﬂ(y,ﬂ'ﬂ?/) € Ky x Kip x Q, where m =7 and W:Iiy—l-ﬁ?]/}.lg

It can be shown that (i) @ C B(Q) = B(Q) C Q (ak.a self generation), (ii) Q@ = B(Q)
(a.k.a. factorization), and (iii) letting Qo = [Q,ﬁ} and @Qp, = B(Qn-1), Qn 2 Qn+1 and

Q =Ny y@y. As aresult, in order to find €2, one can start from a closed interval, apply the
operator until it converges. The converged set is 2. See Chang (1998) for the proof.

A.2 Computing () with the B operator

We can show that, if Ky is sufficiently large, 2 = Kyj.
Proof: Let @)y := Ky;. From the properties of B-operator described above, we can prove
2 = Ky by showing Qo C B (QU) Let Ky := [ﬂ-minaﬂ'max]- Take Ky := [yminyymax] with

3See Appendix A.2
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Ymin < (1 = B)Tmin/k and Ymazr > (1 — B)Tmaz/k. Take n € Qp. We want to show that
n € B(Qp). Consider y = (1 — 8)n/k, # =n, and ' = n. By construction, ¥min < ¥ < Ymaz,
m € Qo := Ky, and 0’ € Qp. That is, (y,m,n') € Ky x K x Qo Thus, n € B (Qo).

B Details of the promised value approach for the model with
stabilization bias

Let s; denote the exogenous shock of the model at time t and let s* denote the history of
shocks up to time t.

For any variable, x, with range X, let us denote its corresponding state-contingent se-
quence by x = {xt ((5t) }fil That is, « is a sequence of functions mapping a history of states
into X:

1 S—X

and
Tt - St — X.

For any variable, z, with range X, x(s) represents a state-contingent sequence with s; = s
defined by a sequence of functions mapping a history of states with s; = s into X:

1:S—>X

and

xSt — X,
A state-contingent sequence of inflation and output, (y,7r), is said to be a competitive out-
come if, Vt > 1 and Vst € St, y(s') € Ky, m(st) € Kyy, and

mi(sh) = ry(sh) + B Z (s s w1 (s8T) + 54

st+1]st
For each s € S, let CE denote the set of all competitive outcomes. That is,
CE = {(y,m) | (y, ) is a competitive outcome}.
For each s € S, let CE(s) denote the set of all competitive outcomes with s; = s. That is,
E(s) = {(y(s),m(s)) | (y(s),m(s))is a competitive outcome with s; = s}.

The Ramsey planner’s problem is to choose the competitive outcome that maximizes the
time-one value:

Viam,1(8) = max Vi(s
1(8) = o) A gy V100

B.1 Recursive formulation

A recursive treatment of the Ramsey problem entails the use of state-contingent promised
value(s) made in period t given by mi1(uer1|ue) = mer1(Se+1]se) given s, € S and sp41 € S.
Hence, 1:41(s¢+1]s¢) is period t 4 1’s inflation rate, for some state sy;11 € S, that is promised
by the equilibrium in period t for a given s; € S. From now on, we will denote these promised
variables by 77,1, s' €S, si41 = s'.
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For any s € S, denote the set of all possible initial inflation promises consistent with a
competitive outcome by Q(s). That is,

Q(s) = {n € R|n=m for some (y(s),m(s)) € CE(s)}.
For any s € S, denote the set of all possible competitive outcomes whose initial promise is 7

by I'(n, s). That is,
I'(n,5) = {(y(s), m(s)) € CE(s) | m = n} .

For a given s € S, the recursive formulation takes two steps. In the first step, the constrained
Ramsey problem is formulated.

o0

S ST sy = 8) [mlsh)? + Agilsh)?]

t=1 st|s1=s

w*(n, s) ma L
) = X S
7 (y(s),m(s))€T(n,s) 2

In the second step, the Ramsey planner chooses the initial promise to maximize w*(n, s).

Viem.1(s) = max  w*(n, s).
A(9) = max ' (n.5)

By the standard dynamic programming argument, it can be shown that, for a given s € S,
w*(n, s) satisfies the functional equation:

1 /
wims) = max  —s[?+ 7+ 8 p(slsw({n’} .5 €9)
y’ﬂ-’{ns }s’es s'eS

such that (y,?r, {775/} > € Ky x K x {Q(s")}ycss

s’'eS
™ =1,

and

T=ry+B> p(ss)n" +s.
s'es
Conversely, it can be also shown that, if a bounded function, w : Q(u) x U — R, satisfies the
above functional equation, then w = w*.
Since K, and K, are already defined, the objects of interest become Q(s), s € S. To find
Q(s) for a given s € S, we define an operator, B, as follows. For Q(s) € R and s € S, let

B(Q) (s) 2{77 |3 (ym, {775'}8,€S> € Ky x Ky x {Q(5) } s

where 7 =n and © = ky + 3 Zp(s'\s)nsl + 5}.
s’'eS

It can be shown that, for a given s € S, (i) Q(s) C B(Q) (s) = B(Q) (s) € Q(s) (a.k.a self
generation), (ii) Q(s) = B(Q) (s) (a.k.a. factorization), and (iii) letting Qo(s) = [n,7] and
Qn(s) =B (anl) (3)7 Qn(s) 2 QnJrl(S) and Q(S) = m?zo:OQn(s)~

B.2 Computing (s) with the B operator
We can show that, if Ky is sufficiently large, Q(es) = Q(ep) = Kir.
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Proof: Let Qp(ep,) := Kir and Qo(ep) := Kpr. From the properties of B-operator described
above, we can prove Q(e) = Q(e,) = Ky by showing Qo(en) € B (Qo) (en) and Qo(e,) C
B (QO) (en) Let Ky := [ﬂminvﬂ'max]- Take Ky := [ymin7ymax] with ymin < [(1_/8)7rmin_eh]//i
and Ymar > [(1 - B)ﬂ-max - en]//{-

Take n € Qo(ep). We want to show that n € B (Qo) (ep). Consider y = [(1 — )7 — ep]/k,
m=mn, n, =1, and 1, = n. Note that the lowest possible y (when 1 = my,,) is given by
y = [(1 = B)Tmin — €n]/K > Ymin and the highest possible y (when 1 = mp4,) is given by
Yy = [(1 - B)T"max - 6h]/”‘€ < [(1 - B)ﬂ'maz - en]/’i = Ymaz- Thus, y € Ky. m € Qo := K,
ny, € Qolen), nl, € Qolen) := Qoleyn). That is, (y,m,n),1n,) € Ky x Ki x Qo(en) X Qoley)
Thus, n € B (Qo) (n).

Take n € Qo(e,). We want to show that n € B (Qo) (e5,). Consider y = [(1 — )7 — e,]/k,
m=mn, n, =1, and 7, = n. Note that the lowest possible y (when 1 = m,,) is given by
y = [(1 = B)Tmin — €n)]/k > [(1 — B)Tmin — €n]/K > Ymin and the highest possible y (when
1N = Tmaz) 18 given by ¥y = [(1 — B)Tmaz — €n)]/E < Ymaz- Thus, y € Ky. m € Qo := Ky,
iy € Qolen), 7y € Qolen) = Qolen). That is, (y,m,17,.7,) € Ky x Knr X Qolen) X Qolen)
Thus, 17 € B (Qo) (€n)-

C Details of the promised value approach for the model with
ELB

Notations, s;, s, , z(s), are the same as in the model with stabilization bias.
A state-contingent sequence of inflation, output, and the policy rate, (y,m,r), is said to
be a competitive outcome if, V¢ > 1 and Vs' € S, y(s') € Ky, m(s') € K, r4(s') € Kg, and

oyi(s") = o Byr1 (s + Eymppa (s — ry(sh) + r* + sy
mi(s') = kyu(s') + BEm1 (s7)

Tt 2 TELB
Let CE denote the set of all competitive outcomes. That is,
CE = {(y,m,7) | (y(s),7(s),r(s))is a competitive outcome}.
For each s € S, let CE(s) denote the set of all competitive outcomes with s; = s. That is,
CE(s) = {(y(s),m(s),7(s)) | (y(s),m(s),r(s))is a competitive outcome with s; = s}.

The Ramsey planner’s problem is to chooses the competitive outcome that maximizes the
time-one value:

Viam1(8) = max Vi(s)

C.1 Recursive formulation

A recursive treatment of the Ramsey problem entails the use of state-contingent promised
value(s) made in period t given by m+1(sey1]st) = mep1(Seq1]se) and n2p1(Set1lse) =
Yer1(Se41]5¢) given sy € S and sy41 € S. Hence, 11 441(St4+1]5¢) and 12 441(se1]s¢) are pe-
riod t + 1’s inflation rate and consumption levels, respectively, for some state s;y1 € S, that
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is promised by the equilibrium in period ¢ for a given s; € S. From now on, we will denote
these promised variables by nf:tH and n§:t+1, seS, sgr1 =9

For any s € S, let Q(s) denote the set of all possible pairs of initial inflation and output
promises consistent with the existence of a competitive outcome. That is,

Q(s) = {(m, 1) € R |1 = my and 1 = g1 for some (y(s), 7(s), 7(s)) € CE(s)}.

For any s € S, let I'(n1, 72, s) denote the set of all possible competitive outcomes whose
initial promise pair is given by (n1,72). That is,

L(n1,m2,8) = {(y(s), w(s),7(s)) € CE(s) | y1 = m, and m = 1}

For a given s € S, the recursive formulation takes two steps. In the first step, the
constrained Ramsey problem is formulated:

* L= it ¢ £\2 \2
w (M, n2,8) = max —= 15} w(s'[s1 = s) |m(sY)” 4+ Aye(s

( ) (y(s),m(s),m(s))ET (1 ,m2,5) 2 tz_; tzz (&7 ) [ () () ]
= st|s1=s
In the second step, the Ramsey planner chooses the initial inflation and output promises that
maximize w*(ny, 2, S).

Veam1(8) =  max w*(m,m2,8).
ram,1(8) o (m, 72, 5)
By the standard dynamic programming argument, it can be shown that, for any s € S,
w*(m, 12, s) satisfies the functional equation:

1
w(n, 12, 8) = max —5 [T+ 2+ 8D p(s| {?71,?72},8’65)
yﬂrm{(nf 3 )}s’eS s’'eS

such that (y,w,r, {(nf',ngl)} ) € Ky x Kip x Kg x {Q(s")} g s

s'eS
y=m,
™ =12,
= 23wy + 3wl —fy+s
g
s’'eS s’'eS

and
T=kKy+pf Z p(s'|s
s’'eS
Conversely, if a bounded function, w : Q(s) x S — R, satisfies the above functional equation,
then w = w*.
Since {0, R}, K, and K, are already defined, the objects of interest become Q(s), s € S.
To find Q(s) for a given s € S, we define an operator, B, as follows. For Q(s) € R? and s € S,
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let
B(Q(s)) Z{(m,nz) |3 (yﬂm’, {msuné/}s,eg) € Ky x Kn x Kg x {Q(5)} s »

1 , ;o1
h = = = — / S / s
where y =, m = 12,7 = — sE'eSp(s |s)ns + SEIESP(S |s)ny Syt

and T = ky + f3 Zp(s’]s)nfl}.

s'eS

It can be shown that, for any s € S, (i) Q(s) C B(Q) (s) = B(Q)(s) C Q(s) (a.k.a self
generation), (i) Q(s) = B(Q) (s) (a.k.a. factorization), and (iii) letting Qo(s) = [ﬂlvﬁl} X

[1,:72] and Qu(s) = B (Qu-1) (5), Qu(s) 2 Qusa(5) and (s) = M0Qn(s).

C.2 Computing Q(s) with the operator B

The obvious guess for Q(d.) and 2(d,,) is Ky x K. However, we can show that, with
Qo(éc) = Ky x K and Q0(5n) =Ky x Kp, B (Qo) (50) C Qo((sc) and B (Qo) (5n) C Qo((sn)

Proof: Let Qo(d¢) := Ky x Ky and Qo(dn) := Ky x Ky1. Take (11,72) = (Ymaz> Tmin) €
Qo(0,). We want to show that (n1,7m2) ¢ B (Qo) (6r). Let y = m1 and m = ny. Note that, in
order to satisfy the Phillips curve, 12(0,) = (2 — kn1)/8. Note that n2(d,) = (12 —kn1)/6 =
(Tmin — KYmaz)/B < Tmin — KYmaz/B < Tmin. The second-to-last inequality follows from
the fact that mm,i, < 0. The last inequality follows from the fact that yme, > 0.'* Thus,

(n,m2) ¢ B(Qo) (6,,). Similarly, we can prove that (n1,72) ¢ B (Qo) (d¢)-

Since B (QO) (50) C QO((SC) = Ky x Ky and B (QO) (5n) - QQ((Sn) = Ky x K, Q((SC) #*
Ky x Kip and Q(d,) # Ky x Ky. Thus, we have to apply the operator B repeatedly until it
converges to find Q(d.) and Q(d,,).

Analytically characterizing the sequence of {Q;(dc), Q;(dn)}52, seems daunting, if not
infeasible. Thus, we will use a numerical method similar to Feng, Miao, Peralta-Alva, and

Santos (2014) in order to numerically compute {Q;(d.), Q;(5,) 32 and their convergent sets,
Q(8;) and Q(6y).

C.2.1 Setup

Let A = Ky x K x Ki be known as the action space. Due to the following for each
s €S.
(i) Make an initial guess for Q(0), i.e. Q°(8) = Ky x K.
(ii) Create an object, Qgrid(é), by discretizing each dimension, 7, of Q(é) into N,, equi-
distant points. This results in (N, —1) x (N, — 1) rectangles each denoted by =Z;—i =
1, ..., (Ny, — 1) x (Ny, — 1)—which in turn yields a position (jy, , jn,), jn; = 1,..., Ny, —1 and
Jne = 1,..., Ny, — 1, in the discretized state space, Qgria(9).

(iii) Let Gg (Qgrid(cs)) = {]1071 (Z1), .., 101 (E(an_l)X(Nm_l))} be a vector of indicator
functions indicating the inclusion of each rectangle, =Z;, where a value of 1 indicates inclusion

14Since we want to allow (y, 7) to take the value of (0,0), both Ky and Ky have to cover 0. In other words,
Tmin and Ymin has to be strictly negative and 7z and ymasz has to be strictly positive.
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and 0 does not.

(iv) Set G (ng-d(é)) = 1 (a vector of ones).
(v) Let Q5,;4(8) = {Ei € QurialGY (Z) = 1.

C.2.2 Brute-force search algorithm

At each iteration, n > 0, and for each s € S, do the following;:
(i) Given ngd( ) and G§ (Qgrid(é)) we want to update QZ;ZCII( ) and G}t (Qgrid(é)).
(ii) For each E; € ngd( ), make a judicious selection of points to test.'® If for at least
one point, (n1,72) € E;, 3 (y,w T, {77‘15,,77‘25/} D) € A x { g”d(é’)} en such that y = ny,

m =12, 7=+ sepD(10)0] + Xs5icp p(8'16)m8 — 2y + 0, and w = Ky + B 50 (8605,
set Gyt ( ) =1. Otherw1se set Gyt (2;) = 0.

(iii) Update ngcll( ) = {ui € ngle?“ (8i) = 1}-

(iv) If Qn.y(8) = Q151(6) V6 € D, stop the algorithm and set Q(5) = QF1(6), s € D.

Otherwise, repeat the algorithm.

C.2.3 Results

Figure 14 shows the set of feasible pairs of initial inflation and output promises, Q(J).

Figure 14: The set of feasible pairs of initial (y, 7)-promises

5
50 "
— 0 —
> >
-50
-100

-20 -20 0 20
7 {ann. %) 7 (ann. %)

According to the figure, for both high (crisis) and low (normal) states, (i) combinations
of a very high output and a very low output—northwest corner—and (ii) combinations of
a very low output and very high inflation—southeast corner—are not feasible. This makes
sense because Phillips curve constraint requires that, all else equal, inflation today has to be
lower when output is lower.

The set of feasible pairs of initial inflation and output promises is large. In particular, for
both states, a wide range of areas around the steady state of (7 = 0,y = 0) is feasible. Thus,
the boundary of this set does not pose any binding constraints on the optimization problem
associated with the Bellman equation.

5We use a total of nine points: the vertices, the midpoints between the vertices, and the point in the
middle of the rectangle.
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D Analytical results for the model with inflation bias

In this section, we first provide the analytical solutions to the saddle-point functional equa-
tion associated with the Lagrange multiplier approach and the Bellman equation associated
with the promised value approach for the model with inflation bias (section D.1 and D.2). We
then prove that the allocations obtained from the Lagrange multiplier approach are identical
to those obtained from the promised value approach (section D.3).

D.1 Lagrange multiplier approach

Guess that the solution to the saddle-point functional equation takes the following form:

™= Qo + 041,7r¢—17 (18)
O =,y + 101, (19)
Y= gy + o1 yP_1. (20)

We would like to find (ao r, 1,7, @0 ¢, 011,4) such that the following FONCs associated with
the saddle-point functional equation are satisfied:

¢=m+ 1, (21)
0=y —y") — Ko, (22)
T =kKy+ Br. (23)

Substituting (18) and (19) into (21), we obtain

Qo,¢ + a1,¢¢—l = Q0,1 + O[].JT(;S—]_ + Qb_l.

For this equation to hold for any ¢_1, the following two equations must hold:

Qg6 = o, (24)
Qe = 14+ Qi r- (25)

Substituting (21), (18), (19), and (20) into (22), we obtain

0= Aoy +aiyp—1—y") — k(T + P_1),
=Mooy +a1y0-1 —y") — k(oo + 1701+ d_1),
= -y + Ay — ko — Aan yd—1 — k(1 + g q)P—1.

For this equation to hold for any ¢_1, the following two equations must hold:

a1y = -A"R(1+ a1 p), (26)

agy =y — /ﬁ)\_laom. (27)
Substituting (18)-(20) into (23), we obtain

Qo + 051,7r¢—1 = H(a(),y + al,y¢—1) + B(QO,W + 041,7r¢),
= k(ooy + a1yP—1) + Paor + Baix(ap e + a1 ¢d—1),
= Koy + Ko yd—1 + Boog + Barroog + Barron g1
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For this equation to hold for any ¢_1, the following two equations must hold:

agr = kaoy + Blaor + a1,700.4), (28)
Qlqn = Koy + ﬁal,wa1,¢>- (29)

Substituting (24) and (27) into (28),

a0 = ky* — KA oo + Bao (1 + arq),

*

_ KY
1+ REIATI-B(l 4o g)

— 040,7r

Substituting (26) into (29),

a1n = —ATRA(1 4 arg) + Barx(1+ o q),
= ﬁa%ﬂr —(1=B+A "R a1 — A K2 =0. (30)

Substituting (25) into (30) and arranging it,
Baid, -(1+8+ /\_1/12) are+1=0.

The solution to this quadratic function is

(1+B+A11k%) £ \/(1 + 8+ A 1k2)2 — 48
23 '

Since 1 4+ B+ A"1k2 >0,

(T+B8+1182) - \/(1 + B+ A1k2)? —4p
23 '

a17¢ =

Summary of coefficients

(1+B+X1"1k%) - \/(1 + B+ A1k2)2 -4
28

a1’¢ =

_ ry”
14+ K2 = Bag g

@0, = Q0,1

Qo

* -1
Qoy =Y — KA Qox
ar=age—1

Ay = _/\_1’€(1 + a1.7)

D.2 Promised value approach
Guess that the solution to the Bellman equation takes the following form:
' = an, (31)
Y = ayn. (32)
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We would like to find (ay, o) such that the following FONCs associated with the Bellman
equation are satisfied:
My —y") — kw =0,

oW (n') _
/B an/ Wﬂ - 07
n=ry+pn.

where w is the Lagrange multiplier on the Phillips curve. The envelope condition associated
with the Bellman equation is

OW(n) _
o =-n+w.
From above four equations, we have
A A
0="y—n -y, (33)
K K
n=ry+ B (34)
Substituting (31) and (32) into (34), we obtain
1— Ba
ay = T" (35)
Substituting (31) and (32) into (33), we obtain
0=Zayn—agn — ~ayn’
Rayn anmn Kayn )
A A
= —ayn — ayn — —aya
K y7l 0Tl L 0Tl
A A
=—ay —ap— — . 36
Gy = Ay = o yly (36)

Finally, substituting (35) into (36), we obtain

0:)‘(1_5“77>_%_>‘<1_5an>am
K K K K

= M1 - Bay) — K*a, — ap\(1 — Bay),
== A\ba, — /<;2an —apA + a%)\ﬁ,

= BAa; — [(L+ B+ K] an + A,
=Ba; — (1+ B+ A""w%) ay + L.

The solution to this quadratic function is

(1+B+X11k?) £ \/(1 + B4+ A1k2)2 — 48
28 '

Qp =
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Since 1+ B+ A"1k2 > 0,

(1+ B8+ 21167 — \/(1 + B4+ A1k2)2 — 48

a, = %
Summary of coefficients
1—fBa
ay =— — i
(1+ B8+ A 1k?) — \/(1 + B+ A"1k2)* — 48
ap = %

In the promised value approach, one needs to know the value function associated with
the Bellman equation to find the initial inflation. Guess that the value function takes the
following form:

1
Wpev(n) = ppvo + ppvan + §,UPV,2772- (37)
The value function satisfies
1 *
Wev(n) = =5 [0 + My = y")*] + BWpv (n). (38)

Substituting (31), (32), and (37) into (38), we obtain

1 . 1 2
Weyv(n) === [0* + Ay —y*)?] + B |upvo + ppvan’ + sppven™|

2 2
Lo 1o, x 12 1 2 2
=50 - 5)\ lagn® — 2ayny* + [y*]°] + Bupvo + Bupviagn + iﬂﬂPv,zanT] ;
1, 1 L1, 1
= —5772 - 5)\6@772 + Aayyn — 5)\[11 12+ Bupvo + Bupviagm + §ﬂMPV,2a72,7727

1., . 1
= Bupv, — 5)\[31 1>+ (Aayy* + Bupv,ian) n + 3 [Bupvaa; — (1+ Aa2)| n’.

Comparing the constant terms and coefficients on n and 72, we obtain

e M
’ 2(1-p)’
_ Aayy*
HpPV,1 = 1_ 5%’
1+ )\afj
upve = 11— /Ba%'

The initial inflation is given by
m = argmax; Wpy
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oWpy
n

™ =71

_HPV1

HPV,2
Aayy* 1 — 5%27
1 — Bay 1+ a2’

=0

bl

D.3 Equivalence

We now prove that the allocations under the Lagrange multiplier and the promised value
approaches are identical. We do so in two steps. First, we show that the initial inflation and
output implied by the two approaches are identical. We then show that if the initial output
is the same, the allocations from ¢ = 2 on are identical.

D.3.1 Equivalence of time-one allocations

We will first show 7,1 = 7py,1 and then Yy, 1 = Ypo,1-
In the promised value approach, the time-1 inflation is given by

Aayy* 11— Bag
1 —Bay 1+ a2’
_ Ayt Py
K 14X’

Tpv,1 =

with
1 — Bay,
Qy = ——.
Y K
In Lagrange multiplier approach, the time-1 inflation is given by

*

KY
1+ k2N = Bay,

Tim,1 =
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Tpv,1 = Tim,1

)\(1 - /Ba%)(l + KA = Bay) = k(1 + )\az),

<~ —

K

1— 2

= A(lﬁa%)(1+ﬁ2)\_1ﬂan):f’i<1+>\ [ﬁan} ) ,

K K
= RMl-Bo) 1+ kA = Bay) =k (f;? + A1 — Ban]2> ,
= A1-Ba)(1+ kAT = Bay) = K2+ Al - Bay)’,
= (1-Ba)(A+K* = BAay) = K2 + A[1 — Bay)’,
= A+r" = BAay — B — Bral + BPAa) = KX+ A — 2\Bay, + ABPar,
= —BAay — BAa; — BrPap + BPAa) = —2\Bay + AB%al,

1
= —1—an—/ﬁ2xan+ﬂa%:—2+ﬁan,
2 K

=  Pao, - 1+5+7 ap+1=0.

Note that «,, was constructed so that the last equality holds. Thus, the last equality holds
and Tim,1 = Tpv,1-

Now, we will show 1,1 = Ypv,1. In the promised value approach, the time-1 output is
given by

1 - Boy,
Ypu,1 = Tﬂpv,l
1= pBay, Kky*
K 14+ A1k2 — Bay,
_ 1 - Bay, -
14+ A "1k2 — Bay,
)\—1 2
=1 r *

14+ A 1R2— Ban]y

In the Lagrange multiplier approach, the time-1 output is given by

Yim1 =Y — ~ Ky
m, - _
A1+ r2A = Bay,
A 1k2

*

—N—
[ 1+ A 1k2 - Ban]y
Thusa Yim,1 = Ypu,1-

D.3.2 Equivalence of allocations from ¢ =2 on

To show the equivalence of allocations from ¢ = 2 on, we first express the allocation at ¢
as a function of output at ¢ — 1 under the two approaches. We then show that the function
is identical under the two approaches. Since we have already shown that time-one output
is the same across the two approaches, it follows that the allocations from ¢ = 2 on are the
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same across them.
Let the mapping from output in the previous period to today’s allocations under the
Lagrange multiplier approach be given by:

Tim,t = YnYlm,t—1,

Yimt = YyYim,t—1,

for t =2,3,.... Using 0 = —A(Yim,t — ¥*) — KPim,t, we have

Mim,t = Q0,x + O[l,rrd)lm,t

A A

*
=0T~ Y — —Q1aYim,t—1
K K

A

= —— Q1 1Y Im,t-1,
K
and

Yim,t = Q0ox + CVl,ﬂ"blm,t

*

=00y + —1yY — —Q1yYimt—1
y Ty L ALyYim,
A

= ——a1,yYim,t—1,
K

for t =1,2,.... Note that ag » = —%almy* and agy = —%aLyy* are implied by
ﬂaid) - (1+8+ /\71/12) are+1=0.
Thus,

A

Yo = ——01x
K

A

Ty =~ Q1y.
Y K Y

Now, let the mapping from output in the previous period to today’s allocations under the
promised value approach be given by:

Tpv,t = CnlYpu,t—1,

Ypv,t = CyYpu,t—1,

for t = 2,3, .... Using the solution from the promised value approach,

Tpv,t = AnTpv,t—1

_ —1
= anQy Ypu,t—1;

Yput = AyTpu,t
—1
= QyAnQy  Ypo,t—1

= An¥Ypvt—1-
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Thus,

-1

Cr = apa,

Cy = Q.

We want to show v, = ¢, and v, = ¢, which imply yim: = Ypor and mpy, = 7pye for
t=2,3,... given that ¥, 1 = Ypo,1. Let us first show

Yy = Cy.
A
’Yy = _Eal,ya
A K
)
= O1,¢,
14BN - (14 B+ A TR2)2 48
= 25 ,
A+ BN+ R = [(1+ BN+ K22 — 48N2
B 28\ ’
= ay = Cy.
Next, let us show
Yo = ana?jl.
We have )
T = —E(ar] - 1)7
and ra
-1 n
ana,” = .
Ty 1 - Bay,
Kay, A
=——(ap—1
1 — Bay, H(an )
= rKlay = —Na, —1)(1 - Bay)
=  rlay=-Na,—1-— ﬂa% + Bay)
=  Klay=-—Aay + A+ B)\a?? — BAay,
= Blag— A+ LA+ Ry +A=0
2
K
— ﬂa%—(1+5+7)an+120

Note that a, was constructed so that the last equality holds. Thus, the last equality holds
by construction.
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E Analytical results for the model with stabilization bias

In this section, we first provide the analytical solutions to the saddle-point functional
equation associated with the Lagrange multiplier approach and the Bellman equation asso-
ciated with the promised value approach for the model with stabilization bias (section E.1
and E.2). We then prove that the allocations obtained from the Lagrange multiplier approach
are identical to those obtained from the promised value approach (section E.3).

E.1 Lagrange multiplier approach

Given our assumption that the cost-push shock disappears after ¢ = 1, the solution of the
saddle-point functional equation in this model is identical to that in the model with inflation
bias from ¢t = 2 on, and is given by:

a1e(2) = an,p(2) - 1
a1 y(2) = A1+ a1 x(2))
o1s(2) = 1+ 68+ k2N — \/(215+ B+ K2A"1)2 —4p

Turning our attention to ¢ = 1 when the cost-push shock is present, the FONCs are given
by

P(s1) = 7(s1) + P-1, (39)
0= —Ay(s1) — kd(s1), (40)
m(s1) = ky(s1) + Br(P(s1),e2) + e1. (41)
Guess that the solution takes the following form:
7['(31) = aO,ﬂ(l) + al,w(1)¢—la (42)
P(s1) = a,(1) + a1,4(1)p-1, (43)
y(s1) = any(l) + o1,y(1)¢-1, (44)

Note that

m(@(s1), e2) = a1,7(2)P(s1)
= a1,7(2)(@0,¢(1) + a1,4(1)d-1)
= a1,7(2)a0,e(1) + arx(2)are(1)g-1. (45)

Substituting (42) and (43) into (39),
a0,¢(1) + 041745(1)(1)_1 = Ozom(l) + (1 + al,w(l))¢—1-
Therefore, we have

ap¢(1) = aox(1), (46)
Oq’(z,(l) =1+ al,ﬂ-(l). (47)
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Substituting (39), (42), and (44) into (40),
0 = —Maoy(1) + a1, (1)6-1) — Alao(1) + (D61 + 6-1).
Therefore, we have

agy(l) = —RA_laoJr(l), (48)
a1(1) = =A"Te(1 4+ ag.(1)). (49)

Substituting (42), (44), and (45) into (41),
@0,x(1) + a1,2(1)p—1 = Koy (1) + a1y(1)d-1) + B(a1,x(2)ao,e(1) + a1x(2)a1 4(1)p-1) + €1
Therefore, we have

040,7r(1) = /ﬁaoyy(l) -+ B(Ozlﬂr(2)a0,¢(1)) +e1, (50)
a1,x(1) = ko y(1) + Bar #(2)ar,¢(1). (51)

Substituting (46) and (48) into (50), we have

agr(1) = =X ag (1) + Bar £(2)a (1) + e1,
el

— )=y e (52)
Substituting (47) and (49) into (51), we have
a1 2(1) = —REATH1 + a1 (1) + Bar »(2)(1 4 a1..(1)),
() = B m AT 53)

1 + K2ATL = Bag (2)

Summary of coefficients for t =1

(1) = o (2) — P
M =1 + ~2A7E = Bag £(2)

E.2 Promised value approach

As with the Lagrange multiplier approach, given our assumption that the shock disappears
after ¢ = 1, the solution to the relevant Bellman equation in this model is the same as that
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in the model with inflation bias, and is given by:

a1,y(2) = 1= P2 621’77(2)
L+ B+ A2 — V(L +B) + A T2 — 45
a1,(2) = 23
tpw0(2) =0
Mpv,l(Q) =0
i 1 + )\al, (2)2
Ppo,2(2) = _Tli(w

Turning our attention to ¢ = 1 when the cost-push shock is present, the FONCs are given by
Ay(s1) — Ay(n/ (s1), e2) — k' (s1) = 0, (54)

n=ry(s1) + B (s1) + er. (55)

Guess that the solution takes the following form:

1'(s1) = aon(1) + a1, (1), (56)
y(s1) = agy(1) +a1y(1)n, (57)
y(n'(s1), e2) = a1,4(2)(ao,y(1) + a1,,(1)n). (58)
Substituting (56)-(58) into (54),
AMaoy(1) + a1,y(1)n) — Aa1y(2) (a0, + a1,,(1)n) — k(ao,(1) + a1,,(1)n) = 0.
Therefore, we have
A1y (1) = Aany (2)ar (1) — kay(1) = 0, (59)
/\a07y(1) — )\a17y(2)a07n(1) — anm(l) =0 (60)
Substituting (56) and (57) into (55),
n = r(aoy(1) +a1y(1)n) + Blaoy (1) + a1n(1)n) + e
Therefore, we have
1 = Ka1y(1) + Baiy(1), (61)
0 = kagy(1) + Baoy(1) + e1. (62)
From (61),
(1) = 1Pl (63)

Substituting (63) into (59),

) <1 — Bai (1)

- ) — Aa1y(2)a14(2) — kary(1) =0,
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A = ABay (1) — Akaq y(2)a (1) — K%a ,(1) =0,
A= (AB+ Ara14(2) + /12)(11,,7(1),

A
1) = '
— a1,a7( ) A3+ K2 + )\/mLy(?)
Furthermore,
A
1 =
aiy(1) K2+ A6 + Akay ,(2)

B A
K2 B Akl
B A
- K2 + )\ﬁ + )\ — )\Bal,n(Q)
B A

A1+ B+ A1k2) — A8 Hmk%L\/Kzlfjﬁwilnz]hw
- 1

|4 4 A-tp2 = LI A5 T3
B 1
CBATIR2 /[ B) A 2248

P

- 2

1+ B+ A1Rk2+/[(1+8) + A TR — 45

2 L+ B+ AW = VI(L+8) + A W) — 48

14+ B8+ A 1k2+ /[(1+8) + A Th22 =481+ B+ A 162 — /[(1+ B) + A 1k2]2 — 48
1+ B4+ A R — (14 B) + A 1R2P?
2p

= a1,7(2)

Note that a1 ,(1) = a1,(2) implies a1 (1) = a1,4(2)

From (60),
a0,/(1) = Ta0,(1) + a1(Daoy (1): (64)
Substituting (64) into (62),
0= /i\zaom(l) + ka1 y(2)aoy, (1) + Baoy(1) + e,

0 = k2ag (1) + Akai y(2)ag, (1) + BAag,(1) + e1,
(K2 + Aka1 4 (2) + BN)ag,(1) = — e,

. )\61
K2 4+ A3+ Akat 4(2)

— a()m(l) =
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Summary of coefficients

apy(l) = )\aom(l) + a14(2)ao (1)
al,y(l) = al,y(Z)

1 )\61
a0a(l) = = k2 4+ A3 + Akai 4(2)
a1,y(1) = a1,4(2)

Now, we solve for the value function at ¢ = 1.

Whpo(s1) = _%[772 + )‘y(sl)Q] + Bva(n/(Sl), €2).

Guess that the solution takes the following form:

1

va(sl) = Mpuo(l) + :“pul(l)?? + §/v‘pv,2(1)772-

Then,
1

va(n/(sl)v e2) = pv,0(2) +va,l(2)(a0,n(1) + al,n(l)n) + §va,2(2)(a0,77(1) + al,n(l)n)2'

Since fpy,0(2) = ppy,1(2) =0, (66) can be rewritten as follows:

1

Wpu (1 (s1,€2)) = SHr2(2)(a0y(1) + a1, (1)n)>.

Substituting (57) and (67) into (65), we obtain

1

Wonls1) =~ + Maoy(1) + a1y (D)) + 581t 2(2) (a0,4(1) + ar (D),

1
= _5(772 + )\ao,y(l)Q + 2)\a0,y(1)a1,y(1)77 + Aal,y(1)2772)

1
+§ﬁﬂpv,2(2)(a0,n(1)2 + 2“0,77(1)“1,17(1)77+a1,n(1)2772)a
A 1
= _§a0,y(1)2 + iﬁﬁ‘pv,2(2)a0,n(1)2
—Aagy(1)a1y(1)n + Bupw2(2)ao,(1)ar,(1)n
1

A 1
—5772 — §al,y(1)2n2 + iﬁﬂpv,2(2)al,n(1)2n2-

Comparing the constant terms and coefficients on 7 and n?, we obtain

A 1
,“pv,O(l) = *§a0,y(1)2 + iﬁﬂpv,2(2)aom(1)2a
tpo,1 (1) = Bpipy,2(2)aoy(1)a (1) — Aaogy(1)ar,(1),
)2 —1—dagy(1)%

Mpv,?(l) = ﬁﬂpv,Q (2)al,n(2
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E.3 Equivalence

We now prove that the allocations under the Lagrange multiplier and the promised value
approaches are identical in the model with stabilization bias. Since the model’s solution is
the same across two approaches from ¢t = 2 on if time-one output is the same, it is sufficient
to show that the initial inflation and output implied by the two approaches are identical (that

is, Tim,1 — Tpv,1 and Yim,1 = ypv,l)-
We will first show 7,1 = 7py,1 and then Yy, 1 = Ypo,1-
In the promised value approach, time-one inflation is given by

_:upv,l(l)

Ppv,2(1)
_ _Bﬂpv,2(2)a0,n(1)a1,n(1) — Aagy(1)ary(1)

/Bﬂpv,2(2)a1,n(1)2 -1- )\al,y(l)2
_ Bepe2(2)(—ary(Der)ary(1) = A[=(§ + a1,y(2))arner]ary(1)
B Bhipy 2(2)ar (1) — 1 — Aay y(1)?
—Bhpv2(2)a1n(1)* + MK + a1,4(2))a1,5a1,4(1)
Bhp,2(2)a1,,(1)? — 1 — Aa y(1)?

In the Lagrange multiplier approach, time-one inflation is given by

Trpv?l -

= —61

Tim,1 = aO,ﬂ(l)

11— ﬂal’ﬂ-(Q) 4+ A 1k2
11— Blar(2) — 1) + A 1k2
14 B+ A 1k2 — Bay 4(2)
€1
1+ B+ A 1K2 = Bary,(2)
_ a1,n(2)er
S+ B4+ AR - Baiy(2)]a1,,(2)

= a1,(2)ex

where the last inequality follows from the definition of a1,(2). Putting things together,
showing 7y, 1 = 7,1 amounts to showing

B —ﬁﬂpv,2(2)a1,n(l)2 + >\(§ + al,y(Q))al,nal,y(l)

a1y(2) = Blipwa(2)ar,(1)2 — 1 — Aay,(1)2

=

Bhipo,2 (2)‘11777(1)2611,77(2)_“1,77(2) _/\al,y(l)Qalm(Q) = Bﬂpv,2(2)a1,n(1)2_)‘<

—

—a1y(2) — )\a17y(1)2a17,7(2) = 5ﬂpv72(2)a1,n(1)2(1 —a1,(2) - )‘(; + a1,4(2))a1,na1,y(1)

K

)\+a1,y(2))a1ma17y(1)
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—a1,7(2) = Brpu2(2)a1,y(1)*(1 = a1,(2)) — ka1 a1 (1)

1+ Aayy(2)?
—a1(2) = ~A T S (P a1(2) — gy (1)

Multiplying both sides by 1 — Ba; ,(2)?, we obtain
—a1,7(2)(1 = Ba14(2)%) = =B(1+ Aa1,y(2)*)a1,5(1)*(1 = a14(2)) — Ka1ya1,4(1)(1 = Ba1,(2)%)
Dividing both sides by a1,(2), we obtain

-(1- 5“1,77(2)2) =-p(1+ /\al,y(2)2)a1,n(1)(1 —a1,5(2)) — Kary(1)(1 - ﬁalm(2)2)

—

~(1 = Ba1,(2)%) = =B(1 + Aa1y(2)")ary(D)(1 - a14(2) — & (1 - Ba14(2)")

—
—(1 = Ba1,(2)%) = =B(L + Aa1,y(2)*) a1y (1) (1 = a1,4(2)) = (1 = Bar »(1) (1 — Bary(2)*)

—

1— Balm(l)
K

—Bary(1)(1 = Bary(2)?) = AL+ Aary(2)*)ar (1)1 — a1,4(2))
Dividing both sides by —fa1,(1), we obtain

1= Ba1y(2)” = (1 + Aa1y(2)*) (1 — a1,4(2))

L0 @py g gy, (2))

= (14 01— 2801,4(2) + B (271 — a1, (2)

= (14 )]

=(1+ %[1 —2Ba1,(2) + B+ B+ A KD a1y(2) — B (1 — a1,(2))
AM1=B) A8

=1+ == -1+ 8+ A R)a1,(2)) (1 = a1,(2))
14 A(l,; B 4 %f(—l + B+ A ka1, (2)
—(1+ )‘(1,5 m)am(?) - %2(—1 + B+ A a1 y(2)?

Multiplying both sides by &2, we obtain
K? — BrPary(2)® = k2 + M1 — B) + AB(—1+ B+ A 'k%)a1,(2)
— (K + A1 = 8))a1,4(2) = AB(—=1+ B+ A 'K%)ar,(2)?
= 2+ A1 = B) + (A% + K?B — k% = Na1,(2)
+ (A8 = AB% = BK?)a1 n(2)?
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Subtracting % — Bk%a1,(2)? from both sides, we obtain

0=A(1-8)+NB-1(B+1)+ 1= B)lary(2) + AB(1 — Bary(2)*
Dividing both sides by A(1 — 3), we obtain

2
0= —(1+ 8+ )ary(2) + Bary (2)?

This quadratic equation holds by the definition of ay,(2). Thus, 7,1 = Tpe,1-

Now, we will show 9,1 = ¥pu,1- In the promised value approach, the time-1 output is
given by

Ypu,l = G0,y + A1,yTpy,1

K

= _[X + a1y (2)]ary(1)er + a1y (1) mp 1

_

RS
K

= — 1 Tpu,1

A

+ a1,5(2)|7pu,1 + a1,4(2)Tpu 1

In the Lagrange multiplier approach, the time-1 output is given by

Yim,1 = aO,y(l)
K

)\QO,W

K

= )\7rlm,1

Thusa Yim,1 = Ypu,1-

F Global solution methods and their accuracy for the model
with ELB

F.1 Lagrange multiplier approach

F.1.1 Marcet and Marimon’s recursive formulation

Marcet and Marimon (2016) recursify the Ramsey problem using the Lagrange multipliers
as pseudo state variables:

W 0;) = mi 27 2
(1, P2, 0:) goohwmezol 27 T 27

+ ¢ (r+oy+6;)—B o1 (oy+ )

N
+h (= ky) — dam + B> p(8;16:)W (¢}, ¢, 6)

j=1

50



The first-order necessary conditions (FONCs) are given by

Oy : — Ay +o¢h —of o1 — kph =0
on:—m—B o1+ ¢y — 2 =0

N
A v + oy — 6; — ZP(5j|5i)W1(¢,1’ 95,0j) =

j=1

N
Opy m — Ky — BZP(5J"5¢)W2(¢,1, ¢, 05) =0

j=1

where Wi ( ,17¢,275j) = OW/( /17 /276j)/8¢,1 and Wy( /17 /275j) = W[ /17 /2,5]‘)/8(;5/2. The
following Karush-Kuhn-Tucker conditions (KKTCs) must be satisfied as well

¢ir=0, ¢ <0, and r>0.

The intitial conditions are such that ¢; = 0 and ¢ = 0.

F.1.2 Time iteration method

We explicitly consider a vector of policy functions ¢(&;) = [y(&), 7(&), (&), ¢1(&), d5(&)])
as functions of the state variables & = (¢1, ¢2,6;) fori = 1,..., N. Using the envelope theorem

(i.e., Wi(o1, ¢2,90;) = oy(&)+m(&) and Wa(p1, do,d;) = 7r( ) ky(&;)), we have the following
a system of functional equations

e (&) = — My(&) + 08 (&) — %qsl — k(&) = O,

erm2(&) = — (&) — B 1 + ¢h(&) — g2 =0,

N

erm3(&) =r(&) + oy(&) — 65 — D p(6j10:) [oy(¢1 (&), $5(6),65) + m(1(&), 5(&), 65)] = O,

J=1

erma(&s) = — Ky — 62p6|6 [ky(1 (&), $5(&0), 05) + m(1(&), d5 (&), 87)] = 0.

7j=1

Algorithm The time iteration method takes the following steps:
1. Make an initial guess for the policy function ¢(0)(¢&;) for i =1,...,N.

2. For k = 1,2,... (k is an index for the number of iteration), given the policy function
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previously obtained ¢*=1)(&;) for each i, solve

o
—/\y+0¢'1—3¢1—/€¢'2=0

—m =B 1+ ¢y — g2 =0
r+oy—9d;

N
= > p016:) [y (8], 0, 65) + (64, 65,85)| = 0

Jj=1

N
7=y = B p(0316) [my "0, 65, 05) + 7D (61, 6h,85)] =0

=1

for (y? T, ¢/1a ¢/2)

3. Update the policy function by setting y = y®) (&), 7 = 7®) (&), r = r®) (&), ¢ =
¢1(k)(§i), Py = ¢2(k)(&) fori=1,...,N.

4. Repeat 2-3 until || (&) — ¢B=1(g)]| is small enough.

We use the following indicator function approach as in Gust, Herbst, Lopez-Salido, and Smith
(2017), Nakata (2017), and Hirose and Sunakawa (2017). That is, for ¢ € {y, m, ¢}, 5},

(&) = Ly pen>osnzLB(&) + (1 - HTNZLB(gi)zo) sz (&)

where ¢nzrp(&;) is the policy function assuming that ZLB always does not bind and ¢zr,5(&;)
is the policy function assuming that ZLB always binds. Lz p(€)>0 18 the indicator function
that takes the value of one when rnzrp(&;) > 0, otherwise takes the value of zero. Then, in
Steps 2 and 3, the problem becomes finding a pair of policy functions, (sxzrB (&), sz (&),
as follows (we denote a tuple of variables to be solved (ynzLB, TNZLB, ¢11,NZLB7 ¢’27NZLB, TNZLB)
in the non-ZLB regime and (yz1p, 7718, ¢/1,ZLB= ¢§7ZLB,TZLB) in the ZLB regime): (i) When
we assume that ZLB does not bind, given the values of ¢1, ¢ and ¢/1,NZLB =0, solve

Gonzis =K (—AynzLe — 0B 1)

-1
TNZLB = $aNzip — P2 — B ¢1
N

TNZLB — KYNZLB — 8 ZP(‘%’@) [Hy(k_l)(ov $o NzLB> 0j) + =1y, P9 NZLB> 5]')} =0
=

/
for (yNZLB7 WNZLBa ¢2,NZLB) Then we haVe

N
rNzLB = —oyNzLe + 0+ Y p(8]5;) [O'y(k_l)(oa ¢ nzups 05) + D0, ¢ nzs, 53‘)}
=1
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and set ynzLp = yl(\?Z)LB(gi)? TNZLB = Wl(\;gz)LB(fi)v and rNzLB = Tl(\?Z)LB(gi)' (ii) When we
assume that ZLB binds, given the values of ¢1, ¢ and rz1.g = 0, solve

Gygip =T+ b2+ B

Mg =0 "kdhgrp+0 Ayzs + B o1

N
TZLB — KYZLB — Zp(fsj’(si) [Hy(k_l)(%,zms; ¢y 7185 05) + W(k_l)(¢/1,ZLB, b5 7185 5j)} =0
=

N
— oyzie + i+ B8 p(6;16) [Uy(kil)((ﬁll,ZLB7 0208, 05) + 7"V (S 1. S i, 53')} =0
i=1

for (yzue, 718 &) 715, D5 7z1p) and set yzip = ?/ch)B(fi) and mz1B = Wé?B(fi)-

When we solve the problem on a computer, we discretize a rectangle of the state space
of (¢1,¢2). We use 21 points for each state variable. We set ¢; € [—0.002,0] and ¢2 €
[—0.005,0.009], and divide the state space by evenly spaced grid points. We use piecewise-
linear functions to approximate the policy functions off the grid points.

Figure 15 shows the impulse response of the residual functions (erm, 1, erM,2, €LM,3, €LM,4)-
Note that (erm,1,erm,2) (the FONCs) hold with equality (up to the machine precision), as
we use these equations to substitute variables other than the ones we solve for with the other
equations.

Figure 15: Euler errors: LM approach.

%1012 €M1 x10 712 M2
154 - - - 155 - -
05 t 1 05 ¢t
0 0
05 | {1 o5t
-1 -1 -
2 4 6 8 10 2 4 6 8 10
time time
-9 €im3 -8 € ma
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F.2 Promised-value approach

F.2.1 Recursive formulation

We substitute out m =, ) ; = 7}, 72 = y, and 75 ; = y;. For each ¢; € D, the problem
for the optimal commitment policy planner can be written as

N

A 1

w (Y, mi,0;) =  max e Ay S ﬂZp(5j|5i)w (v, 75, 65)
y,ﬂ',r,{ﬂj,yj} 2 2 j=1

subject to
Y=Y
=T
N
oy =Y p(5;16:) [0 + 7] =1+ 6
j=1
N
T =ry+B Y p(d;|6:)7)

j=1
Let the Lagrange multipliers on the constraints wy; and ws. The FONCs are given as follows:

ﬁy;- :— owy + Pfw (yﬁ,ﬂ}fsj) =0
O]~ — B + B (471, 5) =0

N
Owy :0y +1 — & — Zp(%"@‘) [Uy; + ”;] =0
j=1
N
Owy :m — Ky — ﬂzp(5j|5i)”§' =0
j=1

forj =1,..., N, where wl(y;-,ﬁé-,éj) = aw(y;-,ﬂé-,éj)/f)y; and wg(yg,ﬂg,(sj) = 8w(y§,7r§-,5j)/871';—.
N

Note that these equations hold at each state j due to the state-contingent promises {yg, 71';} .
=1

By using the envelope theorem and noting y = y; and ©™ = m;,

wi (Yi, i, 0;) = — Ay + 0wl — Kwe

wa (Yi, T, 04) = —T; + wo
fori=1,..., N. Then we have

— Ay — B lows + ow) — kwh =0

—w§—5*1w1+w’2—w2:0

for j =1,..., N. As an important reminder, these equations yield a total of 2N FONCs since
there are IV states. The following KKTCs must be satisfied as well

wir=0, w; <0, and r>0.
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F.2.2 Time iteration method with simulated grid

We explicitly consider a vector of policy functions (&) = [{y; (&), 773(5,) ;-V:l, (&), wi(&),

wg(gi)]’ as functions of the state variables & = (y,,d;) for i = 1,...,N. Then we have the
following a system of functional equations

epv,15(&) = — Mj(&) + owi (y(&), 75(8:), 65) — o8 wi (&) — kwa(y)(&), 75(&), 65) = 0,
forj=1,...,N,

epv2,;(&) = — (&) — B wi(&) + wa (&) (&), 6;) —wa(&) =0, for j =1,..., N,

N
epv3(&) =r(&) +oy—0;— > p(5;]6:) [U?/ﬂ&) + 775'(51')] =0,

=1

N
epva(&) = — Ky — B ZP(5j|5i)7T§'(5~i) = 0.

i=1

We solve for the Ramsey equilibrium in a way that captures the full range of plausible
values for y and 7. Given the set of parameter values and the shock process we assume, some
pairs (y, ) in a rectangle state space (as in Section F.1) may not be plausible in the Ramsey
equilibrium. This makes solving for the policy and value functions with the rectangle state
space impossible. In order to circumvent this problem, we adapt the approach of Maliar
and Maliar (2015) (hereafter MM). That is, we solve for the policy functions on simulated
grid points based on ergodic distribution of {y;, ¢, d; }, which are presumably included in the
distribution of plausible promised pairs.

EDS algorithm As in MM, we merge the simulation-based sparse grid and the time iter-
ation method by the following steps:

1. Initialization:

(a) Choose initial values & = (yo, o, dg) and simulation length, T'.

(b) Draw a sequence of {§;}._, where §; € D and fix the sequence throughout the
iterations.

(¢) Choose approximating policy functions 5(&;9) and make an initial guess of 8,
where 0 is a vector of coefficients on a polynomial.

2. Construction of an EDS grid

(a) Given {6;}7 ,, use &(&;0) to simulate {y;, 7} ;.
(b) Construct an EDS grid I'(6;) = {Ym, mm; 5&%;1 for eachi=1,...,N.

3. Computation of a solution on EDS grid, G(&; 0), using the time iteration method

(a) Make an initial guess for the policy function ¢(©).

(b) For k =1,2,... (kis an index for the number of iteration), given the policy function
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previously obtained ¢*=1 solve

— Ny + awgk_l)(y},ﬂ;,éj; 0) — o tw — Hwék_l)(y;,w;,éj; 0)=0, forj=1,..,N,

— 7T;- — ,3_10)1 +wék_1)(y;77réu(5]70) — w2 = 07 for -7 = 1’ ""N’

N
rtoy =6 — > p(d;16) [oy) + 7] =0,
j=1

N
m—ky—B Y p(6;]6:)7; =0,
j=1

for ({yé,w}}éyzl,r,wl,wg).

(c) Update the policy function by setting y; = y;(k) (&) for j=1,..,N, T = w;(k) (&)
for j=1,...N,r=r® (&), w = wgk)(éi), wy = wék)(gl)

(d) Repeat 2-3 until HG(’“) - g’(k_l)H is small enough.

4. Repeat 2-3 until convergence of the EDS grid.

In Step 2, we construct an EDS grid I'(d;) indexed by 0; € {,,d.} (we assume N = 2 and
8; € {0n, 0.} hereafter) from an essentially ergodic set {y:, 7, 0; }.—,. Given the policy function
$(s4;0) and the sequence of {8;}]_;, we first simulate the economy to obtain an essentially
ergodic set. As we assume the normal state is absorbing, i.e., p(d.|d.) = p(dc|6,) = 0, in
order to obtain samples in the crisis state, {5t}tT:1 is not necessarily consistent with the
true stochastic process. In other words, the ergodic set we obtain here is quasi-ergodic (see
Figure 18).

In constructing an EDS grid from the ergodic set, we do the following two step procedure
(see MM for more details):

1. Selecting points within an essentially ergodic set (called Algorithm A" in MM)

2. Constructing a uniformly spaced set of points that covers the essentially ergodic set
(called Algorithm P€ in MM)

There are two important parameters in this two step procedure: The interval of sampling, ¢,
and the threshold of density, e. We set these parameters depending on the exogenous state
variable 0;. We set (tn,tc) = (5,1) and (e, €.) = (0.001,0.000001), considering the ergodic
set has fewer number of samples in the crisis state. The number of grid points is set to
M, = M, = 40.

In Step 3, as in the LM approach, we use the following indicator function approach. That
is, for ¢ € {y,, 7}, YL, 7w, w1, w2},

S(&) = ]ITNZLB(EZ.)EOGNZLB(&) + (1 — HTNZLB(EZ')20> Sz (&)

Then, in Steps 3(b) and 3(c), the problem becomes finding a pair of policy functions,
<§NZLB(§~,~), GZLB(&)), as follows (we denote a tuple of variables (yqlm,NZLB7 w;7NZLB, yé’NZLB,

/ : : / / / /
Wc,NZLB’ wLNZLB, W2 NZLB, TNZLB) in the non-ZLB regiume and (yn,ZLB7 Wn,ZLB’ yc,ZLB’ Wc,ZLB’
W1,7LB, W27LB, TzLB) in the ZLB regime): (i) When we assume that ZLB does not bind,
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given the values of y, 7 and wi nzLB = 0, we solve

/ (k=1), 1 ' . -1 (k=1) 1 ' .0) —

- )‘yn,NZLB +ow; (yn,NZLBv Tn,NZLB> 0n; 0) — o7 w1 — Kwsy (yn,NZLBa T, NZLB> 0n; 0) =0,
/ (k—=1)/ 1 / . -1 (k=1)/ 1 / . _

- Ayc,NZLB +ow; (yc,NZLBv Te NZLB> 0c;0) — 0B w1 — Kws (yc,NZLBv Te NZLB> 6c;0) =0,

(k—1)

/ / / . _
— T NZLB T W (yn,NZLB7 T NZLB: On; 0) — wanzLB = 0,

k—1
- Wé,NZLB + Wé )(yé,NZLBa 7r¢/:,NZLB7 6c;0) — woNzLB = 0,
T—ky—f3 [p(5n|6i)7T;L,NZLB + p(56|51)7ré,NZLB] =0,

/ / / /
for (yn,NZLB7 T NZLB> Ye NZLB> e, NZLB> wa NzLB) and

rNzLB = —0y + 0 + p(0nl6i) [0y Nz + ThNnzes] + P(0cl0i) [0Ye nzis + T NzLB]
dset 0 = o™ g _ (k) g d — 8 (€N (i) Wh
and set wLNZLB(&), W2 NZLB w2,NZLB(£l)’ and rnzLB = rygp(&)- (i) en we assume
that ZLB binds, given the values of y, 7 and rz;,3 = 0, we solve
/ / 50_ —1 _ (k_l) / / 60 =0
Yn,ZLB> Tn,ZLB> On} ) — 0B wizLB — Kws (yn,ZLBaWn,ZLBa n; 0) =0,

/ (k=1) (1 / . -1 (k=1) ¢ 1 / .0 —
— AYez1B + 0wy (yc,ZLBa Te.71LB» Ocs ) — o8 wi,zLB — KWy (yc,ZLBv e 71,85 Oc; 0) =0,

1)

k—1
— XNynziB + U"Jg )(

/ (k— / / .
— Tzt T Wy (Yn.zLB> TnzLB, On; 0) — w718 = 0,

k—1
— Tz + wé )(yé,ZLB7 Tez1B) 0c;0) —wazr = 0,
— oy + 6; + p(dn]6;) [Uyézw + W;L,ZLB] + p(6cld:) [Uyé,ZLB + Wé,ZLB] =0,
T—ky—f3 [p((snwi)ﬂ-;z,ZLB +p(56|5i)7ré,ZLB} =0,

k = k =
for (%,ZLB77T1/1,ZLB7yé,ZLBWQ,ZLB’WlaW?) and set wy = w%,Z)LB(gi) and wp = wé,Z)LB(&)'
We use second-order polynomials to approximate the policy functions off the grid points.
That is, we fit a second-order polynomial,

5(51‘; 0) = 0; 0,0) + 0i,(1,00Ym + i,0,1)Tm + 91‘,(2,0)%2,1 +0; (1,1)YmTm + 91',(0,2)7%2;1

. . . M;
for each variable ( Lyl W, wa rl) on the grid points I'(§;) = T 0i 3% .
ynJv n,l’ yqla c,l’ N2 N2 lE{NZLB,ZLB} g p ( 1) {yma my ’L}m_]_

When we fit polynomials, we use the LS-SVD algorithm by following Judd, Maliar, and Maliar
(2011) to avoid potential multicollinearlity problems.

Figure 16 shows the impulse response of the residual functions (epv,i,n, €PV,1,c; €PV.2.n,
epv,2,c, €PV,3, €pv.4). Note that (epy 3, epyv,4) (the consumption Euler equation and NKPC)
hold with equality (up to machine precision), as we use these equations to substitute variables
other than the ones we solve for with the other equations.
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Figure 16: Euler errors: PV approach.
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Figure 17: Difference in dynamics between LM and PV approaches.
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Figure 18: Quasi-ergodic distribution and EDS grid of (y, )
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G Additional results for the model with inflation bias

An interesting feature of the Ramsey outcome in the model with inflation bias is that
inflation and the output gap eventually converge to zero. To better appreciate this feature, it
is useful to contrast this convergent point with two time-invariant pairs of inflation and the
output gap. The first pair is the one that prevails in the Markov perfect equilibrium. The
second pair is the one that maximizes the time-one value. The analysis of Markov perfect
equilibrium in the model with inflation bias has been studied by many. The value-maximizing
pair of constant inflation and output is studied in Wolman (2001) in a sticky-price model with
inflation bias.!©

G.1 Markov perfect policy in the model with inflation bias
The problem of the discretionary central bank is to choose {y;, m}, taking as given the

future value, V11, and inflation, myy1:

1 *
V; = max —5[77,52 + My —y )2] + Vi1

Yt,Tt

subject to the Phillips curve constraint. The Markov perfect equilibrium in the model with
inflation bias is given by a set of time-invariant value and policy functions that solve this

5 Wolman (2001) analyzes a fully nonlinear model and did not provide analytical results, whereas we study
a semi-loglinear model that permits analytical results.
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Bellman equation and is denoted by {Varp, yarp, e, rarp}. They are given by

Ymp = i)l y"
2N+ (1 — B)A2
B AR .
T™P = 2+ (1= B)n 1 —ﬁ))\y

1
Vip = 1— Bu(yMPﬂTMP)

Proof: Let ¢ be the Lagrange multiplier on the Phillips curve constraint. Then,

oV
—:0=-XNy—y*) —
3y (y—y") — Ko
oV
—:0=- .
9y T+
These equations imply
. K
y=vy =37

Putting this into the Phillips curve,
7 =r(y" — ;ﬂ) + pr’.
In equilibrium, 7 = 7/, which we can call wp;p. Thus,

K
mvp = k(Y — ~mmp) + Brmp

A
K2 N
<~ (l‘f’T_B)ﬂ'MP:/’iy
24+ (1-B)A
— Fri—rhA +()\ A Tvp = Ky*
AR .
— y*.

S A

With this mpp,

* K
Yymp =Y *XWMP

. K AR .
Y T 2+ (-
_ s AK® R
Tt - paY

Ak .
=0 Ta—pel

(1-p2

K2+ (1— gz’
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The pair of output and inflation consistent with the Markov perfect equilibrium is shown
by the dashed lines in Figure 19. As is well known in the literature, the discretionary central
bank that takes the expected inflation as given will try to increase output by raising inflation
today. A higher inflation today in turn worsens the inflation-output trade-off for the central
bank in the previous period. In equilibrium, the economy ends up with positive inflation and
output that is positive, but below y*.

G.2 A value-maximizing pair of constant inflation and output gap

The value-maximizing pair of constant inflation and output gap, denoted by (7var, yvar),
is the pair of constant inflation and output gap that maximize the time-one value. That is,

(mvar, yva) == argmax, . Vi

where the optimization is subject to

T = Ky + B,

It is straightforward to show that

k+A1—p)2Y
. TV M
yvm =Y —Hma

W = u(mya, yvr)

VM =
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Proof: Let ¢ be the Phillips curve constraint. Then,

oV
@ZOZ*A(y*y*)*W
oV
The second equation means -
¢:1—5
0=-Ay—y")— Ko
= 0=—A(y—y*)—f€17_rﬁ
o_ T
. s
I P YE )
(1—pB)m = ry
= (1—5)772/{2/4;1;*—/12)\(1716)
= 0=p+ gl =m
I<}—|—)\(1—B)2 _ *
= Taa-p M
_ ﬁA(l_ﬂ) *
= T

The value-maximizing pair of output and inflation is shown by the dash-dotted lines in
Figure 19. Because of the presence of y* > 0, the value maximizing pair features positive
inflation and a positive output gap, as in the Markov perfect equilibrium. However, the
magnitudes are much smaller than under the Markov perfect equilibrium.

As shown in Figure 20, the time-one value associated with the value-maximizing pair is
by construction lower than the time-one value under the Ramsey equilibrium. However, once
inflation and output converge under the Ramsey equilibrium, the Ramsey value is lower than
the value associated with the value-maximizing pair.

H Markov perfect policy in the model with stabilization bias

In the discussion of the optimal commitment policy for the model with stabilization
bias, we contrasted the allocations under the optimal commitment policy to those under the
Markov perfect policy to describe the benefit of commitment. In this section, we formulate
the problem of the discretionary central bank and solve for the Markov perfect equilibrium.

For each s; € S, the problem of the discretionary central bank is to choose {y, m}, taking
as given the future value function, V;;1, and the future policy function for inflation, m1.
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Figure 20: Dynamics
—Model with Inflation Bias—
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That is,
1
Vi(s¢) = max —§[Wt2 + A7) + BEVig1(se41) (68)

Yt, Tt

subject to the Phillips curve constraint. The Markov perfect equilibrium in the model with
stabilization bias is given by a set of time-invariant value and policy functions that solves
this Bellman equation and is denoted by {Varp(-), ymp(-), Tap(+), rarp(-)}. For the simple
shock case considered in the main text, the solution can be found analytically. For the normal
state, we have

ymp(en) =
WMP(en) =

0
0
Vup(en) =0

because the normal state is an absorbing state. For the high state when the cost-push shock
hits the economy, we have

Kep,
unp(en) = =377
€h
Tvp(en) = —
144

Vip(en) = w(ymp(en), Tap(en))

I Markov perfect policy in the model with the ELB

In the discussion of the optimal commitment policy for the model with the ELB, we
contrasted the allocations under the optimal commitment policy to those under the Markov
perfect policy to describe the benefit of commitment. In this section, we formulate the
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problem of the discretionary central bank and solve for the Markov perfect equilibrium.
The problem of the discretionary central bank is to choose {y, 7}, taking as given the
future value (Vi4+1) and inflation 7 1:

Vilse) = max —2 [ + M2) + BE Vi (ses1)
subject to the Euler equation and Phillips curve constraints. The Markov perfect equilibrium
in the model with the ELB is given by a set of time-invariant value and policy functions that
solves this Bellman equation and is denoted by {Varp(+), yarp(+), marp(s), rarp(-)}-

For the two-state shock case considered in the main text, the Markov Perfect equilibrium
can be characterized analytically. For the normal state, we have

because of the absorbing state assumption. For the crisis state, we have

r* 4+ s
ymp(0e) = L
o
r* +s
Tump(0c) = K . t

T’Mp(5c> =0
u

Ve (0e) = u(yamp(de), Tarp(dc))-
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