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1 Introduction

The recognition that some assets have a special role in facilitating trades has major implications for macro-
economics.! As shown by Marshall (1992), Bansal and Coleman (1996), Kiyotaki and Moore (2005) and
Lagos (2006), among others, it helps understand asset pricing anomalies and the transmission of monetary
policy to assets’ returns. A common approach, however, is to take as exogenous the ease with which assets
are traded. This type of shortcuts is undesirable as it occults the link between the liquidity of an asset
and its intrinsic characteristics and it makes the model ill-equipped for policy analysis—e.g., the degree of
moneyness of an asset is likely to depend on the stance of monetary policy.?

The aim of this paper is to provide a monetary theory of asset liquidity—one that emphasizes the role of
assets in payment arrangements—and to explore its implications for the relationship between assets’ intrinsic
characteristics and liquidity and the effects of monetary policy on payment arrangements, asset prices, and
welfare. Following the tradition pioneered by Kiyotaki and Wright (1989), this paper considers economies
where some trades occur within bilateral meetings and a double-coincidence-of-wants problem makes the use
of a medium of exchange necessary. Fiat money coexists with a real asset, and no restrictions are imposed
on payment arrangements.

The main innovation consists in endogenizing the liquidity of the real asset, as apprehended by its
transaction velocity, by introducing an informational asymmetry in regard to the fundamental value of the
asset. Specifically, some agents are better informed about the future performance of the real asset, which
makes it costly to trade.

A novel aspect of the theory is that it generates a strict preference for currency as a means of payment.
In some states, individuals finance their consumption opportunities with cash and use their real assets as
means of payment only if their currency holdings are depleted. Moreover, individuals do not spend their
marginal unit of the real asset even when their consumption is inefficiently low. As a consequence of the
illiquidity of the real asset, a monetary equilibrium exists—one where fiat money is valued—irrespective of

the quantity of the real asset, provided that inflation is not too high.

I Assets can facilitate trades in various ways: by acting as means of payment (e.g., currency and demand deposits), by being
easily transformed into means of payment (e.g., checkable mutual funds), or by serving as collateral (e.g., government securities,
land).

2 According to the Wallace (1996) dictum, the roles of assets as means of payment should not be taken as a primitive but
it should be explained by the frictions in the environment and assets’ physical properties. This paper will make an attempt to
comply with this dictum.



A major insight of Kiyotaki and Wright (1989) was to show that the acceptability of a good depends
on its its storage cost as well as other fundamentals (e.g., the pattern of specialization) and beliefs. In the
same spirit, this paper establishes a relationship between asset liquidity and its dividend process. The asset
becomes less liquid as the dispersion of the dividends across states increases. Moreover, if the real asset is
valueless in some states then it becomes fully illiquid and fiat money is the only means of payment.

A long lasting challenge of monetary theory—the central issue of the pure theory of money, according
to Hicks (1935)—is to explain why fiat money is held when there are capital goods with a higher rate of
return. As noticed by Mehra and Prescott (1985), this rate-of-return dominance puzzle echoes the equity
premium puzzle—the excessively large difference between the rate of return of equity and risk-free government
liabilities. In the model presented in this paper, individuals exhibit a strict preference for currency which
manifests itself by a rate-of-return differential between fiat money (which can readily be reinterpreted as a
risk-free bond) and the real asset. The illiquidity premium paid to the real asset emerges even though agents
are risk-neutral with respect to their consumption of the dividend good, and it tends to increase as the asset
becomes riskier and more abundant.

Arguably, the environment in Kiyotaki and Wright (1989) is stark, and hardly amenable to policy analysis.
This paper borrows some innovations from recent monetary theory to allow for money growth and inflation
while keeping the model tractable. As a consequence, the model delivers insights for the linkages between
monetary policy and asset prices. Monetary policy affects an asset’s return when the quantity of the real asset
is not too large and inflation is in some intermediate range. An increase in inflation induces a reallocation
of individuals’ portfolios towards the real asset. Consequently, the model predicts a negative relationship
between inflation and assets’ expected returns. The optimal monetary policy is such that the real asset is
illiquid: its transaction velocity (in some states) and liquidity premium are zero.

The paper is organized as follows. Section 1.1 provides a review of the relevant literature. The environ-
ment is described in Section 2 and the social optimum is characterized in Section 3. Section 4 analyzes the
bargaining game under incomplete information and solves for the allocations in the nonmonetary economy.
Sections 5 and 6 consider two versions of the model corresponding to different interpretations of the real
asset and the way it is traded. In the first version, the real asset, interpreted as private equity, can only
be traded over the counter, in bilateral meetings. In the second version, the real asset viewed as a publicly

traded stock can be priced both in centralized and decentralized markets.



1.1 Related literature

This paper can be viewed as providing foundations for some of the trading restrictions that have been
imposed in some recent models that have fiat money co-exisiting with other assets. A number of papers,
e.g., Aruoba and Wright (2003), Aruoba, Waller and Wright (2007), Berentsen, Menzio and Wright (2007)
and Telyukova and Wright (2007), follow Freeman (1985) and assume that any asset, except money, can be
costlessly counterfeited. As a result, these other assets will not be used as a medium of exchange.® Lagos
(2006) and Kiyotaki and Moore (2005) assume that only a fraction of capital can be used in trades; hence,
capital will not be as liquid as an asset that does not have such a restriction imposed upon it.*

Kiyotaki and Moore (2005) provide some explanations for why capital may not be perfectly liquid: “there
may be different qualities of capital, and buyers may be less informed than sellers so that there is adverse
selection in the second-hand market.” This is precisely the avenue I follow in this paper.?

In contrast to the literature above, the extent to which capital is used as means of payment is endogenous
and it depends on policy and the characteristics of the asset. For example, the theory can justify the complete
illiquidity of capital, as in Aruoba, Waller and Wright (2007), if capital is valueless in some states. And,
relative to Kiyotaki and Moore (2005) and Lagos (2006), my model links the illiquidity of capital to the
properties of its dividend process and to policy.

Clearly, introducing private information into a finance or monetary environment is not novel. In fact,
the idea of explaining asset liquidity by a private information problem is omnipresent in both the finance
and the monetary literature. Asymmetries of informations are used to explain transaction costs in financial
markets (e.g., Kyle, 1985; Glosten and Milgrom, 1985), security design (e.g., DeMarzo and Duffie, 1999),
and capital structure choices (e.g., Myers and Majluf, 1984). The monetary literature has resorted to private
information problems to explain the role of money when goods are of unknown quality (e.g., Williamson and
Wright, 1994; Banarjee and Maskin, 1996) or when individuals have private information about their ability

to repay their debt (e.g., Jafarey and Rupert, 2001).5 Closer to my model, Velde, Weber and Wright (1999)

3 Aruoba and Wright (2003) and Aruoba, Waller and Wright (2007) also refer to the lack of portability of capital goods to
justify the assumption that capital cannot be used as means of payment in decentralized markets. They assume that agents
have their capital physically fixed in place at production sites. Telyukova and Wright (2007, Section 4) lay down an extension
of their model with "Lucas trees," in which agents pay a fixed cost if they use their real assets as means of payment.

4In Lagos (2006), agents can use their capital goods as means of payment in a fraction 6 € [0, 1] of the trade matches. See
Shi (2004) for a similar assumption in a search model with fiat money and nominal bonds.

5Similarly, Zhu (2006, Section 4) discusses how one could introduce capital into his OLG model with search, and he argues
that to maintain the transactions role of money, "one could assume some private information about the quality of capital,
similar to the private information problem on the quality of goods in Williamson and Wright (1994)."

6Berentsen and Rocheteau (2004) introduce a moral hazard similar to Williamson and Wright (1994) into a model with




explain Gresham’s law with an adverse selection problem in a search environment with a fixed supply of
indivisible coins of different qualities.”

I follow Wallace’s (1996) dictum and make no restrictions on the use of assets as means of payment.
In the same vein, Aiyagari, Wallace and Wright (1996), Wallace (1996, 2000) and Cone (2005) emphasize
asset divisibility, or lack of divisibility, to explain the coexistence of money and interest-bearing assets and
the liquidity structure of asset yields. In contrast to Aiyagari, Wallace and Wright (1996), Shi (2004) and
Zhu and Wallace (2007), this paper is not an attempt to explain the coexistence of fiat money and risk-free
government bonds. (One could substitute currency by risk-free bonds, like in Lagos (2006).)

Finally, Lagos and Rocheteau (2006) and Geromichalos, Licari and Suarez-Lledo (2007) study a complete
information version of the model in this paper. Money is useful provided that the capital stock in the
economy is small, and if money and capital coexist they have the same rate of return. In contrast, in my
model the presence of money is always useful irrespective of the size of the capital stock, and if money and

capital coexist then capital dominates money in its rate of return.

2 Environment

Time is discrete, starts at ¢ = 0, and continues forever. Each period has two subperiods, a morning (AM)
followed by an afternoon (PM), where different activities take place. There is a continuum of agents divided
into two types, called buyers and sellers, who differ in terms of when they produce and consume. The labels
buyers and sellers indicate agents’ roles in the PM market. There are two consumption goods, one produced
in the AM and the other in the PM. Consumption goods are perishable.

Agents live for three subperiods. Buyers and sellers from generation t are born at the beginning of period
t, and they die at the end of the AM in period ¢ + 1. (See Figure 1.) Let B; denote the set of buyers from
generation t, S; the set of sellers from generation ¢, and J; = B U S;.8 The measures of buyers and sellers
are normalized to 1.

Buyers produce in the first AM of their lives while sellers produce in the PM. This heterogeneity will

divisible money. The "counterfeit" consumption good is perishable, it has no value, and only a pooling mechanism is considered.
TLi (1995) constructs a related model, in which there is quality uncertainty about commodity monies.
8This overlapping-generations structure facilitates the presentation of the model. For a related environment, see Zhu (2006)
and Zhu and Wallace (2007). The assumption of alternating market structures is borrowed from Lagos and Wright (2005).
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Figure 1: Overlapping generations structure

generate a temporal double-coincidence problem.? The utility of a buyer born at date t is
UP = =y + u(q:) + Baiga, (1)

where x; is the AM consumption of period ¢, ¢; is the AM disutility of work, ¢; is the PM consumption,
and S € (0,1) is a discount factor. The utility function u(gq) is twice continuously differentiable, u(0) = 0,
' (0) = oo, u'(q) > 0, and u”(q) < 0. The production technology in the AM is linear with labor as the only
input, y; = ¢;. Buyers’ endowment of labor is unlimited when young.

The utility of a seller born at date ¢ is

U = —c(ar) + Brya, (2)

where ¢; is the PM production. The cost function ¢(q) is twice continuously differentiable, ¢(0) = ¢/(0) = 0,
d(q) >0, "(q) > 0 and ¢(q) = u(q) for some g > 0. Let ¢* denote the solution to u'(¢*) = ¢/(¢*).

At the beginning of his life, each buyer is endowed with A > 0 units of a one-period-lived real asset. The
asset is perfectly divisible, uncounterfeitable, and perfectly durable over its lifetime. Each unit of the asset
held by buyer j € B; yields x; ++1 units of AM-output delivered in ¢t +1, and it fully depreciates subsequently.
The real dividend can take two values, x; 41 € {k¢, k1, }, where 0 < k¢ < Ky, Let Bl ={jeB: Kjt+1 = Kn}
denote the subset of buyers from generation ¢ endowed with high-dividend assets, and Bf = B;\B} the subset
of buyers endowed with low-dividend assets.

I will consider two versions of the model, which differ in terms of the description of the dividend shock
k. In the first version, the k;,’s are the realizations of i.i.d. random variables. In this case, the measures

of Bl and B! are constant over time and equal to 7, € (0,1) and 7, = 1 — 7, respectively. In the second

9The description of the temporal double coincidence problem comes from Rocheteau and Wright (2005). The assumption
that sellers cannot produce when young is relaxed in Appendix F without affecting the results.



version, r;, is independent of j and it is interpreted as an aggregate shock. Then, Bl = B, with probability
7, € (0,1) and B} = @ with complement probability 7y = 1 — 7. Denote & = 7wk, + Teke. For both
versions of the model, buyers who enter the PM have some private information about the quality of their
real asset holdings, while sellers are uninformed.

Fiat money is durable, perfectly divisible, and it can be held in any nonnegative amount. The quantity
of money per buyer in the PM of period ¢ is denoted M;. It grows at a constant gross rate, v = M1 /M,
where v > . New money is injected, or withdrawn if v < 1, by lump-sum transfers T3 = (v — 1)M;_1, or
taxes if v < 1, to the young buyers.!’

In the AM, there is a competitive market where agents can trade goods and fiat money. I will make
different assumptions about whether the real asset can be traded or not in the AM. No other assets (such
as bonds) are available in this market.

In the PM, each seller is matched bilaterally with a buyer drawn at random from B;.!! All trades in
the PM are quid pro quo, and matched agents can transfer any nonnegative quantity of PM-output and any
quantity of their asset holdings. Agents can only trade the physical asset and not claims on future output.'?
In order to guarantee that there is an essential role for a medium of exchange, there is no public record of
individuals’ trading histories.!?

Terms of trade in the PM are determined according to a simple bargaining game: The buyer makes an

offer that the seller accepts or rejects. If the offer is accepted then the trade is implemented. At the end of

the PM, agent pairs split apart.

3 Social optimum

Consider the problem of a social planner who chooses an allocation in order to maximize the sum of utilities
of all agents in the economy. The planner assigns the Pareto-weights 8° to all agents from generation ¢, i.e.,

it values equally the consumption of one unit of AM-good and the disutility cost to produce one such unit

10Tf ~ < 1 the government can force all young buyers to pay taxes in the AM. However, it has no enforcement power in
the PM, and it does not observe agents’ trading histories. In a related model, Andolfatto (2007) considers the case where
the government has limited coercion power—it cannot confiscate output and cannot force agents to work—and the payment of
lump-sum taxes is voluntary: agents can avoid paying taxes by not accumulating money balances. He shows that if agents are
sufficiently impatient, then the Friedman rule is not incentive-feasible, i.e., there is an induced lower bound on deflation.

11t would be easy to introduce search frictions so that the measure of bilateral matches in the PM is less than one, as is
standard in search monetary literature.

12G8ee footnote 23 for an interpretation of the real asset as bilateral credit.

131f trading histories were publicly observable, then some good allocations could be implemented through the threat of trigger
strategies. See Kocherlakota (1998) for a detailed presentation of this argument.



by any agent alive in period ¢.14
Let M; C B; x St denote the set of bilateral matches composed of one buyer and one seller in the PM of

period t. The expression for social welfare is then

w=3o [ aGa-Y8 [ aGd+X s [ el - et G ©)

=1 JE€ETt—1 >0 JEB: +>0 (7,37 EM,
The first integral on the right-hand side of (3) corresponds to the AM-consumption of all old agents from
t = 1 onwards. The second term is the AM disutility of production of the young buyers from ¢ = 0 onwards.
The last term is buyers’ consumption net of sellers’ disutility of production in bilateral matches formed in
the PM subperiods.
The planner observes the realizations of the dividend shocks {k;} at the beginning of period ¢. It is

subject to the following feasibility constraints:

JETt—1 JEB: JEB:—1
Qt(J) S qt(j/)v V(],j/) S Mt, Vt Z 0. (5)

Feasibility constraint (4) requires agents’ AM-consumption in period ¢ to be at most equal to the aggregate
production in that period, including the output generated by the stock of assets, A. Feasibility condition
(5) indicates that the buyer’s consumption in a bilateral match is no greater than the seller’s production in
that match.

The planner’s problem can be rewritten as a sequence of static problems, i.e.,

max xe(J)dj — l(5)dj ulgs (D] = clas (5’ i
[, wod= [ wods [ ) - ) . 9) )

@t,0e,qz
subject to (4) and (5). The planner is indifferent on how to allocate the AM-goods between agents. The

optimal consumption and production in bilateral matches satisfy ¢:(j) = ¢:(j') = ¢* for all (4, ') € M.

4 Payments under private information

In this section, I consider an economy without fiat money, where only real assets can be used as media of
exchange. There is no market in the AM: all trades occur in bilateral meetings in the PM. This version of

the model is consistent with the dividend shock being idiosyncratic or aggregate.

MOur welfare metric is analogous to the one of an infinitely-lived agent model. This choice can be justified by the (ob-
servational) equivalence between the infinitely-lived-agent model of Lagos and Wright (2005) and its OLG counterpart with
risk-neutral old. See Zhu (2006).



This section has two purposes. One is to investigate how private information affects the capacity of
an asset to serve as a means of payment, thereby providing a benchmark to compare with the monetary
economies studied later. The second purpose is to analyze in detail the bargaining game under incomplete
information in a simple environment.

The bargaining game between a buyer and a seller in the PM has the structure of a signaling game.'® A
strategy for the buyer specifies an offer (¢, d) € Ry x [0, A], where ¢ is the output produced by the seller and
d is the transfer of asset by the buyer, as a function of the buyer’s type (i.e., the future dividend of his asset
holdings). A strategy for the seller is an acceptance rule that specifies the set A C R x [0, A] of acceptable
offers.

The buyer’s payoff is [u(q) — Bkd] T 4(q,d) + SrA, where 14(q, d) is an indicator function that is equal to
one if (¢,d) € A. If an offer is accepted, then the buyer enjoys his utility of consumption in the PM, u(q),
net of the utility he forgoes by transferring d units of his asset to the seller, —Skd. The seller’s payoff is
—c(q) + Brd. The seller uses the information conveyed by (g, d) to update his prior belief about the quality
of the asset held by the buyer. Let A(q,p) € [0,1] represent the updated belief of a seller that the buyer
holds a high-dividend asset (k = kp,).

An equilibrium of the bargaining game is a profile of strategies for the buyer and the seller, and a belief
system A. The equilibrium concept is sequential equilibrium. The buyer chooses an offer that maximizes his
surplus, taking as given the acceptance rule of the seller. The seller chooses optimally to reject or accept
offers given his posterior belief. If (¢, p) corresponds to an equilibrium offer, then A(q,p) is derived from the
seller’s prior belief according to Bayes’s rule. If (g, p) is an out-of-equilibrium offer, then the seller’s belief is
arbitrary (to some extent discussed later).

For a given belief system, the set of acceptable offers for a seller is
AN ={(q,d) € Ry x [0, A] : —c(q) + B{A(q,d)rn + [1 — A(g,d)] ket d > 0} (7)

For an offer to be acceptable, the seller’s disutility of production in the PM, —c(g), must be compensated
by his expected discounted utility in the next AM, SE, [k]d, where the expectation is with respect to the

random dividend of the asset. I assume that a seller agrees to any offer that makes him indifferent between

15See Appendix B for a more detailed presentation of signaling games. If one rescales the buyer’s payoff as u(q)/s — d and
the seller’s payoff as —c(q)/k + d, then the bargaining game has the basic take-it-or-leave-it set-up defined in Kreps and Sobel
(1994, p. 855).



accepting or rejecting a trade.'® The problem of a buyer holding an asset of quality x is then

max [u(g) — Brd]14(g, d). (8)

Sellers’ beliefs following out-of-equilibrium offers are largely arbitrary. The equilibrium concept is refined
by using the Intuitive Criterion proposed by Cho and Kreps (1987).!7 Denote U ,}{ the surplus of an h—type
buyer and U} the surplus of an {—type buyer in a proposed equilibrium of the bargaining game. This

proposed equilibrium fails the Intuitive Criterion if there is an unsent offer (g, CZ) such that the following is

true:
w(G) — Brpd > UP 9)
w(q) — Bred < UL (10)
—c(§) + Brpd > 0. (11)

According to (9), the unsent offer (¢, d) would make an h—type buyer strictly better off if it were accepted.
According to (10), the unsent offer (¢, d) would make an £—type buyer strictly worse off. According to (11),
the offer is acceptable provided that the seller believes it comes from an h—type.'®

I next turn to the definition of an equilibrium. Time is not introduced explicitly in the definition since

there is no state variable linking the different generations. Moreover, the seller’s acceptance rule is not

included; it appears as a constraint in the buyer’s problem.

Definition 1 An equilibrium is a list of strategies for buyers and a belief system for sellers, ([q(7), d(j)]jepeunr, A)
such that: (i) [q(5),d(5)] is solution to (8) with k = kg for all j € B® and x = Ky, for all j € B"; (ii)

ARy x [0, A] — [0,1] satisfies Bayes’ rule whenever possible and the Intuitive Criterion.

Buyers of the same type are allowed to use different (pure) strategies. All sellers are assumed to use the
same belief system A, and hence the same acceptance rule. An equilibrium offer (g, d) is defined as pooling if

it is in the support of the distribution of offers made by both h—type and ¢—type buyers, i.e., A(q,d) € (0, 1).

16 A similar tie-breaking assumption is used in Rubinstein (1985, Assumption B-3).

7The Intuitive Criterion is a refinement supported by much of the signalling literature. An equilibrium that fails the
Intuitive Criterion gives an outcome that is not strategically stable in the sense of Kohlberg and Mertens (1986). See Riley
(2001) for a survey of the applications of the Intuitive Criterion (and other refinements) in various contexts. It has been used
in monetary theory by Nosal and Wallace (2007) and Dutu, Nosal and Rocheteau (2006); in the corporate finance literature by
Noe (1989) and DeMarzo and Duffie (1999); in bargaining theory by Rubinstein (1985, Assumption B-1); and recently in the
literature on global games by Angeletos, Hellwig and Pavan (2006). For sake of completeness, the model is also analyzed under
the alternative refinement from Mailath, Okuno-Fujiwara and Postlewaite (1993) in Appendix C.

18The inequality in (11) is weak as a result of the tie-breaking rule (7) according to which sellers accept offers that make
them indifferent between accepting and rejecting.
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Lemma 1 In equilibrium, there is no pooling offer.

The left panel of Figure 2 illustrates the argument in the proof of Lemma 1. Consider an equilibrium
with a pooling offer (g, d). The surpluses of the two types of buyers at the proposed equilibrium are denoted
U = u(q) — Bred and U = u(q) — Brpd. The indifference curves U and U} in Figure 2 represent the
set of offers (g, d) that generate the equilibrium surpluses. They exhibit a single-crossing property, which is
key to obtain a separating equilibrium.!® The participation constraint of a seller who believes he is facing
an h—type buyer is represented by the frontier U = {(g,d) : —c(q) + Brnd = 0}. The offer (g, d) is located
above U} since it is accepted when A < 1. The shaded area indicates the set of offers that raise the utility
of an h—type buyer (offers to the right of U}) but reduce the utility of an {—type buyer (offers to the left of
U}) and that are acceptable by sellers, provided that A = 1 (offers above U}). These offers satisfy (9)-(11)
so that the proposed equilibrium with a pooling offer (g,d) violates the Intuitive Criterion. In order to
separate himself, an h—type buyer reduces his PM consumption as well as his transfer of his asset to the

seller. Provided that the reduction in ¢ is sufficiently large relative to the reduction in d, an /—type buyer

would never choose such an offer because his asset is less valuable than the one of an h—type buyer.

Pooling[équilibrium Separating[équilibrium

d
A

P» O
C

dh /
» q » 4

g, @
[ Offers[yiolating[ihe[Ihtuitive[Triterion -] Acceptable[dffers

[] Offers[arttributedfo[ldypebuyers

Figure 2: Pooling vs separating equilibria

Y For a definition of the single-crossing property, see Kreps and Sobel (1994, p. 855). The slopes of the indifference curves

dd _ v(a) dd _ 4 (q)

are =
Bkh

b s b
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I now characterize the equilibrium offers. The only way an {—type buyer can achieve a higher payoff
than the one he would get in a game with complete information is by making an offer that a seller would
attribute to an h—type buyer with positive probability, i.e., A(¢,d) > 0, which has been ruled out by Lemma
1. Hence, since the complete information payoff can always been achieved, i.e., A(q,d) > 0, the offer of an
{—type buyer solves

U(ke) = JInax, [u(q) — Bred] s.t.  —c(q) + Bred > 0. (12)

I characterize next the offer (¢z,d;,) made by an h—type buyer. From the Intuitive Criterion, an h—type
buyer can always increase his payoff as long as by so doing he does not give incentives to an {—type buyer

to imitate him. Hence, (g, d},) solves:

U(kp) = qI’ICIIE%}i [u(q) — Brpd]  s.t.  —cl(q) + Brpd >0 (13)

s.t. u(q) — Bred < U(ky). (14)

From (13)-(14) the buyer maximizes his expected surplus subject to the participation constraint of the
seller, where the seller has the correct belief that he faces an h—type buyer, and subject to the incentive-

compatibility condition according to which an /—type buyer cannot be made better-off by offering (qp,, d,).2°

Proposition 1 There exists a unique equilibrium (up to the belief system X), and it is such that {—type

buyers trade

g¢ = min[¢*, ¢ (BreA)] (15)
= min o)
d@ - I:ﬂﬁé 7A:| ) (16)

while h—type buyers trade (qn,dy) that satisfies

Kh

clqn) = . [u(gn) — U(ke)] (17)
_ u(gn) — U(kp)
d, = 75!% . (18)

Furthermore, dp, < d¢ and qn < q¢ < q*.

20Quppose there is a separating equilibrium where the expected payoff of the /—type is U () and the expected payoff of the
h—type is U(kp,) € [0, U(ky)). Replace U(ky) in (14) by U(kg) — e with & > 0, and denote U (k) the associated payoff for the
h—type buyer. The set of acceptable and feasible offers is compact. From the Theorem of the Maximum, U¢(kp) is continuous
in € and lime o U®(kp) = U(ky). Hence, there is an e > 0 such that U (kp) > U(xp). The associated offer satisfies (9)-(11)
so that the proposed equilibrium violates the Intuitive Criterion.

12



If the quantity of asset is large enough, then the trade in {—type matches is efficient, ¢ = ¢*. In contrast,
if the value of the asset is less than the disutility incurred by the seller to produce ¢*, then the /—type buyer
cannot ask for the efficient quantity of output. In both cases, the buyer appropriates the whole surplus of
the match.

Equation (17) determines a unique ¢, < q¢. Given g, dp, is determined by (18). The most noticeable
feature of this solution is that g, < gg, which implies d;, < A and ¢, < ¢*. Buyers holding high-dividend
assets only trade a fraction of their assets in the PM market even though their consumption is inefficiently
low. This illiquidity—the fact that they spend strictly less than they would in a complete information
environment—is a consequence of the need for buyers in the high state to separate themselves from buyers
in the low state.

Buyers’ offers are illustrated in the right panel of Figure 2 (in the case where the constraint d, < A
does not bind). The offer of the {—type buyer is at the tangency point between the iso-surplus curve of
the seller, U = —c(q) + Bred = 0, and the iso-surplus curve of the buyer, Ulf’. In order to satisfy the
seller’s participation constraint and (14), type—h buyers make offers to the left of U, é’ and above Uy. The
utility-maximizing offer is at the intersection of the two curves.

A belief system consistent with the offers in Proposition 1 is such that sellers attribute all offers that
violate (14) to {—type buyers, and all other out-of-equilibrium offers to h—type buyers. (See the right panel
of Figure 2.) So, larger trades that involve the transfer of a large quantity of an asset suffer from less
favorable terms of trade.

I now turn to the normative properties of the equilibrium. If k;A > ¢(q*)/8, then the value of the

*

low-dividend asset is large enough to trade the first-best quantity, ¢*. Under complete information the
economy achieves its first-best. In contrast, if the quality of the asset is private information, then the
equilibrium allocation is inefficient. The {—type buyers consume ¢*, but h—type buyers consume ¢, < ¢*. If

keA < c(q*)/B, then the quantities traded in the PM are inefficiently low in all matches, i.e., g, < q¢ < ¢*.2!

21 0ne could also ask whether there exists an incentive-feasible trading mechanism that implements the first-best allocation in
the absence of fiat money. Consider a direct mechanism that maps the buyer’s type  into an offer (¢q,d). Suppose g = q¢ = ¢*.
Then, incentive-compatibility requires d;, = dy = d. So the outcome is pooling, in contrast to the outcome of our bargaining
game. The trade (¢*, d) satisfies the seller’s individual rationality constraint if —c(g*)+ Bkd > 0. Similarly, buyers are willing to
participate if u(q*) — Brxpd > 0. Thus, the first-best is incentive-feasible provided that A > ¢(¢*)/B% and kp /R < u(q*)/c(q*),
i.e., there is no shortage of the asset and the discrepancy between the dividends in the different states is not too large.
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5 Fiat money and payment arrangements

In this section fiat money is introduced as a competing means of payment. I ask whether fiat money can
acquire some positive value in exchange, and whether it helps mitigate the inefficiencies associated with
the adverse selection problem in the PM and the partial illiquidity of the real asset. I study how the
rate of return of fiat currency affects asset liquidity and payment arrangements. Finally, the model will
provide microfoundations, and closed-form expressions, for some of the trading restrictions found in the
recent monetary literature.

I depart from the previous section by opening a competitive market in the AM where agents can trade
fiat money for goods. The dividend shocks, &, are independent and identically distributed across buyers,

i.e., the measures of the subsets B and B! are time-invariant.??

The real asset, which is not homogenous, is
only traded in bilateral meetings in the PM. (In the next section, the asset be traded in the AM market in
order to investigate implications for asset prices.) One can think of the asset as private equity or bilateral
credit (I0Us).?

The sequence of events can be summarized as follows. First, for every buyer, Nature chooses the dividend
size k € {Kk¢, kp}. A buyer learns the future dividend of his asset holdings before trading in the AM market.
Second, the buyer chooses his real balances as a function of his type. Third, he enters a bilateral match in the
PM, and he makes an offer to an uninformed seller, who accepts or rejects it. From the seller’s standpoint,
the buyer j he is matched with has been chosen at random from the pool of all buyers, i.e., Pr (j € Bf) =Ty
and Pr ( j € Bf) = my. The buyer’s portfolio is assumed to be non-observable by the seller in the match, and
hence it cannot be used to condition the seller’s acceptance decision (i.e., all histories with the same offer
are part of the same information set).?*

Denote p; the price of the AM-good in period t. I focus on steady-state equilibria where aggregate real

22We assume that there is no mechanism through which sellers can pool the risk associated with the random quality of the
asset they receive in the PM.

23Many assets, such as corporate bonds, private equity, derivatives and swaps, are traded in bilateral meetings, in over-the-
counter markets. Ashcraft and Duffie (2007) argue that it is more sensible to describe the trading of assets of heterogenous quality
(e.g., loans subject to credit risk) in over-the-counter markets. See Duffie, Garleanu and Pedersen (2005) for a formalization of
such markets using a search model. A version of the model with IOUs would adopt a similar interpretation as in Jafarey and
Rupert (2001). Buyers receive an endowment A in the last period of their lives with probability x € (0,1) and nothing with
the complement probability 1 — k. Hence, buyers default with probability 1 — , and the expected value of a claim of d units
of future output is kd. For such credit arrangements to be feasible, one needs to assume that buyers are able to commit (but
not sellers).

24This assumption simplifies the presentation by reducing the extent to which the buyer can signal his type. In Section 6 I
consider a model with a different information structure where buyers’ portfolios are common knowledge in the match.
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balances, M;/p;, are constant over time. Then, p;y1/p; = 7.

A buyer makes two decisions consecutively: his real balances in the AM and the offer to make in the PM.
Hence, the strategy of a buyer is defined as a list (z, ¢, d, 7) function of his type x, where z is the choice of
real balances (expressed in terms of the AM good of the current period), ¢ is the buyer’s consumption in the
PM, d the transfer of the real asset, and 7 the transfer of real balances. The optimal strategy maximizes the

buyer’s utility (excluding the lump-sum transfer, T') subject to the seller’s acceptance rule. It solves

| —et )+ ea- )+ C o) (19)
st = clg) + SN )+ (L= Ng.d )]k} d+ D7 20, (20)

The unspent real balances of the buyer generate a flow of utility, 5(z — 7)/7, because consumption takes
place in the next AM and real balances depreciate at rate 7.2 Since buyers’ real balances are not observable,

the seller’s updated belief, A, only depends on the offer made by the buyer, (g, d, 7).
Lemma 2 Any buyer’s strategy, (z,q,d,T), such that z > T, is strictly dominated.

Since it is costly to hold money—the gross inflation rate is larger than the discount factor—and since
real balances have no signaling function, it is a dominant strategy for a buyer to bring the exact amount he
plans to spend in a bilateral match.

From Lemma 2, buyers’ strategies can be restricted to triples (¢, d,w), where w = 8z/y = 57/~ indicates
both the real balances of the buyer (discounted and expressed in terms of the next period’s AM good) and

the real money transfer in the PM to the seller. The buyer’s problem, (19)-(20), can then be reduced to:

qvg%aj(’w {-(1+i)w+u(q) — Brd} st. —c(q)+{Ng d,w)kn+[1—Ng,d,w)]ke}d+w >0, (21)

where A(q, d,w) is the seller’s posterior belief (with a slight abuse of notation), and i = (v — 8)/8 > 0 is the

cost of holding real balances.

Definition 2 An equilibrium is a list of buyers’ strategies and a belief system for sellers, ([q(5), d(7), w(7)]jeB, A),
such that: (i) [q(7),d(§),w(5)] is solution to (21) with k = k¢ for all j € B® and k = Ky, for all j € B"; (i)

ARy x[0,A] x Ry — [0, 1] satisfies Bayes’s rule whenever possible and the Intuitive Criterion.

25Suppose the buyer hands over my units of money to the seller. These m;¢ units of money buy my/psy1 units of AM goods
in period ¢+ 1 or, equivalently, (m¢/pt)(pt/pe+1) = (me/pt) /-
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Using a similar argument to the one in Lemma 1, the next proposition establishes that the equilibrium

is separating.
Lemma 3 In any equilibrium, there is no pooling offer.
From Lemma 3, an {—type buyer cannot do better than his complete-information payoff, which solves

U(ke) = , Jmax {-Q+Dw+u(q) — Bred} st. —c(q)+ Bred+w > 0. (22)

If e(q*) < BreA, then ¢ = ¢*, dy = ¢(q*)/Bre, and w = 0. If ¢(¢*) > BreA, then dy = A, wy =

[c(qe) — BreA]T (where [2]T = max(z,0)) and g, solves

~

u' (g
(qe)

<141, (23)

with a strict equality if w, > 0. So {—type buyers accumulate real balances if the value of their real asset is
not large enough to purchase ¢* and if ¢ is sufficiently small.

As in the previous section, the Intuitive Criterion selects the equilibrium that is Pareto efficient (from
the standpoint of buyers’ interim payoffs) in the class of separating equilibria.?® Hence, the h—type buyer
makes an offer that maximizes his payoff subject to the seller’s acceptance rule and the condition that the

offer must not be imitated by /—type buyers, i.e., (g, dn,wp) solves

e {—(1+i)w+u(q) — frrd} (24)
st. w—c(q) +Prrd >0 (25)
—(1+ 9w+ u(q) — Bred < U(ky). (26)

Lemma 4 There is a unique solution, (qn,dn,wn), to (24)-(26) and it solves:

oo { [ (@) — Eelan)| - UGn) }

Wh = (1 + i)H}L — Ky (27)
_ Ulke) = [u(qn) — (1 +1) c(qn)]
dn = [(1+4i)kn — Ke] B (28)
and
u' (gn) = (1+i)c(gn) <0 “=7 ifwp, > 0. (29)

26Gee footnote 20 for a formal argument. In Appendix C it is shown that the equilibrium selected by the Intuitive Criterion
is undefeated (in the sense of Mailath, Okuno-Fujiwara and Postlewaite, 1993) if the probability of the high-dividend state is
sufficiently small or if inflation is not too large (i < kp /R — 1).
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Assuming wy, > 0, the problem of an h—type buyer can be solved recursively. First, (29) determines gy,.
Given gy, (27) and (28) determine wy, and dj,.2"

The next proposition determines the conditions for fiat money to be valued in equilibrium.

Proposition 2 (Ezxistence of monetary equilibrium)

There exists i1 > 0 and i > i1, such that the following is true.

1. If i < i1, then there is a unique monetary equilibrium, and it is such that all buyers accumulate real

balances. Furthermore, i1 > 0 iff keA < c(¢*)/B.

2. If i € [i1,i2), then there is a unique monetary equilibrium, and it is such that only h—type buyers

accumulate real balances.
8. If i > iq, then there is no equilibrium where fiat money is valued.

Proposition 2 is illustrated in Figure 3. The condition for the existence of a monetary equilibrium in
part 1 of Proposition 2 is identical to the one in the complete-information economy. Indeed, with complete

information fiat money is valued if and only if w, > 0 (since wy, < wy) or, equivalently,

u’ (ge)
 (qe)

i <ip= ~1, (30)

where g = min [¢*, c™!(Br¢A)]. The condition (30) requires A to be small enough.
Part 2 of Proposition 2 is new. If ¢ > i1, then there is no monetary equilibrium with complete information.
In contrast, if buyers have some private information, then a monetary equilibrium exists, provided that i is

not greater than is = Z,/((g)) — 1, where ¢ < ¢* is the solution to (17). The threshold is is bounded away from

zero, for any level of the stock of assets, A. In particular, if A > ¢(q*)/Bke, then U(ke) = u(q*) — c(¢*), so
that both § < ¢* and is > 0 are independent of A. So the private information problem enlarges the set of
parameter values under which fiat money is valued.

A distinctive feature of search-theoretic monetary models is their ability to endogenize payment arrange-

ments in decentralized trades (e.g., Kiyotaki and Wright, 1989). The next proposition describes the payment

27 A belief system that is consistent with (22) and (24)-(26) is A(qn,dn,wn) = 1, X(ge, dg,we) = 0 and, for out-of-equilibrium
offers,

Agd,w) = 0 V(g d,w)st. —(1+iw+ulg) — Bred > Ul(ry)
Mg, d,w) = 1 otherwise.
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c(g¥)
bk,

1 W, >0 [ w, =0w, >0

Figure 3: Existence of a monetary equilibrium

arrangements in the PM and asset liquidity as a function of fundamentals. Liquidity is measured by the
fraction of the stock of the asset that is used as means of payment in the PM. Such transaction velocities

are denoted by V), = dy /A and V, = d,/A.
Proposition 3 (Payments, liquidity, and fundamentals)
1. In all monetary equilibria, wp, > we > 0, dp, < dy < A, gn < ¢* and q € |qn, ¢*].
2. dVy/dkp <0 and dVy /dke > 0.
3. dVy/drp, = 0; dVy/dre < 0 if ¢(q*) < BreA and Ve = 1 otherwise.
4. As kg — 0, Vi — 0, and wy,wp — w where w solves u' [¢™1(w)] /¢ [e7H(w)] =1 +1.

According to part 1 of Proposition 3, the high-dividend asset is partially illiquid in the sense that buyers
only spend a fraction of their assets, d, < A, even though their PM consumption is inefficiently low, g5, < ¢*.
As a consequence of this illiquidity, h—type buyers accumulate more real balances than {—type buyers. By
holding onto a fraction of his real asset, the buyer is able to signal its quality to the seller; he uses the liquid

asset to finance the rest of his consumption.?® Notice that this payment pattern is significantly different

28 This result is reminiscent to some of the findings of the liquidity-based model of security design from DeMarzo and Duffie
(1999). They consider the problem faced by a firm that needs to raise funds by issuing a security backed by real assets. The
issuer has private information regarding the distribution of cash flows of the underlying assets. Using the Intuitive Criterion,
they show that a signaling equilibrium exists in which the seller receives a high price for the security by retaining some fraction
of the issue.
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from the one that would prevail in the complete-information economy: h—type buyers would accumulate
fewer real balances and consume (weakly) more than /—type buyers.

According to part 2, the velocity of the high-dividend asset increases with the size of the low-state
dividend, ¢, and it decreases with ;. To understand this result, notice from (26) that /—type buyers enjoy
an informational rent equal to 8(kj, — k¢)dp. As kg gets closer to ky, this informational rent shrinks, and the
incentive-compatibility constraint of the /—type buyer is relaxed, which improves the liquidity of the asset
in the high-dividend state.?? Conversely, as kj, — k¢ increases, the informational asymmetries become more
severe, which makes the incentive-compatibiliy condition more binding. According to part 3, the velocity of
the low-dividend asset decreases with k, but it is unaffected by kj.

In the case where the dividend in the low state approaches 0 (part 4 of Proposition 3), the adverse
selection problem is so severe that the real asset ceases to be traded. Fiat money becomes the only means
of payment.3" This result rationalizes cash-in-advance-like constraints.

In the case where i < 47, one can get the following closed-form expression for the velocity of the high-

dividend asset,
K ¢

Vh= e
h (1+Z')I€hfl€g

(31)

This expression makes a connection between this model and the approaches of Kiyotaki and Moore (2005)
and Lagos (2006). In Kiyotaki and Moore (2005), agents can only sell a fraction 6 € (0, 1) of their illiquid

asset (capital) to raise funds; in Lagos (2006), agents can use their illiquid asset ("Lucas’ trees") in a fraction

31

of 0 of the matches. In both cases, the parameter 6 is exogenous.”" In my model, assuming i < 41, buyers

spend all their capital in a fraction my of the matches, and they spend a fraction g - of their capital in

(14+3)kp—

the remaining 75, matches. The illiquidity of capital is endogenous: it depends on the intrinsic characteristics

of the asset (k¢ and ky) as well as monetary policy (7).

29This result is related to the findings in Banerjee and Maskin (1996), according to which the good that serves as the medium
of exchange is the one for which the discrepancy between qualities is smallest.

308trictly speaking, the {—type buyers use the real asset in payments (dy = A) but because s, — 0 the amount of output
they buy with it approaches 0. This result is related to the threat of counterfeiting in Nosal and Wallace (2007).

317f one assumes the same trading restriction as in Kiyotaki-Moore, i.e., agents can only a fraction 6 of their real asset
holdings to finance their consumption opportunities, in a version of the model with homogenous assets (kp = k¢ = k) then
g =¢* iff 0A > ¢(¢*)/Br in which case fiat money is not valued and the velocity of capital is V = c¢(q*)/BrA. If 0A < c(¢*)/Br
then V = 6. If one assume the same restriction as in Lagos, i.e., agents can use their real asset holdings as means of payment
in a fraction @ of the matches, then the following is true. If A > ¢(¢*)/Brk then ¢ = ¢* in a fraction 6 of the trades and
VY =0c(q*)/BrA. If A < c(q*)/Bk then V = 6.
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In the case where i € (i1,142) then, from (28), asset velocity satisfies

Vy = u(ge) — c(ge) —maxg [u(q) — (1 +1) c(q)]
[(1 =+ Z')Iih — Iw] ﬁA ’

where ¢y = min [c‘l(ﬁwA), q*]. The fraction of the real asset that is used as means of payment is still a

(32)

function of the dividend process and inflation, but it is no longer independent of the stock of the asset: it
decreases with A provided that A is sufficiently large.

The next Proposition investigates the effects of monetary policy on payment arrangements and liquidity.
Proposition 4 (Monetary policy and liquidity)

1. If i < iy then dwp/di <0, dV/di >0 and dV,/di = 0.

2. In addition, if i < iy then dwy/di < 0.

3. Asi—0,V, — 0 and g — ¢* in all trades.

Inflation lowers the rate of return of fiat money, and hence it induces buyers to reduce their real balances.
While the liquidity of the low-dividend asset is independent of monetary policy, inflation raises the velocity
of the high-dividend asset. Since wj > wy an increase in ¢ makes it less attractive for an ¢—type buyer to
imitate an h—type buyer. For instance, in the case where ¢ < i1, the incentive-compatibility condition (26)
at equality yields Sdy, (kn, — k¢) = i (wp, — wg). An increase in 4 relaxes the incentive-compatibility constraint
allowing the h—type buyer to transfer a larger quantity of his real asset in the PM.

As the cost of holding money is driven to 0, the equilibrium allocation approaches the first best.3? The
optimal monetary policy is such that the high-dividend asset is illiquid, i.e., h—type buyers trade with money
only. Moreover, if 8rk¢A > ¢(q*) then {—type buyers do not accumulate real balances. So, buyers specialize

in different means of payment according to their types.?3
6 Asset pricing and liquidity

This section investigates the implications of the model for asset prices. I analyze the relationship between

assets intrinsic characteristics, liquidity, and returns. The model also provides a channel through which

32Recall that even if the Friedman rule is optimal, it might not be incentive-feasible if the government has limited coercion
power. See footnote 10.

33While fiat money and the real asset coexist as means of payment in equilibrium for all ¢ > 0, there is an equilibrium at
¢ =0 where dy = 0 and wy = ¢(¢*) so that only money is used. To see this, notice from (22) that at ¢ = 0 the choices of w and
d are perfect substitutes for /—type buyers: they only care about the total expected resources they give up, Bx¢d + w. Hence,
the equilibrium allocation is only upper-hemi continuous at ¢ = 0.
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monetary policy affects asset prices.

The model is amended as follows. The real asset is described as a short-lived homogenous "Lucas tree"
subject to an aggregate dividend shock. All capital goods yield a high dividend (i.e., k;; = kp, for all j)
with probability 7, and a low dividend (i.e., x;; = k¢ for all j) with complement probability 7,. Both fiat
money and capital are traded in a competitive market in the AM.?* This extension allows the real asset to
be priced. In order to prevent the asset price from revealing buyers’ private information, it is assumed that
buyers learn the future dividend of the real asset when they enter the PM, after they chose their portfolios.
Finally, to simplify the analysis of the bargaining game, a buyer’s portfolio is common knowledge in a match
in the PM.?®

The sequence of events is as follows. First, newborn buyers make a portfolio choice in the AM market.
Second, they receive a private and fully informative signal about the future dividend of the real asset. Then,
they enter the PM and get matched with sellers. An implication of this timing is that the buyer’s portfolio
does not convey any information about x. Upon entering the bargaining game, and irrespective of the buyer’s
portfolio he observes, the seller assigns probability 7, to the event x = kj and probability 7, to the event
k = k¢. Once the buyer has made his offer (q,d, ), the seller updates his initial belief. Let A(q,d, T;w,a)
denote the seller’s belief that k = x;, conditional on the offer (¢,d,7) being made. The seller’s posterior
belief, A, is also a function of the buyer’s portfolio (which is known to the seller). In the following, this
dependence will be left implicit.

The strategy of a buyer is composed of a portfolio choice (w,a) in the AM and an offer (¢,d, 7) in the

PM contingent on the history (w, a, k). The buyer’s offer solves:

[¢(w,a, k), dw,a, k), T(w, a,K)] = arg max u(q) — Brd — gT (33)
q,a,T
st = ola) + e d, ) + 1~ Na,d, )] Bred + 27 2 0 (34)
ET <w, d<a. (35)
Y

Let define the buyer’s surplus in the PM as S7 (w,a) = u(q) — Bk;d — 37/ for j € {£, h} where (¢,d, ) is a

solution to (33)-(35) when the buyer’s state is (w, a, K;).

34 As indicated in Section 2, money and capital are the only assets that are traded in the competitive market in the AM. It
is shown in the Appendix A6 that even if sellers could produce when young they would have no strict incentives to accumulate
capital or hold real balances.

351f buyers’ porfolios were private information then one would have to specify the seller’s belief regarding the portfolio of the
buyer in the match, which would open the possibility of multiple equilibria.
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In the AM, buyers choose their portfolios in order to maximize their expected surplus in the PM net of

the cost of holding real balances and capital, i.e.,
max { —iw — (¢ — BR) a + 7, S" (w, a) + 7S (w,a)} (36)

where i = (y — 8)/5 is the cost of holding real balances, and ¢ — Sk is the cost of investing in capital, the
difference between its price and its expected discounted dividend. Since sellers cannot produce in the AM,

only buyers hold some capital and market-clearing implies

/ a(j)dj = A. (37)
jeB

Definition 3 An equilibrium is a list of portfolios, buyers’ strategies in the PM, the price of capital, and a
belief system for sellers, {(w(j), a(§)]jes, [a(-;7),d(-;5), T(;5)]jeB, ¢;A) such that: (i) [w(j),a(F)] is solution
to (36) for all j € B; (i1) [q(w, a,k;7), d(w, a,k;7), T(w, a, k; 7)] is solution to (38)-(35) for all j € B and for

all (w,a,K); (iii) \ satisfies Bayes’ rule whenever possible and the Intuitive Criterion. (iv) ¢ solves (37).

The next lemmas characterize the equilibrium offers in the PM. The Intuitive Criterion is applied in

every subgame following a portfolio choice (w,a) by a buyer.

Lemma 5 Consider a buyer in the PM with w units of real balances and a units of capital. If Kk = k¢ then

the equilibrium terms of trade (qe,dg, 7¢) are solution to

(e, de, 7¢) = arg max u(q) — Bred — gT (38)
s.t.  —c(q) + Bred + gr >0 (39)

B
;T <w, d<a. (40)

If k = Ky, then the equilibrium terms of trade (qn,dn,Th) solve

(g . 70) = argmas u(g) — Frnd — 7 (1)
q4,7,d Y
s.t.  —c(q) + Brrd + gT >0 (42)
u(q) — Bred — %7’ < 84w, a) (43)
ér <w, d<a. (44)
v
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The equilibrium of the bargaining game is separating. In the low-dividend state, buyers make their
complete information offer, i.e., gy = min [q*, c Y (Brea + w)} and Sredp + thz = ¢(q¢). The buyers’ surplus
in this case is $*(w,a) = S (w + Brea), which only depends on their total wealth. In the high-dividend state,
buyers choose the separating offer that maximizes their surplus. Pooling offers are ruled-out by a reasoning
analogous to the one in the previous sections: if there were a pooling offer then buyers could deviate in the

high-dividend state and signal the true state of the world by demanding less output and offering less capital.

Lemma 6 For any (w,a) € R2, there is a unique solution (qn,dn,Tn) to (41)-(44) and it is such that (42)
and (43) hold at equality.

1. If w > c(q*) then

@ = q (45)
Th = %C(q*) (46)
dy = 0. (47)

2. If w < c(q*) then T, = yw/B and (qpn,dn) € [0,q¢ x [0,a] is solution to:

Brndy, clqn) —w (48)

u<qh>c<qh>+(1”) ela) ] = ulge) - clar), (19)

Kh

where gy = min [q*,c‘1 (w+ Bmga)]. Moreover, if a > 0 then qn, < q¢ and dj, < a.

Lemma 6 offers a pecking order theory of payment choices: agents with a consumption opportunity
finance it with cash first, and they use their risky assets as a last resort.?® They choose not to spend all their
capital goods, even when ¢, is inefficiently low, in order to signal the high future dividend of the real asset.

From (48) and (49), the fraction 0, = dp,/a of his capital that a buyer spends in the PM is a function of
his portfolio, (w, a), as well as the characteristics of the dividend process, (k¢, kp). For instance, ), decreases

with w and Ky, but it increases with xy. The fact that 6}, is affected by real balances offers a channel through

36The term “pecking order” was coined by Myers (1984, p.581). It describes the predictions of models of capital structure
choices under private information. According to the pecking order theory, firms with an investment opportunity prefer internal
finance (nondistributed dividends). If external finance is required then they issue the safest security first, and they use equity
as a last resort.
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which monetary policy affects the liquidity of the real asset. At the margin, the fraction of capital that is

used as means of payment is

ddn ke (an) [u'(ge) — ¢ (q0)]
da  (q0) [Erv'(qn) — Kec (qn))

€ (0,1). (50)

If a > ¢(q*)/Bkre then ¢ = ¢* and dd},/da = 0. A marginal unit of capital has no direct liquidity value in
the high-dividend state; it influences the terms of trade only indirectly, through the surplus of the buyer in
the low-dividend state, by relaxing the incentive-compatibility constraint. But if a > ¢(q*)/Bke then the
liquidity needs in the low-dividend state are satiated, and hence an additional unit of capital does not affect
the terms of trade in the high-dividend state.

Let SX and SX denote the partial derivatives of the surplus function SX(w,a) for x € {¢,h}. These
quantities represent the liquidity values of fiat money and capital in the state x. It is shown in the Appendix

A (proof of Lemma 7) that
o St
Y Bre dqe)

A marginal unit of asset (expressed in terms of its discounted value in the next AM market) allows the buyer

~1 (51)

to purchase 1/¢'(g¢) units of PM output, which is valued according to the marginal surplus of the match,

uw'(q¢) — ¢ (q¢). In the high-dividend state,

hoo_ u'(qe) ke
So = A(%)L,(q@) HJ (52)
st = Aasw |52 -1 (53)

where A(q) = [u/(q) = c(q)] / |u'(q) — %C’(Q)}-

Consider a buyer who accumulates an additional unit of capital. How does this marginal unit impact on
his surplus in the PM in the high-dividend state? Provided that gy < ¢*, an additional unit of capital raises
the surplus of the buyer in the low-dividend state by S, and hence it relaxes the incentive-compatibility
constraint (43). Suppose the buyer increases his consumption by dg;, and delivers ddj, units of capital in
exchange. In order to make the trade acceptable by sellers, dd, = ¢'(qn)dqn/Brr. A buyer in the low-
dividend state who imitates this offer can extract an informational rent equal to B(k, — k¢)ddp, i.e., his
surplus increases by [u/(qn) — :—ic’ (¢rn))dqn. Therefore, the buyer in the high-dividend state can only afford
to consume dgj, solution to [u'(gn) — ¢ (qn)]dgn = S¢. and his utility increases by S = [v/(gn) — ¢ (q1)] dqn,

which gives (53).
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It can be seen from (51) and (53) that S* < S’ (unless ¢, = ¢*) so that the capital stock has a lower
liquidity value in the high-dividend state. Moreover, from (52)-(53),

s¢ Sh
T2 +,7T7h % = @ WZSf) + thz - ﬂ'hA(qh) 1-— fe < Wsz) + thz.
Bk K Kh

So, the expected liquidity value of capital, expressed as a fraction of its fundamental price, is less than the
liquidity value of fiat currency. This observation will be useful in the following to explain the rate of return
differential between assets.

Given the solution to the bargaining problem in the PM, I proceed backward and solve the buyer’s

portfolio problem in the AM.
Lemma 7 If ¢ > SR then there is a unique solution to (36) and it satisfies

—i+mpS (W, a) + 1St (w,a) < 0 “=7 ifw>0. (54)
—¢+ PR+ 1S (w,a) + 1S (w,a) < 0 “=7 ifa>0. (55)

If ¢ = BR then w is uniquely determined by (54) and a € [C(Lf,;%, 00). If ¢ < BE then there is no solution

to (36).

If the price of capital is greater than its fundamental value, i.e., ¢ — 8k > 0, then the composition of
the buyer’s optimal portfolio is unique. This result is a consequence of Lemma 6 according to which fiat
money is a preferred means of payment, i.e., the two assets are not perfect substitutes. If the price of capital
coincides with its fundamental value, ¢ = B&, then buyers hold enough wealth to buy the first-best quantity
of output when k = k; and the buyer’s choice of capital is indeterminate. In contrast, the choice of real
balances is always unique.

The next proposition proves existence of the equilibrium and it characterizes the allocations.

Proposition 5 (Equilibrium allocations and prices)
An equilibrium exists and it is such that the price of capital, ¢ € [BR, Bk + iBr¢], and the allocation
(W, qe, qn, dn, 1) are uniquely determined. For all A > 0, there is a ig(A) > 0 such that the equilibrium is

monetary if and only if i < ig(A).

From (51), (53) and (55), the equilibrium price of capital satisfies

¢ = BR + Bry [u/((”) - 1} [1 — 7 (1 - ’“) lan) 1 : (56)

(qe) k) u'(qn) — ¢ (qn)
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The second term on the right-hand side of (56) is the liquidity component of the asset price. It is positive
if and only if ¢, < ¢* and kg > 0. If ¢y = ¢* then buyers have enough wealth to buy ¢* in the low-dividend
state so that a marginal unit of capital is not useful as a means of payment. If x, — 0 then capital has no
value in the low-dividend state, and hence it does not provide liquidity in the PM. From (54), the liquidity

value of fiat money is equal to ¢ which, from (51)-(53), satisfies

s | W) —can) | [wlae) kel [u(ae)
' [u/(qm - :gc«qh)] e ] e e 1) 57

According to the right-hand side of (57) fiat money provides some liquidity services whenever ¢, < ¢* or

an < q".

A monetary equilibrium exists for all A provided that the cost of holding real balances, i, is sufficiently
low. This result contrasts with the complete-information economy where the equilibrium is monetary only
if the capital stock is not large enough to allow buyers to trade ¢* when k = k¢ (See Appendix E). Money is
useful, even for large values of A, because it overcomes the illiquidity of capital in the high-dividend state,
i.e., it relaxes the incentive-compatibility constraint faced by buyers. Consequently, the set of parameter
values under which w > 0 is larger in the economy with private information (see Figure 4).

The next proposition describes the effects of monetary policy on the liquidity and expected return of
the real asset. The liquidity of capital is measured by its transaction velocity, and its liquidity premium is

defined by £ = (¢ — k) /¢.3" The expected return of capital is R, = k/¢.
Proposition 6 (Monetary policy, liquidity, and returns.)

1. If i <ig(A) then dVy,/di > 0.

2. For alli > 0, there is A(i) € [0,c(q*)/Bke] such that:

(a) For all A> A(i), £L=0 and Ry = 3",

(b) Forall A< A(i), L >0 and R, < 8~*. Moreover, if i < io(A) then dL/di > 0 and dR,/di < 0.

3. Asi—0,V, —0,L—0and R, — 3.

37Since the payment arrangement in the low-dividend state is indeterminate when ¢ = BF, I focus on the velocity in the
high-dividend state. The velocity of the asset in the low-yield state is equal to 1 if A < A(¢). In the case where A > A(i),
one could adopt the convention that buyers use their money first, i.e., Vo = [c(q*) — w] /Br¢A and dV,/di > 0 provided that
i <iop(A).
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The price of capital can depart from its fundamental value and exhibit a liquidity premium. This
liquidity component emerges if capital is relatively scarce, i.e., A < ¢(q*)/Bke, and inflation is sufficiently
large, i > A~1(A). On the contrary, if inflation is too low then the liquidity needs in the low-dividend state
are exhausted.?® An obvious requirement for monetary policy to be effective is that fiat money is valued,
which necessitates that inflation is not too large, i < ig(A).

An increase in the inflation rate raises the price of capital, and its liquidity premium, through a substitu-
tion effect that induces buyers to hold fewer real balances but more capital. Since capital is in fixed supply,
its price goes up and the fraction of capital that is used as means of payment in the high-dividend state (V)
increases. As a corollary of these findings, the model predicts a negative relationship between inflation and
expected asset returns.®’

If capital is sufficiently abundant to allow buyers to consume ¢* in the low-dividend state then the price

of capital is equal to its fundamental value—which is independent of monetary policy—and its expected rate

of return is equal to the gross discount rate.

Complete[information Private[information
A A i
A R io(A)
A ey s ((q()/bkz s KI
77 0
I II IS LI
L o o /’ S
IIIIIIIIIr //-"//,/// o
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Figure 4: Types of equilibria: Liquidity premium and value of money

The optimal policy drives the cost of holding money to 0, and it exhausts the liquidity of the real asset.

38 The expression for A(4) is provided in the proof of Proposition 6. If i < ig(A), i.e., fiat money is valued, it can be shown
that A(4) is strictly increasing.

39The negative relationship between equity returns and inflation has been extensively documented. See Marshall (1992)
for references. Theoretical models of this relationship are provided by Danthine and Donaldson (1986) and Marshall (1992).
Both models assume the liquidity services of fiat money through a money-in-the-utility-function assumption or a shopping time
technology.
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As i tends to zero then ¢y and ¢, approach ¢*.*° In the high-dividend state, buyers trade with money only
(dp, — 0) while in the low-dividend state buyers are indifferent between using money or capital as means of
payment. The price of capital converges to its fundamental value (¢ — S&).

Next, I look at the implications of the model for the rates of return of fiat money (R,, = y~!) and capital

(Ra = R/(b)

Proposition 7 (Rate of return dominance)

In any monetary equilibrium, Ry > Ry,.

The expected rate of return of capital is always greater than the rate of return of fiat money (provided that
it is valued). So, the model generates a rate-of-return differential between the two assets without resorting
to restrictions on payment arrangements. This rate-of-return differential is not an obvious consequence of
the difference of risks associated with each asset. Indeed, because of linear preferences with respect to AM
consumption, the riskiness of capital would not affect its rate of return if it were not used as a means of
payment in the PM. For instance, if A is sufficiently abundant then capital has no liquidity value at the
margin and R, = 8~ ', independently of the dividend process. Risk matters here because, in the presence of
private information, it affects the liquidity value of capital relative to the one of fiat money.

As showed in the Appendix E, such rate-of-return dominance pattern can also emerge from an economy
with complete information. The private information problem, however, reduces the liquidity premium that
accrues to the real asset, and it increases the rate of return differential between fiat money and risky capital.
In particular, the liquidity premium of capital, (¢ — 8&)/¢, is bounded above by xi/R, which tends to zero
as the dividend in the low state becomes small. Moreover, provided that the capital stock is sufficiently large
(A > A(i)), the rate of return of capital is maximum and equal to the gross discount rate, R, = #~*. In
this case, an additional unit of capital has no liquidity value in the PM.*!

The rate of return differential between risk-free fiat money and risky capital depends on the relative

liquidity of both assets, which in turn depends on their intrinsic characteristics, such as their rate of return

40Since the equilibrium correspondence is only upper-hemi continuous at ¢ = 0, I focus on the equilibria that are obtained by
taking the limit as ¢ approaches 0. Moreover, it is worth recalling that the Friedman rule might not be feasible if one assumes
limited coercion power by the government. See footnote 10. Also, the Friedman rule may not longer be optimal if agents have
strictly concave preferences and face idiosyncratic trading shocks. See Zhu (2006) and Waller (2007).

41 These results can have interesting empirical implications for asset pricing puzzles (provided that one reinterprets currency
as risk-free bonds). Indeed, Lagos (2006) showed that a standard search model of exchange can generate an equity premium as
large as in the data (for plausible degrees of risk aversion) provided that equity is partially illiquid. While the illiquidity arises
from legal or institutional restrictions in Lagos (2006), it is directly related to the dividend process here.
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and risk. I end this section by illustrating this point through a simple numerical example. I adopt the
following specifications: u(q) = 2,/q, c(q) = q, 8 =0.95, sy =1 -0,k =1+ 0, 7y =7, = 0.5 and A = 1.
The mean of the dividend is equal to 1 while its variance is 02. I consider the effects of a change in ¢ on the

velocity of the asset and its liquidity premium.

¥, as afunction of o 1-pR, as afunction of o

Figure 5: Asset liquidity

The left panel of Figure 5 represents the velocity of the asset in the high state, V, = dj,/A. (Recall that
in the low state the payment can be indeterminate.) As o increases, the fraction of the asset that is used as
means of payment in the high-dividend state decreases. As o approaches one, the real asset becomes fully
illiquid.

The right panel of Figure 5 plots the liquidity premium defined as % =1— BR,. Recall that the rate
of return of fiat money is constant and equal to v~!. Hence, as the liquidity premium decreases the rate-of-
return differential increases. The relationship between the liquidity premium and risk is nonmonotonic. An
increase in o makes the asset more illiquid in the high-dividend state so that the liquidity premium should
fall. But the decrease in ky makes liquidity more valuable in the low-dividend state. As o is sufficiently
large, the liquidity premium decreases with risk, and it tends to 0 as o approaches one. So, the rate-of-return

differential is maximum provided that the real asset is sufficiently risky.
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7 Conclusion

I have formalized economies where fiat money coexists and competes with a one-period lived real asset as
means of payment. I complied with the Wallace (1996) dictum by placing no restrictions on the use of assets
as media of exchange. The usefulness of fiat money in the model arises from a private information problem
about the fundamental value of the real asset. Some agents are informed about the future dividend of the
real asset while others are uninformed. These informational asymmetries make the real asset partially illiquid
thereby providing microfoundations for some of the trading restrictions, or liquidity constraints, found in the
recent monetary literature. I have investigated the relationship between asset liquidity and fundamentals,
the implications for asset pricing, and the links between monetary policy, liquidity and asset returns.

In terms of extensions, one could investigate the effect of liquidity on capital formation by letting the
real asset be produced in the AM (as in Lagos and Rocheteau (2006)). The dividend shocks can be made
persistent to study liquidity and asset prices over the cycle. For some questions (e.g., endogenous information
acquisition) it might also be desirable to endow sellers with some market power (e.g., through competitive
price posting). Finally, it would certainly be worthwhile to calibrate a version of the model in order to
see how well it does to explain some asset pricing puzzles, as in Lagos (2006), or to quantify the effects of

monetary policy on capital accumulation and output, as in Aruoba, Waller and Wright (2007).
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A. Proofs of lemmas and propositions

Proof of Lemma 1. Suppose there is an equilibrium offer such that A(g,d) € (0,1). Hence, U’ =
u(q) — Brnd and UY = u(q) — Bred. The payoff of an ¢—type buyer is bounded below by his complete

information payoff, i.e.,

Up > max [u(q) — Bred]  st. —c(q) + Bred > 0.
q,d<A

Since k¢ > 0, U,f’ > 0 and hence g > 0. Furthermore, (g, CZ) is accepted by sellers if
—c(@) + B{NG d)rn + [1 =A@ d)] ke } d > 0.

To show that the proposed equilibrium violates the Intuitive Criterion, consider an out-of-equilibrium

offer (G, d) such that d = d — ¢, where € € (0,d — c(q)/Bkn), and ¢ < 7 satisfies (9)-(10) or, equivalently,

w(q) — Brne < u(q) < uw(q) — Bree. (58)

Since A(¢,d) < 1, ¢(q) < Bryd and (0,d — ¢(g)/Bkn) is not empty. Moreover, Up > 0 implies u(q) — Brpe >
Bk (d—€). For any € € (0,d — ¢(q)/Bkn), d — e > 0 and there is a ¢ > 0 that satisfies (58).

From (58), (¢,d) satisfies (9)-(10). Moreover, ¢ < d — ¢(q)/Bky, implies ¢(7) < Brn (d—¢€). From (58),
u(q) — u(g) > 0 and therefore ¢(q) — ¢(§) > 0. So (11) is satisfied as well. =

Proof of Proposition 1. The allocation in /—type matches, (15) and (16), is derived directly from
(12). The rest of the proof focuses on the allocation in h—type matches. It proceeds in three parts. First,
I establish that both the seller’s participation constraint and the incentive-compatibility condition (14) are
binding. Second, it is shown that the solution to (13)-(14) is unique and it is such that dj, < d; and g5, < gr.
Third, I specify a belief system A consistent with these offers.

(i) The set of admissible values for (g, d) being compact (closed and bounded) and the buyer’s objective
function being continuous, a solution to (13)-(14) exists. It is straightforward to check that this solution can-
not be such that neither the seller’s participation constraint nor (14) bind. Suppose first that the seller’s par-
ticipation constraint binds while (14) is slack. Then, g = min [cil(ﬂﬂhA), q*} > gy = min [c’l(ﬁmA),q*]
(from (15)) and dp, = c(qn)/Brn. Thus,

u(qn) — Bredn = u(qn) — %C(Qh) > u(qn) — c(qn)-
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Since g > g then u(qn) — Bredn > u(qe) — c(qe) = U(ke) and (14) is violated. A contradiction.
Suppose next that (14) binds while the seller’s participation constraint is slack. Substitute u(qy) by its

expression given by (14) into the h—buyer’s objective function to get
U(kn) = max (ke — k) Bd + U(ke)

which yields dp, = 0 and U(kp) = u(grn) = U(ke). So the seller’s participation constraint, —c(qn) + Brrdn =
—c(gn) < 0, is violated. A contradiction.

Consequently, the solution to (13)-(14) is such that both the seller’s participation constraint and (14)
bind. Substitute dn = ¢(qr)/Brr into (14) to get (17)-(18).

(ii) Equation (17) can be rewritten as:

Kh

cqn) = {U(k0) = [ulgn) — clan)]} - (59)

Kh — K¢
The term between brackets on the right-hand side of (59) is strictly decreasing from U(ky) to 0 as gy varies
from 0 to g; < ¢*, while the left-hand side of (59) is strictly increasing from 0 to ¢(g¢) as gp, varies from 0 to
qe- Hence, there is a unique ¢, € (0, ) that solves (59) and it is the unique solution to (13)-(14). To see
this, from (17),

)~ clan) = Ule) = ) (1= 22 ).

Kh

Hence, the solution to (17) corresponding to the lowest value for g, is the one that maximizes the h—type
buyer’s payoff, u(qn) — ¢(qn)-
Finally, from the fact that h—buyers prefer weakly (gz, dp) to (ge, d¢) and £—buyers prefer weakly (qe, d)
to (qn,dn),
Brie(de — dp) < u(ge) —u(gn) < Brn(de — dp). (60)
Since g; > qp, then dj, < dy.
(iii) A belief system consistent with the offers (g¢,dy) and (gpn,dp) is as follows. Bayes’ rule requires

A(qe,de) = 0 and A(qn,dr) = 1. For all other (out-of-equilibrium) offers,

Mg, d) = 0 if wu(q) — Bred > Ul(re)

Ag,d) = 1 otherwise.

One can verify that (g¢, d¢) and (gn, dy) are solutions to (8) given A(q,d). Any offer such that u(q) — Sred >

U(ky) is assigned to an {—type buyer and it is such that —c(q) + Bred < 0 (by definition of U(k,)). Hence
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it is rejected by sellers. Consequently, U(xy) is the highest payoff attainable by an /—type buyer. Similarly,
the solution to (13)-(14) is also the solution to (8) since any offer that violates (14) is rejected by sellers and

any offer that satisfies (14), except (ge, d¢), is attributed to an h—type buyer. m

Proof of Lemma 2. A buyer’s strategy is defined as his choice of real balances, z, and the subsequent
offer in the PM, (q,d, 7). Consider two strategies s= (z,q,d, 7) such that 7 < z and 8’ = (7,¢,d, 7). The
two strategies prescribe the same offer in the PM but differ in terms of the choice of real balances. The
seller’s strategy is an acceptance set A such that (g, d, 7) is accepted if it is an element of 4. The strategy s’
strictly dominates § if it generates a strictly higher payoff irrespective of the seller’s acceptance set, A. Let
I 4 denote the indicator function that is equal to one if its argument is in A. The buyer’s expected utility if
he chooses s’ is

T

Co-f)+ {u<q> ~ Brd— f} La(ad.r) > 2 - 9) + {u<q> — Brd f} La(g,d,7),

for any A (since T < z). Hence, s is strictly dominated. m

Proof of Lemma 3. A proposed equilibrium fails the Intuitive Criterion if there is an unsent offer

(4 d, @) that satisfies:

(140 +u(g) — Brpd > U (61)
~(14+ )@ +u(g) — Bred < UL (62)
O —c(§)+ Brrd > 0 (63)

where U, }Z and U, é’ are the buyers’ equilibrium payoffs defined as their expected surplus in the PM net of the
cost of holding real balances (but excluding the lump-sum transfer T'). Suppose there is an equilibrium offer

such that \(g,d,®) € (0,1) with d > 0. Hence, buyers’ equilibrium payoffs are

U = —(14i)o0+u(q) — Brad

0f4 —(1+ )@ +u (q) — Bred.

This offer satisfies the seller’s participation constraint, i.e.,
—c(q) + {\q d,@)kp + [1 = N, d,®)] ke } Bd+ @ > 0. (64)
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In order to prove that the proposed equilibrium violates the Intuitive Criterion, consider an out-of-
equilibrium offer (G, d, @) such that @ = @, d = d — ¢ where ¢ € (0,d+ [@ — c(@)] /Brn) N (0,d], and it

satisfies (61)-(62) or, equivalently,

u(q) — Pekn < u(q) < u(q) — Bekye. (65)

Since \(q,d,@) < 1, (64) implies ¢(q) < Prpd + @ and (O,J—&— [ — /ﬁfeh) is non-empty. The re-
quirement U? > 0 implies u(g) — Bkpd > 0 and hence u(q) — Berp > ,6/%( 6) > 0. So for any
€ (0,d+ [@— c(q)] /Brnr) N (0,d] there is a ¢ > 0 satisfying (65). From (65), (¢ ,d, ) satisfies (61)-(62).
Moreover, c(7) < Bk (d—¢) + @. From (65), u(7) — u(§) > 0 and hence c(7) > ¢(§). So, (63) is also
satisfied.

Finally, to show that there is no pooling offer with d = 0 it is enough to notice that

max {—(1+dw+u(q)} st. —clg)+w>0

q,w>0

is less than U(ky), the complete-information payoff of the {—type buyer defined in (22). m

Proof of Lemma 4. The proof proceeds in two parts. First, it establishes that the constraints (25)
and (26) are binding. Second, it proves that the solution to (24)-(26) exists and is unique.

(i) The constraints (25) and (26) are binding.

It is straightforward to show that the solution to (24)-(26) cannot be such that neither (25) nor (26)

bind. Assume that the seller’s participation constraint binds while (26) is slack. Then,

(qn,dp,wp) = max {—(1+d)w+u(q) —Brrd} st. —c(q)+ Brpd+w =0.
q,d<A,w>0

If ¢(q*) < BrpA then g, = ¢* and dj, = c(q*)/Bkyp. Otherwise, dj, = A, c(qn) = wp + BrpA and Z,,((g:)) <141

with an equality if wp, > 0. From the comparison with (22), it can be checked that g > ¢; and wp, < wy

with at least one strict inequality. Hence,

—iwp +u(gn) — clgn) > Ul(ke) = —iwe +u(qe) — c(qe).-
Since ¢(qp) = Brrdy + wy, the previous inequality gives

—(1+d)wn +u(gqn) — Bredn > —iwn +u(qn) — clgn) > Ul(ke).
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So (26) is violated. A contradiction.
Assume next that (25) is slack while (26) binds. Substitute wy, by its expression given by (26) into the

h—buyer’s objective function to get
Up = max (ke — kn) Bdp + U(ke) = Ul(ke),
h

which yields dp, = 0 and w (¢n) — (1 + %) wp, = U(ke). The seller’s participation constraint, wp, — ¢(qn) > 0,
can then be rewritten as

— (1 +14) c(gn) +u(gn) > U(ke).

Since dy > 0, it can be checked from (22) that max, [—(1 + ¢)c(q) + u(q)] < U(ks). Hence, there is no gy,
that satisfies the constraint above.

Consequently, the solution to (24)-(26) is such that both (25) and (26) bind.

(ii) The solution to (24)-(26) exists and is unique.

Assume wp, > 0. One can solve for wy and dp, from (25) and (26) and get (27)-(28). Substitute wj;, and
dp, by their expressions given by (27) and (28) into (24) and differentiate with respect to g to show that

qn = q where ¢ is the unique solution to
u(q) - (1+1i)c(q) =0.

Given qp, (dp,wp) is uniquely determined by (27)-(28). From (27) the condition wp > 0 can be reexpressed

as

u (@) — o) > o) (66)

If (66) does not hold then w, = 0. From Proposition 1, g, = ¢ € (0, g¢) is the unique solution to (17) and
dn = ¢(q)/Pkn. Hence, (qpn, dp,wp) solves (27)-(28) with wp = 0. The condition (66) is violated if ¢ < § or,

equivalently, v/ (§) — (14+¢)(§) <0. m

Proof of Proposition 2.

From Lemma 4 and Eq.(22) the terms of trade (qo,d¢,we) and (gpn,dp,wp) are uniquely determined.
Therefore, up to the seller’s belief system, the equilibrium is unique. The rest of the proof proceeds in two
steps.

(a) Condition under which w, > 0.
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Denote ¢° = min [¢*, ¢~ (BreA)]. From (22)-(23), w, > 0 iff i < iy = Z:((;I:))

— 1. Moreover, i; > 0 iff
cHBreA) < ¢*.

(b) Condition under which wy, > 0.

First, wp > 0 when i < 4;. Indeed, if wp = 0 then g, < ¢¢ (from (17) and Proposition 1). Since

1:,/((;’;)) —1 =1 then Z:((;I:)) —1> 4. A contradiction with (29). Second, if 7 > 41 then w;, = 0 (from (a)). From

the proof of Lemma 4, wy, > 0iff ¢ < i3 = % — 1 where ¢ € (0, ¢¢) is the unique solution to (17). Since

tj<q6§q*theni2>i120. ]

Proof of Proposition 3. (i) Suppose there exists a monetary equilibrium such that w, = 0. From
Proposition 1, g, < g¢. The condition (29), v'(¢n)/c'(¢rn) < 1+ i, and the fact that ¢, < g¢ imply
u'(qe)/c(q¢) < 1 +4. Hence, from (23), wy = 0 and the equilibrium is nonmonetary. A contradiction.
So in any monetary equilibrium wy, > 0 and, from (29), v’(gs) /¢ (gn) = 1+4. From (23), v/(q¢)/c' (q¢) < 1+
and hence g, < ¢¢ with an equality if wy > 0.

Next, I prove wy, > wy. This is immediate if w, = 0 (since wy, > 0 in any monetary equilibrium). Consider

the case wy > 0. The incentive-compatibility condition for the /—type buyer is
—(I+d)we +u(ge) — Brede > — (1 + i)wp, + u(qn) — Bredp. (67)
Since ¢(q¢) = we + Bredy and ¢(qrn) = wp, + Brpdp, (67) becomes
—iwe +u(ge) — c(qe) = —iwn +u(qn) — c(gn) + B (Kn — Ke) dp.
Since g, = q¢ when wy > 0, (67) becomes
i(wp —we) > Bdp(kp — Ke).

The assumption kj > k¢ implies wy, > wp since dp > 0. (To see that dj, > 0 use (28) and the fact that
Ulre) > maxy [—(1+1)c(g) + u(g)])-

Finally, since ¢(qr) = wp, + Brnrdn < c(qe) = we + Brede and wy, > wy, kpdy < kedy. Hence, dp, < dy.

(ii) If 4 > 45 then wp, = 0. From the proof of Proposition 1, ¢, is the unique solution less than ¢, to (59).
Differentiate (59) to get:

dgn _ —#y c(qn) <0

dkp Kn kW (qn) — ke (qn)
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since g, < ¢* (i.e., u'(qn) > ¢ (qn)) and kp, > Kg. From (18),

ddn _ —u(gn)c(an)
den  Brn [kpt!(qn) — Kec (qn)]

<0,

and hence dV,,/dkp, < 0. From (12), U'(k¢) = [u'(qe)/ (qe) — 1] BA > 0 where g, satisfies (15). Hence, from

(59),
dgn — clqn) + knU' (k)
20— , . > 0.
die kv (qn) — Kec'(qn)
From (18), dVp,/dks > 0.
If i < iy then
ilﬁ:g
Vh=dp/A = —
g nl (14 1)kp — ke

where T have used (28) and the fact that ¢, = ¢ and U(ke) = u(qe) — (1 + 9)c(qe) + iBrede. Tt is then
straightforward to show that dV,/dk, < 0 and dV,/dky > 0. If i € (i1,i2) then wy = 0 and U'(k¢) =
[w'(ge)/c (q¢) — 1] BA > 0. From (28),

ddp - [W(a)/c(g) ~HA+dn _
drse (1 +d)rn — ke

ddp _ —dn(1+7)

den (L +19)kn — K <0

(iii) From (22), d; = A if ¢(¢*) > BreA. Hence, Vo = 1. Otherwise, dy = ¢(q¢*)/Bre and hence
dVe/dke < 0.

(iv) From the proof of Proposition 2, i; — oo as k¢, — 0. Hence, there always exists a monetary
equilibrium. From (22), U(k¢) — max, {—ic(q) + [u(q) — c¢(¢)]} which from (28) yields dj, — 0. From
Proposition 2, i < i; implies wj > 0 and wy > 0. From (23) and (29), both ¢, = ¢~ *(ws) and g, = ¢~ (wy)

satisfy v/(¢)/c(¢) =1+i. m

Proof of Proposition 4. Two cases are distinguished.
(a) wg > 0. From (23), dgs/di < 0 and, using the fact that wy = ¢(q¢) — BreA, dw,/di < 0. Rewrite (28)
as

() = max, [u (q) = (1+ ) e(a)]

= BI(L+ i)k — rd

Differentiate the equation above to obtain

dd —
ds B(14+13)kp — K]
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where I used the fact that wy, = ¢(qn) — frrdy and, from (22), AU (k¢)/di = —we = — [¢(qe) — BreA]. From
(29), dqp/di < 0. Since wy, = ¢(qp) — Brpdy then dwy /di < 0.

(b) we = 0. Then, ¢ is independent of ¢ and dU(k¢)/di = 0. Differentiating (28),

ddy ___ wn > 0.
di B (ikn + £n — Ke)

The rest of the proof is analogous to (a).

Finally, from (29), ¢, — ¢* as i — 0. From (28), d, - 0asi— 0. =

Proof of Lemma 5. Consider the bargaining game between a buyer who has made the portfolio choice
(w,a) in the AM and a seller. Recall that the portfolio choice is common knowledge in the match. The
outcome of (33)-(34) cannot be pooling (or semi-pooling). Since the argument is analogous to the one in the
proof of Lemma 3, I only review it succinctly.

Suppose that the equilibrium of the bargaining game admits a pooling offer (g,d,7). By definition,
Sh (w,a) = u(q) — Brpd — B7/y and S (w,a) = u(q) — Bred — B7 /7. This equilibrium fails the Intuitive

Criterion if there exists an unsent offer (g, d, 7) that it is feasible, 87/ < w and d < a, and such that

u(q) — Brpd — g? > §h (w,a) (68)
u(q) — Bred — g% < & (w,a) (69)
—c(q) + Brrd + g% > 0. (70)

Then, one can construct an alternative offer (§,d,7) with the following properties: 7 = 7, d = d — ¢ for

e € (0, =LY 1 (0, d], and

u(q) — Brne < u(q) < u(q) — Bree.

First, such an offer exists since —c(g) + Bknd + 57/v > 0 (i.e., the pooling offer (g,d,7) is acceptable).
Also, S* > 0 implies u(q) — Brne > Brn(d — ) > 0 so that for any ¢ there is a ¢ > 0 satisfying the above
inequality. Second, this offer satisfies (68)-(69). Moreover, the inequalities —c(q) + Brn(d — €) + 37 /v > 0
and ¢(q) — ¢(g§) > 0 imply that (70) holds.

The outcome of the bargaining game being separating, a buyer with x = sy cannot do better than his

complete-information payoff. Hence, (¢, d, 7) is solution to (38)-(39). Let Sh denote the payoff of a ), —buyer
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with portfolio (w, a) as given by the solution to (41)-(43). Suppose there is an equilibrium where the payoff
of a kp—buyer is 5. First, $* < S" since otherwise either (42) or (43) is violated. If §* < S then the
kp—buyer can deviate and propose the solution to (41)-(43) where the term S*(w,a) on the right-hand side
of (43) is replaced by S*(w,a) — & for € > 0. Provided that ¢ is sufficiently small this offer satisfies (68)-(70).

So the proposed equilibrium does not satisfy the Intuitive Criterion. Hence, Sh = Gh m

Proof of Lemma 6. The buyer’s objective function in (41) is continuous, and it is maximized over a
compact set. Hence, by the Theorem of the Maximum, there is a solution to (41)-(44). If a = 0 it can easily
be checked that (qn,7r) = (ge, T¢). So, in the following I focus on the case where a > 0.

First, suppose that the incentive-compatibility condition (43) is slack. Then, g = min [q*, c Y (Brra+ w)}

qe and dp, > 0 if w < ¢(g*). Since ¢(qr) = Brpdp + BT /7 then (43) becomes

u(qn) — c(qn) + Bdn(kn — k) < ulqe) — c(qe).

Consequently, if w < ¢(g*) then (43) is violated, which is a contradiction. If w > ¢(¢*) then g, = ¢* and the
inequality above implies dj, = 0 and 87y /v = c(q*).
Second, suppose that the seller’s participation constraint (42) is slack. Substitute u(gy,) by its expression

given by (43) into the objective function of the h—buyer to get
max |:(I€g —kp) Bd+ S (w+ ﬁnga)] =S (w+ Brea),
and dp = 0. The h—buyer gets the same surplus as a {—buyer, i.e.,
S (w+ Brea) = max [u(q) - BT:| st —clg)+ ér >0,
q,B7/v<w Y Y

where I have used that dj, = 0 in the maximization problem on the right-hand side of the equality. The
equality holds if and only if w > ¢(¢*). In that case, ¢, = ¢* and S75,/7 = ¢(¢*), which is consistent with
the first case.

Third, suppose w < ¢(g*) so that both the seller’s participation constraint and the incentive-compatibility
condition (43) are binding. Since (42) is binding, dj is given by (48). Substitute dj by its expression into
(43) at equality to get (49). For all g, € [0, qe] the left-hand side of (49) is strictly increasing. It is

nonpositive at g, = 0 and greater than u(qe) — ¢(q¢) at gn = g¢ provided that ¢(q¢) > w. From (38)-

(40) if w < ¢(g*) then ¢(q¢) = min [e(¢*),w + Brea] > w (since I focus on the case a > 0). Hence, there
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is a unique ¢, € (0,q¢) solution to (49). It can be checked that u(qn) — ¢(gp) is decreasing in ¢ for
any solution to (49). (See Proposition 1 for a related argument.) Hence, the unique solution in (0, gy)
delivers a maximum to the problem (41)-(44). Given a unique gp, dp is determined by (48). Finally,
c(qn) = w+Brrdpy < ¢(qe) = BT/ + Bredy implies dp, < a. To see this, recall that 57,/ + Sreds = w+ Brea

if w+ Brea < c(q*) and Bre/y + Brede = c(q*) < w + Brea otherwise. m

Proof of Lemma 7. Equations (54) and (55) are the first-order conditions with respect to w and a of
the problem (36). The following cases are distinguished: ¢ > Bk, ¢ = & and ¢ < (&.

(i) ¢ > Bk.

First, compute the first and second partial derivatives and the cross-partial derivatives of the functions
S%(w,a) and S"(w,a) where w = 3z/7. These expressions will be used to prove that the objective function
in (36) is strictly concave with respect to (w, a) over some relevant range.

From Lemma 5, (q¢,dg, 7¢) solves (38)-(39) and S%(w,a) = S(w + Brea) = u(qe) — c(qe) where go =

Al

min [¢*, ¢~ (w + Brea)]. Therefore, S5 = ﬁlﬁgé;, St = 3;, St = SZ, St = ﬁ/{gé:‘;/ and S¢, = (Bre)* S,

w

where S; = S(w + fBkea). From Lemma 6, if w < ¢(g*) then g solves (49). Totally differentiating (49),

’ Re d(Ih Ry s/
G Sn - _ R
{u (qn) th (Qh):| aw o + Sy
K dqgp, 4/
) - S| = s,

where T have used the fact that u(qs) — ¢(q) = S(w + Brea). Notice that % > 0 for all w < ¢(q*) and
%f > 0 for all (w,a) such that w + Brea < c(g*). From Lemma 6, the seller’s participation constraint (42)

holds at equality so that S"(w,a) = u(gs) — c(qn). Hence,

Sha) = o)~ <o) 2 = ) (1- 2+ 5))
Shiw,a) = (@) — () S = Algn)BreS,
where .
S0 = et = raee e
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For all ¢ € [0,4*], A(q) € [0, 1] and, since u'(q)/c'(q) is decreasing in ¢, A’(¢q) < 0. Furthermore,

h o / dﬂ ke Al N
Sww = A (Qh) dw <1 K +Sp> + A(Qh)se
d o A
Sha = Alan) BreSy+ Algn)BreSy
dgn K N Al
= A(g) (15 A
(qn) ia ( . +52) + A(qn)BreS,
dgn . .
St = A@) 5 BreS, + Alan) (Bre)* S,

For all w < ¢(q*), S",, < 0. Consequently, the first leading principal minor of the Hessian matrix associated
with (36), m,S",, + mSE,,, is negative for all w < ¢(q*).

The determinant of the Hessian matrix associated with (36) is
[H| = (mr Sk, +7eSE,) (TaSh, + weSt,) — (TaShy +meSha)”

It can be decomposed as |H| =I'; 4+ I'y + I's where

r = (71-()2 {szwsﬁa - (Sf)a>2}
o= (m)? [ShuSh, — (85)°]
F3 = ThrTyg [Szwsc{a + Sf)wst}zla - 253(155)0,] .

Since S%(w,a) = S(w + Brea), Ty = 0. After some calculation,
A d d
o= ) (15 ) aasn (Spn - 52
Kh dw

A dgn dqn
Fg = TpTy <1—W> A/Sgﬁl’w( dl ﬁlﬁg— q}>

Kh dw da

where A and A’ are evaluated at ¢ = ¢;,. Therefore,

dqn dqgp, Ke Al
|H| = (du} Ky — da) (1 — K/h> A/Sgﬁ/qffﬂ-h (ﬂ-hA + ﬂ-@)

with

-1
d d K K
Brp 2 _ Sk l:ul(Qh) - KECI(Qh):| Bre (1 - é) >0, Vgn<gq".

dw da h Kn
Hence, |H| > 0 for all w + Brea < c(g*).
One can now show that there is a unique solution to (36). First, the solution to (36) is such that
w4 Brea < c(g*). Suppose w+ Srea > c(g*). Then, S’; =0 and S"(w,a) = S%(w,a) = 0. But then the first-

order condition for a, (55), implies @ = 0. If w > ¢(¢*) then ¢;, = ¢» = ¢* and hence S"(w,a) = 5! (w,a) = 0.
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The first-order condition for w, (54), implies then w = 0. A contradiction. So one can restrict (w,a) to the
compact set {(w,a) € Roy : w+ Prea < ¢(¢*)} and, from the Theorem of the Maximum, a solution to (36)
exists and it satisfies the first-order conditions (54)-(55). Since H is negative definite for all (w, a) such that
w + Brea < ¢(q*), i.e., the leading principal minors of H alternate in sign with the first one being negative,
the solution to (36) is unique.

(i) ¢ = BE.

From the first-order condition for a, (55), S"(w,a) = S%(w,a) = 0, which requires w + Bra > ¢(¢*). The

first-order condition for w, (54), implies

—i+ 7R A(gr) <1 - :Z) <0, “=” ifw>0. (71)
h

where I have used that S’; = 0. From (49), gy, is only a function of w and it solves

) = clan) + (1= 22) ean) = ] = ula) —cla”) (72)

h

For all w > ¢(¢*), A(gn) = A(¢*) = 0 and (71) does not hold. Since A’ < 0 and % > 0 for allw € (0, ¢(g*)),
and since the function on the left-hand side of (71) is continuous in w, there is a unique w € [0, ¢(¢*)] solution
o (71). Consequently, a € [c(‘g#,oo).

(ii) ¢ < fR.

Since S"(w,a) > 0 and S%(w,a) > 0 there is no solution to the first-order condition for a. m

Proof of Proposition 5. The proof proceeds in three steps. First, it establishes the existence and
uniqueness of the market-clearing price ¢. Second, it derives the condition for a monetary equilibrium.
Third, it characterizes the allocations in the PM.

(i) Existence and uniqueness of ¢.

Define A%(¢) = {fjeB a(j)dj : a(j) solution to (36)}. From Lemma 7, if ¢ > (& then there is a unique
solution (w,a) to the problem (36). Hence, A%(¢) = {a}. Moreover, since (w,a) can be restricted to the
compact set {(w,a) € Ray : w+ Brea < ¢(g*)} and since the objective function in (36) is continuous, the

Theorem of the Maximum implies that A9(¢) is continuous. Assuming an interior solution, and totally

w ()= ()
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where H = [Hj](; jyeq1,2y2 is the Hessian matrix associated with (36). Since |H| > 0 (see proof of Lemma

dw _L H22 7H12 di
da ) |H| \ —Ha Hn do )’

Consequently, for all ¢ > B, da/d¢ = Hy1/ |H| < 0 where Hy; = m, 8", + 7,S%,. If the solution to (36) is

7), H is invertible and

not interior and w = 0 then, from (55),

d _
ﬁ - [thga(oa a’) + ﬂfsﬁa(()?a)] ' <0.

So, A%(¢) is decreasing provided that a > 0.
Next, I establish that A%(¢) = {0} if ¢ > & + ifke. To see this, rewrite (55) as
—¢+ Bk
By
%ffe % > then (55) holds with a strict inequality and a = 0. Moreover, it

+ WhA(qh)S'; + WeS; <0.

From the comparison with (54), if
can be checked from (54)-(55) that if A4(¢) = {0} then Ay4(¢") = {0} for all ¢' > ¢.

If ¢ = BK then A9 = [%, oo) where @(7) is the unique solution to (71)-(72). The equations (54)-
(55) being continuous in (w,a), limy_. gz w(¢) = &(¢) and limy_, gz [w(P) + Brea(P)] = c(¢*). Consequently,
limg_ gz a(¢) = L= € Ad(gR).

To summarize: A%(¢) is upper-hemi continuous, any selection from A%(¢) is decreasing whenever a > 0,
Ad(¢) = {0} for all ¢ > BF +ifky and co € A%(BR). Hence, there is a unique ¢ € [3&, 8% + iBky] such that
A € A%¢). (See Figure 6.)

(ii) Monetary equilibrium.

From Lemma 7, for given ¢ there is a unique w solution to the buyer’s problem. Since 4 € A%(¢), it
satisfies (54) with a = A. Hence, % < 0 whenever w > 0 and there exists ig(A) = m, S (0, A) + 7,55(0, A)
such that w > 0 for all i < ig. Since S"(0,4) < oo and S%(0,A) < oo for all A > 0 then ig(A) < .
Furthermore, since S”(0, A) = A(qn) (1 -+ 3;) > 0 for all ¢, < ¢* (from Lemma 6) then io(A4) > 0.

(iii) PM allocations.

From (i) ¢ is unique. From Lemma 7, if ¢ > SK then there is a unique solution to (36). Moreover,
from Lemma 6, if K = Ky, then (g, dp, 7r) is unique and if kK = k; then g and %T@ + Bkedy are uniquely
determined. If ¢ = SR then a(j) can vary across buyers but w is unique and w + Brea(j) > ¢(g*) for all

j € B (see Lemma 7). Consequently, ¢, = ¢* and, from (49), ¢ is independent of a(j) for all j € B and it

solves (72). m
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Figure 6: Graph of A%(¢)

Proof of Proposition 6. (i) From the proof of Proposition 5, ‘2—“; < 0 whenever w > 0. Assume
i <ip(A) so that a monetary equilibrium exists. Differentiating (49) I get:
u'(qe) _ ke
dan _ | Tla)
dw u'(qn) — £4¢'(qn)

>0,

where I have used the fact that d[“(q’%gc(qm = Z,/((gf)) — 1. From (48)-(49),

uw(gqe) _ uw'(qn)

c’(qe) c’(qn)
u'(qn) — %C/(Qh)

ddh
dw

Brn ='(qn) < 0.

Hence, dVy,/di > 0.

(i) Define A(i) = [c(q*) — &(i)] /Bre where (i) is the unique solution to (71)-(72). As shown in the proof
of Proposition 5, A%(Bk) = [@%(i),oo) and A? = {a} with Brea < c(q*) — @(i) if ¢ > BE (since a is a
decreasing function of ¢). From market-clearing, if A < A(i) then ¢ > & and w+ Brea < c(q*) (See proof of
Lemma 7.) From the proof of Proposition 5, da/di = —Ha; / |H| > 0 with Hoy = 7,5",(w, a) + mS% , (w, a).
So, A € A%(¢) implies that dp/di > 0. If A > A(i) then ¢ = & and d¢/di = 0.

(iii) From (54), as i — 0, S", S — 0 and hence ¢, ¢y — ¢* and w — ¢(¢*). From Lemma 6, dj, — 0 and

w? w

71 — c(q*). From the proof of Proposition 6, ¢ = B& for all A > A(i) where lim; o A(i) =0. =
Proof of Proposition 7. From (55),
¢ = PR+ 1hS"(w, a) + meSE(w, a).
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Substitute S" and S% by their expressions to get

¢

K

,‘{Z Al Al
= B{1+ [maa@n)S, + meSy) |- (73)
Similarly, from (54), and after replacing S® and S’ by their expressions,
= ’R’hA(qh) (]. - % + S;) + 71'23/5.

Using the fact that 1 +14 = /8, the equation above can be rewritten as

v—ﬂ{lﬂhA(qh) <1— :HSZ) +7w32}~ (74)
h
From (73) and (74),
_e 11
"% T R. Ra

B { (1 - ::;) ThA(gn) + (1 - %) Sy lmnan) + M]} :

From (54), A(gn) > 0 (since S > 0) for all 4 > 0. Moreover, ky < & < . Hence, R, > R,,. ®
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