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A general control variate method for
time-changed Lévy processes:

An application to options pricing

Kenichiro Shiraya∗ Cong Wang† Akira Yamazaki‡

January 7, 2021

Abstract

We propose a new control variate method combined with a characteristic func-
tion approach for pricing path-dependent options under time-changed Lévy mod-
els. In our method, we generate a highly-correlated process with an underlying
price process generated by the time-changed Lévy model. We then apply the char-
acteristic function approach with the fast Fourier transform to obtain the expected
payoff of the corresponding option under the correlated process. In numerical
experiments, we employ three types of path-dependent options and six types of
time-changed Lévy models to confirm the efficiency of our method. To the best of
our knowledge, this paper is the first to develop an efficient control variate method
for time-changed Lévy models.

Keywords: Monte Carlo simulation, control variate, time-changed Lévy process,
path-dependent option

1 Introduction
Variance reduction techniques are very important for efficient Monte Carlo simulation
and they have been studied by several researchers. Among them, the control variate
method is a representative technique, for which it is necessary to find a random variate
that is highly correlated with a targeted random variable. The control variate method is
frequently used in financial practice, especially for option pricing. This paper proposes
a new control variate method for time-changed Lévy models.

In financial practice, the Black-Scholes model is often used for option pricing.
However, it cannot capture jumps and stochastic volatility in the dynamics of under-
lying asset prices. Therefore, the Black-Scholes model cannot express the implied
volatility smile observed in option markets.
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The Lévy model has been used to describe jumps in asset prices. It is an option
pricing model based on Lévy processes. Past studies have proposed various types of
Lévy models. For example, Madan & Seneta [18] introduced the variance gamma
(VG) model, which is constructed by a finite variation process with an infinite, but
relatively low, activity of small jumps. Barndorff-Nielsen [2] suggested the normal
inverse Gaussian (NIG) model, which is driven by an infinite variation process with
high activity of small jumps. These are two of the most frequently-used models in
finance, although other types of Lévy models do exist.

Meanwhile, stochastic volatility models have also been studied extensively to cap-
ture fluctuations in the volatility of asset prices. For instance, the Heston model, first
developed by Heston [12], is a well-known stochastic volatility model. Barndorff-
Nielsen & Shephard [3] proposed a stochastic volatility model equipped with the non-
Gaussian Ornstein-Uhlenbeck process to represent asset price volatility.

Carr & Wu [7] suggested the time-changed Lévy model, which combines features
of the Lévy and stochastic volatility models. It is an option pricing model driven by
time-changed Lévy processes, which can describe jumps and stochastic volatility in as-
set prices simultaneously. Therefore, the time-changed Lévy model offers a more gen-
eral framework for option pricing. In this framework, the Lévy and stochastic volatility
models are regarded as special cases of the time-changed Lévy model. Huang & Wu
[13] analyzed the specifications of option pricing models and concluded that the time-
changed Lévy model captures the behavior of the S&P 500 index options well. Carr &
Wu [8] demonstrated that the time-changed Lévy model has a high ability to describe
currency option markets. Hence, in the present study, we employ the time-changed
Lévy model for modeling the dynamics of underlying asset prices.

It is a challenging task to evaluate exotic option prices analytically under the time-
changed Lévy model, although its analytical method for pricing plain vanilla options
has already been established. For example, Zeng & Kwok [29] used the fast Hilbert
transform to price discretely monitored barrier options under the time-changed Lévy
model. Yamazaki [26] proposed an analytical approximation method to evaluate arith-
metic average option prices. Umezawa & Yamazaki [25] applied the multivariate char-
acteristic function approach to calculate the prices of path-dependent options with dis-
crete monitoring. Yamazaki [27] extended Umezawa & Yamazaki [25]’s method to the
time-changed Lévy model with the Ornstein–Uhlenbeck-type non-Gaussian stochas-
tic volatility. These analytical methods were developed with ingenious mathematical
treatment, but their application range of option types is limited.

On the other hand, the Monte Carlo method is a widely-applied technique for com-
puting exotic option prices even under time-changed Lévy models with the unified
approach. However, the traditional Monte Carlo method is limited by its poor compu-
tational efficiency and high computation cost to obtain higher accuracy. Accordingly
the present study aim to develop a control variate method for efficient Monte Carlo
option pricing under the time-changed Lévy model. There are two key points for im-
plementing our control variate method.

The first point is to generate a proxy process that is highly correlated with the
original asset price process generated by the time-changed Lévy model. The high
correlation of the two processes implies that the payoff of a targeted option under the
original asset price process is expected to be highly correlated with the payoff of the
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corresponding option under the proxy process. The basic idea of the proxy process
is similar to that suggested by Shiraya, Uenishi & Yamazaki [23], who developed a
control variate method for the Lévy model. However, the proxy process employed
by Shiraya, Uenishi & Yamazaki [23] cannot be used for time-changed Lévy models.
Therefore, we aim to develop a new proxy process mimicking the double time-changed
Black-Scholes model.

The second point is to compute the expected payoff of the corresponding option
under the proxy process. As the first step to obtaining the expected payoff, we apply
the Black-Scholes pricing formula to the option payoff under the proxy process, but
its maturity is a random variable. The second step is to compute the expectation of
the Black-Scholes pricing formula with respect to random maturity. For computing the
expectation, we need the bivariate characteristic function of the joint distribution of two
types of random time. Then, we employ the characteristic function approach with the
fast Fourier transform (FFT) to compute the expectation. The characteristic function
approach with the FFT has often been used in option pricing. Carr & Madan [6] first
applied the FFT to price plain vanilla options under Lévy models. Lord et. al. [17]
introduced the convolution method based on the FFT for pricing serval early-exercise
options such as Bermuda and American options under the VG and CGMY (named after
Carr, Geman, Madan, and Yor) models. Hurd & Zhou [15] provided a general pricing
method using numerical integration combined with the FFT to price spread options in
high dimensions under the stochastic volatility and VG models. We note that the FFT
is used for a similar purpose in several articles; however, it needs to be adjusted for the
target of each paper. In the present paper, we provide a calculation method for general
types of exotic option prices under the proxy process.

In the numerical examples provided in the present study, we compute the prices of
average, barrier, and lookback options under six types of time-changed Lévy models.
Findings reveal that our control variate method significantly improves the efficiency of
Monte Carlo option pricing.

To the best of our knowledge, this study is the first to develop an efficient control
variate method for the time-changed Lévy model. However, we acknowledge that there
are several related studies. The following are some studies that attempted to improve
the efficiency of Monte Carlo option pricing in the Lévy or stochastic volatility models.
Avramidis & L’Ecuyer [1] examined the quasi-Monte Carlo method in the pricing of
average, lookback, and barrier options under the VG model. Shiraya & Takahashi [22]
studied a new control variate method for pricing multi-asset options in a general multi-
dimensional local stochastic volatility model with jumps. Dingeç & Hörmann [10],
Zhang et. al. [28] and Shiraya, Uenishi & Yamazaki [23] developed control variate
methods for pricing path-dependent options under the Lévy model.

The rest of this paper is organized as follows: Section 2 introduces the time-
changed Lévy model and briefly reviews the general scheme of the control variate
method. Section 3 explains our control variate method for time-changed Lévy models.
Section 4 presents numerical examples of computing average, lookback, and barrier
option prices, and demonstrates the validity of our method. Concluding remarks are
made in Section 5.
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2 Preliminary
In this section, we introduce the time-changed Lévy model, which is a model of asset
price dynamics driven by time-changed Lévy processes. We also provide some con-
crete examples and explain their characteristic functions. Then, we briefly explain the
general scheme of the control variate method.

2.1 Time-changed Lévy processes
Let (Ω,F , (Ft)t≥0,Q) be a filtered probability space. A càdlàg process Y with values in
R such that Y0 = 0 is called a Lévy process if it has the following properties: (i) For any
t1 < · · · < tn, the increments Yt2 −Yt1 , · · · ,Ytn −Ytn−1 are independent. (ii) For any h > 0,
Yt+h − Yt has the same distribution as Yh. (iii) For any ε > 0, Q(|Yt+h − Yt | > ε)→ 0 as
h→ 0.

In this paper, we focus on a class of Lévy processes such that

Yt := µηt + σWηt , (1)

for any t ≥ 0, where µ ∈ R and σ > 0 are some constants, W is a one-dimensional
standard Brownian motion, and η is a non-decreasing Lévy process independent of
W. The time-changed Brownian motion defined in (1) is called a subordinated Brow-
nian motion and the time-change process η is known as a subordinator in the field of
stochastic calculus. Without loss of generality, we can normalize the subordinator so
that E

[
ηt
]
= t for any t ≥ 0, where E [ · ] denotes the expectation operators under Q.

Next, we explain time-changed Lévy processes. Let τ be an increasing càdlàg
process adapted to (Ft)t≥0 such that τt → ∞ as t → ∞. A time-changed Lévy process
is a stochastic process X described as

Xt := Yτt = µη(τt) + σWη(τt), (2)

for any t ≥ 0, where we define η(τt) := ητt to see the subindex clearly. Suppose that the
random time process τ is given by

τt :=
∫ t

0
vs−ds, (3)

where v called the activity rate is a non-negative càdlàg process with values in R.
We assume that v is independent of η and W. Hereafter, (Gηt )t≥0 denotes the filtration
generated by the subordinator η and (Gv

t )t≥0 denotes the filtration generated by the
activity rate v.

The characteristic function of a random variable Z is defined as

ΦZ(u) := E
[
eiuZ

]
, u ∈ R, (4)

where i :=
√
−1 is the imaginary unit. If the random variable is Yt from a Lévy process

Y , by the Lévy-Khintchine formula, the characteristic function has the form

ΦYt (u) = E
[
eiuYt

]
= etϕY (u), (5)

where ϕY (u), which is a function of u unrelated to time t, is called the characteristic
exponent of the Lévy process Y .
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2.2 Time-changed Lévy model
We assume frictionless markets and the absence of arbitrage opportunities. We also
assume that Q is a risk-neutral probability measure and given. Let S be an underlying
asset price process. Suppose that the asset price process under Q is given by

S t := S 0 exp (rt − ξt + Xt) , (6)

where r is a constant risk-free interest rate, and X is a time-changed Lévy process.
Here, ξ is called a martingale correction that makes the discounted price process a
martingale relative to (Ft)t≥0 under Q. Following Carr & Wu [7], the martingale cor-
rection is given by

ξt := ϕY (−i)τt. (7)

Therefore, the logarithmic return of the asset can be written as

ln
S t

S 0
= rt − ϕY (−i)τt + µη(τt) + σWη(τt). (8)

In this paper, such a model is called the time-changed Lévy model.
Carr & Wu [7] originally introduced time-changed Lévy processes into the dynam-

ics of underlying prices in order to equip stochastic volatilities with Lévy processes.
Randomness in the activity rate v induces randomness in the volatility. A higher activity
rate generates a higher volatility in a market. Note that the time-changed Lévy model
can create various types of asset price dynamics with jumps and stochastic volatilities
by combining an arbitrary subordinator η with an arbitrary activity rate v.

The next subsection provides some concrete expressions of the characteristic expo-
nents ϕη, ϕY and the characteristic function ΦτT for the examples of the time-changed
Lévy model. Note that ϕη, ϕY and ΦτT are to be used for computing the expected pay-
off under the corresponding proxy process of our control variate method explained in
Section 3.1.

2.3 Examples
Combinations of activity rates and subordinators generate various types of time-changed
Lévy models. Table 1 provides examples of time-changed Lévy models, which are
composed of two types of subordinators and three types of activity rates. The names of
the time-changed Lévy models are in accordance with those proposed by Schoutens
[21]. In the following subsections, we explain each element composing the time-
changed Lévy models.

2.3.1 Subordinators

Example 1 (Gamma Process). The gamma process is a subordinator, whose incre-
ments have the gamma distribution with only one parameter, κ > 0, because of the
normalization. The characteristic exponent of the gamma process is given by

ϕη(u) = −1
κ

ln(1 − iκu). (9)
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Table 1: Time-changed Lévy models
η Y v time-changed

Lévy model
Gamma process VG process CIR process VG-CIR
IG process NIG process CIR process NIG-CIR

Gamma process VG process Γ-OU process VG-Γ-OU
IG process NIG process Γ-OU process NIG-Γ-OU

Gamma process VG process IG-OU process VG-IG-OU
IG process NIG process IG-OU process NIG-IG-OU

Example 2 (IG Process). The inverse Gaussian (IG) process is a subordinator, whose
increments have the inverse Gaussian distribution with only one parameter, κ > 0, for
the same reason as that in the gamma process. The characteristic exponent of the IG
process is given by

ϕη(u) = −
√

2
κ

√ 1
2κ
− iu −

√
1
2κ

 . (10)

2.3.2 Lévy processes

Example 3 (VG Process). The variance gamma (VG) process, which is a subordinated
Brownian motion by the gamma process, is a Lévy process. The characteristic exponent
of the VG process is given by

ϕY (u) = −1
κ

ln
(
1 +

1
2
σ2κu2 − iµκu

)
. (11)

The VG process was first proposed by Madan & Seneta [18]. This pure jump process
has a relatively low activity of small jumps and finite variation. Parameter σ deter-
mines the level of the standard deviation of Yt, whereas parameter µ controls the skew-
ness and parameter κ creates excess kurtosis. The VG process converges to a Brownian
motion when κ approaches zero.

Example 4 (NIG Process). The normal inverse Gaussian (NIG) process, which is a
subordinated Brownian motion by the IG process, is a Lévy process. The characteristic
exponent of the NIG process is given by

ϕY (u) =
1
κ
− 1
κ

√
1 + σ2κu2 − 2iµκu. (12)

The NIG process was originally introduced by Barndorff-Nielsen [2]. This process is
also a pure jump process and it has a high activity of small jumps and infinite variation.
The parameters of the NIG process play a role that is similar to those of the VG process.
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2.3.3 Activity rates

The characteristic function of random time τT is expressed as

ΦτT (u) = E
[
exp

(
iu

∫ T

0
vt−dt

)]
. (13)

In the following examples, we present the closed-form representation of (13), when an
activity rate v is given.

Example 5 (CIR Process). The CIR process (Cox, Ingersoll & Ross [9]) is the most
admissible activity rate for time-changed Lévy processes. It is defined by the stochastic
differential equation (SDE)

dvt = a(b − vt)dt + c
√

vtdBt, (14)

where B is a standard Brownian motion independent of other random variables, and
parameters a, b, c are positive constants with the Feller condition 2ab ≥ c2. The CIR
process is a mean-reverting process with continuous sample paths. In this case, the
characteristic function (13) is given by

ΦτT (u) = exp
(
−2

(
ab
c2

)
ln g(T ) +

2
c2

h(T )
g(T )

v0

)
. (15)

Here, we define the functions g(t) and h(t) as

g(t) :=
C
δ+

exp (−δ+t) − C
δ−

exp (−δ−t) , (16)

h(t) := C exp (−δ+t) −C exp (−δ−t) , (17)

where

δ± :=
a
2
± γ, γ :=

1
2

√
a2 − 2ic2u, C := −δ+δ−

2γ
, (18)

if a2 − 2ic2u , 0. Otherwise,

g(t) :=
(

1
2

at + 1
)

exp
(
−a

2
t
)
, (19)

h(t) :=
1
4

a2 exp
(
−a

2
t
)
. (20)

Example 6 (Γ-OU process). Barndorff-Nielsen & Shephard [3] proposed the non-
Gaussian Ornstein-Uhlenbeck (NG-OU) process for modeling stochastic volatility with
jumps. It is defined by the SDE

dvt = −λvtdt + dLλt, (21)

where L called the background driving Lévy process (BDLP) is a non-decreasing Lévy
process independent of other random variables, and parameter λ is a positive constant.
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The NG-OU process is a mean-reverting process with discontinuous sample paths. It
is used as an activity rate for time-changed Lévy processes.

The NG-OU process having the gamma distribution Γ(δ, γ), where δ > 0 is a shape
parameter and γ > 0 is a rate parameter, as its stationary distribution is called the
Γ-OU process. In this case, the characteristic function (13) is given by

ΦτT (u) = exp
(
iuλ−1

(
1 − e−λT

)
v0 + Λ(u,T )

)
, (22)

where

Λ(u, t) :=
λδ

iu − λγ

[
γ ln

(
λγ

λγ − iu
(
1 − e−λt

) ) − iut
]
. (23)

The Γ-OU process has a finite number of positive jumps in any time period.

Example 7 (IG-OU process). The NG-OU process having the inverse Gaussian dis-
tribution IG(δ, γ), where δ, γ > 0 are parameters provided by Barndorff-Nielsen [2]’s
parameterization, as its stationary distribution is called the IG-OU process. In this
case, the characteristic function (13) is given by (22) with

Λ(u, t) :=
iuδ
√
λ

 i
u

(√
λγ − ∆2

)
− 2
∆1

artanh
 √λγ
∆1

 − artanh
(
∆2

∆1

) , (24)

where

∆1 :=
√
γ2λ − 2iu, ∆2 :=

√
γ2λ − 2iu(1 − e−λt). (25)

The IG-OU process has infinite positive jumps in any finite time period.

2.4 Control variate method
Here, we briefly explain the control variate method (see e.g., Glasserman [11] for fur-
ther details).

For random variables Y and Z, we set Y j, Z j, j = 1, 2, . . . , n as random samples of
Y and Z, and Ȳ := 1

n
∑n

j=1 Y j and Z̄ := 1
n
∑n

j=1 Z j as the sample means. When E[Z] is
known, the estimator Ỹ for expected value E[Y] calculated with Z as a control variate
is estimated as

Ỹ = Ȳ − δ
(
Z̄ − E[Z]

)
, (26)

δ is set to minimize the variance of Ỹ as

δ :=
Cov

(
Ȳ , Z̄

)
Var

(
Z̄
) =

∑n
j=1

(
Y j − Ȳ

) (
Z j − Z̄

)
∑n

j=1

(
Z j − Z̄

)2 , (27)

and the variance is calculated as

Var
(
Ỹ
)
= Var

(
Ȳ
)
−

[
Cov

(
Ȳ , Z̄

)]2

Var
(
Z̄
)

=
(
1 − ρȲ ,Z̄

2
)

Var
(
Ȳ
)
, (28)
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where Cov ( · ) and Var ( · ) denote covariance and variance operators, and ρȲ ,Z̄ is the
correlation between Ȳ and Z̄. It shows that if ρ , 0, Var

(
Ỹ
)
< Var

(
Ȳ
)
. This variance

reduction technique is called “control variate method”.

3 Control variate method for time-changed Lévy pro-
cesses

This section describes a control variate method for time-changed Lévy processes for
pricing path dependent exotic options. Using the control variate method, we calculate
option values for the underlying asset price process S using the following steps:

1. Introduce a proxy process U to create a control variate.

2. Generate discretized sample paths Ŝ and Û of S and U, respectively.

3. Using Fourier transform, compute the expected payoff value whose underlying
asset price process is U.

4. Compute the expected payoff value on Ŝ by using the control variate method.

3.1 Proxy process
To apply our control variate method, we introduce a process U as the proxy process for
the underlying asset price process S . For a time to maturity η(τT ), we define U by the
logarithmic return as follows:

ln
Ut

U0
:=

(
R(τT , η(τT )) − σ

2

2

)
t + σWt, t ∈ [0, η(τT )], (29)

where U0 := S 0 and

R(τT , η(τT )) :=
1
η(τT )

[
rT − ϕY (−i)τT

]
+ µ +

σ2

2
, (30)

We call R(τT , η(τT )) “pseudo risk-free rate”.

3.2 Path generation
To generate sample paths, we create an active rate, a random time process, a subordi-
nator, time-changed Brownian motions, and discretized paths Ŝ and Û in that order.

3.2.1 Activity rate and random time process paths

Since the path of activity rate v depends on the model, here we explain the method of
generating typical CIR and NG-OU processes.
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For the CIR process, we apply the Euler-Maruyama scheme to generate the dis-
cretized activity rate v̂ as follows:

∆t :=
1
M

T, (31)

tm := m∆t, (32)
v̂t0 = v0, (33)

v̂tm+1 = v̂tm + a
(
b − v̂tm

)
∆t + c

√
(v̂tm )+Zm

√
∆t, m = 0, . . . ,M − 1, (34)

where Zm is a standard normal random number.
For NG-OU process, the active rate v̂ is generated as

v̂tm+1 = −λv̂tm∆t + L̂λtm+1 − L̂λtm , m = 0, . . . ,M − 1, (35)

where L̂ is a path of the discretized BDLP with the maturity λT and the initial value
L̂λt0 = 0. The BDLP for the Γ-OU process can be expressed as a compound Poisson
process, while the BDLP for the IG-OU process can be represented as the sum of an
IG process and a compound Poisson process. For details on generating sample paths
of the BDLPs, see Chapter 5.5 of Schoutens [21].

With the discretized active rate process v̂, we calculate the random time process τ̂,
which is discretized τt, as

τ̂m+1 = τ̂m + v̂tm∆t, m = 0, 1 . . . ,M − 1. (36)

and define τ̂T := τ̂M .

3.2.2 Subordinator path

Since the increments of the subordinator are independent and stationary, the discretized
subordinator sample value η̂(τ)m can be simulated by

η̂(τ)m+1 = η̂(τ)m + gm, m = 0, 1, 2 . . . ,M, (37)

where gm is a random number depending on the process with E[gm+1] = τ̂m+1 −
τ̂m, Var (gm+1) = κ(τ̂m+1 − τ̂m) for given τ̂m and τ̂m+1.

As a typical example, here we explain the Gamma and IG processes. The increment
of the Gamma process is generated as follows:

gm ∼ Γ
(
τ̂m+1 − τ̂m

κ
,

1
κ

)
, (38)

and the Inverse Gaussian subordinator is

gm ∼ IG
(
τ̂m+1 − τ̂m√

κ
,

1
√
κ

)
. (39)

Then for each m ∈ {0, 1, . . . ,M − 1}, we have E[η̂(τ)m] = τ̂m, Var (η̂(τ)m) = κτ̂m for
a given τ̂m.
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3.2.3 Brownian motion paths

Here, we generate two types of Brownian motion paths. The first one is utilized when
the option used as the control variate observes U discretely. The second one is uti-
lized when the proxy process U is observed continuously; that is, there needs to be a
correction method to reduce the discretization error in the simulation of Û.

Let the time sequences of Ŝ and Û be written as {η̂(τ)S
0 , · · · , η̂(τ)S

M} and {η̂(τ)U
0 , · · · , η̂(τ)U

M},
respectively. The sequence {η̂(τ)S

0 , · · · , η̂(τ)S
M} is generated in Section 3.2.2.

Firstly, we explain the generating method of time-changed Brownian motions ŴS

and ŴU used in the case that the options of the proxy process U is discretely monitored.
To create the sequence {η̂(τ)U

0 , · · · , η̂(τ)U
M}, we divide the random maturity η̂(τ)S

M as

η̂(τ)U
m = m

η̂(τ)S
M

M
, m = 1, · · · ,M. (40)

Then, since η̂(τ)S
0 = η̂(τ)

U
0 , η̂(τ)S

M = η̂(τ)
U
M , we eliminate η̂(τ)U

0 and η̂(τ)U
M , and merge

the sequences of S and U

{η̂(τ)S
0 , · · · , η̂(τ)S

M , η̂(τ)
U
1 , · · · , η̂(τ)U

M−1}. (41)

Next, we sort this sequence in ascending order.

{ζ0, ζ1, . . . , ζ2M−1} , (42)

where ζ0 = η̂(τ)S
0 and ζ2M−1 = η̂(τ)S

M . Based on this sequence, we generate the dis-
cretized standard Brownian motion as follows:

Ŵζ0 = 0,

Ŵζl+1 = Ŵζl + zl
√
ζl+1 − ζl. l = 0, 1, . . . , 2M − 2. (43)

Then, we divide Ŵ = {Ŵζ0 , · · · , Ŵζ2M−1 } to two sets of samples as Ŵη̂(τ)S = {Ŵη̂(τ)S
0
, · · · , Ŵη̂(τ)S

M
}

and Ŵη̂(τ)U = {Ŵη̂(τ)U
0
, · · · , Ŵη̂(τ)U

M
}.

Ŵ

t
η̂(τ)S

0 = η̂(τ)
U
0 η̂(τ)U

1 η̂(τ)U
2 η̂(τ)U

3 η̂(τ)U
M−1 η̂(τ)S

M = η̂(τ)
U
M

η̂(τ)S
1 η̂(τ)

S
2 η̂(τ)S

3 η̂(τ)S
M−1

Ŵζ0

Ŵζ1Ŵζ2

Ŵζ3
Ŵζ4

Ŵζ5
Ŵζ6 Ŵζ2M−3

Ŵζ2M−2

Ŵζ2M−1

Figure 1: Brownian motion sample path for a discretely monitored process U.

11



Figure 1 illustrates a Brownian motion sample path for the options of discretely
monitored U. In the figure, the merged and sorted time sequence is

{ζ0, ζ1, ζ2, ζ3, ζ4, ζ5, ζ6, . . . , ζ2M−3, ζ2M−2, ζ2M−1}
= {η̂(τ)S

0 , η̂(τ)
U
1 , η̂(τ)

S
1 , η̂(τ)

S
2 , η̂(τ)

U
2 , η̂(τ)

U
3 , η̂(τ)

S
3 , . . . , η̂(τ)

U
M−1, η̂(τ)

S
M−1, η̂(τ)

S
M}. (44)

The discretized Brownian motion values

{Ŵζ0 , Ŵζ2 , Ŵζ3 , Ŵζ6 , . . . , Ŵζ2M−2 , Ŵζ2M−1 }, (45)

are used for Ŝ , while

{Ŵζ0 , Ŵζ1 , Ŵζ4 , Ŵζ5 , . . . , Ŵζ2M−3 , Ŵζ2M−1 }, (46)

are used for Û.
On the other hand, when the control variate is a continuously monitored option, that

is, there exists a discretization error reduction method for the target option on U, we
do not need to monitor the asset price Û with a uniformed interval. Thus, we can omit
some procedures and can reduce computational costs. More concretely, for the random
maturity of η(τ)S , the method of generating the time-changed Brownian motion ŴS

and ŴU are as follows:

{ζ0, ζ1, . . . , ζM} = {η̂(τ)S
0 , η̂(τ)

S
1 , . . . , η̂(τ)

S
M} = {η̂(τ)U

0 , η̂(τ)
U
1 , . . . , η̂(τ)

U
M}, (47)

Ŵζ0 = 0, (48)

Ŵζl+1 = Ŵζl + zl
√
ζl+1 − ζl, (49)

Ŵζl = ŴS
η̂(τ)S

l
= ŴU

η̂(τ)U
l
, l = 0, 1, . . . ,M − 1. (50)

In both methods, we define

η̂(τT ) := η̂(τ)S
M = η̂(τ)

U
M . (51)

Ŵ

t
η̂(τ)S

0 = η̂(τ)
U
0 η̂(τ)S

M = η̂(τ)
U
M

η̂(τ)S
1 = η̂(τ)

U
1

η̂(τ)S
2 = η̂(τ)

U
2 η̂(τ)S

3 = η̂(τ)
U
3

η̂(τ)S
M−1 = η̂(τ)

U
M−1

Ŵζ0

Ŵζ1

Ŵζ2

Ŵζ3
ŴζM−1

ŴζM

Figure 2: Brownian motion sample path for a continuously monitored process U.

Figure 2 illustrates a Brownian motion sample path for the options of continuously
monitored U. In this case, we can generate common discretized Brownian motion
sample values for both Ŝ and Û.
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Remark 8. Since there is no general method to reduce the discretization error for
continuously monitored options under general time-changed Lévy models, we have to
increase the number of time steps to approximate the continuously monitored options
on S . On the other hand, the discretization error of the proxy process Û can be reduced
by using the Brownian bridge method for pricing barrier and lookback options. Thus,
we can set the number of time steps for Û smaller than that of Ŝ for some continuously
monitored options.

In this study, the number of time steps for Ŝ is set as an integer multiple of that
for Û for continuously monitored options. That is, M = hMU , h ∈ N+ where M and
MU denote the number of time steps of Ŝ and Û, respectively. Thus, we generate the
discretized random time and Brownian motion for barrier and lookback options under
the proxy process Û as follows:

First, we generate the random time and Brownian motion path for S as usual.
Then, as stated in above, the discretized random time and the Brownian motion for U
are generated as

η̂(τ)U
m = η̂(τ)

S
md, (52)

Ŵη̂(τ)U
m
= Ŵη̂(τ)S

md
, m = 1, 2, . . . ,MU , (53)

η̂(τT ) = η̂(τ)S
MU
= η̂(τ)S

M . (54)

3.2.4 Sample paths of S and U

To generate sample paths of S and U, we consider the log price processes. By us-
ing the random time and the Brownian motions generated in the previous section, the
discretized log price processes of Ŝ and Û are generated as follows:

ln Ŝ tm = ln S 0 + rtm − ϕY (−i)τ̂m + µη̂(τ)S
m + σŴη̂(τ)S

m
, m = 1, 2 . . . ,M, (55)

ln Ûη̂(τ)U
m
= ln U0 + R (τ̂T , η̂(τT )) − σ

2

2
η̂(τ)U

m + σŴη̂(τ)U
m
, m = 1, 2 . . . ,MU , (56)

R (τ̂T , η̂(τT )) =
1
η̂(τT )

[
rT − ϕY (−i)τ̂T

]
+ µ +

σ2

2
, (57)

where ϕY is the characteristic exponent of the Lévy process Y (see Section 2.2).
By using this path generation method, the simulated underlying asset prices of Ŝ

and Û coincide at the maturity; that is, Ŝ T = Ûη̂(τT ). Additionally, the correlation of the
payoff under the two processes increases.

As an example, Figure 3 illustrates the sample paths of Ŝ and Û with M = 10, 000, MU =

250 (h = 40) under the VG-CIR model with parameters presented in Table 2.
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Figure 3: Sample paths under VG-CIR model for continuously monitored U.

3.3 Expectation of the control variate with FFT
In this subsection, we provide the expectation of the control variate, that is, the option
premium related to U.

Since τT and η(τT ) are random variables, the pseudo risk-free rate is also random.
Accordingly, we set the payoff of the underlying asset U with the maturity η(τT ) as
H(U, τT , η(τT )). Then, the expected payoff related to U is written as follows:

E
[
H(U, τT , η(τT ))

]
= E

[
E

[
H(U, τT , η(τT ))|GηT ∨ G

v
T

]]
=

∫ ∞

0

∫ ∞

0
E

[
H(U, y, z)|y, z] f (y, z)dydz, (58)

where f (y, z) is the joint probability density function of τT and η(τT ).
For fixed y and z, E

[
H(U, y, z)|y, z] is the non-discounted option premium under

the Black-Scholes model, and it has an analytical expression for some path dependent
options. We list the formulas that are used in Section 4 as examples.

Example 9 (Geometric average option. See e.g., Kwok [16]). The analytical expres-
sion of the non-discounted premium of a discretely monitored geometric average option
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is given by

E
[
H(U, y, z)|y, z] = U0eµGzN(d1) − KN(d2), (59)

σ2
G :=

(M + 1)(2M + 1)
6M2 σ2, µG :=

σ2
G

2
+

M + 1
2M

(
R (y, z) − σ

2

2

)

d1 :=
ln U0

K +

(
µG +

σ2
G

2

)
z

σG
√

z
, d2 := d1 − σG

√
z,

where M is the number of reference dates.

Example 10 (Floating strike lookback put option. See e.g., Hull [14]. ). For a float-
ing strike lookback put option whose payoff is (sup0≤t≤T S t − S T ), the non-discounted
premium is expressed as follows:

E
[
H(U, y, z)|y, z]
= U0

[(
N (b1) − σ2

2R(y, z)
N (b1)

)
+ eR(y,z)z

(
σ2

2R(y, z)
N (−b2) − N (b2)

)]
, (60)

where

b1 := −R(y, z)
√

z
σ

+
1
2
σ
√

z, (61)

b2 := b1 − σ
√

z. (62)

Example 11 (Up-and-out call option. See e.g., Hull [14]). For an up-and-out call
option, which is valid if the asset price rises above barrier B (Ut ≥ B) until the maturity,
the non-discounted premium is expressed as follows:

E
[
H(U, y, z)|y, z] =U0eR(y,z)z [N(d+) − N (x+)] − K [N(d−) − N (x−)]

+ U0eR(y,z)z(B/U0)2λ [N(−y) − N (−y1)
]

− K(B/U0)2λ−2
[
N(−y + σ

√
z) − N

(
−y1 + σ

√
z
)]
, (63)

where

λ :=
1
2
+

R(y, z)
σ2 ,

d+ :=
ln(U0/K)
σ
√

z
+ λσ

√
z, d− := d+ − σ

√
z,

x+ :=
ln (U0/B)
σ
√

z
+ λσ

√
z, x− := x+ − σ

√
z,

y :=
ln

(
B2/(U0K)

)
σ
√

z
+ λσ

√
z, y1 :=

ln (B/U0)
σ
√

z
+ λσ

√
z.

To calculate the unconditional expectation of the control variate (58), we also need
to obtain the joint probability density function f (y, z) of τT and η(τT ), and it is calcu-
lated by the two-dimensional inverse Fourier transform as follows:

f (y, z) =
1

(2π)2

∫ +∞

−∞

∫ +∞

−∞
e−i(u1y+u2z)ΦτT ,η(τT )(u1, u2)du1du2. (64)
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where ΦτT ,η(τT )(u1, u2) := E
[
exp (iu1τT + iu2η(τT ))

]
is the bivariate characteristic func-

tion of τT and η(τT ).
The following lemma shows that we only have to know the characteristic exponent

ϕη and the characteristic function ΦτT , which are given in Section 2, individually in
order to obtain the bivariate characteristic function ΦτT ,η(τT ).

Lemma 12. Let

ΦτT ,η(τT )(u1, u2) = E
[
exp (iu1τT + iu2η(τT ))

]
, (65)

be the bivariate characteristic function of random time τT and η(τT ). It is then repre-
sented as

ΦτT ,η(τT )(u1, u2) = ΦτT (u1 − iϕη(u2)). (66)

Proof of Lemma 12 Applying the law of iterated expectations and the Lévy-Khintchine
formula, we have

ΦτT ,η(τT )(u1, u2) = E
[
E

[
exp (iu1τT + iu2η(τT )) | Gv

T
]]

= E
[
exp

(
iu1τT + τTϕη(u2)

)]
= ΦτT (u1 − iϕη(u2)). (67)

□

Remark 13. In general, it is difficult to know the closed-form representation of the
joint probability density function f (y, z). Meanwhile, we can immediately obtain the
bivariate characteristic function ΦτT ,η(τT ) owing to Lemma 12 combined with known
functions ΦτT and ϕη. In this study, we apply the two-dimensional FFT to compute
the inversion formula (64) and obtain f (y, z) numerically. Then, the multiple integrals
in (58) can be calculated numerically. In this way, the expected payoff (58) can be
computed quickly and accurately. This numerical procedure is applicable to almost all
types of the time-changed Lévy models appearing in the existing literature.

Remark 14. By using this method, the premium of European style options on U coin-
cides with that of S . Therefore, the greater the dependence of the payoff on the asset
price at maturity, the more effective is the control variable method.

3.4 Control variate method
Let F(S ,T ) be the payoff function related to the underlying asset price process S with
the maturity T , and let n be the number of simulations. Then, by using the control
variate method, the expected payoff can be estimated as follows:

E[F(S ,T )] ≈ F̄(Ŝ ,T ) − δ
(
H̄

(
Û, η̂(τT )

)
− E

[
H(U, τT , η(τT ))

])
, (68)
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where

F̄(Ŝ ,T ) :=
1
n

n∑
j=1

F̂(Ŝ j,T ), (69)

H̄(Û, η̂(τT )) :=
1
n

n∑
j=1

Ĥ(Û j, η̂(τT ) j), (70)

δ =

∑n
j=1

(
F̂(Ŝ j,T ) − F̄(Ŝ ,T )

) (
Ĥ(Û j, η̂(τT ) j) − H̄(Û, η̂(τT ))

)
∑n

j=1

(
Ĥ(Û j, η̂(τT ) j) − H̄(Û, η̂(τT ))

)2 . (71)

The index j means the j-th sample, Ŝ and Û are discretized price processes, η̂(τ) is
discrete random time, and F̂ and Ĥ are the payoff function of the discretized price
processes S and U with the maturities T and η(τT ), respectively. E

[
H(U, τT , η(τT ))

]
is

the value calculated in (58).
Note that while F and H depend on the prices of S and U at an arbitrary time for

continuously monitored options, F̂ and Ĥ depend only on the prices of Ŝ and Û on the
discretized observation time.

4 Numerical experiments
In this section, we test the validity of our control variate method for pricing average
call, up-and-out call, and floating strike lookback put options under the time-changed
Lévy models. We use a Visual Studio C++ single-threaded program with AMD Ryzen5
R3550H CPU, 8Gb RAM for the numerical experiments presented in this section.

To measure the efficiency of the control variate method, we calculate the variance
reduction factor (VRF) and efficiency factor (EF), which are defined as follows:

VRF =
Variance of the results with the crude Monte Carlo method

Variance of the results with the control variate method
, (72)

EF = VRF × Computation time with the crude Monte Carlo method
Computation time with the control variate method

. (73)

4.1 Models and parameters
In the numerical experiments, we employ the six types of time-changed Lévy models
listed in Table 1. For all the options, we set the initial asset price S 0 = 100, the initial
activity rate v0 = 1, the maturities T = 1, 2, 3, and the risk-free rate r = 0.03. For the
barrier options, we set the strike price K = 100, and the barrier B = 130.

For the Monte Carlo simulation and the control variate method, the numbers of
time steps of Ŝ and Û are M = MU = 250 per year, which corresponds to daily
monitored options. We also examine M = 10, 000, MU = 250 per year case, which
is approximately regarded as a continuously monitored option. We set the number of
sample paths to n = 100, 000. To generate random numbers of the normal, gamma, and
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inverse Gaussian distributions, we follow Moro [20], Tanizaki [24], and Michael et al.
[19], respectively.

The base parameters of the time-changed Lévy models are presented in Table 2.

Table 2: Model parameters.
VG or NIG CIR Γ-OU or IG-OU

µ σ κ a b c λ δ γ

-0.20 0.25 0.05 1.00 1.00 1.00 1.50 0.45 0.70

As a control variate, we use the discretely monitored geometric average, continu-
ously monitored barrier, and continuously monitored lookback options for U, while the
original options for S are the discretely monitored arithmetic average, discretely mon-
itored barrier, and discretely monitored lookback options. For barrier and lookback
options, since H (U, τT , η(τT )) is continuously monitored, we use the discretization er-
ror reduction technique for computing Ĥ(Û, η̂(τT )). This technique is an application of
the Brownian bridge (see e.g., Beaglehole et al. [4] and Glasserman [11].)

The payoffs of these options are as follows:

• Average call option
While the original payoff of Ŝ is for an arithmetic average option, we use the
payoff of a geometric average option on Û as the control variate in order to obtain
the closed-form of the expected payoff. The payoffs F̂(Ŝ ,T ) and Ĥ(Û, η̂(τT )) are
expressed as

F̂(Ŝ ,T ) =

 1
M

M∑
m=1

Ŝ tm − K

+ , (74)

Ĥ(Û, η̂(τT )) =

exp

 1
M

M∑
m=1

ln Ûη̂(τ)U
m

 − K

+ , (75)

respectively. Here, M is the number of the monitoring time.

• Floating strike lookback put option
The payoff of a floating strike lookback put option on Ŝ is expressed as

F̂(Ŝ ,T ) = max
0≤m≤M

Ŝ tm − Ŝ T . (76)

To reduce the discretization error in the estimator of the expected payoff for Û,
we define the following maximum function:

f U
M (Û,m, Im)

:= Ûη̂(τ)U
m

exp


ln(Ûη̂(τ)U

m+1
/Ûη̂(τ)U

m
) +

√(
ln(Ûη̂(τ)U

m+1
/Ûη̂(τ)U

m
)
)2
− 2σ2(η̂(τ)U

m+1 − η̂(τ)U
m ) ln(1 − Im)

2

 ,
(77)
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where Im is a random number from the uniform distribution U(0, 1). Then, the
payoff of a continuously monitored lookback put option on U is expressed as

Ĥ(Û, η̂(τT )) = max
0≤m≤M−1

f U
M (Û,m, Im) − Ûη̂(τT ). (78)

• Up-and-out call option
The payoff of an up-and-out call option on Ŝ is expressed as

F̂(Ŝ ,T ) = 1max0≤m≤M Ŝ tm<B

(
Ŝ T − K

)+
. (79)

We define the following probability function to adjust the barrier hitting proba-
bility of Û:

pÛ(B,m) :=


exp

−2

(
ln B−ln Û

η̂(τ)Um

)(
ln B−ln Û

η̂(τ)Um+1

)
σ2(η̂(τ)U

m+1−η̂(τ)U
m)

 , if Ûη̂(τ)U
m
, Ûη̂(τ)U

m+1
< B,

1, otherwise.
(80)

Hence, the payoff of a continuously monitored up-and-out call option on Û is
expressed as

Ĥ(Û, η̂(τT )) =
(
Ûη̂(τT ) − K

)+ M−1∏
m=0

(1 − pÛ(Bd,m)), (81)

where Bd := B exp(0.5826σ
√
∆t), which is introduced by Broadie et al. [5] to

adjust the barrier level for the continuously monitored option.

Remark 15. Recall that Ŝ T = Ûη̂(τT ). In computing the up-and-out call option prices,
we can omit to generate Û and set the payoff value to zero when Ŝ T < K or Ŝ T > B at
maturity. This procedure can further reduce the computation time.

4.2 Results
This subsection shows the numerical results in the setting mentioned above. Tables 3,
4, and 5 summarize the results of the average call, floating strike lookback put, and
up-and-out call options, respectively.

In each table, “MC” and “CV” denote the crude Monte Carlo method and our con-
trol variate method, respectively. The “Price” column shows the option prices obtained
by our control variate method. “VRF” and “EF” denote the variance reduction factor
and efficiency factor, respectively. “SE” shows the sample standard deviation of the
payoffs. The “Corr” column exhibits the correlation between the payoffs of Ŝ and Û.
δ shows the coefficient of the control variates. “Time” denotes the computation time in
seconds.
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Table 3: Average call option (K = 100).
Price VRF EF SE Corr δ Time

CV MC MC CV
T = 1 VG-CIR 6.357 21.3 17.4 0.007 0.032 0.976 1.017 4.2 5.2

M = MU = 250 NIG-CIR 6.351 22.1 15.7 0.007 0.032 0.977 1.020 2.7 3.8
VG-Γ-OU 6.006 13.3 10.4 0.008 0.030 0.962 1.040 3.7 4.7
NIG-Γ-OU 6.009 14.1 9.7 0.008 0.030 0.964 1.042 2.2 3.1
VG-IG-OU 6.001 13.7 11.2 0.008 0.030 0.963 1.040 4.5 5.5
NIG-IG-OU 6.005 14.2 10.5 0.008 0.030 0.964 1.041 3.0 4.0

T = 2 VG-CIR 9.257 22.1 18.1 0.010 0.049 0.977 1.046 8.2 10.0
M = MU = 500 NIG-CIR 9.257 22.8 16.6 0.010 0.049 0.978 1.047 5.1 7.1

VG-Γ-OU 8.497 10.4 8.4 0.014 0.045 0.951 1.066 7.3 9.0
NIG-Γ-OU 8.487 10.1 7.0 0.014 0.045 0.949 1.064 4.0 5.8
VG-IG-OU 8.475 9.8 8.2 0.014 0.045 0.948 1.073 8.9 10.6
NIG-IG-OU 8.477 10.4 7.8 0.014 0.045 0.951 1.060 5.6 7.4

T = 3 VG-CIR 11.526 21.1 17.4 0.014 0.064 0.976 1.069 12.1 14.7
M = MU = 750 NIG-CIR 11.518 21.1 15.4 0.014 0.064 0.976 1.067 7.5 10.3

VG-Γ-OU 10.408 8.7 7.1 0.020 0.058 0.941 1.082 10.9 13.4
NIG-Γ-OU 10.406 8.9 6.1 0.019 0.057 0.942 1.079 5.9 8.4
VG-IG-OU 10.377 8.9 7.7 0.019 0.057 0.942 1.079 13.6 15.7
NIG-IG-OU 10.391 7.9 6.2 0.021 0.059 0.935 1.093 8.5 10.9
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Table 4: Floating strike lookback put option.
Price VRF EF SE Corr δ Time

CV MC MC CV
T = 1 M = 250 VG-CIR 16.910 25.2 21.4 0.009 0.046 0.980 0.987 4.2 4.9

MU = 250 NIG-CIR 17.285 26.9 20.2 0.009 0.046 0.981 0.985 2.6 3.5
VG-Γ-OU 14.507 25.5 21.0 0.009 0.044 0.980 0.981 3.7 4.4
NIG-Γ-OU 14.884 26.9 19.9 0.008 0.044 0.981 0.977 2.1 2.9
VG-IG-OU 14.477 25.9 22.1 0.009 0.045 0.980 0.979 4.5 5.2
NIG-IG-OU 14.856 27.0 21.1 0.009 0.044 0.981 0.975 2.9 3.8

M = 10, 000 VG-CIR 17.073 24.8 24.2 0.009 0.046 0.980 0.989 184.6 189.0
MU = 250 NIG-CIR 17.622 26.2 25.1 0.009 0.046 0.981 0.987 91.7 95.8

VG-Γ-OU 14.683 26.0 25.5 0.009 0.045 0.981 0.987 167.8 171.3
NIG-Γ-OU 15.195 27.6 25.9 0.009 0.045 0.982 0.986 68.1 72.6
VG-IG-OU 14.648 25.3 24.8 0.009 0.045 0.980 0.985 198.6 203.2
NIG-IG-OU 15.164 27.2 26.0 0.009 0.045 0.981 0.987 100.1 104.6

T = 2 M = 500 VG-CIR 24.511 26.6 22.8 0.013 0.065 0.981 0.989 8.1 9.4
MU = 500 NIG-CIR 24.905 27.5 21.3 0.012 0.064 0.982 0.989 5.0 6.5

VG-Γ-OU 19.291 27.8 23.7 0.012 0.061 0.982 0.990 7.2 8.4
NIG-Γ-OU 19.654 28.9 21.3 0.011 0.061 0.983 0.988 3.9 5.3
VG-IG-OU 19.197 28.3 24.8 0.012 0.062 0.982 0.983 8.7 10.0
NIG-IG-OU 19.595 29.4 23.5 0.012 0.063 0.983 0.982 5.5 6.9

M = 20, 000 VG-CIR 24.759 26.8 26.2 0.012 0.065 0.981 0.994 371.1 379.4
MU = 500 NIG-CIR 25.308 27.1 26.0 0.012 0.065 0.981 0.993 183.2 190.8

VG-Γ-OU 19.483 27.8 27.3 0.012 0.062 0.982 0.997 344.2 350.4
NIG-Γ-OU 19.973 28.7 27.0 0.011 0.062 0.982 0.997 137.4 145.8
VG-IG-OU 19.407 27.9 27.6 0.012 0.063 0.982 0.993 405.3 413.2
NIG-IG-OU 19.917 30.1 28.8 0.011 0.063 0.983 0.993 199.7 208.6

T = 3 M = 750 VG-CIR 30.311 24.6 21.2 0.016 0.079 0.979 0.988 11.9 13.8
MU = 750 NIG-CIR 30.720 25.2 19.6 0.016 0.079 0.980 0.988 7.3 9.5

VG-Γ-OU 22.811 26.1 22.6 0.015 0.075 0.981 0.994 10.7 12.4
NIG-Γ-OU 23.157 25.9 19.2 0.015 0.075 0.981 0.993 5.7 7.7
VG-IG-OU 22.688 26.9 24.3 0.015 0.080 0.981 0.969 13.3 14.7
NIG-IG-OU 23.048 27.3 22.6 0.015 0.076 0.981 0.987 8.4 10.2

M = 30, 000 VG-CIR 30.556 25.3 24.9 0.016 0.080 0.980 0.990 560.8 570.7
MU = 750 NIG-CIR 31.166 26.0 24.8 0.016 0.080 0.981 0.993 273.8 287.0

VG-Γ-OU 23.033 26.1 25.5 0.015 0.076 0.981 1.000 520.4 532.5
NIG-Γ-OU 23.512 26.1 24.6 0.015 0.076 0.981 1.001 207.2 220.5
VG-IG-OU 22.903 27.0 26.4 0.015 0.078 0.981 0.998 612.9 625.9
NIG-IG-OU 23.434 27.7 26.7 0.015 0.078 0.982 0.994 301.0 312.8
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Table 5: Up-and-out call option (K = 100, B = 130).
Price VRF EF SE Corr δ Time

CV MC MC CV
T = 1 M = 250 VG-CIR 3.109 8.1 7.2 0.007 0.020 0.937 1.049 4.1 4.7

MU = 250 NIG-CIR 3.028 8.8 7.2 0.007 0.020 0.942 1.032 2.6 3.2
VG-Γ-OU 3.826 8.3 7.1 0.008 0.022 0.938 1.044 3.6 4.2
NIG-Γ-OU 3.709 9.9 7.5 0.007 0.022 0.948 1.029 2.1 2.7
VG-IG-OU 3.834 8.4 7.3 0.008 0.022 0.939 1.045 4.4 5.0
NIG-IG-OU 3.723 9.9 7.9 0.007 0.022 0.948 1.030 2.9 3.6

M = 10, 000 VG-CIR 3.076 8.3 8.2 0.007 0.020 0.938 1.044 182.8 183.7
MU = 250 NIG-CIR 2.956 9.6 9.5 0.006 0.020 0.946 1.024 89.1 90.0

VG-Γ-OU 3.793 8.7 8.7 0.007 0.022 0.941 1.043 165.5 166.0
NIG-Γ-OU 3.659 10.9 10.7 0.007 0.021 0.953 1.025 66.2 67.1
VG-IG-OU 3.806 8.6 8.5 0.008 0.022 0.940 1.044 196.3 197.7
NIG-IG-OU 3.651 10.5 10.3 0.007 0.021 0.951 1.020 98.1 100.1

T = 2 M = 500 VG-CIR 1.705 5.5 5.1 0.007 0.016 0.905 1.049 7.9 8.5
MU = 500 NIG-CIR 1.641 6.4 5.6 0.006 0.016 0.918 1.029 4.9 5.6

VG-Γ-OU 2.836 5.4 4.9 0.009 0.020 0.903 1.043 7.0 7.7
NIG-Γ-OU 2.748 6.2 5.0 0.008 0.020 0.916 1.030 3.8 4.7
VG-IG-OU 2.791 5.7 5.2 0.008 0.020 0.908 1.050 8.6 9.4
NIG-IG-OU 2.689 6.5 5.6 0.008 0.020 0.920 1.031 5.4 6.3

M = 20, 000 VG-CIR 1.692 5.6 5.5 0.007 0.016 0.906 1.046 365.8 367.6
MU = 500 NIG-CIR 1.587 6.6 6.6 0.006 0.015 0.921 1.014 177.6 178.7

VG-Γ-OU 2.811 5.7 5.6 0.009 0.020 0.907 1.045 337.6 339.1
NIG-Γ-OU 2.695 6.6 6.5 0.008 0.020 0.921 1.025 132.8 134.3
VG-IG-OU 2.761 5.9 5.8 0.008 0.020 0.911 1.048 399.4 401.7
NIG-IG-OU 2.651 6.8 6.8 0.008 0.020 0.923 1.026 195.1 196.6

T = 3 M = 750 VG-CIR 1.051 4.6 4.4 0.006 0.013 0.885 1.043 11.7 12.4
MU = 750 NIG-CIR 1.008 5.2 4.9 0.006 0.013 0.899 1.027 7.4 7.9

VG-Γ-OU 2.222 4.2 3.9 0.009 0.019 0.874 1.042 10.6 11.4
NIG-Γ-OU 2.146 4.5 3.8 0.009 0.018 0.883 1.023 5.5 6.6
VG-IG-OU 2.148 4.6 4.4 0.009 0.019 0.884 1.051 13.3 13.8
NIG-IG-OU 2.068 4.9 4.4 0.008 0.018 0.891 1.027 8.2 9.0

M = 30, 000 VG-CIR 1.027 4.8 4.8 0.006 0.013 0.890 1.032 549.4 550.7
MU = 750 NIG-CIR 0.962 5.2 5.2 0.005 0.012 0.899 1.000 266.2 267.9

VG-Γ-OU 2.210 4.3 4.3 0.009 0.019 0.876 1.041 512.8 515.2
NIG-Γ-OU 2.140 4.5 4.5 0.009 0.019 0.883 1.021 200.2 202.4
VG-IG-OU 2.106 4.6 4.6 0.008 0.018 0.885 1.041 604.0 606.6
NIG-IG-OU 2.027 5.1 5.1 0.008 0.018 0.897 1.023 291.9 294.6

In all the cases, our control variate works sufficiently. Since the random numbers
and path generation are different in each model, the computation time depends on the
model. However, the additional computation time due to the control variate method
does not affect the total computational time substantially.

As for the difference in the types of options, the difference of the computational
time between the crude Monte Carlo and control variate methods in the average option
is slightly larger than that in the barrier and lookback options. This is because U is
for discretely monitored options and we need to create different sample paths of the
Brownian motion for S and U in the average option. Meanwhile, we can use the same
sample paths of the Brownian motion for S and U in the barrier and lookback options.

The EFs of the up-and-out call option are relatively low. This is because if one
process hits the barrier and the other does not, the difference between their payoff
values becomes large. For the same reason, when time to maturity is long (that is,
the barrier hitting probability increases), the EFs of the up-and-out option decreases.
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However, the EFs of the average and lookback options do not necessarily decrease in
time to maturity.

Comparing the case of M = 250 per year with that of M = 10, 000 per year in
Tables 4 and 5, the EFs in the latter case are higher than those in the former case. This
is because Û is for continuously monitored options and the path-dependent options on
Ŝ in the latter case reach close to the continuously monitored options.

5 Conclusion
This paper proposed a control variate method for pricing path-dependent options under
the time-changed Lévy models.

To construct the control variate, we generated a proxy process that was highly
correlated with the original asset price process under the time-changed Lévy model.
This proxy process is regarded as the Black-Scholes model with random maturity. We
demonstrated that the corresponding option payoff under the proxy process is strongly
correlated with the targeted option payoff under the time-changed Lévy model. We
then evaluated the corresponding expected payoff conditional on the random maturity
by using the Black-Scholes option pricing formula. Next, we applied the characteris-
tic function approach with the FFT to obtain the expected payoff. Our control variate
method is widely applicable to path-dependent options under various types of the time-
changed Lévy models with the unified approach. That is, this method is more versatile
than other option pricing methods developed in past studies on time-changed Lévy
models.

In the numerical experiments, we calculated the prices of the average call, float-
ing lookback put, and up-and-out call options under the following six types of time-
changed Lévy models: VG-CIR, NIG-CIR, VG-Γ-OU, NIG-Γ-OU, VG-IG-OU, and
NIG-IG-OU models. We found that our control variate method significantly reduced
the variance of estimated option prices in the Monte Carlo simulation.
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