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Abstract

This paper investigates the relationship between bubbles and government
bailouts. It shows that bailouts for bursting bubbles may positively influence
ex-ante production efficiency and relax the existence condition of stochastic
bubbles. The level of bailouts has a non-monotonic relationship with pro-
duction efficiency and not full bailouts but a “partial bailout” policy realizes
production efficiency. Moreover, it examines the welfare effects of bailout poli-
cies rigorously. The welfare of rescued entrepreneurs is an increasing function
of bailout level, but the welfare of taxpayers (workers) shows a non-monotonic
relation with bailout level. It shows that even non-risky bubbles may be un-
desirable for taxpayers.

Key words: Asset Bubbles, Anticipated Bailouts, Production Efficiency,
Boom-Bust Cycles, Welfare Effects of Anticipated Bailouts
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1 Introduction

Many countries have experienced bubble-like dynamics, notably the recent U.S. ex-
periences after the global financial crisis of 2007—2009 as well as Japan’s experiences
in the 1990s. The bursting part of asset bubbles is generally followed by significant
contractions in real economic activity. To mitigate these contractions, the govern-
ment tends to provide various bailouts, such as by purchasing legacy assets at inflated
prices or proposing a capital injection policy. Although such bailout initiatives are
becoming more frequent, the effects of these policies have thus far been underexam-
ined in the theoretical literature, especially in full blown macroeconomic models. For
example, although bailouts may mitigate the adverse ex-post effects of the bubble
bursting, it remains unclear what happens if bailouts are anticipated ex-ante. Do
they affect boom-bust cycles? Do they change the emergence conditions of bub-
bles? More generally, to what extent are ex-post bailouts efficient from an ex-ante
perspective? Further, can we derive an optimal bailout policy? In this paper, we
theoretically investigate these questions by using a simple infinite horizon general
equilibrium model with financial imperfection and stochastic bubbles.

The first notable contribution of this paper is that we explore that bailouts in the
wake of bursting bubbles may positively influence ex-ante production efficiency. The
recent theoretical literature on bailout policies tends to investigate the moral hazard
consequences of bailouts (e.g., Diamond and Rajan, 2012; Farhi and Tirole, 2009,
2012), finding that moral hazard negatively affects ex-ante efficiency. This paper,
however, shows that the effects of bailouts provided after bursting bubbles are quite
the opposite. An intuitive reason for this finding comes from a crowd-in effect of
bubbles. If the financial market is imperfect, the existence of bubbles may be able

to crowd in investments, because the bubbles have a positive wealth effect and relax



borrowing constraints. By contrast, ex-post bailouts make bubbles safer and more
profitable assets, and demand for bubbles subsequently rises. This higher demand
raises the price of bubbles and increases the crowd-in effect. Hence, bailouts posi-
tively influence ex-ante production efficiency. In order to explain this point clearly,
we extend the approach taken by Kiyotaki (1998) by developing a macroeconomic
model with heterogeneous investments, financial market imperfection, asset bubbles,
and bailouts.

As we show herein, anticipated bailouts induce low-productivity entrepreneurs
to buy risky bubble assets. By encouraging such risk-taking behavior, anticipated
bailouts also affect the existing conditions of asset bubbles. We show that bubbles
that have a high probability of bursting cannot occur in the absence of government
guarantees. However, if bailouts are guaranteed by the government, then even those
riskier bubbles can arise.

The second contribution of this paper is that it examines the possibility of partial
bailouts. In reality, the provision of bailouts is not comprehensive. For example, in
the recent global financial crisis, AIG was rescued, while Lehman Brothers was not.
In this paper, we consider such possibility. Financial safety net is provided by the
government following the collapse of bubbles. We focus on a bailout in which the
government guarantees bubble investments against losses derived from the collapse
of bubbles. The aim of bailouts is to recapitalize the net worth of entrepreneurs and
mitigate economic contractions. An important assumption in our model is that not
all entrepreneurs who suffer losses from bubble investments are necessarily rescued,
that is, some entrepreneurs are rescued while the others are not. The government
can choose the percentage of entrepreneurs rescued. This assumption captures the
possibility of partial bailouts, and we show that partial bailouts have a superior

aspect. In order to realize ex-ante production efficiency, not full bailouts but partial



bailouts are desirable. This point comes from a crowd-out effect of bubbles. Although
bubbles have the crowd-in effect, it is well known in the literature on bubbles, for
example, Tirole (1985), that they also have the crowd-out effect on investments. In
this paper, we show that the crowd-out effect dominates the crowd-in effect if the
bubble becomes sufficiently large. In other words, too generous financial safety net
such as full bailouts creates too large bubbles and decreases investment.

The interesting point is that bailouts have non-monotonic impacts on ex-ante pro-
duction efficiency, which is the production level until the bubble bursts when bailout
policies are anticipated. We show that expansions in the government guarantees ini-
tially crowds in productive projects, thereby increasing production efficiency as long
as bubbles do not burst. Too generous guarantees, however, lead to strong crowd-out
effects, thereby decreasing ex-ante production efficiency. This non-monotonic impact
on ex-ante production efficiency suggests that there is a certain bailout level at which
ex-ante production efficiency is maximized.

Under the bailout policy, the output level in each period is increased by improving
production efficiency. This, however, implies that the economy experiences a sharp
drop in output when bubbles collapse. In other words, such a bailout policy may
increase boom-bust cycles and require large amounts of public funds following the
collapse of bubbles. This finding suggests a trade-off between economic stability and
efficient resource allocation, which leads onto our third contribution.

The third contribution of this paper is that we derive the effects of bailouts on
economic welfare rigorously. Since there are heterogeneous agents in this economy,
it is difficult to examine total welfare directly. Instead, we examine the welfare of
each type of agent and discuss that actual bailout policies may change depending on
various objectives of the government or conflicts of interest between taxpayers and

rescued entrepreneurs. For this consideration, the non-monotonic impact on produc-



tion efficiency is important. Given the fact that wage rate is positively correlated
with production efficiency, the welfare of workers has a non-monotonic relation with
the broader provision of bailouts. Moreover, workers may have to pay tax to rescue
bubble holders. Hence, in the case of riskier bubbles, the optimal bailout level for
taxpayers is lower than the level at which production efficiency is maximized, which
has an important implication for boom-bust cycles. In order to maximize taxpayers’
welfare, the government must sacrifice some production efficiency in order to reduce
the size of bubbles and soften boom-bust cycles. However, a no-bailout policy is
not optimal, even for taxpayers. By contrast, an entrepreneur’s welfare monotoni-
cally increases with broader bailout provision, because entrepreneurs receive a higher
transfer from such an expansion and enjoy the wealth effect of consumption. Thus,
there are conflicts of interest between taxpayers and rescued entrepreneurs about a
desirable bailout level.

Finally, we discuss the welfare effects of bailout policies that make stochastic
bubbles non-stochastic ones (e.g., government debt as a bailout tool). We show that
stochastic bubbles can be better than non-stochastic ones from the perspective of
taxpayers’ welfare, suggesting that increasing the fragility of bubbles might actually
enhance the welfare of taxpayers.

The rest of this paper is organized as follows. In subsection 1.1, we discuss
the related works in the literature. In section 2, we present our basic model with
stochastic bubbles and government bailouts. In section 3 and 4, we examine dynamics
of rational bubbles and analyze how the government’s financial safety net affects the
existence conditions of rational bubbles. In section 5, we investigate how expansions
in government guarantees affect ex-ante production efficiency and boom-bust cycles.
In section 6, we conduct a welfare analysis of anticipated bailouts and show an

optimal bailout policy. In section 7, we analyze whether a bailout policy that makes



stochastic bubbles non-stochastic ones is the best from a welfare perspective. In

section 8, we conclude our argument.

1.1 Related Literature

Recent examinations about rational bubbles have provided a theoretical framework
to analyze the macroeconomic effects of asset bubbles. In particular, seminal works,
such as Farhi and Tirole (2012), Martin and Ventura, (2012), and Woodford (1990),
have enriched the argument about the consequences of asset bubbles by showing
that they may have a crowd-in effect. Adding to these papers, a growing body of
literature is examining asset bubbles and macro dynamics (e.g., Aoki and Nikolov,
2011; Caballero and Krishnamurthy, 2006; Jovanovic, 2012; Kamihigashi, 2011, 2012;
Kocherlalota, 2009; Hellwig and Lorenzoni, 2009; Hirano and Yanagawa, 2010; Miao
and Wang, 2011). The present paper discusses the results of the above mentioned
papers in order to examine in depths both the crowd-in effect and the crowd-out
effect of bubbles. Specifically, the main original contribution of this paper is exploring
the effects of bailouts within a rational bubbles framework, and analyzing desirable
bailout policies from a welfare perspective.

In this vein, Uhlig (2010) models a systemic bank run in the light of the recent
financial crisis. His analysis supports for the argument that the outright purchase
of troubled assets by the government at above current market prices can both alle-
viate financial crises as well as provide taxpayers with returns above those for safe
securities. Similarly, Diamond and Rajan (2012) and Farhi and Tirole (2009, 2012)
examine the moral hazard consequences of bailouts and welfare analysis in order to
derive optimal regulations or bailout policies. Our paper lends support to Uhlig’s
(2010) results by developing a rigorous welfare analysis and builds on the findings of

the other three papers by proposing optimal bailout policies following the collapse



of bubbles. Moreover, rather than using a three-period model with an endowment
economy, we examine the effects of bailouts in a full blown dynamic macroeconomic
model with a production economy.

Regarding previous works that have used dynamic macroeconomic models, Brun-
nermeier and Sannikov (2011), Gertler and Kiyotaki (2010), and Kiyotaki and Moore
(2008) examine government bailouts (i.e., credit market interventions) in a liquidity
crisis, while Gertler and Karadi (2011) and Roch and Uhlig (2012) adopt dynamic
macroeconomic models in order to analyze the welfare effects of bailouts. Roch and
Uhlig (2012), for example, provide a theoretical framework to analyze the dynam-
ics of a sovereign debt crisis and bailouts. Their paper, based on an endowment
economy, characterizes the minimal actuarially fair bailouts that restore the good
equilibrium. In contrast, our model is based on production economy. Hence, the
anticipated bailouts greatly affect welfare through the change in production. More-
over, Gertler and Karadi (2011) analyze whether government’s interventions in a
crisis (i.e., direct lending by the central banks) can improve post-crisis welfare. By
contrast, our paper takes into account the anticipated effects of government policy,
and computes welfare from an ex-ante perspective.

Gertler et al. (2011) examine the welfare effects of a government’s credit policy
in a crisis by considering the anticipated effects, and computing welfare from an ex-
ante perspective. In their model, the anticipated credit policy induces the ex-ante
risk-taking of intermediaries, while they also show that ex-ante regulations reduce
risk-taking and improve welfare. By contrast, the model presented herein suggests
that, anticipated bailouts induce risk-taking ex-ante and that, such risk-taking can
improve welfare; however, we also conclude that too much risk-taking reduces welfare

by creating large bubbles.



2 The Model

2.1 Framework

Consider a discrete-time economy with one homogeneous good and a continuum of
entrepreneurs and workers. A typical entrepreneur and a representative worker have

the following expected discounted utility,

Eq

t=0

2@@4, 1)

where i is the index for each entrepreneur, and ¢} is the consumption of him/her at
date t. 5 € (0,1) is the subjective discount factor, and Ej [a] is the expected value
of a conditional on information at date 0.

Let us start with the entrepreneurs. At each date, each entrepreneur meets high
productive investment projects (hereinafter H-projects) with probability p, and low
productive ones (L-projects) with probability 1 —p. The investment projects produce

capital. The investment technologies are as follows:
ki—i—l = O‘izga (2)

where z/(> 0) is the investment level at date ¢, and ki, , is the capital at date t + 1
produced by the investment. a! is the marginal productivity of investment at date
t. ol = o if the entrepreneur has H-projects, and o = ol if he/she has L-projects.
We assume off > o, For simplicity, we assume that capital fully depreciates in one
period.! The probability p is exogenous, and independent across entrepreneurs and

over time. The entrepreneur knows his/her own type of date ¢, whether he/she has

! As in Kocherlakota (2009), we can consider a case where only a fraction 7 of capital depreciates,
and consumption goods can be converted one-for-one into capital, and vice-versa. In this setting,
we can also obtain the same results as in the present paper.
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H-projects or L-projects. Assuming that the initial population measure of each type
is p and 1 — p at date 0, the population measure of each type after date 1 is p and
1 —p, respectively. Throughout this paper, we call the entrepreneurs with H-projects
“H-types” and the ones with L-projects “L-types”.

We assume that because of frictions in a financial market, the entrepreneur can
pledge at most a fraction 6 of the future return from his/her investment to creditors.?
In such a situation, in order for debt contracts to be credible, debt repayment cannot

exceed the pledgeable value. That is, the borrowing constraint becomes:

b} < 0gpialz], (3)

where ¢, is the relative price of capital to consumption goods at date t+1.% 7, and
bi are the gross interest rate and the amount of borrowing at date ¢. The parameter
0 € (0, 1], which is assumed to be exogenous, can be naturally taken to be the degree
of imperfection of the financial market.

In this economy, there are bubble assets denoted by x. The aggregate supply of
bubble assets is assumed to be constant over time X. As in Tirole (1985), we define
bubble assets as those assets that produce no real return, i.e., the fundamental value
of the assets is zero. However, under some conditions, the prices of bubble assets
become positive, which means that bubbles arise in equilibrium. Here, following
Weil (1987), we consider stochastic bubbles, in the sense that they may collapse.
In each period, bubble prices become zero (i.e., bubbles burst) at a probability of
1 —7 conditional on survival in the previous period. A lower m means riskier bubbles,

because the bursting probability is higher. In line with the literature in this regard,

2See Hart and Moore (1994) and Tirole (2006) for the foundations of this setting.
30n an equilibrium path, ¢;;1 is not affected by the collapse of bubbles. Hence, there is no
uncertainty with regard to qy1.
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burst bubbles do not arise again unless agents change their expectations about their
formation through, for example, unexpected shocks. This implies that bubbles persist
with a probability (< 1) and that their prices are positive until they switch to being
equal to zero. Let P, be the per unit price of bubble assets at date ¢t on survival in
terms of consumption goods.

The entrepreneur’s flow of funds constraint is given by

¢+ 2 + Py = quog_y 2y — riabl_y + b + Py +my. (4)

where z! be the level of bubble assets purchased by a type i entrepreneur at date
t. The left hand side of (4) is expenditure on consumption, investment, and the
purchase of bubble assets. The right hand side is the available funds at date ¢, which
is the return from investment in the previous period minus debts repayment, plus
new borrowing, the return from selling bubble assets, and bailout money, m}.
When bubbles collapse at the beginning of date ¢, all the wealth invested in
bubble assets is wiped out. This decreased wealth and the resulting net worth of
entrepreneurs lead to severe contractions during the bursting of bubbles. Although
the government bails out entrepreneurs in order to mitigate these contractions, not
all entrepreneurs are necessarily rescued. To formulate the possibility of so-called
“partial bailouts”, we assume that only a certain proportion A\ € [0,1] of the en-
trepreneurs who suffer losses from bubble investments are rescued. A = 0 means
that no-entrepreneurs are rescued, while A = 1 means that all are rescued. A rise
in A\ means expansions in the government’s financial safety net. This bailout scheme
suggests that from an ex-ante perspective, each entrepreneur anticipates government
bailouts with a probability A. When entrepreneur i is rescued, we assume that the

government guarantees bubble investments against losses and that the bailout is
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proportional to the entrepreneur’s holdings of bubble assets:

my = dywy . (5)

Here, we specifically consider those bailouts that fully guarantee bubble investments
against losses. Hence, d! = P, > 0 if the agent i is rescued when bubbles collapse at
t. Otherwise m! = d = 0.

In this paper, we examine this type of partial bailouts, but we may be able
to consider other types of partial bailouts. We can easily imagine, for example, a
bailout policy in which government guarantees only a part of bubble investments
against losses for all bubble holders. The main reason for our approach is analytical
tractability. In our setting, we can solve dynamics analytically and derive analytical
solutions explicitly. Even if we consider more general bailout policies, our qualitative
results which will be explained below remain unaffected. We will discuss about this
point more in section 7.

We define the net worth of the entrepreneur at date t as

i i i i i i
€y = quoy_12{q — ri—1by_q + Py +my.

We also impose the short sale constraint on bubble assets:*

x> 0. (6)

Let us now turn to the maximization problem of workers. There are workers

with a unit measure.® Each worker is endowed with one unit of labor endowment in

4Kocherlakota (1992) shows that the short sale constraint plays an important role for the emer-
gence of asset bubbles in an endowment economy with infinitely lived agents.
5Even if we consider workers with N measure, all the results in our paper hold.
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each period, which is supplied inelastically in labor markets, and earns wage rate,
wy. Workers do not have investment opportunities, and cannot borrow against their
future labor incomes. The flow of funds constraint, and short sale constraint for

them are given by

& Pyla — i) = w, — by + b — T (7)

i > 0, (8)

where “ represents workers. 7} is a lump sum tax. When bubbles collapse, govern-
ment levies a lump sum tax on workers and transfers those funds to entrepreneurs
who suffer losses from bubble investments. This means that workers are taxpayers
and incur the direct costs of bubbles’ collapsing. Thus, 7} > 0 only when bubbles
collapse, while T} = 0 if they survive. As in Farhi and Tirole (2012), the aim of
this transfer policy (i.e., bailout policy) is to boost the net worth of entrepreneurs.
In our model, this increased net worth can mitigate the adverse effects of bubbles’
collapsing.

Let us mention the main reason behind the transfer policy from workers to en-
trepreneurs. In our model, as long as the government transfers resources among
entrepreneurs, the aggregate wealth of entrepreneurs does not increase. As a result,
economic contractions following the collapse of bubbles are not mitigated. The trans-
fer policy from workers to entrepreneurs, however, increases the aggregate wealth of
entrepreneurs and mitigates such contractions. We explain this point more in depth
in a later section 7.

Lastly, we explain the production technology. There are competitive firms which

produce final consumption goods using capital and labor. The production function
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of each firm is

ye = ki, (9)

Factors of production are paid their marginal product:
¢ =o0cK/™" and w; = (1-0)K7, (10)

where K is the aggregate capital stock.

2.2 Equilibrium

Let us denote the aggregate consumption of H-and L-entrepreneurs and workers at
date t as Y .. ¢; = Cf, .o, i = CF, CF, where Hy and L; mean a family of
H-and L-entrepreneurs at date ¢. Similarly, let Y, ., 2 = Z, Y., 2 = Z},
Siem Ui = B, 3.0, 0 = BE, BY, (Xienon, vt + XiY) = Xi be the aggregate
investments of each type, the aggregate borrowing of each type, and the aggregate
demand for bubble assets. Then, the market clearing condition for goods, credit,

capital, labor, and bubble assets are
Ci'+CE+ O+ 2 + 7} =, (11)

B+ Bl + B} =0, (12)

K= > K, (13)

1€HULy
N, =1, (14)
X, = X. (15)

14



The competitive equilibrium is defined as a set of prices {ry, w;, P, },~, and quantities

o0

{CtI_I7CtLaCyguaBtHaBtL7BZL7Zg_IthL7Xt7Kt+1a}/;f}t:07

such that (i) the market clear-
ing conditions, (11)-(15), are satisfied in each period, and (ii) each entrepreneur
chooses consumption, borrowing, investment, and the amount of bubble assets,
{c, b, 21, xi}.°, , to maximize his/her expected discounted utility (1) under the con-
straints (2)-(6), taking into consideration the bursting probability of bubbles and
the bailout probability. (iii) each worker chooses consumption, borrowing, and the
amount of bubble assets, {c}', b, z}'},~,, to maximize his/her expected discounted

utility (1) under the constraints (7)-(8), taking the bursting probability into consid-

eration.

2.3 Optimal Behavior of Entrepreneurs and Workers

We now characterize the equilibrium behavior of entrepreneurs and workers. We

focus on the equilibrium where

L H
Q10 <1y < Q.

In equilibrium, interest rate must be at least as high as g,.1*, since nobody lends
to the projects if 7, < g 1”. Moreover, if the interest rate is higher than the rate
of return of H-projects, nobody borrows®. Hence, this assumption is not restrictive
at all.

Since the utility function is log-linear, each entrepreneur consumes a fraction
1 — 3 of the net worth in each period, that is, ¢! = (1 — 3)el.” For H-types at date

t, the borrowing constraint (3) is binding since r; < ;1o and the investment in

SWhen r, = qt+1aH , bubbles cannot exist as explored in the traditional literature about rational
bubbles. Hence, we exclude this case from our consideration.
"See, for example, chapter 1.7 of Sargent (1988).
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bubbles is not attractive, that is, (6) is also binding. We will verify this result in
the Technical Appendix. Then, by using (3), (4), and (6), the investment function

of H-types at date ¢ can be written as

Be;
1— 96_1t+1OéH ( )

Tt

This is a popular investment function under financial constraint problems®, except
for the fact that the presence of bubble assets and bailout money affect the net
worth. We see that the investment equals the leverage, 1/ [1 — (8410 /r;)], times
a fraction 8 of the net worth. From this investment function, we understand that
for the entrepreneurs who purchased bubble assets in the previous period, they are
able to sell those assets at the time they encounter H-projects. As a result, their net
worth increases, which boosts their investments. That is, bubbles generate balance
sheet effects. Moreover, the expansion level of the investment is more than the
direct increase of the net worth because of the leverage effect. In our model, the
entrepreneurs buy bubble assets when they have L-projects, and sell those assets
when they have opportunities to invest in H-projects.

For L-types at date t, since ¢t = (1 — 8)e!, the budget constraint (4) becomes
2l + Pl — bl = Bel. (17)

Each L-type allocates his/her savings, Se!, into three assets, i.e., 2, P!, and (—b!).
Each L-type chooses optimal amounts of 0%, z¢, and 2! so that the expected marginal
utility from investing in three assets is equalized. By solving the utility maximization

problem explained in the Technical Appendix, we can derive the demand function

8See, for example, Bernanke and Gertler (1989), Bernanke et al. (1999), Holmstrom and Tirole
(1998), Kiyotaki and Moore (1997), and Matsuyama (2007, 2008).
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for bubble assets of a L-type:

OQBT? L
ml—ﬂeta (18)
o

7
Ptmt:

where 6(A) = 7+ (1 —m)A. From (18), we learn that an entrepreneurs’s portfolio de-
cision depends on its perceptions of risk, which in turn depends on both the bursting
probability of bubbles () and expectations about government bailouts (A). A rise
in A encourages entrepreneur’s risk-taking to buy more bubble assets.

The remaining fraction of savings is split across z! and (—b!) :

i i 1- 5()‘)]3_:1 i
2%+ (=b) = —p——Be}.
Pt

Since investing in L-projects (z}) and secured lending to other entrepreneurs (—b)
are both safe assets, 2! > 0 if r; = ¢;,10%, and 2! = 0 if r; > ¢, 1. That is, the

following conditions must be satisfied:

(re — Qt-',-lOZL)Zz =0, zz >0, and r; — qp” > 0.

Moreover, when 1, = g, 1a%, investing in L-projects and secured lending to other
entrepreneurs are indifferent for L-types, aggregate investment level of L-types, ZL,
is determined from (11).

Next, we examine the optimal behavior of workers. Since the equilibrium interest
rate becomes relatively low because of the borrowing constraint, saving is not an
attractive behavior for workers. Thus, we can prove that they consume all the
wage income in each period unless there is no bailout policy. On the other hand,
workers might save to smooth their consumption if a government uses a bailout

policy. This is because if bubbles collapse, workers have to pay a lump sum tax
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to rescue entrepreneurs, which lowers their consumption, while if bubbles do not
collapse, they do not. So, consumption will be more volatile compared with the
case without a bailout policy. However, we can verify that under certain reasonable
parameter values, workers do not save even if there is a bailout policy. We will verify
this in the Technical Appendix. In this paper, we focus on the parameter ranges

where workers do not save. That is,
¢ =w — T}/
T} > 0 only when bubbles collapse.

2.4 Dynamics

From (16) and
70+ 7F + PX = BA,, (19)

we have the evolution of aggregate capital stock:

r A A
O./H Bp 4 + O[L BAt - fL — HX if Ty = Qt+1aL7

K = (20)

OZH [/BAt - PtX] if ry > qt+1OéL.

where A; = ¢ K; + P, X is the aggregate wealth of entrepreneurs at date t, and
> icH, el = pA; is the aggregate wealth of H-types at date . (More details about
aggregation of each variable will be explained in the Technical Appendix). When
ry = q1a”, both types of entrepreneurs may invest. The first term and the second
term of the first line represent the capital stock at date ¢t + 1 produced by H-and

L-types, respectively. When 7; > ¢;, 1, only H-types invest. From (19), we know
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ZH = BA, — P,X. (—P,X) in (20) captures a traditional crowd-out effect of bubbles
analyzed in Tirole (1985), i.e., the presence of bubble assets crowds savings away
from investments.

As long as r, > q1%, the interest rate is determined by the credit market

clearing condition (12), which can be written as

BpA;
P.X = [A,.
o 96]t+1CYH T pA:

Tt

1

That is, the aggregate savings of entrepreneurs, SA;, flow to aggregate H-investments
and bubbles. By defining ¢, = P,X/SA; as the size of bubbles (the share of the value

of bubbles), we can rewrite the above relation as

_ Qt+1904H(1 - <Z5t)
1—p—¢ '

Tt

It follows that 7, increases with ¢;, reflecting the tightness of the credit markets.

Thus, the equilibrium interest rate is determined as

fa(1 - ¢y)
= M L 21
Tt = Q41 afﬂ{@, 1—p— o ( )
In other words, r; = ¢;410” and ZL > 0 if ¢, < ¢* = %, and r, > q ot
and ZF = 0 if ¢y > ¢*.
Hence, by using ¢, (20) can be written as
([ |(1+2525p)Bat — ot B, I
oK7 i < o*,
1— B¢ CoTe
Koo = (22)
o' [1— 4]
— K7 if oy > ¢*.
\ =g e
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The dynamical system of this economy is mainly characterized by this (22). As
described in Figure 1, the dynamics of K;1/K7 = K;4+1/Y; is an increasing function
of ¢; as long as ¢; < ¢* and it becomes a decreasing function of ¢, if ¢; > ¢*. In

al(1—p)—0at!

other words, ¢* = — 7=

is the bubble size that maximizes the capital stock.
This non-linear relationship shows that small bubbles increase capital accumulation
but overly large bubbles are harmful for capital accumulation. An intuitive reason
for this finding is simple. As long as the bubble size is small, bubbles crowd in
H-projects according to the balance sheet effect, whereas they crowd out L-projects.
Thus, bubbles increase K;y1/Y;. If bubbles become larger, however, all L-projects
are crowded out, and even some H-projects are crowded out by overinvestment in
bubbles, meaning K;,1/Y; decreases.

Thus far, the price of bubbles, P;, has been exogenously given and we have not
assumed rationality about bubble prices. Hence, the dynamics of the capital stock,

(22), are satisfied even if bubbles are not rational. Even when bubbles exist for an

irrational reason, the dynamics are characterized by (22).

3 Dynamics of Rational Bubbles

Next, we examine the dynamics of rational bubbles. Since we assume that rational
bubbles are stochastic, that is, bubbles persist with probability 7(< 1), here, we

focus on the dynamics of bubbles until bubbles collapse.

From the definition of ¢, = P,X/5A;, ¢; evolves over time as

P

Pr1 = Alzl Pt (23)

Ay

The evolution of the size of bubbles depends on the relation between the growth rate
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of wealth and the growth rate of bubbles. When we aggregate (18), and solve for

P,.1/P;, then we obtain the required rate of return on bubble assets:

Py _ Tt(l—P—¢t)
P (N1 —-p)— ¢

(24)

(1—p—¢1)/[0(N)(1 —p) — @] captures the risk premium on bubble assets. It follows
that if other things being equal, the risk premium is a decreasing function of \.
Using (21), (24), and the definition of aggregate wealth of entrepreneurs, (23) can

be written as

( (1_p_¢t)
5()‘)(1_29) — ¢y i .
(1+M )m [1—5@)](1_1,)5@@ for <o,
bun=q N aF =0 TSN ) =6 (2
0 1 | *
' BoN1—p) — (1= )" if ¢y > ¢*.

Using this (25), we examine the sustainable dynamics of ¢;. In order for bubbles to

be sustainable, the following condition must be satisfied for any t¢:

¢ < 1. (26)

Violation of this condition means explosion of bubbles.

As examined in the literature (Tirole 1985; Farhi and Tirole 2012), dynamics
of bubbles take three patterns. The first one is that bubbles become too large and
explode to ¢; > 1. This dynamic path cannot be sustained by this economy and thus,
bubbles cannot exist in this pattern. The second pattern is that ¢; becomes smaller
over time and converges to zero. This path is called asymptotically bubbleless. In

this dynamic path, the effects of bubbles converge to zero. Hence, we exclude this
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path from our consideration as usual in the literature. The third pattern is that ¢,
converges to a positive value as long as the bubbles do not collapse. In this paper, we
focus on this third pattern as usual in the literature, for example, Farhi and Tirole

(2012), and derive the dynamics of ¢;.

The dynamic system of this economy is characterized by (22) and (25). However,
(25) is independent from K; and the dynamics of ¢; is derived only by (25). From
(25), we can derive that ¢, must be constant over time unless ¢; is asymptotically
bubbleless. This means that on the saddle path, wealth of entrepreneurs and bubbles
grow at the same rate. More precisely, under the existence condition of bubbles which

wil be explained below, ¢, = ¢ for any t and ¢ is a function of A :

[1+(%)p}6—6(1—p> 1 P
N e PV ) R
o) = 1+ (&S p] 8- 801 -p) (27)
5B~ p) 0 .
\ 51=6) it \* <A <1

A* is the degree of bailouts which realizes the bubble size, ¢*. More precisely, A\* =
Maz[0, A], where X is the value of A which realizes ¢(\) = ¢*, and it is explicitly

written as

G L o' BA-p+(1-B+pho]—ba" [+ (1-B)0] o«
1—7 A1 —p)(ak — ot L—m

(The deriving process about ¢()\) and A is explained in Appendix A.) In later sections,
this \* becomes important for considering bailout policies. Let us add a few remarks

concerning the value of A. The value of ) is a decreasing function of the survival rate
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of bubbles, 7, the productivity of H-projects, a’?, and the efficiency of the financial
market, 6. Thus, unless government bailouts are sufficiently guaranteed, L-types are
more likely to invest if bubbles are riskier, the productivity of H-projects is lower,
and the financial markets are less efficient.? Here we have not examined whether ¢(\)
is positive or not, in other words, whether bubbles can exist or not. We examine this

point in the next section.

4 Stochastic Stationary Equilibrium with Bubbles

Next, we examine the existence conditions of stochastic bubbles. In other words,
we investigate whether a dynamic path with bubbles does not explode. As we show
below, expectations about government guarantees affect the prevailing conditions.

(Proofs of all the Propositions and Lemmas are in Appendix).

Proposition 1 Stochastic bubbles can exist if and only if
0 <5(NB(1—p) =6,

and

- al —fat! A
g Blal —0at) + pBa —al)1 — A 11 b

are satisfied. Under the conditions, ¢, = ¢ for any t and ¢ is a function of X as (27).

This Proposition means that stochastic bubbles can arise if and only if bubbles

are not too risky and when financial market imperfection is sufficiently severe.!”

9f 7, or off or @ is sufficiently high, then A\* = 0, i.e., there is no region where L-types invest
positive amount.

0Tn our model, if ¢(\) < 0, no equilibrium with bubbles can exist. Not only stochastic stationary
bubbles cannot exist, but also asymptotically bubbleless paths cannot exist.

23



Intuitively, when 7 is too low (i.e., the bursting probability is too high) and lower
than the critical value 7y, the risk premium on bubble assets becomes too high,
because the required rate of return is sufficiently high. As a result, the growth rate
of bubbles is too high for the economy to sustain growing bubbles and thereby too
risky bubbles cannot occur. Moreover, in high 6 regions where financial markets are
sufficiently efficient, the interest rate becomes sufficiently high in the credit market
and so does the rate of return on bubbles. Bubbles then grow so fast that the
economy cannot sustain them. Thus, if # is greater than 6, bubbles cannot occur.
The important point is that both m; and 6; depend on \. In other words, ex-
pectations about government guarantees affect the existence conditions. From the
existence conditions, we learn that 7 is a decreasing function of X\, and 6 is an
increasing function of A, i.e., bubble regions become wider with an increase in .
This means that even too risky bubbles can arise once government guarantees are
expected. In other words, the more government bailouts are guaranteed, the more
likely riskier bubbles can occur. Intuition is that when bailouts are expected, the risk
premium declines because bubble assets become safer assets. As a result, the growth

rate of bubbles is sufficiently low that the economy can support growing bubbles.

Since ¢, is constant over time, the dynamics of K, (22), is very simple. From
(22), and (27), we have
Kt+1 - H(/\)Kg (28)

with

( (1 oo ) Bat — Bak (1 — p)
1—56(N)B(1—p)

o if0< ANy

#BL=oNA—p)]+ (1 -5

«Q A< A<,
\ 1- 50‘)5(1 —p) -
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As long as bubbles persist, the economy runs according to (28) and converges toward
the stochastic stationary state. H(\) represents aggregate investment efficiency. An
important point is that this H(A) function is independent of time ¢. From this
property, we can characterize the dynamics of K very simply. We see that bubbly
dynamics depends on aggregate investment efficiency, which in turn depends on
expectations about the government’s financial safety net, .

Hence, by defining the stochastic stationary state as the state where all variables
(K, Ay, qi, 1, wy, Py, ¢¢) become constant over time as long as bubbles persist, we can

derive the following Proposition.

Proposition 2 There exists a saddle point path on which the economy converges

toward the stochastic stationary state as long as bubbles persist.

As we will explain in the next section, by using the result of this Proposition,
we can derive the effects of bailouts on ex-ante production efficiency and boom-bust

cycles.

Moreover, according to (27), we can derive the following Proposition on the size

of bubbles, ¢.

Proposition 3 ¢ increases with A. That is, the size of bubbles increases as more

government bailouts are guaranteed.

An intuition of this Proposition is natural. The change in ¢ by A is realized
through the change in P,. That is, when government bailouts are expected at a
higher probability, bubbles become safer assets and current bubble prices jump up
instantaneously. This instant rise in bubble prices reflects not only the future transfer

from the government but also future changes in output. An increase in bubble prices
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improves the net worth of H-types and expands their investments, thereby increasing
future total output and bubble prices in period t + 1, t+ 2, t + 3, - -. These changes
in future bubble prices must then be feedbacked into current bubble prices, which in
turn affects current net worth of H-types once again. By reflecting on these effects,

the ¢(A) function is complicated as in (27).

5 Macro Effects of Bailouts

5.1 Effects on Ex-ante Production Efficiency

Bailouts may mitigate the adverse effects of bubbles’ collapsing. However, once
bailouts are expected, they may produce inefficiency ex-ante. To what extent are ex-
post bailouts desirable from an ex-ante perspective? In this subsection, we analyze
how expansions in government guarantees affect ex-ante production efficiency, which
is defined as the production level at any date before the bubble bursts.

The following Lemma summarizes the property on H(\).

Lemma 1 H(\) increases with X in the region of X € [0, \*), while it decreases with

A in the region of X € (A\*,1].

This lemma reflects the fact that in the region of A € [0,\*), where L-types
as well as H-types invest, a rise in A crowds in H-projects, while it crowds out L-
projects, thereby increasing aggregate investment efficiency, H(\). By contrast, in
the region of A € (\*, 1], where only H-types invest, a rise in A ends up crowding out
H-projects, thereby decreasing aggregate investment efficiency.

From Lemma 1 and the dynamics of K, (28), we can show that expansions in
government guarantees have a non-linear relation with ex-ante production efficiency.

When bailouts are expected, L-types are willing to buy more bubble assets instead of
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investing in their own L-projects. Thus, L-projects are crowded out. By contrast, H-
projects are crowded in, because bubble prices rise together with demand for bubble
assets, which increases the net worth of H-types and their investments. Thus, in
the region of A € [0,\*), expansions in government guarantees enhance ex-ante
production efficiency. When X equals \*, all L-projects are completely crowded out
and ex-ante production efficiency is maximized. If the government increases bailouts
furthermore, i.e., beyond \*, then, even H-projects are crowded out. In other words,
in the region of A € (\*, 1], the more bailouts are guaranteed, the more H-projects are
crowded out and the less productive activity is created. In this region, expansions in
government guarantees generate overinvestment in bubbles and ex-ante production
becomes inefficient.

To summarize, from the perspective of ex-ante production efficiency, no-bailouts
(A = 0) and overly generous bailouts (A € (A*,1]) are undesirable. Partial bailouts
are desirable. Figure 2 illustrates the relationship between ex-post bailouts and

ex-ante production efficiency.

5.2 Effects on Boom-Bust Cycles

In this subsection, we discuss how anticipated bailouts affect boom-bust cycles. Sup-
pose that at date 0 (initial period), bubbles occur. Here, at date —1, the economy
is assumed to be in the steady state of a bubbleless economy. In Figure 3, the lines
with A = A\* are the impulse responses when bailouts are \*, while the lines with
A = 0 are impulse responses of the economy with no bailouts. These charts in Figure
3 represent, qualitative solutions, because we can work with the model analytically.
Figure 3 shows that boom-bust cycles are larger when A = A\*. When government
bailouts are expected with a probability A* at date 0, L-types are willing to buy more

bubble assets. Thus, bubble prices jump up in the initial period. Because of this
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increase in bubble prices, the net worth of H-types improves and their investments
jump up too in the initial period, while the share of L-investments over aggregate
savings (ZF /B Ay) falls to zero. That is, production efficiency improves. As a result,
both output and the wage rate also rise in the next period (date 1). Moreover, the
aggregate consumption of entrepreneurs jumps up in the initial period through the
wealth effect of bubbles (i.e., the aggregate wealth of entrepreneurs rises together
with the increase in bubble prices). All these macroeconomic variables continue to
increase until the bubble bursts. Since this is an asset pricing model, expected future
increases in output are reflected in bubble prices in the initial period. Thus, bubble
prices jump up largely at date 0, which in turn improves the net worth of H-types
and their investments substantially. A two-way feedback between bubble prices and
output thus operates, which leads to a bubbly boom. Once bubbles collapse, all
those macroeconomic variables begin to fall and converge toward a stationary steady
state of the bubbleless economy.

Figure 3 shows that once bailouts are anticipated ex-ante, it ends up destabilizing
the economy and requiring large amounts of public funds following the collapse of
bubbles. We should mention that this instability comes from an improvement in
resource allocation, namely, L-projects are crowded out and H-projects are crowded
in. Thus, there might be a trade-off between the improvement in resource allocation
and stability of the economy. In the next section, we carry out welfare analysis by
accounting for this trade-off in order to examine optimal bailouts.

Here let us add a few remarks concerning impulse responses when A € (A", 1].
The more bailouts are guaranteed, the more H-projects are crowded out, and the less
productive activity is created. A rise in A therefore dampens both investment booms
and output booms, and lowers the wage rate, but raises bubble prices more, increasing

the consumption booms of entrepreneurs. These asymmetric impulse responses in the

28



wage rate and entrepreneurs’ consumption suggest that in the region of A € (A\*, 1],
a rise in A leads to increased inequality in average consumption between bubble
holders (entrepreneurs) and non-bubble holders (workers).!! As we will see in the

next section, inequality in welfare also widens.

6 Welfare Analysis

In this section, we conduct a welfare analysis of anticipated bailouts to derive optimal
bailouts for workers (i.e., taxpayers) and rescued entrepreneurs. We then discuss
how to design desirable bailout policies depending on the various objectives of the

government.

6.1 Welfare Effects for Taxpayers

Let us first examine whether bailouts are good for taxpayers after bubbles burst. Sup-
pose that at date ¢, the bubble collapses (i.e., after date ¢, the economy is bubbleless).
Whether the government decides to bail out entrepreneurs at date ¢t depends on costs
and benefits. For instance, when bubbles collapse, workers have to pay a lump sum
tax to rescue entrepreneurs, which lowers their consumption and welfare. However,
bailouts improve the net worth of the rescued entrepreneurs and their investments
expand at date t compared with the no-bailout case. This thereby increases wage
income and workers’ consumption after date t + 1 by expanding output, improving
workers’ welfare. Which of these effects dominates determines workers’ welfare.

Let V,BPL(K;) be the value function of taxpayers at date ¢ when bubbles collapse.

1VWe get this asymmetric impulse response as long as 3 is sufficiently larger than o (for example,
8 =0.99 and o = 0.3).
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Given the optimal decision rules, the Bellman equation can be written as
VIPH(K) = log e, + VST (Kiv),
with
Cy = Wy — Ttua
¢ = w;y after date ¢ + 1.

T} = AP, X is bailout money per unit of workers. Solving the value function yields

(see the Technical Appendix for derivation.)

VPE(K) = M(Y) + 5 _"BO_ log K. (29)
with
_ - M} po { pe(N) }
M) =log |1l—0 Al—ﬁqﬁ()\)a + e 1+)\1_5¢()\)
o — ol
+ 1f(jﬁgli5bg {(14— - gaHp> Ba a] 1fﬁlog(1—0).

The first term in M (A) captures the costs of the bailouts, while the second term

captures the benefits.!? From (29), we obtain the following Lemma.'?

dvBL  dM())
dx T dx

Lemma 2 Suppose that a bubble collapses at date t. Then, we have <
0, i.e., after bubbles’ collapsing, bailout expansions reduce taxpayers’ welfare mono-

tonically. Thus, from an ex-post perspective, no-bailouts are optimal for taxpayers.

We are now ready to compute the value function of taxpayers in the initial period

12 (1 + oz _a?pr) Bato in W(A) is replaced with off 8o if o > a¥(1 — p)/6. In our numerical

examples, since we consider the case where A* = A holds, o < ok (1 —p)/0 is satisfied.
13We should mention that Lemma 2 holds true irrespective of whether the bailout policy is
anticipated or not (whether ¢ is dependent upon A or not).

30



perio . Let +) be the value tunction of taxpayers at date ¢ in the bubble
(period 0). L VtBB(K)b h lue f i f y d in the bubbl

economy. Given the optimal decision rules, the Bellman equation can be written as

ViPE(K) = loge, + B [mViET (Kiga) + (1 = M VET (K] -

Solving the value function yields (see the Technical Appendix for derivation.)

VIR = {= gy gy 08 H O + =5 o MO
1
+t1o B log(1—0) + 1 —050 log K;. (30)

The first term in equation (30) captures the effects of anticipated bailouts on welfare
before bubbles’ collapse, which are influenced by changes in aggregate investment
efficiency, H(A). The second term captures the effects on welfare after bubbles’
burst, which are influenced by the changes in M ()). Since we consider expected
discounted welfare, both terms are weighted by the survival rate of bubbles. Thus,
by setting ¢ = 0, we can understand how a change in A affects taxpayers’ welfare in

the initial period.'* Differentiating (30) with respect to A yields

PP 1 fo dlogH(\) B(1—m)dM(N)
AN 1-prl—PBo  dn T 1-pr a

(31)

In order to check the sign of (31), let us first consider the region of A € (A\*,1]. In

this region, we know from Lemma 1 that aggregate investment efficiency decreases

with A. That is,
dlog H()\)

)\ < 0.

We also know from Lemma 2 that after bubbles’ collapse, bailout expansions reduce

14When we compute how tax payers’ welfare is affected in the initial period, we assume that
bubbles arise in the initial period.
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taxpayers’ welfare. That is,

dM())
X

Taken together, we have
d%BB
d\

<0in A e (A", 1].

This means that too generous bailouts reduce taxpayers’ welfare. Thus, the optimal A
for taxpayers never exists in the region where ex-ante production efficiency decreases.

The following lemma 3 summarizes this.
Lemma 3 Let \* be the value of X which mazimizes VPP, Then, \** ¢ (\*,1].

Let us next consider the region of A € [0, A*). In this region, we know that
aggregate investment efficiency increases with A. That is,

dlog H()\)

Y > 0.

Thus, in this region, expansions in the government’s financial safety net generate two
competing effects. One is the welfare-enhancing effect captured by the first term of
(31). The other is the welfare-reducing effect captured by the second term of (31).
Whether expansions in bailout guarantees increase taxpayers’ welfare thus depends
on which of these effects dominates.

Here let us assume

(1=p[—=F6(A=0)(1 -0)>¢A=0)1-F)[1 —7np(1—-p)l. (Al

This assumption ensures that the slope of VP’ evaluated at A = 0 is positive. Since

l—p>¢and 11— ¢ >1— [, this assumption is more likely to be satisfied if o is
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small enough. The reason is that when o is small enough, the share of wage income
over output is large relative to the share of total bailout money. As a result, the
welfare-reducing effect becomes sufficiently small and the welfare-enhancing effect
dominates.

Using Lemma 3, we obtain the following Proposition.

Proposition 4 If (A1) holds, \** # 0. That is, partial bailouts are optimal for
tazpayers, wheres no-bailouts (A = 0) and overly generous bailouts (A € (A\*,1]) are

not optimal for taxpayers.

From the property of 5\, Lemma 3, and Proposition 4, we learn the following im-
plications. In the economies where the survival rate of bubbles, 7, the productivity
of H-projects, o, and efficiency of the financial market, 6, are relatively low, then
partial bailouts are optimal. This is because in those economies, without bailouts,
resource allocation is inefficient. Increasing financial safety net can improve resource
allocation by encouraging risk-taking, thereby increasing welfare, but too generous
financial safety net induces too much risk-taking and reduces welfare. By contrast,
in the economies where those variables are relatively high, no-bailouts are optimal.
In those economies, even without bailouts, only H-types invest. In such a situa-
tion, expansions in financial safety net reduce welfare by crowding out productive
investments.

Figure 4 illustrates numerical examples of Proposition 4 showing the relationship
between VPP and A. When we compute VPP, without loss of generality, we set
an initial aggregate capital stock, Ky, to the steady-state value of the bubbleless
economy. Other parameter values are shown in Table 1. The only difference between
the four cases lies in the bursting probability of the bubbles. The lower 7 is, the

riskier bubbles are. In the benchmark case and case 1, bubbles are therefore relatively
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risky compared with case 2 and case 3.

Figure 4 holds an important implication. In the benchmark case and case 1,
taxpayers’ welfare is maximized at A\, which is lower than A\*. Thus, the equilibrium
where even L-types invest is optimal from a welfare perspective for taxpayers. This
finding suggests that in order to maximize taxpayers’ welfare, the government must
sacrifice some efficiency in production. Put simply, in the case of riskier bubbles,
L-types do not want to invest a large proportion of their savings in bubble assets,
because the bursting probability is high. Therefore, they end up investing more
savings in their own L-projects in order to hedge their risk. In such a situation, in
order to crowd out L-projects completely, the government needs to rescue greater
fractions of entrepreneurs (i.e., \* = ) is a decreasing function of 7.), which directly
increases the total bailout money required. Moreover, when anticipated, such large-
scale government bailouts create large bubbles, which increases the bailout money;,
too. These two effects require large amounts of public funds (i.e., taxpayers’ money).
Thus, welfare decreases with A in the region of A € (A**,1].1° By contrast, in case
2 and case 3, where the bursting probability of bubbles is lower (i.e., bubbles are
relatively safer), ex-ante production efficiency is maximized by rescuing only smaller
fractions of entrepreneurs, meaning that the total bailout money required is lower.
The welfare-enhancing effect thus dominates the welfare-reducing one in all ranges
of A € (0, \*) and welfare is maximized at A = \*.

The presented results show that the government faces a trade-off. When financial
markets are imperfect, enough resources cannot be transferred to the productive sec-
tor and resource allocation is inefficient. Although the presence of the government’s

financial safety net can improve resource allocation by encouraging risk-taking, it

5Tn A € [0, \**], the welfare-enhancing effect dominates the welfare-reducing one. In A € (A\**,1],
the welfare-reducing effect dominates the welfare-enhancing one.
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also generates costs. Together with the improvement in resource allocation, large
bubbles are created, which reduces welfare. In the case of riskier bubbles, the lat-
ter effect becomes too large. Thus, if the government aims to maximize taxpayers’

welfare, it must sacrifice some production efficiency.

6.2 Welfare Effects for Entrepreneurs

We next examine the welfare effects for entrepreneurs. Let W55 (e;, K;) be the value
function of the entrepreneur in the bubble economy who holds the net worth, e;, at
the beginning of period ¢ before knowing his/her type of period ¢. When we compute
the value function, we must take into account the survival probability of bubbles,
the probability of becoming H-type and L-type, and the bailout probability. Given

the decision rules, the Bellman equation can be written as

WPB (e, K;) = log ey + B [pWT (R Ber, Kiir) + (1 — p)WET (R) Ber, Kita)]

pWEL (R Bey, Kipr) + (1 — p) AWEL(R] Bey, Kiy1)
+ ﬁ(l - ﬂ-) )
+(1 = p)(1 = NWEL(RI Ber, K1)
where R Be;, REBe;, and RFEBe; are the net worth of the entrepreneur at date ¢ + 1
in each state. Note that the net worth of entrepreneurs evolves as e;.1 = R{ Bey,
where j = H, L, LL. RE, RE, and RLE, which are given in the Technical Appendix,
are realized rate of return on savings from date ¢ to date ¢t + 1.

Solving the value function yields (derivation is given in the Technical Appendix.)

fo(lc—1) 1

WPB(e,, K,) = m()\) + 1—Bo 1-8

log e; (), (32)

1
log K.
og t+1—ﬁ

where m()) is given in the Technical Appendix. The period ¢ net worth, e;, in the
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third term increases with A. When bailouts are expected, bubble prices and en-
trepreneurs’ net worth jump up instantaneously, which increases their consumption.
Thus, the third term captures the wealth effect of consumption.

By setting t = 0, we can understand how a rise in A affects entrepreneurs’ welfare
in the initial period. Since it is hard to provide full characterization analytically on
the relationship between WFPP and A, here, we show numerical examples. We will
explain more details about procedures to derive numerical examples in the Technical
Appendix. Figure 5 illustrates the relationship in the benchmark parameter case,
highlighting that welfare increases monotonically with A\. That is, the more bailouts
are guaranteed, the more entrepreneurs gain. This result holds in cases 1-3, too.
Thus, in our numerical examples, A = 1 is optimal for entrepreneurs. Intuition is the
following. In the region of A € [0, \*), arise in A increases production before and after
bubbles’ collapse, which increases entrepreneurs’ consumption. Moreover, because
of the increase in bubble prices, the wealth effect of consumption is enhanced. Thus,
entrepreneurs’ consumption increases with A throughout the lifetime. In the region
of A € (A\*,1], a rise in A reduces production before the bubble bursts, which lowers
entrepreneurs’ consumption, while the wealth effect of consumption operates. In our
numerical examples, the latter effect dominates the former. Hence, entrepreneurs’
consumption increases even in the region where ex-ante production efficiency worsens
with \.16

Furthermore, the fact that entrepreneurs’ welfare monotonically increases with
Ain A € (A, 1], wheres workers’ welfare decreases, suggests that in A € (A, 1],
the rise in A leads to increased inequality in welfare between bubble holders and

non-bubble holders as well as in average consumption.!”

6Moreover, in the region of A € (\*, 1], the rate-of-return difference in H-projects, bubbles, and
lending becomes smaller with A, which contributes to decreasing consumption volatility.
17Stiglitz (2012) discusses how speculative activity including bubbles affects inequality between
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In light of the above welfare analysis, the government’s financial safety net can
be Pareto-improving as long as A is relatively low. In our numerical analysis, the
government’s financial safety net makes all agents better off until A = A**. Therefore,
if the government chooses \ according to the Pareto dominance criteria, \ stops at
A**. This holds an important implication for boom-bust cycles. Figure 3 compares
three cases of boom-bust cycles, A = 0, A = \*, and A = \**. The Figure 3 illustrates
the case of \** < A*. These charts show that in the case of A = A\**, boom-bust
cycles are milder than they are in the case of A = \*, although production efficiency
decreases compared with A = \*.

Of course, an actual A may change depending on the objectives of the govern-
ment. For example, suppose that workers were median voters. The objective of the
government would be to maximize workers” welfare by setting A = \**. Alternatively,
if the government aimed to maximize entrepreneurs’ welfare for political reasons,
then they would rescue all loss-suffering entrepreneurs by setting A = 1. In this case,
overinvestment in bubbles would occur. Moreover, if the government’s objective were
to maximize ex-ante production efficiency, setting A = A\* would be optimal; however

it may not choose this A\* since a conflict of interest exists.

7 Discussion

7.1 How to Finance Bailouts

Thus far, we have considered the case that the total bailout money is financed by
taxing workers. Here we should mention the reason why we focus on this policy. In
our model, as long as the government transfers resources among entrepreneurs, for

example, from entrepreneurs who do not suffer losses to those who do, neither the

speculators and non-speculators.
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aggregate wealth of entrepreneurs nor the aggregate net worth of H-types increases.!®

This means that transferring resources among entrepreneurs does not mitigate eco-
nomic contractions when bubbles burst. In our model, entrepreneurs’ aggregate
wealth and H-types’ aggregate net worth increase only if the government transfers
resources from workers to entrepreneurs, thereby mitigating such contractions.

To see this point clearly, we consider a case that in order to finance the total
bailout fund, the government taxes not only workers, but also entrepreneurs who do
not suffer losses from bubble investments. In this case, when the bubble collapses
at date t, the bailout fund, AP, X, is financed through the aggregate tax revenues

received both from workers, 7', and from entrepreneurs who do not suffer losses, 73:

APX =T} + T, (33)

with

T =T (qtozHZtIfl — Tt—1B,£1)

where 7 is the tax rate imposed at date t on the date ¢t net worth of the non—loss-
making entrepreneurs, (i.e., H-types in period ¢ — 1).1
The date t aggregate wealth of entrepreneurs after the transfer policy can be

written as

Ay =00 —-7)qa" 2", — v BE ) + gzl — v BE, + APX.

The aggregate wealth of entrepreneurs at date t is composed of two parts. The first

1B0f course, this depends on the assumption that the arrival rate of H-projects is the same for
every entrepreneur in every period. In effect, the identity of H-types and L-types is completely
reshuffled in every period. As we have seen, this assumption greatly simplifies aggregation. At the
aggregate level, then, distribution between H-types and L-types does not matter.

19For technical reasons, i,e., in order to derive entrepreneur’s consumption function explicitly, we
consider the case that the government taxes entrepreneur’s net worth.
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term is the date t aggregate net worth after tax of entrepreneurs who were H-types
in period ¢ — 1. The second term is the date ¢ aggregate net worth including the
bailout money of entrepreneurs who were L-types in period ¢t — 1. By using (33), the

above A; can be rearranged as

Ay = q I+ T

It follows that 7}, namely, the transfer from workers to entrepreneurs, matters for
the aggregate wealth of entrepreneurs at date t as well as the aggregate net worth of
H-types in period ¢. This finding lends support to why we consider transfer policies
from workers to entrepreneurs. In this case, welfare implications remains unaffected.

In the Appendix G, We explain this point more in depth.

7.2 Is Non-Stochastic Bubbles the Best?

In this final subsection, we ask the following question: If the government could make
stochastic bubbles non-stochastic ones with a bailout policy, would that be the best
policy from a welfare perspective? Thus far, we have examined the effects of transfer
policies from workers to loss-suffering entrepreneurs. However, instead of transfer
policies, we could consider a different bailout policy that uses government debt as a
bailout tool. For example, consider an entrepreneur who holds bubble assets when the
bubble collapses at date t. The government promises to hand out that entrepreneur
government bonds. The bond prices are pegged to bubble prices on survival at date ¢.
This bailout means that the government fully guarantees bubble investments against
losses for all loss—suffering entrepreneurs. After date ¢t + 1, the government then

simply rolls over the debt.?° If entrepreneurs are aware of this government’s bailout

20Government debt can be a substitute for privately created bubble assets. See Caballero and
Krishnamurthy (2006), Kocherlakota (2009), and Hirano and Yanagawa (2010b) for details.
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plan, they expect bubble assets to deliver the same rate of return regardless of the
realization of . Bubble assets are thus considered to be risk-free, and so L-types no
longer invest in their L-projects for risk-hedge. This policy restores entrepreneurs’
net worth to what it would have been in the absence of the bubbles’ bursting. The law
of motion of the aggregate economy is thus the same as in the non-stochastic bubbly
economy throughout the lifetime of the economy, not just after the bubble bursts,
but also before the bursts. However, although this bailout policy has exactly the
same effects as the government policy that makes stochastic bubbles non-stochastic
ones, is this the best policy from a welfare perspective?

Moreover, the probability, m, might be affected by transfer policies from workers
to loss-suffering entrepreneurs. In this paper, we have assumed that 7 is exogenously
given and unaffected by policies in line with the traditional literature. However, if the
government fully guaranteed bubble investments against losses for all loss-suffering
entrepreneurs, (i.e., setting A = 1), all agents might change their expectations about
bubble bursts and might expect 7 = 1. Here, we have no intention to extend our
argument to examine whether such a change in expectations is reasonable or not,
or examine endogenous formulation of 7. However, if agents were to change their
expectations to m = 1, setting A = 1 would make stochastic bubbles non-stochastic
ones. If so, once again, is this the best policy?

In order to answer these questions, we thus examine whether stochastic bubbles
(riskier bubbles) can be better than non-stochastic ones from the welfare perspective

of workers. In order to examine this, we set A = 0 in (30). Then, from (30), we have
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(34)

(34) says that rise in 7 produces two competing effects on workers’ welfare. If the
bursting probability of bubbles falls, workers can earn higher wage incomes and con-
sume more for longer periods, improving their levels of welfare. The second line of
(34) captures this effect. The term in the brackets in the second line reflects the
difference in wage income between the bubble economy and the bubbleless one. On
the other hand, with the increase in 7, L-types are willing to buy more bubble as-
sets, because bubble assets become safer. As a result, larger bubbles are created (¢
increases with 7), which strengthens the crowding out effect of bubbles. This, in
turn, reduces production, wage income, and consumption before the bubble bursts,
lowering workers” welfare. The first line of (34) captures this effect. Under certain
parameter values (see the Appendix F), the expansionary effects of bubbles are rel-
atively small, namely the wage-income difference becomes sufficiently small. As a
result, the crowding-out effect dominates the first effect. Thus, the sign of (34) be-

comes negative. This all means that the following welfare ranking holds for workers:

VEB(m =1) < VPP(r < 1 and A = 0).

i.e., stochastic bubbles can be better than non-stochastic bubbles. This finding
suggests that increasing the fragility of bubbles might actually enhance workers’

welfare. The following Proposition summarizes this.
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Proposition 5 From welfare perspective of workers, stochastic bubbles can be better

than non-stochastic ones, i.e., m = 1 is not necessarily the best.

Moreover, under some parameter values,?! we have the following welfare ranking

for workers:

VEB(r =1) < VPP (r <1and A=0) < VPP (x < 1 and A > 0).

This says that welfare under stochastic bubbles without bailouts is better than
that under non-stochastic bubbles. Moreover, welfare under stochastic bubbles with

bailouts is better than that under stochastic bubbles without bailouts.

8 Conclusion

In this paper, we analyzed how anticipated bailouts affect the existence of stochastic
bubbles, production efficiency, and boom-bust cycles. Moreover, we examined the
welfare consequences of such anticipated bailouts, and considered optimal bailout
policies for taxpayers and for rescued entrepreneurs. Based on the presented analysis,
we can draw the following conclusions.

Firstly, bailouts affect the existence conditions of stochastic bubbles. Even riskier
bubbles can occur because of the existence of government guarantees.

Secondly, bailouts initially improve ex-ante efficiency in production by crowding
in productive investments, while crowding out unproductive ones, but too generous
bailouts lead to overinvestment in bubbles, which leads to strong crowding-out ef-
fects even on productive investments, thereby decreasing the production efficiency.

In other words, bailouts have non-monotonic effects on ex-ante production efficiency.

2For example, off = 1.065, ol = 1, B = 0.98, 0 = 0.25, 0 = 0.1, p = 0.3, 7 = 0.99999999,
A = 0.0000001.
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This suggests that there is a certain bailout level at which ex-ante production effi-
ciency is maximized. Under the bailout policy, although the production efficiency
is maximized, it may increase boom-bust cycles and require large amount of public
funds following the collapse of bubbles. This finding suggests a trade-off between
economic stability and efficient resource allocation, which leads onto our third con-
tribution.

Thirdly, we found that no-bailouts and full-bailouts are not optimal for taxpayers,
i.e., partial bailouts are optimal for them. Moreover, in the case of riskier bubbles, in
order to maximize taxpayers’ welfare, the government must sacrifice some production
efficiency to reduce the size of bubbles and soften boom-bust cycles. In contrast, wel-
fare for rescued entrepreneurs monotonically increases with the provision of bailouts.
Our finding from the welfare analysis suggests that bailouts can be Pareto-improving
from a welfare perspective.

Lastly, stochastic bubbles can be better than non-stochastic ones from the welfare
perspective of taxpayers. This finding suggests that increasing the fragility of bubbles
might actually enhance taxpayers’ welfare.

In this paper, we focused on optimal ex-post bailouts by taking ex-ante effects
into consideration. Future work could extend the presented analysis in order to
additionally consider ex-ante regulations such as leverage regulations or tax/subsidy
policy on risky assets. It would also be interesting to examine the desirable policy

mix from a welfare perspective.
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Appendix A: Proof of Proposition 1

From (25),
f(e) it ¢ < 97,
Gr1 = (A-l)
9(¢e) if ¢ > ¢,
(1-p—¢1)
where f(¢;) = (1+;f:0‘; ?i(;))(;fﬁﬁ?@ﬂ;;iii o Oty 9(9r) = % 5(}\)(171))17(17 A ¢, and @ =

o2Un—fo Note that if and only if § < 25 (1—p), ¢* > 0. Moreover, f(¢*) = g(¢*).

al—f0at!
We can easily derive that ¢’ > 0 and ¢” > 0. Hence, if and only if ¢’(0) < 1 < 0 <

s(N)B(1—p)—6

s o U

d(AN)B(1 —p), g(¢) = ¢ has a unique strictly positive solution, ¢9 =

f () function is rather complicated, but, by solving f(¢) = ¢ explicitly, we can find

s(N)— ;;50\[‘)5(1*17)
_ _ _ ; [1+ (=28 8-501-0)
that this equation has only two solutions, 0 and ¢/ = . NI (1—p).

[+ (2| -6G-9)

Furthermore ¢/ > 0 if and only if f/(0) <1< 6 > (1_65)?‘“2_({)/_33%}1_&).

(i-1) Obviously, if ¢/ < 0 and ¢? < 0, bubbles cannot exist.

(i-2) Next, we examine the case where ¢/ < 0 and ¢ > 0. In this case ¢9 is
a candidate to realize ¢,41 = ¢, = ¢. However, ¢/ < 0 means f(¢) > ¢ for any
positive ¢ and thus f(¢*) = g(¢*) > ¢*. It follows that ¢9 < ¢* and ¢? # ¢. In
other words, bubbles cannot exist.

(i-3) When ¢/ > 0 and ¢9 < 0, ¢/ is a candidate of ¢. In order that both ¢ < 0
and ¢* > 0 are satisfied, 63(1 —p) < 0 < g—fl(l —p) and i < S—IL, must be satisfied.

1-6B)al —pBs(af —al

However, when 03 < g—;, 6 < { T (1=55) ) and ¢/ cannot be strictly positive.

Hence, there is a contradiction and bubbles cannot exist even in this case.

(i-4) Lastly, we examine the case where ¢/ > 0 and ¢? > 0. This is the situation

where (1—55)22—(%2(5}1—&) <0< 2—;(1 — p) and 2‘—2(1 —p) <Ip(l—p) & ¢* >0
(1-68)a’—ppi(a’ —al

is satisfied from

ST (1=35) ) < 9. By defining that ) is the value of \ that
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satisfies ¢9(5\) = ¢*, we can obtain that ¢* = g(¢*) = f(¢*) = ¢f(5\). Since ¢/ and
@9 are increasing functions of A, ¢/(\) < ¢* and ¢9(\) < ¢* under A < A. This
means ¢/(\) = ¢(\) under A < A. Similarly, ¢/(\) > ¢* and ¢9(\) > ¢* under
A > A, and we obtain that ¢9(\) = ¢(\) under A > A. If A < 0, ¢/(\) > ¢* and
®9(N\) > ¢* for any A and ¢?(\) = ¢(A). From these results we can obtain (27).
Moreover, if and ony if (1_6’8)z2_(ff§(6°;H_aL) <0 < g—fl(l —p), ¢(A) > 0 and

stochastic bubbles can exist. The condition § < §(\)5(1 —p) = 0, is directly derived

al—gaH 1 A
Blal—0a)+pBaH —al) 1-X 1-X

from the second inequality, and the condition 7 > m

can be derived from the first inequality.

Appendix B: Proof of Proposition 2

When we solve for the steady-state capital stock from (28), we learn that there are

two steady-state values. One is K = 0. The other is K(\) > 0. Since ddK—fgl > 0,

A’ Ky

T < 0, Bt (K, = 0) = oo, LK, = K(\) > 0) = 0 < 1, the stochastic

th th

steady state K () > 0 is globally stable. Thus, for any positive initial capital stock
level, Ky > 0, the economy runs according to (28) and converges to the stochastic
steady-state K (A) > 0 until bubbles collapse. As long as the capital stock level
converges to K (\), other variables, Ay, ¢, ¢, and w; must converge to constant levels.
Moreover, P; converges to a positive value since A; converges to a positive value and

¢ is constant over time.
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Appendix C: Proof of Proposition 3

Differentiating (27) in 0 < A < A\* yields

dp(A) 1-p)(d—m)

P (1 ) 51— 80— )N
(e 2o (o ) a- -] o

because in the bubble regions, since ¢(A) > 0, the following inequality is satisfied:

H _ L 1
(1+ﬁp)ﬁ>m>1>5(1—p)>o.

In \* < A <1, differentiating (27) yields

dp(A) (1 —p)(1—m)
- pa-o "

Appendix D: Proof of Lemma 1

In 0 < A < A%, differentiating H(\) with respect to A yields

dH()) (1 + gf_gzifp) Bak — Bak(1 - p)
dA o [1_5()\)5(1_17)]2 06(1_29)(1—7?) > 07

because in the bubble regions, since ¢(\) > 0, the following inequality is satisfied:

H L 1
(1+ﬁp)ﬁ>m>l>ﬁ(l—p)>0.
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In \* < A <1, differentiating H(\) with respect to A yields

HY)  oTH-p-m)e
D Lo —pp LA ma <0

Appendix E: Proof of Lemma 2

By differentiating equation (29) with respect to A, we obtain

o (O )
DT 1o a2 \T= 500N T 1= Bo(VE dx
fo 1 Bo) LY
T B a2 5o * T sor o | <°

The first line is the marginal cost of bailout expansions, while the second line is the
marginal benefit. The above equation says that the marginal cost dominates the

marginal benefit.

Appendix F: Proof of Proposition 5

We need to prove that there exist parameter values under which stochastic bubbles
can arise and the sign of (34) is negative.
First, we prove that there exist parameter values under which the sign of (34) is

negative. With regard to the second term of (34), when we solve for off that satisfies

osz—ﬁlfg;p@ (1 + 5 ;aHp> Bato, then we obtain off = (1( ﬁ)'gfrﬁg and aLﬁg*p).
pB*(1-p) : ar(1-p+pf) _ a"B(1-p)
We focus on the case where 6 < ( In this case, T moips < a—

1-6)(1—B+pB)+pB*
(

: H al(1-B+pf) o"B(1-p) . . ar(1-B+pp)
If we pick up o’ € ( A-P)0ip ° 0 ) that is sufficiently close to T marps OF
aB(1-p)
Z

HpB+(1-8)0

, then « 5708

o is sufficiently close to [1 + O‘L—’;‘Hp] pato. Thus, under

ol the first term of (34) dominates the second term of (34), i.e., under o, the sign
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of (34) is negative.

Next, we prove that stochastic bubbles can arise under a/f. If we characterize bub-

ble regions with af?, stochastic bubbles can arise if and only if o > % =

af (), where &' is a decreasing function of 7 in 0 < 7 < 1 with &% = %

if # = 1 (Note that if # = 1, deterministic bubbles can arise in off > w)
(1-B)6+pB

Thus, there exist a critical value of 7 (af) < 1 where stochastic bubbles can arise

under aff in 7 € (m(aff),1].

Appendix G: Tax on entrepreneurs

In the main text, we have considered the case that the total bailout money is financed
by taxing workers. In this Appendix G, we consider a case that in order to finance
bailout money, the government taxes not only workers, but also entrepreneurs who
do not suffer losses from bubble investments.

In this case, when bubbles collapse at date ¢, bailout money, AP, X, is financed
through aggregate tax revenues from workers, 7}*, and aggregate tax revenues from

entrepreneurs who do not suffer losses, T}

)\PtX:T;:u—FTf,

with

Tf =7 (g 2, — 1 Bl)

( ot (1—0)p
g : < < *
Tl =Bl = o(V)] + (o —abyp 0 HOSASA

T(1 = 0)o K7 if A <A<,
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where 7 is a tax rate imposed on the date ¢ net worth of the non-loss-making en-
trepreneurs, (i.e., H-types in period ¢ — 1). For technical reasons, i,e., in order to
derive entrepreneur’s consumption function explicitly, we consider the case that the
government taxes entrepreneur’s net worth. 7y increases with A in 0 < A < \*,
This means that as A rises, aggregate H-investments expand during bubbly periods,
which increases tax revenues from the non-loss-making entrepreneurs when bubbles
collapse. This increase in tax revenues reduces tax burden for workers. When we
solve for tax burden per unit of workers, T}* (recall that there are workers with unit

measure), we learn

T} = APRX —Tf = FO\)oK?, (G2)
with
(, Bo(N) a(1—0)p : .
=560 (@ = el = o0V + (a7 —amp ==
F(\) =
Bo(N) g
(G.3)
It follows that T}' is a decreasing function of 7.
By using (G.2) and (G.3), W()) is replaced with
M) = log[l—0c—0cF\)]+ 1 faﬁa log [1 4+ F(A)] (G.4)
ﬁU 1 OéH — OZL L 6
—1—1 o1 _Blog {(1 + T GaHp) Pa 0':| + 1 _ﬂlog(l —0).

From (30) together with (G.4), we see how an increase in 7 affects workers’ welfare.
We learn that (30) is an increasing function of 7, i.e., workers’ welfare increases with
7. Intuition is very simple. If the government imposes higher tax rate on the non—

loss-making entrepreneurs, tax burden per unit of workers decreases, which increases
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workers’ consumption when bubbles collapse, thereby improving their welfare. We
also learn from (30) how an increase in bailout guarantees affects workers’ welfare in
this case. We find that even in this case, if (A1) holds, then partial bailouts are opti-
mal for workers. Moreover, when we compute (30) with (G.4) under the benchmark
parameter case, then we find that A\** increases with 7 and approaches A\*. This means
that optimal bailouts for workers approach the bailout level that maximizes ex-ante
output efficiency. When the government taxes the non—loss-making entrepreneurs,
tax revenues from those entrepreneurs increase together with an increase in A, since
T¢ is an increasing function of . This increase in tax revenues lowers tax burden for
workers. As a result, the welfare-enhancing effect captured by the first term of (31)
dominates the welfare-reducing effect captured by the second term of (31) even in
greater values of A < \*.

We can also compute welfare for entrepreneurs in this case. When computing
it, we need to take into account the fact that entrepreneurs are taxed when bubbles
collapse if they are H-types in one period before bubbles’ collapsing (see the Technical
Appendix for derivation of the value function in this case). We find that welfare for

entrepreneurs monotonically increases with A even in this case.
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Technical Appendices

Appendix H: Derive the demand function for bub-
ble assets of a L-entrepreneur

Each L-entrepreneur chooses optimal amounts of b}, x!, and 2} so that the expected
marginal utility from investing in three assets is equalized. The first order conditions

with respect to z} and b are

. P, P, d

() : = =aB—L 4 (1 — m)AB— (H.5)
ct 1,7 i,(1—m)A
t Ct41 Cii1
i 1 Tt Tt Tt
(bt) : —Z.:ﬂ'ﬁ i +(1—7T))\6m+(1—ﬂ)(1—)\),8m, (HG)
Ct Ciy1 Cri1 Cri1

where Cifl = (1-8)(qrr1a" 2 —rbj+Pryay), Cifl_ﬂ» = (1—B)(qt+1aLz§—rtb§+mi+1),

and 20N — (1 = B)(geatzt — rbi).22 The RHS of (H.5) is the gain in
expected discounted utility from holding one additional unit of bubble assets at date
t + 1. With probability m bubbles survive, in which case the entrepreneur can sell
the additional unit at P;;, but with probability 1 — 7 bubbles collapse, in which
case with probability A he/she is rescued and receives d;; units of consumption
goods per unit of bubble assets, and with probability 1 — A, he/she is not rescued
and receives nothing. The denominators reflect the respective marginal utilities of
consumption. The RHS of (H.6) is the gain in expected discounted utility from
lending one additional unit. It is similar to the RHS of (H.5), except for the fact

that lending yields r; at date ¢ + 1, irrespective of whether or not bubbles collapse.

22Since the entrepreneur consumes a fraction 1 — 3 of the current net worth in each period, the
optimal consumption level at date ¢ + 1 is independent of the entrepreneur’s type at date t + 1. It
only depends on whether bubbles collapse and whether government rescues the entrepreneur.
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From (17), (H.5), and (H.6), we can derive the demand function for bubble assets

of a type i L-entrepreneur in the main text.

Appendix I: Aggregation

The great merit of the expressions for each entrepreneur’s investment and demand
for bubble assets, 2! and !, is that they are linear in period-t net worth, e. Hence
aggregation is easy: we do not need to keep track of the distributions.

From (16), we learn the aggregate H-investments:

BpA;
1— GQtHOéH ’
Tt

ZH = (L7)

where A; = ¢, K; + P, X is the aggregate wealth of entrepreneurs at date t, and
> icH, el = pA; is the aggregate wealth of H-entrepreneurs at date t. From this invest-
ment function, we see that the aggregate H-investments are both history-dependent
and forward-looking, because they depend on asset prices, P;, as well as cash flows
from the investment projects in the previous period, ¢;K;. In this respect, this in-
vestment function is similar to the one in Kiyotaki and Moore (1997). There is a
significant difference. In the Kiyotaki-Moore model, the investment function depends
on land prices which reflect fundamentals (cash flows from land), while in our model,
it depends on bubble prices.
Aggregate L-investments depend on the level of the interest rate:

BA, — L2 — PX ifr, = g0k,

1— 0ot
a

Zl = (L.8)

0 if r, > g0k
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When r, = ¢4, L-entrepreneurs may invest positive amount. In this case, we
know from (19) that aggregate L-investments are equal to aggregate savings of the
economy minus aggregate H-investments minus aggregate value of bubbles. When
re > @10, L-entrepreneurs do not invest.

The aggregate counterpart to (18) is

- a0 - A, (19)

where Y., e} = (1 — p)A,; is the aggregate net worth of L-entrepreneurs at date t.

(1.9) is the aggregate demand function for bubble assets at date t.

Appendix J: Worker’s Behavior

We verify that workers do not save nor buy asset bubbles in equilibrium. First, we
verify that workers do not save. When the borrowing constrained binds, workers do

not save. The condition that the borrowing constraint binds is

1 Tt Tt
“u > Wﬁ u,T + (]' - ﬂ—)ﬁ u,l—m"
& Cet1 t+1

We know that ¢} = w; and ¢} = w41 if workers do not save nor buy bubble assets.

Then, the above can be written as

l1—0 K7
1> |7+ (1—7) 20 ﬁK; Tt (J.10)
1—0—)\1_5(1)(/\)0 t+1
When r; = g;41a%, (J.10) can be written as
H()\) l—0o
>7m+(1—m) . (J.11)
L BN
Poa 1—0—)\1_5¢(/\)J
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Since H(\)/Boar > 1 in the bubble regions and the right hand side of (J.11) is an
increasing function of ¢ and equals one with ¢ = 0, (J.11) holds if ¢ is sufficiently

small.

When r; = 0q; 1% [1 — Bop(N)]/[1 — p — #(N)], (J.11) can be written as

HO)[1—p— ¢(\)] . l—o
o) R e w TR

(J.12)

) &

Since H(\)[1—p—¢(N\)]/0Baa™ [1—¢()\)] > 1 in the bubble regions and the right hand
side of (J.11) is an increasing function of ¢ and equals one with o = 0, (J.12) holds
if o is sufficiently small. Under the reasonable parameter values in our numerical
examples, both (J.11) and (J.12) hold.

Next, we verify that workers do not buy bubble assets. When the short sale
constraint binds, workers do not buy bubble assets. The condition that the short

sale constraint binds is

1 1 Py
— > Tl

We know ¢} = w; and ¢}] = w41 if workers do not save nor buy bubble assets.

Then, the above can be written as

Wy Pt+1

1>np =7f,

W1 Py

which is true.

Appendix K: Behavior of H-types

We verify that H-types do not buy bubble assets in equilibrium. When the short

sale constraint binds, H-types do not buy bubble assets. In order that the short sale
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constraint binds, the following condition must hold:

1 1 P
— > BE, {— ”1} . (K.13)

Since the borrowing constraint is binding for H-types, we have

é _ ﬁEt |: Tt Qt+1aH(1 — 9):| ) (K14)

’ H
Ciy1 Te — 0qi1

We also know that ¢, = (1— ) [m} if (K.13) is true. Inserting (K.14) into

re—0qiy10tt

(K.13) yields

1 Tt |:qt+1OéH — 5()\) Pgl] + Hqt+1O[H |:(5(>\) PEI — Tt

i H
Cii1 ry — Oq 1

> 0. (K.15)

If (K.15) holds, then the short sale constraint binds. We see that the second term
in the numerator is positive as long as ¢ > 0 and we know that ¢ > 0 on the saddle
path. Thus, if the first term is positive, (K.15) holds. The condition that the first

term is positive is

P
]Dt .

g > ()

On the saddle path, since P, follows according to

p—_ W

- ma[(f, (K.16)

Using (K.16), the above inequality condition can be written as

oo K7 > 6(\) K. (K.17)
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First, we show that (K.17) holds in 0 < A < A*. In 0 < X\ < \*, aggregate capital

stock follows (28). Thus, (K.17) can be written as

OéH—OéL

Cap)iat — Gabo()] /L= BN, (Kay

OzH > 5()\) |:(1 + CVL——Q

which is equivalent to

CYH—OéL

a5 600 |1+ St - st - p)| - a0 - . (<19)
The right hand side of (K.19) is an increasing and convex function of A in 0 < A < A\*.
Thus (K.17) holds in 0 < XA < A* if (K.17) is true at A = A*. At A = \*, we know
¢ = [al(1 —p) — 0] /(al — 0a'l). Inserting this relation into (K.18) yields

OéLpﬁoéH

H — —

[1—6(3)] > 0,

which is true.
Next, we show that (K.17) holds in A* < A < 1. In A* < X\ < 1, aggregate capital

stock follows (28). Thus, (K.17) can be written as

1= 8¢ >06(A)B(1 = 9),

which is true, since 1 — ¢ > 1 — ¢ and §(\)5 < 1.
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Appendix L: Derivation of taxpayer’s value func-
tion

Suppose that at date t, bubbles collapse. After the date ¢, the economy is in the
bubbleless economy. Let V,2L be the value function of taxpayers at date ¢ when
bubbles collapse and the government bails out entrepreneurs. First, we solve Vt]ff .

Given the optimal decision rules, the Bellman equation can be written as

VBL(K 1) = log sy + BVPE(Kiys), after date ¢ + 1, (L.20)

with
Cra1 = Wyiq after date t + 1,

(L.21)

Ko = [1 + (j‘f_;if,p] BatoKy,, after date t + 1.

We guess that the value function is a linear function of logk :

VB (K1) = [+ glog Ky after date ¢+ 1. (L.22)

From (L.20)-(L.22), applying the method of undetermined coefficients yields

1 1 3 H_ L
f= 1_ﬁlog(1—0)+m1_aﬁglog {(14—%1)) 50/40},

Y
11— 0’

g
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Thus, we have

1 1 Bo afl —al
thf(KtJrl) - 1 3 log(l — o) + 1-81-f0 log Kl + W?) Pa 01
—I—l —OBJ log K11, after date ¢ + 1. (L.23)

Next, we derive the value function of taxpayers at date t when bubbles collapse and
the government bails out entrepreneur by taking into account the effects of bailouts
on the date ¢ consumption and the date ¢ + 1 aggregate capital stock. The value

function of taxpayers at date ¢ satisfies

VPH(EL) = log e + BVET (Kip), (L.24)

with

Ct:wt_APtX:wt )\1/8(2(1)(/\)0[(?,

(L.25)

Ky = [1 + 79in] Bata [1 +/\1’8§¢ } K7.
From (L.23), (L.24), and (L.25), we have (29) in the text.
Now, we are in a position to derive the value function at any date ¢ in the bubble

economy. Let V,PB(K}) be the value function of taxpayers at date ¢ in the bubble

economy. Given optimal decision rules, the Bellman equation can be written as
ViPE(K;) = loge, + B [mViET (Kia) + (1 = mVET (K] - (L.26)
with the optimal decision rule of aggregate capital stock until bubbles collapse:

K1 = HAK?, (L.27)
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We guess that the value function is a linear function of logk :

VBB(K,) = s+ Qlog K, (L.28)

From (29), and (L.26)-(L.27), applying the method of undetermined coefficients

yields
1 B(1—m) 1 Bo
s = 1_Bﬂlog(1—a)+mM(/\)+ 1_BW1_5010gH()\),
o
@= 1—fBo

Thus, we have (30) in the text.

Appendix M: Derivation of entrepreneur’s value

function

Appendix M:.1 the case where the government does not tax

entrepreneurs

Suppose that at date t, bubbles collapse. After the date ¢, the economy is in the
bubbleless economy. Let WP (e, K;) be the value function of the entrepreneur at
date ¢ who holds the net worth, e;, at the beginning of the period ¢ before knowing
his/her type of the period ¢. First, we solve W% (e;, K;). Given the optimal decision

rules, the Bellman equation can be written as

, pWAS(R e, Kipo
Wi (e, Kipr) = log )y + w2 (i Pera, Kiv) after date ¢t +1,

+(1 - p)Wt§%<R;ilﬂet+1a Kio)
(M.29)
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where R}, Be,1 and R}% | Beyiq are the date t+2 net worth of the entrepreneur when
he/she was H-type and L-type at date ¢ + 1, respectively. R/ +1 and RiE |1 are realized
rate of return on savings from date ¢ + 1 to date ¢t 4+ 2 in the bubbleless economy,
and they satisfy

RH = w after date ¢,

16a

P
(M.30)
RF = g 1a®  after date t.
Aggregate capital stock follows:
Kipo = (1+ =25 p)Balo Ky, after date t + 1. (M.31)
We guess that the value function are linear functions of log K and loge :
M/t]i%(et-&-la Kip1) = fi + gilog Kiy1 + hilogesa (M.32)

From (M.29)-(M.32), applying the method of undetermined coefficients yields

1 3 g
fi = —1_Blog(1—ﬁ)—l—mlog(l_ﬁ)“'mloga (M.33)
H(] g
+(1—’;ﬁ)2 [plogoa(_l—%H)Jr (1-p) IOgOéL]
-1 1 o —al
+?1(0_ ﬂ)2)1—ﬁal o {(H e’ 0} |
_ Po o-—1
e et (M.34)

Next, we derive the value function at date ¢ when bubbles collapse and the gov-
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ernment bails out entrepreneurs by taking into account the effects of bailouts on
the date ¢ + 1 aggregate capital stock. Given the optimal decision rules, the value

function at date ¢ satisfies

WP (e, Ki) = log e, + B [pWE (R Ber, Kiva) + (1 — )WL (R Ber, Kiin)]
(M.36)

with
ol — ol

al — GOsz

] Bato [1 - AW—(A)} K?. (M.37)

Rer = {1 * = Bo(V)

From (M.32)-(M.37), we obtain

1
log K;+——1 .
1—Bo1—3 0g t+1—ﬁoget

(M.38)

WtBL(et, Kt) == fl‘i‘ﬂ(g — 1) 1 log |:1 + A
Bo

Bp(A) po o-1
-5 1- }Jr

1—Bo(A)

Now, we are in a position to derive the value function at any date ¢ in the bubble
economy. WPB (e, K;) is the value function of the entrepreneur at any date t in the
bubble economy who holds the net worth, e;, at the beginning of the period ¢ before
knowing his/her type of the period ¢. Given optimal decision rules, the Bellman

equation can be written as

WfB(eu K;) =logc, + pr [PMT?(REB% K1) + (11— p)Wti?(RfBGu Kt+1>}

WEL(RH Be,, K, + (1 — p) A\WEL(REBe,, K,
+B(1— ) p t+1( i Be, Kiyr) + ( p) t+1( v Ber, Kiy) . (ML39)
+(1 - p)(l - )‘>Wt§-§(RtLL6€t7 K1)

where RY Be;, REfBe;, and RFLBe; are the date ¢t + 1 net worth of the entrepreneur

in each state. R, R, and RFL are realized rate of return from savings from date ¢
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to date t + 1, and in 0 < XA < \*| they satisfy

RH = 10 (1-0)

1-fefl 7
_ Py1 tr10” [1—p—p(A M.4
RE =305 = IS5 (M.40)

RfL _ ap1oF [11_—5—¢(>\)} )

and in A* < X\ <1, they satisfy

( RY = el 0-0-60)],
P, O [1—p(X
RE = 6(0) 52 = 6(0) Sh=osl. (M-41)

LL _ q+10af[1—¢(N)]
{ RpF = 1= 20 T )

Aggregate capital stock until bubbles collapse follows:
Kipn=H(\KY. (M.42)
We guess that the value function are linear functions of log K and loge :
WPB(e,, K;) = m + llog K, +nloge;. (M.43)

From (M.38)-(M.43), and (M.39), applying the method of undetermined coefficients
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yields

3 B

e 1 log(1 —f) +

1 1 1 1
1— fBn 1—571—50g5+1_5”1_50g0
Blo—1) 1 1
1—fBr 1—Bol—ﬁIOgH(A)
B(1—7) plo—-1) 1 BoN)
*W{J‘H 1-5 1—601041“1—%(””
1
+1—ﬁw1fﬁ[ﬁjl+(1_w)b]’
| folo—1) 1
1-—0o 1-0’
B 1
n—my
where in 0 < X\ < \*,
B afl(1—6) o1 —p— (V)]
Ji = plog—— o7 +(1=p)log [‘5“)5(»(1 —p) —cb(A)] ’
- af (1 - 6) a1l —p— o))
fa = plog e (1 p)og et
L oy —
+(1 =p)(1 — A)log [a L 1Zip¢(/\)]]
andin/\*ﬁ)\ﬁla
O [1 — p(N)]

SA)(1—p)—o(N)]’
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a1 - 0)[1 — ¢(V)]
p

+(1 —p)(1 = X)log {

fal[1 — ¢(N)]
S(A) (1 =p) = o(A)

Jo = plog + (1 —p)Alog {5()\)

g (1 - ¢<A>]] |
I—p

Thus, we have (32) in the text.

Appendix M:.2 the case where the government taxes en-

trepreneurs

When the government taxes entrepreneurs who do not suffer losses from bubble

investments, m and J, change as follows:

m = ! log(1 — B) + b

1 1 1
L— B 15 T
ple—-1) 1 1
1—fBr 1—ﬁal—ﬁlogH(A)
B(1—7) plo—1) 1
‘f‘m{fl_’_ 1- 8 1—5010g[1+F(/\)]}
1 —1B7r 1fﬁ AL
IHOS)\S)\*7
(1—-7)af(1-0) o[l —p = ¢(V)]
Fo = plog T g + (1= p)Alog O sy
(1= p)(1 = \log [ 2L _1]i; sb(A)]}
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in A< A< 1,

(L= 7m)a(1 =)L — $(N)]
p

Oa'[1L — ¢(N)]
A1 =p) = o(})

Jy = plog + (1 —p)Alog {5()\)5(

botli o]

+(1—p)(1—>\)10g[ -

Appendix N: Procedures to derive numerical ex-
amples of entrepreneur’s welfare

When we compute (32), we make the following assumptions: aggregate capital stock
in the initial period is set to the steady-state value of the bubbleless economy; pop-
ulation measure of entrepreneurs is assumed to be equal to one; in the initial period,
each entrepreneur is endowed with the same amount of capital, k! = k;, and one unit
of bubble assets, and owes no debt. Under these assumptions, all entrepreneurs hold
the same amount of net worth in the initial period, i.e., ey = qoko + Fy. By using

determination of equilibrium bubble prices (K.16), ey can be written as

1 o
60()\) = WUKO .

Inserting the above relation into (32) yields

WEB(Ky) = m(\) + 1iﬂlog0+ 1_1ﬁ0_ log Ko — 1iﬁlog[1—ﬁ¢()\)].

Figure 4 describes the relationship between W8 and .
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Parameters \ benchmark case1l case?2 case 3

o'l | productivity of high project 1.1 1.1 1.1 1.1
o’ | productivity of low project 1 1 1 1
15} discount factor 0.98 0.98 0.98 0.98
o capital share 0.25 0.25 0.25 0.25
0 collateral ratio 0.1 0.1 0.1 0.1
m | survival rate of bubbles 0.99 0.995 0.997  0.998
P probability for high project 0.3 0.3 0.3 0.3

Table 1: Parameters

70



KH—I/YI

Figure 1: Effects on Capital Stock

Ex-ante Production Efficiency

Figure 2: Effects on Ex-ante Production Efficiency
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Figure 3: Anticipated Bailouts and Boom-Bust Cycles
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Figure 5: Entrepreneur’s Welfare
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