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ABSTRACT

Given a monotone convex function on the space of essentially bounded random variables with the Lebesgue property
(order continuity), we consider its extension preserving the Lebesgue property to as big solid vector space of random
variables as possible. We show that there exists a maximum such extension, with explicit construction, where the
maximum domain of extension is obtained as a (possibly proper) subspace of a natural Orlicz-type space, character-
ized by a certain uniform integrability property. As an application, we provide a characterization of the Lebesgue
property of monotone convex function on arbitrary solid spaces of random variables in terms of uniform integrability
and a “nice” dual representation of the function.

Key Words: Monotone Convex Functions, Lebesgue Property, Order-Continuity, Order-Continuous Banach Lattices,
Uniform Integrability, Convex Risk Measures

1. Introduction

Motivated by the study of convex risk measures in financial mathematics, we address a “regular”
extension problem of monotone convex functions. Let L° be the space of all finite random
variables (measurable functions) on a given probability space (22, F,P) modulo P-almost sure
(a.s.) equality, and we say that a linear subspace 2" C L0 is solid if X € 2 and |Y] < |X] a.s.
imply Y € 2". By a monotone convex function on a solid space 2" ¢ L°, we mean a convex
function ¢ : 2~ — (—o0, 0] which is monotone increasing w.r.t. the a.s. pointwise order.

We are interested in monotone convex functions on some solid space 2" having the following
regularity property called the Lebesgue property: for any sequence (X,,), € 2,

(1.1) AYe 2, 1X, < Y(Wn)and X,, » X € 2 ass. = ¢(X) = lime(X,,).
n

Note that all L” spaces are solid, and when 2~ = L' := LY(Q, F,P) and p(X) = E[X], this is
nothing but the dominated convergence theorem. When 2~ = L*, (1.1) reduces to

(1.2) sup [|[ Xyl < 00 and X, — X a.s. = ¢(X) = lim ¢(X,,),
n

n

and a number of practically important monotone convex functions on L™ satisfy this.

Now given a monotone convex function ¢g on L™ with the Lebesgue property (1.2), we con-
sider its extension to some big solid space preserving the Lebesgue property in the form of (1.1)
(such extensions do make sense). Of course there may be several such extensions, but we are
interested in the maximum one. So the central question of the paper is:

Question 1.1. Given a monotone convex function ¢y on L™ with the Lebesgue property (1.2),
does there exist a maximum extension preserving the Lebesgue property in the sense of (1.1)?
i.e., is there a pair (@, 2) ") of a solid space 2 c L° and a monotone convex function ¢ ¢ with the
Lebesgue property on 2 such that @lr= = o and for any such pair (¢, Z°), one has 2~ C Ve

and ¢ = ¢|2?
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As a first (trivial) example, we briefly see what happens when ¢y is linear.

Example 1.2. Let ¢ be a positive (monotone) linear functional on L. Then it is finite-valued
and identified with a finitely additive measure vy(A) := ¢o(14) as ¢o(X) = fQdeo, while (1.2)
is equivalent to saying that vq is o-additive. If the latter is the case, the “usual” integral ¢(X) :=
fQdeo defines a Lebesgue-preserving extension of ¢ to Ll(vy) ={XeL: fQ [X|dvy < oo}.
On the other hand, if ¢ is a monotone convex function on a solid space 2~ ¢ L° with (1.1)
and ¢|;~ = ¢p, it is easy that ¢ must be positive, linear and finite on 2. Then f Xldvy =
lim,, ¢(IX| A n) = lim,, @o(IX] A n) = lim, @(IX] A n) = ¢(|X]) < o if X € 27, hence 2 < L (vp),
where the first equality follows from the monotone convergence theorem, and the fourth from
the Lebesgue property of ¢ on 2. Similarly, but with X1x<,) instead of [X| A n, we see also
that ¢ = §|2-. Namely, (@, L1(vp)) is the maximum Lebesgue-preserving extension of ¢y. O

This is just an exercise of measure theory, and we see that Question 1.1 is well-posed at least
when ¢y is linear. Slight surprisingly, the main result (Theorem 3.5) of this paper states that the
answer to Question 1.1 is YES as long as the original function gy is finite everywhere on L™
(this is automatic when ¢ is linear by definition). Moreover, the maximum extension (@, 2") is
explicitly constructed.

We first construct a candidate of ¢ in a rather ad-hoc way on a certain convex cone of L°
containing L* and the positive cone LY. Then based on a simple observation (Lemma 3.3), we
introduce an Orlicz-type space associated to ¢, that we denote by M;,, beyond which Lebesgue-
preserving extension is not possible. After checking that the candidate ¢ is well-defined on this
space as a finite monotone convex function, we finally verify that the space M; can be made
into an order-continuous Banach lattice with respect to a natural gauge norm (Theorem 4.9)
with a suitable change of measure, which together with an extended Namioka-Klee theorem by
[7] eventually yields that ¢ is Lebesgue on M and the pair (@, M;) is the desired maximum
extension. The space M, is, as the notation suggests, a subspace of the “Orlicz heart” M% of
@, and the subscript “u” stands for the “uniform integrability” that characterizes the elements of
M. This point will be made clear in Theorem 3.8.

As an application, we provide a characterization of the Lebesgue property of finite mono-
tone convex functions ¢ on an arbitrary solid space of random variables of the form Fatou
property plus “something extra”, with the “extra” being either a certain “uniform integrabil-
ity” or a “good” dual representation of i, both of which are stated using the conjugate of /|~
(Theorem 3.9). This generalizes a result known as the Jouini-Schachermayer-Touzi theorem
[21]. There the comparison of a function ¥ on a solid space 2~ and the maximum Lebesgue-
preserving extension of the restriction |z~ plays a key role.

1.1. A Motivation from Financial Mathematics: Convex Risk Measures

An initial motivation of this work was to provide an “efficient” way to the study of convex
risk measures for unbounded risks. In mathematical finance, a convex risk measure on a solid
space 2~ c L° is—up to a change of sign—a monotone convex function p on .2" such that
(X + ¢) = p(X) + c whenever c is a constant (cash-invariance). This notion was introduced by
[6, 15, 17] as a possible replacement of Value at Risk. See [16, Ch. 4] for the background of this
notion. Since then, convex risk measures on L™ (i.e. for bounded risks) have been extensively
studied, establishing a number of their fine properties as well as examples [see e.g. 12, 16].
However, L*™ is clearly too small to capture the actual risks, and a key current direction is the
analysis of risk measures beyond bounded risks. A natural way is to pick up a particular space,
and then to reconstruct a whole theory with careful analysis of the structure of the new space,
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e.g., L? [1, 22], Orlicz spaces/hearts [9, 27, 4, 5], abstract locally convex Fréchet lattices [7],
and L° [23] to mention a few.

On the other hand, it seems more efficient to extend a convex risk measure originally defined
on L™ to some big space, and a most natural candidate seems the one preserving the Lebesgue
property. Note first that the Lebesgue property of the original risk measure on L™ is reasonable,
since (modulo some technicality) it is necessary to have a finite valued extension to some solid
space properly containing L™ ([11, Theorem 10]; see the paragraph after Theorem 2.4 for detail).
Next, the Lebesgue property implies or is equivalent to some other important properties in appli-
cation: existence of o-additive subgradient, the inf-compactness of the conjugate, the continuity
for the Mackey topology induced by the good dual space and so on ([21], [10] and comments
after Theorem 3.9 for precise information). Also, functions with the Lebesgue property are
stable for the practically common procedure of approximating unbounded random variables by
suitable “truncation”, and a “nearly” converse implication is also true (Remark 2.5). This is
computationally useful, and it also means roughly that an extension preserving the Lebesgue
property retains the basic structure of the original function to the extended domain.

Several other types of extensions may be possible of course, and some of those have already
appeared in literature (see Section 2.2). Especially, [13] considered an extension preserving
the Fatou property (order lower semicontinuity), proving that any law-invariant convex risk
measure with the Fatou property on L™ is uniquely extended to L! preserving the Fatou prop-
erty. In contrast, a simple example shows that Lebesgue-preserving extension to L! or to some
“common” reasonable space is not possible even if the original function is law-invariant (see
Example 2.6 and discussion that precedes). Thus it is worthwhile to ask how far a convex risk
measure originally defined on L™ with the Lebesgue property can be extended preserving the
Lebesgue property, or more intuitively, how far a “good” risk measure can remain “good”. In
Section 7, we shall examine our main results in the context of convex risk measures with some
concrete examples.

2. Preliminaries

We use the probabilistic notation. Let (€2, F,P) be a probability space which will be fixed
throughout, and L° := L°(Q, F,P) denotes the space of all equivalence classes of measurable
functions (or random variables) over (Q, F,P) modulo P-almost sure (a.s.) equality. As usual,
we do not distinguish an element of L and its representatives, and inequalities between (classes
of) measurable functions are to be understood in the a.s. sense, i.e., X < Y a.s. which means
more precisely that f < g a.s. for any representatives f and g of X and Y, respectively. This
a.s. pointwise inequality defines a partial order on L° by which L° is an order-complete Riesz
space (vector lattice) with the countable-sup property. By a solid space 2 , we mean, in this
paper, a solid vector subspace (ideal) 2~ of L0, ie., a vector subspace of L° such that |X]| < |Y]
and Y € 2 imply X € 2 (solid). Note that any such 2 is an order complete Riesz space
with the countable sup-property on its own right, and 2~ contains L* := L*(Q, F,P) as soon
as it contains the constants. We denote 2, := {X € Z : X > 0} (the positive cone). Finally,
we write E[X] = fQX(w)]P’(dw) (expectation w.r.t. IP) for X € LV as long as the integral makes
sense, and Ep[X] = fQX(a))Q(da)) for other probability measures Q < P.

By a monotone convex function on a solid space 2" c L°, we mean a proper convex function
¢ X — (-0, 0] which is monotone increasing in the a.s. order:

2.1) VX,Y € 2, X <Y(as) = oX) < o(Y).

Definition 2.1. For a monotone convex function ¢ on a solid space 2 c L, we say that
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(1) ¢ satisfies the Fatou property (or simply ¢ is Fatou) if for any (X},), € 2,
(2.2) Y € 27 such that |X;,| < Y, Ynand X, —» X a.s. = ¢(X) < liminf o(X),).
n

(2) @ satisfies the Lebesgue property (or ¢ is Lebesgue) if for any (X,,), € 2,
(2.3) AY € 27 such that |X,,| < Y, Vrnand X, —» X a.s. = o(X) = lim¢(X,,).
n

Remark 2.2 (Lebesgue property and order-continuity). By the countable-sup property of .2
(as a solid vector subspace (ideal) of L), the Lebesgue property (2.3) is equivalent to the gener-
ally stronger order continuity: ¢(X,) — @(X) if a net X,, converges in order to X (X, N X),1.e.,
if there exists a decreasing net (Y,), C 2" (with the same index set) such that [ X — X,| <Y, | O
(in the lattice sense). Indeed, for a sequence (or slightly more generally a countable net)

X)n € Z, the order convergence X, 5 Xis equivalent to the dominated a.s. convergence:
|X,| < Y (Vn) for some Y € 27, and X, — X a.s., thus the Lebesgue property (2.3) is nothing but
the o-order continuity. On the other hand, for monotone (increasing) functions, the order conti-
nuity is equivalent to the continuity from above: X, | X = ¢(X,) | ¢(X), and by the countable-
sup property, any such decreasing net admits a sequence (Xy, )n C (Xq)e such that X, | X. Con-
sequently, the o-order continuity implies ¢(X) < lim, ¢(X,) = inf, ¢(Xy) < inf, p(X,,) = @(X).
A similar remark applies also to the Fatou property (2.2) and the order-lower semicontinuity. For
further information, see e.g. [2, Ch. 8, 9]. ¢

The Lebesgue and Fatou properties are more “universal” than the corresponding topological
regularities as long as we discuss functions of random variables, in the sense that they are com-
parable between different spaces. In fact, it is clear from the definition that if 2~ and % are
solid spaces with 2~ ¢ #(c L°) and if a function ¢ on % has the Lebesgue property, then
the restriction ¢| o automatically has the Lebesgue property on 2", and the same is true for
the Fatou property. In particular, the class of monotone convex functions with the Lebesgue
property on solid spaces (¢, Z) is partially ordered simply by (¢, Z7) < (¢, ¥) iff 2" ¢ # and
¢ = Y| 2, and the maximum extension preserving the Lebesgue property does make sense, while,
for instance, maximum extension of norm-continuous function on L™ preserving the topological
continuity does not much make sense:

Definition 2.3 (Lebesgue Extension). Let .2 c L° be a solid space and ¢ : 2y — (-0, 0] a
monotone convex function with the Lebesgue property (2.3) on 2. Then we say that (¢, Z7) is
a Lebesgue extension of (@g, 2o) if 2~ c LY is a solid space containing 29, ¢ : 2~ — (—00, 0]
is a monotone convex function with the Lebesgue property on 2" and ¢o = ¢| 2. If there exists a
Lebesgue extension (&, ) ) such that 2 C 2 and ¢ = @| 2 for any Lebesgue extension (¢, Z")
of (o, Z0), then we say that (, ) ) is the maximum Lebesgue extension of (¢g, Z0).

If there is no risk of confusion, we omit .2y and simply say e.g. (¢, Z") is a Lebesgue extension
of ¢g. In fact, we shall be discussing in the sequel the Lebesgue extensions of a monotone
convex function ¢y on L™, i.e., always 2y = L.

2.1. Monotone Convex Functions on L®

Here we briefly summarize some basic facts on the monotone convex functions on L. Note first
that the Fatou and Lebesgue properties (2.3) and (2.2), respectively, for a proper convex function
@ on L™ are equivalently stated as

(2.20) sup || Xnlleo < o0 and X, —» X a.s. = ¢@(X) < liminf ¢(X,,),
n n

(2.30) sup [|Xplleo < 0 and X, —» X a.s. = ¢(X) = lim ¢(X},),
n n
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while (2.2.,) is equivalent to the lower semicontinuity w.r.t. o(L®, L") (the weak* topology).
Indeed, a convex set C c L™ is o(L®, L')-closed if and only if forevery ¢ > 0, CN{X : [|X]|o <
¢} is closed in LY which is a well-known consequence of the Krein-Smulian theorem (see e.g.
[19]). Thus by Fenchel-Moreau theorem, the Fatou property of a proper convex function ¢ on
L™ is equivalent to the dual representation

2.4 o(X) = sup(E[XZ] - ¢*(Z))
Zel!

where ¢* is the Fenchel-Legendre transform (conjugate) of ¢ in (L, L') duality:

(2.5) ©"(2) := sup (E[XZ] - p(X)), VZelLl,
XelL*®

Then the monotonicity of ¢ is equivalent to domg* c L!, i.e.,
(2.6) Zell', o*Z) <o = Z>0.

The next characterization of the Lebesgue property (2.3.,) is a ramification of a result known
as the Jouini-Schachermayer-Touzi theorem (JST in short) in financial mathematics. In the case
of convex risk measure (up to change of sign, i.e. (X +¢) = ¢(X) + c if ¢ € R), it was
first obtained by [21] with an additional separability assumption, and the latter assumption was
removed later by [10] using a homogenization trick. See also [26, 27].

Theorem 2.4 (cf. [21, 10, 26, 27] for convex risk measures). For a finite monotone convex func-
tion ¢ : L= — R satisfying the Fatou property (2.2), the following are equivalent:

(1) ¢ has the Lebesgue property (2.3);

(2) {ZeL': ¢*(2) < c} is weakly compact in L' for each ¢ > 0;

(3) for each X € L™, the supremum sup ;1 (E[XZ] — ¢*(Z)) is attained;
(4) ¢ is continuous for the Mackey topology T(L®, L").

Proof. (1) & (2) = (3) can be proved in the same way as [21], while given the finiteness and
o (L™, L")-lower semicontinuity of ¢, (2) & (4) is also a well-known fact in convex analysis
(e.g. [25, Propositions 1 and 2]). For (3) = (2), observe that for each Z € L! and & > 0,
¢*(Z) > Elasgn(2)Z] — p(asgn(Z)) > allZll; — ¢(—a) where sgn(Z) = Liz-0; — Liz<0) € L™.
Since ¢ is finite-valued, this shows that lim)z), -0 ¢*(Z)/||Z]l1 = oo (i.e., ¢ is coercive). Then
the implication (3) = (2) follows from coercive James’s theorem due to [26] (recalled below as
Theorem 5.2). ]

Finally, we note that the Lebesgue property on L™ is reasonable. In fact, when (Q, F,P) is
atomless (which is not a restriction in practice), a sufficient condition for the Lebesgue property
(2.3s) on L* for monotone convex function ¢ is that it has a finite-valued extension to a solid
space 2" 2 L™ such that X € 2" and law(Y) = law(X) = Y € 2  (rearrangement invariant).
See [11, Th. 3] where this is proved for convex risk measures, and an almost same proof still
works for general finite monotone convex functions. All L? (0 < p < o0), Orlicz spaces and
Orlicz hearts (the Morse subspaces of the corresponding Orlicz spaces) are of this type. Thus
functions ¢ that violate this condition are rarely of practical interest.
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2.2. Other extensions and general remarks

We emphasize that the preservation of the Lebesgue property is crucial. In fact, any finite mono-
tone convex function on L* has an extension to the whole L° if one does not mind any regularity
or uniqueness. Indeed, let

2.7) Gext(X) = limlim (X V (-n) Am), X € L°.
n m

Noting that (X V (=n)) A m = X if || Xl < m,n < oo, this is well-defined on L° with values
in [—oo, 0], and @extlz> = . But it is not a regular nor unique extension in any reasonable
sense, or it may even be improper. In the context of convex risk measures, [8] studied this type
extension, providing a necessary and sufficient condition for ¢y to avoid the value —co (hence

proper), but even in that case, we have no regularity nor uniqueness.

Remark 2.5. In application, one often hopes to approximate unbounded X € L° by bounded
ones via suitable truncation as X1 xj<,) 55X, (XV(-m)An 5 X. As these convergences are
order convergences, Remark 2.2 tells us that monotone convex functions ¢ with the Lebesgue
property are stable for this sort of approximations:

(2.8) @(X) = Tim Tim o((X V (=m) A n) = Tim @(XT jxizn),

and two limits in the middle expression are interchangeable. In fact, a sort of converse is also
true: a finite monotone convex function ¢ with the Fatou property on a solid space 2" ¢ L° has
the Lebesgue property if and only if for any countable net (X,)q,

(2.9) X, € L™, |X,| < 1X|, Va, and X, — X as. = ¢o(X,) — o(X).

See Proposition A.2. In particular, the maximum Lebesgue extension tells us the precise extent
to which any “reasonable” truncation procedures safely work. ¢

A closely related question, recently addressed by [13], is the extension preserving the Fatou
property (instead of Lebesgue). There the “L!-closure” of ¢ given by gb(l)(X ) := supy¢;~(E[XY]-
¢y (Y)) on L' is considered. This is clearly proper and (weakly) lower semicontinuous (hence
Fatou) on L' as soon as domgy N L™ # O, while it is not clear if @' is an extension of ¢y, i.e.,

if ¢1|L°° = @o. [13, Theorem 2.2] proved that this is the case if ¢q is law-invariant (i.e. X law Y
= ¢o(X) = ¢o(Y)), and then @' is the unique lower semi-continuous extension of ¢ to L'. In
particular, every law-invariant convex risk measure has a “Fatou” extension to L'. In contrast,
the Lebesgue property may not be preserved to L! (even if law-invariant) as the next example
illustrates.

Example 2.6 (Modular). Let @ : R —» R, be a lower semicontinuous even convex function
with @(0) = 0, and lim,_,,, @(x) = oo (i.e., a finite Young function). Then put

(2.10) po(X) := E[@(X")] = E[®(X V0)], X € LY

This is clearly a law-invariant [0, co]-valued monotone convex function with p(0) = 0 satisfying
the Fatou property on the whole L° (by Fatou’s lemma since @ > 0). Let

(2.11) L? = (X eL’: Ja >0, E[®alX])] < o} (Orlicz space),
(2.12) M®?:={Xel’: Va>0, E[®|X])] < o} (Orlicz heart). O
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It always holds L™ ¢ M ? c[? c L'and M? = L? if @ satisfies the so-called A,-condition,
while if for example @(x) = e — 1 and (Q, F,P) is atomless, then L™ - M?® - L? - L'. The
function pg is Lebesgue on M? since |X,| < |Y| with Y € M? and X, — X a.s. imply |®(X;")| <
&(|Y)) € L', hence po(X,) = E[@(X;))] — E[®(XT)] = pep(X) by dominated convergence. On
the other hand, pg is not Lebesgue on L® unless M® = L?. Indeed, if X € L? \ M?, and
a > 0 is such that E[@(a|X]|)] = oo, then pa(a|X|1x>n)) = E[P(a|X])1jx|>n] = oo for all n
while 0 < a|X|1x;>n < a|X| and a|X|1jx;>n — O a.s. By the law-invariance and [13], (pq§,L1)
is the unique Fatou-preserving extension of (pg|r~, L) which is not Lebesgue on L? C L.
Consequently, pg|;~ has no Lebesgue extension to L!.

3. Statements of Main Results

We begin with a couple of elementary observations. Let ¢y : L™ — R be a finite monotone
convex function with the Fatou property (2.2.) hence represented as (2.4) by the conjugate
@5(Z) = supye -(BIXZ] — ¢o(X)) (Z € LY. Let

(.1) Dy:={XeL’: X Ze L', YZ € domg}}.

This is not a vector space, but a convex cone containing L U LY, which is upward solid in the
sense that X € Dy and X < Y, then Y € Dy since then Y~ < X~. We then define

(3.2) ¢(X):= sup (E[XZ]-¢y(2)). VX e Dy,
Zedomy,

where domy, := {Z € L': ¢p(Z) < oo} C L}r (by (2.6)). This is well-defined with values in
(—o00, 0] and is continuous from below:

Lemma 3.1. Let ¢g be a finite monotone convex function with the Fatou property on L. Then
@ defined by (3.2) is a proper monotone convex function on Dy with @|p~ = ¢g and

(3.3) X, €Dy, Xy T X e L' as. = ¢$(X) = limp(X,,).

Proof. 1t is clear from the Fatou property that ¢|;~ = ¢g, and in particular, it is proper. Since
¢ is a point-wise supremum of proper convex functions X — E[XZ] — ¢ (Z) (Z € domy)), §
is convex. If X,, € Dy for each n, and if X, T X a.s. for some X € L, we see that X € Dy as
well (since Dy is upward solid) and that E[XZ] = sup, E[X,Z] for all Z € dOIl’l(,Dz; C LL by the
monotone convergence theorem since X| Z € L', hence

¢(X) = sup (SUPE[XnZ]—¢S(Z))=SUP sup (ELX,Z] - ¢(2))

Zedomg; \ n n  Zedomgy

= sup @(Xp).
Thus we have (3.3). O

In the sequel, we always suppose the following without further notice:

Assumption 3.2. ¢ is a finite-valued monotone convex function on L™ satisfying the Lebesgue
property (2.3 ) and ¢p(0) = 0.
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The last assumption is just for notational simplicity. Indeed, we can replace ¢g by ¢g — ¢o(0)
since ¢y is supposed to be finite, and (¢, Z") is a Lebesgue extension of (¢g, L*) if and only if
(¢ — ¢0(0), Z7) is a Lebesgue extension of (¢g — ¢o(0), L™).

Suppose that (¢, Z") is a Lebesgue extension of ¢ in the sense of Definition 2.3. Then observe
that forany Y € 25, Y An| < Yand Y An T Y as., hence the Lebesgue property of ¢ on 2,
the continuity from below of ¢ on Lg and |z~ = @9 = @|r~ show that (YY) = lim, (Y A n) =
lim,, (Y A n) = @(Y). In particular,

Lemma 3.3. Let (¢, ) be a Lebesgue extension of pg. Then for any X € 2,

(34) lilgn@(a|X|]l{|)q>N}) = 111{,‘1190(CV|X|]1{|X|>N}) = 0, Ya > 0.

Proof. If X € 27, then X}, := afX|lx;>n) € 27, 0 < X§, < alX] € 2 (by the solidness), and
Xy, — Oas. as N — oo. Hence ¢(Xy) = ¢(Xy) — 0 by the Lebesgue property of ¢ on 2" and
P(Y)=@(Y)forY € Z,. O

This leads us to the following definition:

3.5) M = {X e 1%+ lim (alX|L o) =0, Ya > o}.

At the first glance, we note that this is well-defined since L c Dy and that Mf is a solid vector
space. Indeed, the linearity follows from the observation that |X + Y|1yxiyisn < 2IX|1gx>n/2) +
2|Y[1yy;>n/2), while the solidness is a consequence of the monotonicity of ¢ (and of x

x| L 1> )
Next, we see that ¢ is well-defined on M. Observe first from the definition (3.2) that

3.6) ElalX|Z] < §(alX]) + ¢5(Z2), Va>0,X e 1°,7 ¢ domgy,.
Thus Dy N (—Dy) contains the Orlicz space and Orlicz heart of §:

(3.7) L?:={xeL’: 3o >0, p(alX]) < oo},
(3.8) M?:={XeL’: Ya >0, §elX]) < ).

Thus ¢ is well-defined on L? as a proper monotone convex function, and it is finite on M# (since
A(X) < (X)) < 0 if X € M?). Also, forany @ >0, X € L and N € N,

1 1
(3.9) PlalX) < 5pQalXILpxpr) + 502aN)

The second term in the right hand side is always finite since ¢ is supposed to be finite, and if
X € Mf , then for any a > 0, the first term is eventually finite, thus M‘p c M% c L? c D,.
Therefore, ¢ is well-defined on M? as a finite-valued monotone convex function.

Remark 3.4. The same argument together with (3.4) tells us also that only finite-valued func-
tions can be Lebesgue extensions of g as long as the original function ¢y is finite. ¢
3.1. Maximum Lebesgue Extension

With these preparation, we now give a positive answer to Question 1.1:

Theorem 3.5. Suppose Assumption 3.2. Then the pair (@, Mf), defined by (3.2) and (3.5), is the
maximum Lebesgue extension of ¢y, l.e.,
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(1) Mf is a solid subspace of L° containing the constants, ¢ : Mf — R is a monotone convex
function with the Lebesgue property (1.1) on M}, and {|;~ = %o,
(2) if (o, ) is a pair satisfying the conditions of (1), then 2~ C M;, and ¢ = §| 4.

A proof will be given in Section 4.2. Here we briefly describe the basic idea. We already
know that M, is a solid subspace of L, ¢ is well-defined and finite on M with ¢~ = ¢ and
that if (¢, 2") is another Lebesgue extension of %o, then Z < M (Lemma 3.3). It remains only
to show that ¢ has the Lebesgue property on M, which implies also that for any X € 2~ ¢ M},
e(X) = lim, (X1 x<n)) = lim, @(XLx1<ny) = @(X). The key to the Lebesgue property of ¢
on Mf is that, after a suitable change of measure, Mf can be made into an order-continuous
Banach lattice with the gauge norm induced by @. Having established this, we can appeal to
the extended Namioka-Klee theorem that asserts that any finite monotone convex function on
a Banach lattice is norm-continuous, and the order-continuity of the norm then concludes the
proof. R

Our next interest is to understand the relation between three spaces M, M? and L? as the
latter two seem more familiar. We already know, by definition, M, c M?% c L?. In general,
however, these inclusions may be strict as the following examples illustrate.

Example 3.6 (Classical Orlicz Spaces). Let @ and pg be as in Example 2.6 and put ¢y = peg.
Since pg is continuous from below on L°, we still have ¢ = pg on LY by Lemma 3.1. Then
clearly M# = M® c L? = L%, and the inclusion is strict if (2, F,P) is atomless and &(x) =
e —1. Furthermore in this case, we have Mf = M?(= M?). Indeed, if X € M? (& P(a|X|) € L',
Ya > 0), then ¢(a| X1y x>ny) = E[@(a|X])1x>n3] — 0 by dominated convergence. O

The next example shows that the inclusion M‘,f C MP may be strict.

Example 3.7. Let (2, F) = (N, 2N), with P given by P({n}) = 27", and (Qx)x a sequence of
probabilities on oN given by Q1({1}) = 1, @,({1}) = 1 = 1/n and Q,({n}) = 1/n for each n. Then
define ¢(X) = sup, Ep, [X]. This is clearly monotone, convex, and positively homogeneous
(p(aX) = ap(X) for @ > 0), hence ¢* is {0, 1}-valued. By Hahn-Banach, we see that ¢*(Z) = 0
if and only if Z € conv(dQ,,/dP,n € N) =: Z, and it is clear that Z is uniformly integrable (thus
weakly compact), and ¢ has the Lebesgue property on L™ = [*. Also, ¢(X) = sup, Eg, [X] is
valid for all X > 0.

Now consider a non-negative function X(k) = k. Then Eg [X] = (1-1/n)+n-(1/n) =2-1/n,
hence ¢(a|X|) = asup, Eg,[X] = 2a < oo, thus X € M?. On the other hand, Eo, [X1ix>n] =
1 s>y, thus for any a > 0, @(a|X|1x>ny) = asup, Eg, [X1x>n)] = a for all N. Hence X ¢ M,‘f,
and consequently, Mf C M?. O

We now state our second result, which well-explains the reason for the subscript “u”.

Theorem 3.8. For X € M?, the following three conditions are equivalent:

(1) XeM’;
(2) {XZ : ¢y(Z) < c} is uniformly integrable for all ¢ > 0;
(3) for some g >0, supZedom%(E[(IXI V e)YZ] — ¢ (2)) is attained for all Y € L™.

Moreover, these three equivalent conditions imply that

(3.10) ¢(X) = max (E[XZ] - ¢y(2)),
Zedomyy)

i.e., the supremum in (3.2) is attained.

We prove this theorem in Section 5.
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3.2. Characterization of Lebesgue Property on Solid Spaces

Here we apply our results to obtain a characterization of the Lebesgue property of finite mono-
tone convex functions on arbitrary solid spaces in the spirit of Theorem 2.4 for the L™ case.
Suppose we are given a solid space 2~ ¢ L° and a finite monotone convex function ¢ : 2~ — R
with the Fatou property (not Lebesgue at now). Then the restriction Yo = Y|~ is a fi-
nite monotone convex function on L™ having the Fatou property too, and putting ¢ (Z) =
supyes«(E[XZ] — Yeo(X)),

(3.11) U(X):= sup (E[XZ] - y5(2)),
Zedomyr,

defines an extension of Yo, to Dy, := {X € L°: X Ze L', VZ € domy?} > LY U L™ by the
Fatou property. Note that the monotonicity (= domy?, ¢ L!) and the finiteness of ¢ on the
whole 2" implies 2" C Dy, N (=Dy), or equivalently,

(3.12) XZel', VX e 2, 7Zedomy’,.

Thus LZ/ is well-defined on 2" in particular. Indeed, observe that E[|X|Z] — ¢, (Z) = sup,(E[|X] A
nZ] — i (Z2)) < sup,y(IX| An) < ¢(X]) < co for X € 2 and Z € domy, where we used
Young’s inequality for the pair (Y|, ¥,).

On the other hand, the original (¥, Z") is also an extension of ¥, since the latter is the restric-
tion of . Then close comparisons of these two extensions using Theorems 3.5 and 3.8 yield the
following generalization of the JST Theorem 2.4:

Theorem 3.9 (Generalization of JST-Theorem [21]). Let 2~ c L° be a solid space contain-
ing the constants and  : 2 — R be a finite-valued monotone convex function satisfying the
Fatou property (2.2) on Z . Then the following are equivalent:

(1) ¥ has the Lebesgue property (2.3) on Z’;

(2) forall X € & and ¢ > 0, {XZ : Y}, (Z) < c} is uniformly integrable;

(3) the supremum SUPzedomyr, (E[XZ] — ¥%,(2)) is finite and attained for all X € Z;
(4) it holds that Y(X) = maxXzedomy:, (E[XZ] - ¥, (2)), VX € 2.

A proof is given in Section 3.2. Note that (4) is not a paraphrasing of (3) since it is not a priori
assumed that Y(X) = supcgomys (EIXZ] — ¢5(2)) = §(X) forall X € 2.

When 2" = L™, then ¢ =  hence (3) & (4) is trivial, and (2) is equivalent to saying that
(Z e L' : y'(2) < c}is U(LI,L"")—compact for all ¢ > 0 by the Dunford-Pettis theorem.
Thus, in this case, Theorem 3.9 is nothing but Theorem 2.4 which is essentially due to [21] and
[10]. Some other (partial) generalizations of Theorem 2.4 have been obtained in literature, so
we briefly discuss here some key features of our version.

Generality of the space 2~ The only a priori assumption on the space 2 is that it is a solid
vector subspace (ideal) of L° containing the constants. All Orlicz spaces and hearts as well as
L? with p € [0, o] are of this type. Note also that without the solidness, the Lebesgue and Fatou
properties do not “well” make sense.

Our formulation is ‘“universal” We note that topological qualifications (of 2~ and i) are
absent in our formulation: ¥, = (|r~)* is used instead of the conjugate of ¢ on the topological
dual of 2, the inf-compactness of the conjugate is alternatively stated in a form of uniform
integrability, and the Fatou and Lebesgue properties are regularities in terms of order structure.
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These ingredients are in some sense more “universal” than the topological counter-parts. It
should also be emphasized that our characterization is still quite explicit even though it does not
rely on the topological nature of 2.

Remark 3.10. Theorem 3.9 can be alternatively stated in terms of the order-continuous dual of
2, which is regarded, under our assumption on 2", as the set

(3.13) X7 ={zel’: XZelL', VX e 2}

via the identification of Z and the order-continuous linear functional X +— E[XZ]. Observe that
domy}, ¢ 2, C L' by L® ¢ 2 and (3.12), thus “domy*,” in the statements can be replaced
by 2,7 . In particular, the Lebesgue property of ¢ implies the “simplified dual representation”
on %, with the penalty function ¥, (see [7]) without any structural assumption on the space
2 (than being an ideal of L?). Also, item (2) is in fact equivalent to the relative compactness
of all the level sets {Z € Z,” : ¥ (Z) < c} for the weak topology o(Z,”, Z), which is a
(well-defined) locally convex Hausdorff topology as long as 2" contains the constants as we are

assuming. ¢

Given the above discussion, it seems also natural (and more common) to characterize the
Lebesgue property in the form of Theorem 3.9 but with the conjugate

(3.14) v (2) = sup (E[XZ] -¢(X)), Z e X
Xex

instead of ¥, . In fact, the equivalence of (1) — (4) in Theorem 3.9 remains true (see [28]) with
W* instead of y7, if (a) 2~ < LY(Q) for some Q ~ P and if (b)  is a priori assumed to be
(X, Z,7)-lower semicontinuous or equivalently

(3.15) w(X) = sup (E[XZ] - y*(2)), VX € X .
Zedy

Here (a) is rather technical, which says simply that .2~ separates 2", and only the equivalence
“Q ~ P is essential since that 2~ accommodates a finite monotone convex function ¢ with the
Fatou property already implies the existence of Q < P such that 2~ ¢ L'(Q). The assump-
tion (b) (& (3.15)) implies the Fatou property (see [7, Proposition 1]), but the converse is not
generally true, and (b) may not be easy to check. In some “good” cases, however, (b) is actu-
ally equivalent to the Fatou property, and the “good” cases include 2~ = L* (= 2, = L"),
2 = M® with finite Young function @ (then .2, = L?"), and 2" = L? with & satisfying the
so-called 4,-condition (then L? = M®). For more general .2, however, it is still open when the
Fatou property implies the oo(Z", Z,)-lower semicontinuity for all convex functions.

Remark 3.11. The above question is equivalent to asking if all order closed convex subsets of
X are o(Z, Z,)-closed. This is true as soon as it is shown that any o(Z", Z,)-convergent net
(Xo)q in 2 admits a sequence of indices (), as well as a sequence X, € conv(Xy,, Xa,, > )
which converges in order to the same limit. In [7, Lemma 6 and Corollary 4], it is claimed that
the last property is true whenever (adapted to our notation) 2" is (lattice homomorphic to) and
ideal of L' (hence of L°). Unfortunately, however, their proof has an error. There it is shown that
with the above assumption, any o(Z", 2, )-convergent net (X,), admits a sequence X)), of
forward convex combinations of the above form which, as a sequence in L', converges in order
of L' to the same limit. This part is correct. Then it was concluded that X,,, as a sequence in
2, converges in order of 2 to the same limit. The last part is not true at least solely from the
assumptions imposed on 2". In general, whenever 2 is an ideal of L°, the order convergence
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in 2 of a sequence (X,,), is equivalent to the dominated a.s. convergence (i.e., X;, — X a.s. and
Y € 2, with |X,| < Y (¥n)). The a.s. convergence is universal (which is common to all ideals
of LY), while being dominated in .2 is not universal. For a trivial example, picking Z € L1 \ L*,
the sequence X,, = Z A n which lies in L* converges in order in L! to Z, but does not converge
in order in L. What we need to fill the gap is still an open question (for us). ¢

Remark 3.12. When @* is finite, [27] recently obtained the equivalence of (1) — (4) with y* for
Z = L%, but with an even stronger assumption than (3.15) that ¢ is o(L?, M®")-lower semi-
continuous (note in this case that 2~ = L?" which is strictly bigger than M?" if the probability
space is atomless and @ does not satisfy the 4,-condition). When 2" is a locally convex Fréchet
lattice, the implication (1) = (4) is (implicitly) contained in [7, Lemma 7]. For the equivalence
of (1) — (4) with y* for general solid space 2~ containing the constants under the assumptions
(a) and (b) above, see [28]. ¢

Note that with the standing assumptions of Theorem 3.9 only, the inequality E[XZ] < y/(X) +
Vi (Z) is not guaranteed for all X € 2 and Z € 2, (it is true for X € 2y U L*™). However, if
¥ has the Lebesgue property, we see that E[XZ] = lim, E[XTx|<,Z] < lim sup, Yy(X1jx<n)) +
Ui (2) = w(X) + i (Z). Thus (1) = (4) shows that

Corollary 3.13. For a finite monotone convex function y on a solid vector space 2 C L°, the
Lebesgue property implies the existence of a o-additive subgradient of ¥ at everywhere on 2,
that is, for all X € 2, there existsaZ € Z,” C L' such that

E[XZ] - ¢(X) = E[YZ] —y(Y), VY € 2.

4. Analysis of the space Mf and Proof of Theorem 3.5

Throughout this section, Assumption 3.2 is in force unless the contrary is explicitly stated. The
key to the proof of Theorem 3.5 is the analysis of the Orlicz-type space M.

4.1. The Gauge of ¢

Let us define the gauge of the monotone convex function ¢:
4.1 IXllz :=inf{d > 0: @(X|/2) <1}, VX € LO,

with the convention inf () = +c0. In analogy to the Luxemburg norms of usual Orlicz spaces, we
see easily that for any X, Y € L? and & € R,

(4.2) lleXllg = lalllXllg, IX + Ylip < [IX]lp + 1Yl and |IX]l < Y]l if |X] < [Y].

Indeed, the first (resp. last) one follows from a change of variable 2’ = A/« (resp. monotonicity
of ), while the convexity and monotonicity of ¢ implies that for any @ € (0, 1),

A(IaX+(1—a/)Y|) ad A(IXI) 1-a) A(IYI)
< Pl —% 51|
al+ (1 —-a)l ald+ (1 —-a)l A al+ (1 -a) "\

hence {ad+ (1 —a)A’ : 1, >0, ¢(X|/2), ¢(|Y|/A) <1} c{B8>0: d(laX+ (1 -a)Y|/B) < 1}.
We have also that

4.3) IXllp < oo if and only if X € L?;
4.4) IXllz = 0 if and only if $(a|X]) = 0, Ya > 0;
4.5) IXallp — 0 if and only if $(a|X,[) — 0, Va > 0.
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The necessity of (4.3) is clear from the definition while the convexity of ¢ and ¢(0) = 0 imply
that ¢(ea|X|) < e@p(a|X]) = e@(alX|) | O whenever ¢(a|X]|) < oco. The sufficiency of (4.4) is
again immediate from (4.1), and ||X|l; = O implies that @(a|X|) < ep((a/e)lX]) < & for any
€ € (0, 1), hence ¢(a|X|) = 0. Finally, (4.5) follows from the relations [|X|l; < £ = §(|X|/e) < 1
= |IXlly < &, and $(alX]) < ead(|X|/e) < eaif e < 1/a.

In general, any R-valued function p on a Riesz space verifying the three conditions of (4.2) is
called a lattice seminorm. In view of (4.3), we have seen that || - || is a lattice seminorm on L?
(hence on M? and Mf as well).

Note that we have used only three properties of ¢ so far, namely, convexity, monotonicity and
@(0) = 0, so the arguments above still work for any monotone convex function on LY null at the
origin. Now the continuity from below of ¢ (Lemma 3.1) shows:

Lemma 4.1. For any a > 0, ||X|ly < a if and only if ¢(|X|/a) < 1, and

(4.6) X, = Xas. = |[X|l; < liminf [|X,]l.
n

Proof. The sufficiency of the first claim is clear from (4.1), while the monotonicity and conti-
nuity from below of @ imply that for any @ > 0,

A . IX X
> [1Xll; = ¢(X|/a) =1 <1 <1
a>|IXll, = ¢(Xl/a) 1,5“9"(a+1/n)— ‘5““’(||X||¢+1/n)‘

For (4.6), we may suppose [|X|l; > O (otherwise trivial). Put Y, := inf;, |X| and note that
0 <7, TI|X|by X, — X. Then for any & € (0, [|X]l¢),

X Y,
1<¢(—| | ):hm@(—" )
IX]lp — & n C\IXllp — &
which implies in view of the first claim that ||Y,||; > ||X||; — & for large enough n, thus we deduce

that liminf,, [[X,[lg > sup, ||inf>, [Xklllp = sup, [Yullg > [IX]lg — €. Since & > O is arbitrary, we
have (4.6). ]

The next one is crucial.

Lemma 4.2. The lattice seminorm || - || is order-continuous on Mf, ie.,

“4.7) IX:ll; — O whenever Y € Mf with | X,| < |Y|(¥n) and X, — 0, a.s.

Proof. Let (X,), C M,f be dominated by Y € M,f and converges a.s. to 0. Then
1IXalle < 11X Lgyismlle + IXaLyriemlle < 1Y Lgyismlle + 11X Lgvi<mlle-

We claim that (1) [[Y1jysmlle ﬁ 0, and (2) for each fixed N, ||X,1y<nllp 4 0, then (4.7)
follows by a diagonal argument. In fact, (1) is equivalent in view of (4.5) to saying that
(Y |Lyy>ny) — O for all @ > 0, which is nothing but the definition of Y being an element
of M?. As for (2), we note that the sequence Z := X, 1yyi<ny satisfies sup, IZV]l < N < oo
(since |X,| < |Y| by assumption) and ZY¥ — 0 a.s. (n — o). Thus the Lebesgue property of
@0 = @Iz~ shows that ¢(alZ)]) = go(alZ)]) — 0 for all @ > 0, hence ||ZY ||, — 0 by (4.5). O

We now characterize the space M;, in terms of the gauge seminorm || - ll-

Lemma 4.3. For any X € L, the following are equivalent:
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(1) Xe M?;
(2) limy |[XTyxsmlle = 0;
(3) lim, ||X14,ll; = O whenever P(A,) | 0.

Proof. (3) = (2) is clear, and (2) = (1) was already proved in the proof of Lemma 4.2. If
X € M, then 'Y, := X14, € M, |Y,| < |X| and ¥, — 0 a.s. whenever P(4,) — 0. Thus (1) =
(3) follows from Lemma 4.2. ]

Finally, we have the following inequality:

Lemma 4.4. For any X € L° and Z € domg},
(4.8) E[IX1Z] < (1 + ¢o(2)IIXllg-

Proof. We may assume ||X||; < oo (otherwise trivial). Then (3.6) shows 1 > ¢ (|X|/a) >
E[IX|Z/a] — ¢,(Z) for any @ > ||X]|; and Z € domg,, thus rearranging the terms,

E[IXIZ] < (1 + ¢(D)(IXllp + &), Ye > 0,

and we have (4.8) by letting € | 0. U

4.2. Quotient via a Change of Measure

We already know that (Mf, II-1lp) is a semi-normed Riesz space with the order-continuous lattice
seminorm, and @ is a finite monotone convex function on it. But || - [|; is not generally a norm,
ie., |IX]lp = 0 does not imply X = 0 as an element of Mf (or in L), thus we cannot directly
conclude that Mf is an order-continuous Banach lattice. A standard way of tackling this kind of
difficulty is to take the quotient by the relation induced by || Xl = 0. We shall do this through a
suitable change of probability.

Lemma 4.5. There exists a Z € domey, such that for any A € F,

4.9 E[Z14]=0 = E[Z14]=0, VZ € domgy,.

Then putting dQ/dP = ez (with ¢ = E[Z]_l), Q is a probability measure such that
(4.10) ¢ (edQ/dP) < co, and Q(IX] > 0) =0 & @(elX]) =0, Ya > 0.

Remark 4.6. As we shall see in the proof, this lemma does not need the Lebesgue property of
¢"; the Fatou property is enough. ¢

Proof. We first construct a Ze domg;; C L' such that
4.11) goé(f) <landP(Z > 0)=max{P(Z>0): Z € domey, ¢,(2) < 1}.

The set A := {Z € domg,, : ¢(Z) < 1} is convex, norm closed in L' by the lower semicontinuity
of ¢, and is norm bounded since E[|Z]] = E[Z] < ¢o(1)+1 for all Z € A. Thus for any sequences
(Zyn € A and (a,) € Ry with ), @, = 1, the series Z := }, @,Z, is absolutely convergent in
L', and we have in fact Z € A. Indeed,

¢5(2) = sup (BIXZ] - go(X)) = sup | > @BIXZ,] - ¢o(X)
XeL® Xel® \7;

< ) sup (BIX'Z,] - ¢o(X) = ) @j(Z) < 1.

— XeL®
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In other words, A is countably convex. Then choosing a sequence (Z,),, C A so that P(Z, > 0) T
supy.4 P(Z > 0), Z:= >n27"Z, € A and we have (4.11).

We check that this Z satisfies (4.9). Indeed, if there exists a Z € domg, and A € F such that
E[f]lA] = 0 and E[Z14] > 0, we see that IP’(Z =0,Z>0)>0,&Z € A for some small € > 0
since ¢5(0) = 0 and Z := (Z + £7))2 € A satisfies

PZ>0)=PZ>0)+PZ>0,Z=0)>PZ>0).

This contradicts to (4.11).

Finally, putting dQ/dP = Z/E[Z], the first condition of (4.10) is clear. For the second,
if Q(X] > 0) = IE[/Z\]I{|X|>0}] = 0, then E[|X|Z] = O for all Z € domg, hence §(a|X]) =
supZedom%(aE[ZlX Il = ¢5(Z2)) = 0 for all @ > 0. On the other hand, if $(a|X]) = 0 for all

a > 0, then aE[ZX 1] < @(alX]) + 903(2) < 1 forall @ > 0, thus E[|X IZ] = 0, and consequently
QUXx)>0)=0. ]

By (4.10), we see that ||X]||; = 0 if and only if X = 0, Q-a.s. Let
(4.12) Np(@Q):={XeL’: X=0, Q-as}={XeL: §@lX]) =0, Ya > 0}.

The quotient space L% - g = L/ Np(Q) is (lattice isomorphic to) the space L°(Q) of equiva-
lence classes modulo Q-a.s. equality of measurable functions ordered by the Q-a.s. inequality
(remember that L° = LO(P) also is the space of classes but modulo P-a.s. equality). All we need
is the following intuitively obvious lemma:

Lemma 4.7. There exists an onto linear mapping r : L°(P) — L°(Q) such that

(4.13) XAY=0inL°P) = n(X) An(Y)in L°(Q),
(4.14) Xo L 0in L°(P) = n(Xy) | 0in L(Q);

&n, &, m € LYQ), &) < Il in LYQ) (Yn), & — &, Q-a.s.
(4.15) = 3X,,X,Y € L such that &, = n(X,), & = n(X), n = n(Y),

IX,| <|Y|in L° and X,, — X, P-a.s.

In general, a linear map from a Riesz space E to another Riesz space F satisfying (4.13) is called
a lattice homomorphism. (4.14) says that 7 is order-continuous, and such a lattice homomor-
phism is called a normal homomorphism. See [3] for more information.

Proof of Lemma 4.7. For each X € LY, let 7(X) be the Q-equivalence class generated by a repre-
sentative of X. This definition makes sense and does not depend on the choice of representative.
Indeed, if f and g are two representatives of X € L, then f = g P-a.s. by definition, hence f = g
Q-a.s. since Q <« P. Thus the Q-equivalence classes generated by f and that by g coincide. It is
clear that 7 : L% — L%Q) is linear and onto. To see (4.13), suppose X, Y € Pand X AY =0in
L°. Then by definition, for any representatives f € X and g € Y, we have f > 0 and g > 0 P-a.s.,
hence Q-a.s., and consequently 7(X) > 0 and #(Y) > 0. Next, if & € L°(Q) and if ¢ < 7(X),
& < m(Y) in L°(Q), then taking a representative i € & in L°(Q) with f, g being same as above,
we have i < f and h < g Q-a.s. Then putting A = {h < f, h < g}, we still have hl 4 € & (since
Q) =1),and hl4 < fand hl4 < g P-ass. (since f > 0, g > 0 P-a.s.). Thus All4 < 0 P-as.,
hence Q-a.s. Consequently, & < 0 in L°(Q) which shows that 7(X) A 7(Y) = 0 in L%(Q).

The first line of (4.15) means that for some (hence all) representatives f, € &,, f € {and g € 1,
|fnl < |g] Q-a.s. for all n, and f;, — f Q-a.s. Then putting A = {|f,| < |g|(¥n), f, — f} € F, we
see that f,14 € &,, f14 € £ and gl 4 € i since Q(A) = 1, while |f,, 14| < |glal, fulla — fl4
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(pointwise). Hence if X, (resp. X, Y) denotes the P-class generated by f,14 (resp. fla, gla),
we have that &, = n(X,), ¢ = n(X) and n = @(Y) on the one hand, and on the other hand,
IX,| <|Y|in L° and X,, —» X P-a.s.

Finally, for an onto lattice homomorphism 7 to satisfy (4.14), it is necessary and sufficient
that the kernel of xr is a band (order-closed solid subspace) in L°. In our case, the kernel of 7 is
Np(Q) given by (4.12), which is clearly a solid subspace of L°. To prove the order-closedness,
it suffices to check that for any increasing net (X,)o, € Np(Q) with0 < X, T X in L°, we have
X € Np(Q). But since LY has the countable sup property, there exists an increasing sequence of
indices (@;), such that X,,, T X. Then the monotone convergence theorem shows that IE[XZ] =
lim, E[X, Z] = 0, which implies X = 0, Q-a.s. O

Remark 4.8. Taking 17 = sup, |&,] € LYQ) (if &, — &) (resp. &, = &, V¥n) in (4.15), we have also

= X, X € L0, &, = n(X,), £ = n(X), X, - X, P-ass.
4.17) < Iplin L%Q) = 3X, Y € L0, ¢ = n(X), n = n(Y), [X| < |V]in L°. ¢

0 - -
(4.16) { &n, £ € LN(Q), & — &, Q-as.

Since 7 : L° — L%Q) is an onto lattice homomorphism, we have |7(X)| = n(|X]), and for
any solid subspace 2~ c LY, the image 2" (Q) := n(%) is a solid subspace of L%(Q) (see [3,
Theorem 1.33]). If in addition Np(Q) ¢ 2, we see that 7(X) € 2 (Q) if and only if X € 2~ (the
if part is always true by definition). Indeed, 7(X) € 2 (Q) means n(X) = n(X’) with X’ € &,
and then (X —X’) = 0in L°(Q) & X-X’ € Np(Q), hence X = X' +(X-X') € Z +Np(Q) = 2.
Noting that Np(Q) C Mf by definition (4.12), the following three are all solid subspaces of
L°(Q) of this type:

M(Q) = (M), IP(Q):=a(L?), M*Q):=n(M?%
By (4.10) and [[X]l; = 0 & @(alX]) = 0, Ya > 0, the following is well-defined:
(4.18) I€llg.0 := IX1lp if € = 7(X) € LQ).

Note that [|€]lpq < o0 iff ¢ € L#(Q) and ||¢]lpq = 0 if and only if £ = 0in L%(Q) by construction.
Thus || - [|¢,@ is a lattice norm on L?(Q) (hence on M (Q) and M?(Q) as well). The goal of this
subsection is the following:

Theorem 4.9. (M) (Q),|| - llz,Q) is an order continuous Banach lattice, i.e., ML (Q) is complete
for || - llg,q and the norm || - ||p,q is order-continuous w.r.t. the Q-a.s. order:

(4.19) &l <1 € M{Q), & — 0, Q-as. = lllpg = 0.
On this occasion, we shall prove also the following at once:

Proposition 4.10. L?(Q) is a Banach lattice for the lattice norm || - llg,Q and M¥%(Q) is its closed
linear subspace (hence itself a Banach lattice).

Lemma 4.11. |- |l : LO(Q) — R U {+o0} satisfies the following:

(4.20) &£ € L°Q), & — & Qas. = |Ellpo < 1in}11nf 1Enlle,0;
4.21) 1€l @) < colléllgq, VE € L(Q) where cg = 2E[Z].
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Proof. If &,,& € L°(Q), &, — &, Q-as., then by (4.16), there exist X,,, X € L° such that &
n(Xy), & = n(X) and X, — X, P-a.s. Thus by (4.18) and (4.6), [I¢lls,0 = [IXllp < liminf, [|X,]le
liminf, ||€,]l5,0, and we have (4.20). For (4.21), Lemma 4.4 tells us that for each & = n(X) €
L°Q), é‘lllfllLu(Q) = E[XZ] <1+ 908(2\))||X||¢, =1+ gof)(/Z\))IlfII@’Q, thus we have (4.21) since
o5Z) < 1. O

Proof of Proposition 4.10 and Theorem 4.9. We already know that (L#(Q), || - llz,0) is a normed
Riesz space, and Mf(@) and M?(Q) are its solid vector subspaces. To see that LP(Q)is complete,
let (&), € LP(Q) be a Cauchy sequence for || - |ls,@. Then by (4.21), it is also Cauchy in LY(Q),
hence admits the || - [|11(g)-limit £ in L'(Q), and we can choose a subsequence (&n )k so that
&y — &, Q-as. Then (4.20) shows that [|€ — &ullao < liminfy [1€,, — &nllg,q for all m. Since
the original sequence is Cauchy for || - ||3,@, this shows that [|£]|;,o < oo (hence & € L#(Q)) and
IE = Ellz. — 0. A A

Suppose in addition that each &, belongs to M¥(Q), and write &, = n(X,) with X,, € M¥ and
E=n(X)with X € L?. Then for all @ > 0, there is some large n so that ||X — X, |lp = 1€ =&llg.o <
1/2a for which ¢(2a|X—X,,|) < 1, hence ¢(a|X]) < %@(2&|X—Xn|)+ %@(Zalenl) <1+ %@(2a|Xn|).
Consequently, X € M?, thus & = n(X) € M¥(Q), and we deduce that M#(Q) is closed in L*(Q).

For Theorem 4.9, it remains to show that M (Q) is closed in L?(Q), and || - llg,0 is order-
continuous for the (Q-a.s. order (i.e., (4.19)). For the closedness, let (£,), and & be as in the first
paragraph and suppose that &, € M (Q) for each n. Then &, = n(X,,) with X,, € M}, for each n,
and £ = n(X) with X € L?. Observe that

IXTyxi>mlle < IX = Xallg + X Lyxismylle = 1€ = Enllg.o + IXn Lyxsnylle-

The first term in the right hapd side tends to 0 as n — oo, while for ez}ch n, the second term Eends
to0as N — oo since X € M;;. Taking a diagonal, we see that X € My, hence & = n(X) € My (Q).
Therefore, M} (Q) is closed. A A

Finally, we show (4.19). Let (£,), € M (Q), |, < n € M7(Q) and &, — 0 Q-a.s. Then by
(4.15), we can choose X, Y with &, = n(X,,), n = n(Y) (hence Y € M}), |X,| < |Y| and X, — 0
[P-a.s. Then (4.7) and (4.18) show that ||,llz,0 = [IXxllp — 0, and we deduce (4.19). ]

Remark 4.12 (Sensitivity). In general, Q is only absolutely continuous with respect to the orig-
inal reference measure P (not equivalent). From (4.10), a necessary and sufficient condition for
the possibility of choosing an equivalent Q (Q ~ P) is that

(4.22) VA € F with P(A) > 0, 3e > 0, gp(el4) > 0.

In financial mathematics, this condition is called the sensitivity of ¢g. See [16, Ch. 4] for more
information. ¢

Corollary 4.13. If ¢ is sensitive in the sense of (4.22), (Mf, Il - llg) itself is an order continuous
Banach lattice.

4.3. Proof of Theorem 3.5

We now proceed to Theorem 3.5. Recall that Np(Q) C Mf C Do N (=Dy) where Dy is defined
by (3.1). Thusif X € Dy and ¥ = X Q-a.s. (& Y — X € Np(Q)), wehave Y = X+ (Y - X) €
Do + Dy = Dy since Dy is a convex cone. In this case, we have also that $(X) = @(Y). Indeed,
X =Y Q-as. implies E[|X — Y|Z] = E[IX — Y|Z1x+y;] = Oforall Z € domgy, by (4.9), hence
o(X) = supZedomws(E[XZ] —¢y(2) = supZedom%(E[YZ] = ¢y(2)) = ¢(Y). Therefore,

(4.23) ¢(&) = ¢(X) if & = 7(X) € Do(Q) := (Do)
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is well-defined as a function on Do(Q) := n(Dy), hence in particular on L?(Q), M?(Q) and on
M(Q). @@ is convex (resp. monotone) since 7 is linear and ¢ is convex (resp. both 7 and ¢ are

monotone), and is finite on M?(Q) (hence on Mf(@) in particular).

Proof of Theorem 3.5. Recall that any monotone convex function on a Banach lattice is norm-
continuous on the interior of its effective domain by the extended Namioka-Klee theorem [7,
Theorem 1]. Thus ¢g : Mf (Q) — Ris || - [l,@-continuous as a finite valued monotone convex
function on a Banach lattice Mf(@), while since || - ||z, is Q-order continuous in the sense of
(4.19) by Theorem 4.9, we deduce that g : Mf((@) — R is Q-order continuous. Thus recalling
that ¢ = ¢g o mand  : LO(P) — L°(Q) is order continuous, we obtain that ¢ : M? S Ris
P-order continuous. Consequently, (@, Mf) is indeed a Lebesgue extension of ¢g.

If (¢, Z) is another Lebesgue extension, we must have 2~ C Mf by (3.4), and for any
XeZ C Mf, the Lebesgue properties of ¢ and ¢ on 2" and @|;~ = ¢|z~ show that $(X) =
lim, (XL ixj<ny) = limy @o(XLyjxj<ny) = lim, @(XLx1<n)) = @(X). Thus we have ¢ = §lo-. [

Remark 4.14. The three Orlicz-type spaces Mf (Q), M#(Q) and L#(Q) are also expressed using
@@ in forms parallel to those of original spaces:
LA(Q) = {¢ € LQ) : po(alé)) < oo, Ja > 0},
M*(Q) = (£ € LYQ) : gglaké)) < o, Ya > 0},
M@ = {£ € LQ) : lim Go(akéllygsm) = 0, Ya > 0},

For the last identity, we note that 7T(|X|]1{|x|>1\/}) = 7T(|X|)7T(]l{|x|>/v}) = |7T(X)|]1{I7r(X)|>N} which is
straightforward from the definition of 7 in Lemma 4.7.

5. Proof of Theorem 3.8

Proof of Theorem 3.8: (1) = (2). T {XZ : ¢y(Z) < c} is not uniformly integrable, there exists
£ > 0 such that for any n, there exists A,, € F and Z, € L! with P(4,) < 1/n and ®y(Zy) < c and
E[IX|Z,14,] > €. But then & < E[|X|Z,14,] < (1 + ¢)||X14,|l for all n by Lemma 4.4, hence

X¢ M,f by Lemma 4.3. ]

Recall that if X € M? (or more generally L?), XZ € L' for any Z € domg;, by (4.8).

Lemma 5.1. Let U € M% and suppose that {UZ : ¥y(Z) < c} is uniformly integrable for each c.
Then Agyy :=1{Z : Z € domg,,, E[UYZ] — ¢(Z) > —p} is weakly compact in L' forallp e R
andY € L™.

Proof. Since Ag .,y is convex, it suffices to show that it is norm-closed and uniformly integrable.
For the latter, fix an arbitrary Zy € domg);, and observe that

E[UYZ] < E2|IYl|UIZ/2)] < E

1,1
YNl U 5Z + 5Z
17 leo I(2 > 0)]

A 1 * 1 *
< @QUIY NIl UD + 590(2) + 565(Zo).

Thus Z € Ag y,y implies that

1 1
—B < EIUYZ] - p5(2) < ¢QIIYll|UD) + 5908(20) - 5908(2)-
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Putting B8’ := 28 + 202||Y|l-|U|) + ®y(Zo) < oo (since U € M?®), this tells us that Aguy CHZ:
¢y(Z) < B’} and the latter set is uniformly integrable by the fundamental assumption that ¢ is
Lebesgue on L™ and Theorem 2.4.

To see the closedness, let Z, € Agyy and Z, — Z € L! in norm. Then Z, — Z in probability,
hence UYZ, — UYZ in probability as well. On the other hand, from what we just proved and
the assumption of lemma, (UZ,), is uniformly integrable, thus so is (UYZ,), since Y € L™.
Consequently, E[UYZ] = lim, E[UYZ,], and since 903 is lower semicontinuous on L', we have
also ¢;(Z) < liminf, ¢{(Z,). Summing up,

E[UYZ] - ¢(Z) > imE[UYZ,] - liminf ¢}(Z,)
n n
> limsup(E[UYZ,] - ¢y(Z,)) > —B.
n

Hence Z € Agy,y. O

Proof of Theorem 3.8: (2) = (3) and (3.10). For U € M?, Y € L™, we put lyy(Z) =E[UYZ] -
¢y(Z). Then Lemma 5.1 tells us that if {UZ : ¢{(Z) < c} is uniformly integrable for each ¢ > 0,
lyy is weakly upper semicontinuous and all its upper level sets are weakly compact for each
Y € L™, and thus SUPZedomg; lyy(Z2) is attained. By the condition (2) of Theorem 3.8, this applies
toU = X and Y = 1 (constant), and we obtain (3.10). For (3), we note that | X| < |X|V1 < |X|+1
and {Z : ¢,(Z) < c} is uniformly integrable for each ¢ > 0 by Theorem 2.4 and the Lebesgue
property of ¢ on L™, hence (2) implies also that {(|X|V 1)Z : ¢(Z) < c} is uniformly integrable
too. Therefore, the above argument applies to U = |X| V 1 € M¥ and arbitrary Y € L™, showing
that the supremum supzegomg; (ELIX] V DYZ] = ¢5(Z)) = SUPzedomg; Ixiviy(£) is attained for
each Y € L™. This concludes the proof of (2) = (3). ]

Proof of Theorem 3.8: (2) = (1). We apply a version of minimax theorem (Theorem A.1) to the
function L* X domg), 3 (Y,Z) — f(Y,Z) := E[|X|YZ] — ¢(Z). We already know under (2) that
foreach Y € L*, Z & f(Y,Z) is concave, weakly upper semicontinuous on domg; and all its
level sets are weakly compact by Lemma 5.1 applied to U = |X|. On the other hand Y — f(Y,Z)
is affine (hence convex). Thus for any convex set C C L™, we have

(5.1) inf sup (ENXIYZ] - ¢5(2)) = sup inf (EIXIYZ] - ¢}(2)).

ez edomgy Zedomgy €

Let Cy be the convex hull conv(1lx>ny, N € N). Observe that foranyn € N, 4; > 0, A;+---+4, =
1 and N; < Ny < --- < N, we have Lyxsn, < Ailjxsng + - + Alyxsn,) < Lyxsn,y and
every element of C| is written in the form of middle expression. Thus for any a > 0,

lim(alX| L) = inf G(XIY) = inf sup (EIXIYZ] - ¢y(2))

€t Zedomey

D sup (inf E[|X|YZ]—¢;;(Z))

Zedomy? YeaC,
= sup (hm (}'E[|X|]1{|X|>N}Z] - QDS(Z)) = sup —(,DS(Z) =0.
Zedomyy N Zedomgy
Thus X € M. O

We proceed to the implication (3) = (2). This will follow from the following version of
perturbed James’s theorem recently obtained by [26]:
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Theorem 5.2 ([26], Theorem 2). Let E be a real Banach space and f : E — R U {+co} be a
function which is coercive, i.e.,

li @—+oo

m =
llxll—eo || x|

(5.2)

Then if the supremum sup,.g({x, x*) — f(x)) is attained for every x* € E*, the level set {x € E :
f(x) < ¢} is relatively weakly compact for each c € R.

We shall apply this theorem with E = L!. We first make a “change of variable”. For U € M?
with U > 1 a.s., we set

(5.3) su@) = ¢yZ/U) = sup (RIEZ/UI = 4(&),  VZ € L.

Note that domgy L since ¢ is monotone (see (2.6)), and that

Zel': gu@)<c)={UZ : Z' e L', ¢}(Z)) < ¢},

5.4) . .
domgy = Udomg, = {UZ : Z € domg,}.

(Remember that XZ € L' forany X € M% and Z € domgy, by (4.8).)
Lemma 5.3. Let U € M? with U > 1. Then gy is coercive:

(5.5 lim gy (2)/IIZ]l; = oo.

IZ]l; =00
Proof. For any n and @ > 0 (constant), aU1{y<, € L™, hence from the definition of gy,

gu(Z2) 2 ElaUTy<y(Z/U)] = (UL y<py) = allZljy<plli — $(aUTy<pny)
= alizlly - ¢(aU), VZ € L},

while gy(Z) = 0 if Z € L \L1+. Here the last convergence follows from 0 < aUly<, T aU,
so ¢(aU) = lim, p(aU1{y<p,) by Lemma 3.1. Since ¢(aU) < oo forany @ > O by U € M, this
shows (5.5). (]

Proof of Theorem 3.8: (3) = (2). Suppose (3), namely, for some &£ > 0, the supremum
supZedom%(E[(le Ve)YZ] — ¢\(2)) = supZedom%(E[(lX/sl V 1)(eY)Z] — ¢y(2)) is attained for
every Y € L. Putting U = |X/egl v 1 € M¥, this says that for any ¥ € L*, there exists
Zyy € domgpg c L' such that pYU) =E[YUZyy] - QDS(ZU,Y) =E[Y(UZyy)] - gu(UZyy). On
the other hand, for any Z’ € domgy = Udomg,,

’ 7 Zl * Z/ A
E[YZ'] - gu(Z) =E|(YU—|-¢y| | < o(YU).
U U
Thus sup,.;1(E[YZ] — gy(2)) is attained for all Y € L™, hence Theorem 5.2 shows that {Z’ €
L': gu(Z)<c)={UZ: ¥y(Z) < c}is relatively weakly compact (& uniformly integrable) for
each ¢ > 0. Since |X| < eU, we deduce that {XZ : ¢;(Z) < c} is uniformly integrable for each
c>0. ]
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6. Proof of Theorem 3.9

We use the notation of Theorem 3.9, namely, ¢ : 2~ — R is a finite monotone convex function
with the Fatou property (2.2) on a solid space 2~ c L° containing the constants, and we put

Yoo 1= Ylie, Y (2) = supye o (E[XZ] — ¢(X)) = (Y1~)*(Z) and

g(X)= sup (E[XZ]-yi(2),

Zedomyr* oo

onDy =X € L°: X Z e L', VZ € domy?). Remember that we do not a priori assume
the Lebesgue property of ¥, on L™ here, but it is implied by any of conditions (1) - (4) of
Theorem 3.9 as we shall see in the proof below. Note also that we can and do in the sequel
assume that ¥(0) = 0, replacing y by ¥ — (0).

Proof of Theorem 3.9: (1) = (2). If  is finite and has the Lebesgue property on 2, ¥ is a
finite monotone convex function with the Lebesgue property on L™. Thus Theorem 3.5 applies
to ¢y = Yo (hence ¢ = ) implying that (i, Mu‘p ) is the maximum Lebesgue extension of /.
On the other hand, (i, Z") is another Lebesgue extension of i, hence we must have 2" C M,f .
Consequently, (2) follows from Theorem 3.8 ((1) = (2)). ]

Proof of Theorem 3.9: (2) = (3). Since y is supposed to have the Fatou property on 2, Yoo =
Y|~ has the Fatou property on L*. Then condition (2) of Theorem 3.9 applied to X = 1
implies through Theorem 2.4 that ¥, has the Lebesgue property on L*. On the other hand,
since ¢ is finite on 2" and has the Fatou property (¢ continuous from below), we see that
(X)) = lim, g (a|X| A n) = lim, Y(|X| A n) = Y(@|X|) < oo, hence 2~ ¢ M¥. Consequently,
for each X € 27, the assumption of Theorem 3.8 ((2) = (3.10)) is satisfied with ¢y = Yo (=
& =), thus the SUpremum supzeqomy:, (E[XZ] — ¥, (Z)) is attained. O

The implication (3) = (1) is a little more subtle. We first note that condition (3) of The-
orem 3.9 restricted to L™ c 2" again implies the Lebesgue property of ¢/oo = Y|z~ on L™.
Thus ¢y = Y. satisfies our standing assumption (Assumption 3.2). Let Q < P be the proba-
bility measure constructed in Lemma 4.5 with ¢y = ¥, i.e., a measure such that Q(A) = 0
iff Yoo(aly) = O for all @ > 0, and we use the notation (adapted to @y = Ve, = %)
of Section 4.2: T ) SR lio(Q) (the order-continuous lattice homomorphism constructed in
Lemma 4.7), MZ'(Q) = n(M,f), M‘Z’(Q) = n(M@) and @Q (defined by (4.23) with ¢ = ). Then
Z(Q) := 7(Z) is a solid subspace of LO(Q).

Lemma 6.1. With the notation above and the condition (3) of Theorem 3.9,

6.1 XYeZ,X=Y, Q-as. = yX)=uy®).
In particular,
(6.2) Yo&) = ¢(X), § =n(X) € 2/(Q)

is well defined as a monotone convex function on 2 (Q), and it has the Q-Fatou property on

2(Q), and thus yo(€) = Yo(&) for all ¢ € 24(Q).
Proof. We first claim that for any X, Y € 27,

(6.3) W(@lX = Y]) =0, Ya > 0 = w(X) = w(Y).
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To see this, we note that

YOO~y < ~galX ~ ¥+ Ty (—Toy) <y, Va1

Since i is finite, the finite convex function 8 — Y/(8Y) is continuous on R, thus f(8) = ¢(BY)/B
is continuous at S = 1 with f(1) = ¥(Y). Therefore, for any £ > 0, there exists o, > 1 so that
%lﬁ(% Y) — (Y) < &. Combining this with the assumption ¥(a|X — Y|) = 0O for all a, we
see that Y(X) — y(Y) < e for all € > 0, hence ¥(X) > ¥(Y). Changing the roles of X and Y, we
have also ¥/(X) < ¥/(Y), and (6.3) follows.

If X =Y, Q-a.s., then by the construction of QQ (with ¢y = ¥ ), we see that Y(a|X — Y| A n) =
Veo(alX—=Y|An) = 0 for all n, then the Fatou property of ¢ implies ¥/(a¢|X —-Y]|) < lim inf,, Y(a|X -
Y| A n) = 0. Thus (6.1) follows from (6.3).

It is clear from (6.1) that Y of (6.2) is well-defined and finite on 2" (Q). To see the Q-Fatou
property, suppose |£,| < || (Yn) for some n € 2 (Q) and &, — & Q-a.s.. Then by (4.15), we can
choose X,,, X € L’ and Y € 2 sothat &, = n(X,,), & = n(X), n = n(Y) with |X,,| < |Y]in L° (hence
X, X € Z by the solidness) and that X,, — X P-a.s. Then the P-Fatou property of the original
¥ shows that Yg(§) = ¥(X) < liminf, Y(X,,) = liminf, y,,(£,). The final assertion follows since

if ¢ > 0, then Q-Fatou property shows yq(¢) = lim, yg(€ A n) = lim, /(& A n) = Jo(é). O

Consequently, we have ¢ = Y o 7 and recall that 7 : L% — L%Q) is order-continuous. Thus
Y is order-continuous on 2 as soon as yq is Q-order continuous on 2 (Q) = n(2") whichis a

solid subspace of Mw((@) Then if 2" (Q) was further norm-closed in MW(Q) we could conclude
that (27 (Q), || - ”«%Q) is an order-continuous Banach lattice on its own right, hence any finite
monotone convex function on it is order continuous. But there is no guarantee that 2 (Q) is
closed in M (Q), so we need a trick.

Lemma 6.2. In addition to the assumption of Lemma 6.1, we suppose that % C M,f' . Then
has the Lebesgue property on 2, hence a fortiori y = /| 4.

Proof. To see the Lebesgue property of ¢ on 2, it suffices to show that g has the Q-Lebesgue
property on 2 (Q), and for the latter, we have to show that for any n € 27 (Q),

(6.4) €al < Il V1), & — £ € 2/(Q)Q-ass. = Yoé) = limyg(&).

Thus in the sequel, we fix ann = (Y) € Z(Q), and note that 2 (Q) is solid subspace of Mulz'(@)

since 2" is a solid subspace of M,f and r is an onto lattice homomorphism.
Step 1. Define

6.5) By(Q) := 1L € MY(Q) : 1] Aniyl 1 121

This is the principal band generated by 7 in Mf(@), i.e., it is the smallest order closed solid sub-
space (band) of Muw(@) containing 7. Consequently, B,(Q) is norm closed ([2, Theorem 8.43])

in the order-continuous Banach lattice (M,f(@), [| - II@’@), so (B,(Q), || - ||@,Q) is itself an order-
continuous Banach lattice. Hence the extended Namioka-Klee theorem shows that any finite
monotone convex function on B,(Q) is order-continuous.

Step 2. Define

(6.6) Y& = lim lim (€ V (=mlnl) A ninl), & € By(Q).
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Observe that (¢V (—m|nl)) Anin| € Z°(Q) for each m,nsince n € 2" (Q) and 2 (Q) is solid, hence
1,//7(2 is well-defined at least as a [—o0, oo]-valued monotone function, and it is straightforward

to deduce from the monotonicity and convexity of ¢ that 1%7@ is also monotone and convex.

Moreover, ‘/’7(@ is finite on B,(Q). To see this, note first that for all & € B,(Q) C MM’Z(Q),
Lemma 6.1 shows that

w7@(|§|) = limyq(¢] A nlpl) = lim Ul A nlnl) = dig(I€]) < co.
On the other hand, gl/?Q(—lfl) = lim, Y(—=(€] A n|n))) by definition, and

0 = 2yg(0) < Y&l A nlnl) + Yo (=€ A ninl))
< o€ + Yo(—(€ Anln),  Vn,

hence w?Q(—lfl) = inf, Yo(—(&] A ninl) > —g(—|¢]) > —c0. Consequently, Step 1 tells us that gb?Q
is Q-order continuous on B,(Q) as a finite monotone convex function on an order continuous
Banach lattice.

Step 3. Though B,(Q) may not contain the whole 2", we see that if |£] < |n], then £ € Z'(Q) N
B, (Q) and (¢ V (=mlnl)) A nly| = £ for all m, n, hence 1&7@({;) = Yq(€). In particular, if [£,] < 5]
and &, — &, Q-a.s., we have y(&,) = z//?’Q(g,,) — W?Q(f) = Y(&) by Step 2, and we have (6.4).L]

Proof of Theorem 3.9: (3) = (1) and (4). Remember that (3) restricted to L™ implies that o, =
Y~ has the Lebesgue property on L. Also, since 2 is supposed to be solid, we have (| X| Vv
DY € & forall X € 2 and Y € L™, hence the condition (3) of Theorem 3.9 already implies
that the supremum SUP Zzedomy?, E[(X| v DYZ] — ¢ (Z)) is attained for any X € 2, Y € L™

and Z € domy?,. Hence we see from Theorem 3.8 ((3) = (1)) that 2~ C Mf. Thus by
Lemma 6.2, ¢ has the Lebesgue property on 2~ (thus (1)), and Theorem 3.5 shows that y/(X) =
J(X) = SUPZzedomy?, (E[XZ] - ¢ (Z)), hence we have (4) since the supremum is supposed to be
attained. O

7. Convex Risk Measures

Here we consider convex risk measures as our motivating class of monotone convex functions.
In mathematical finance, a convex risk measure on a solid space 2" is a proper convex function
p which is monotone decreasing in the a.s. order and satisfies the cash-invariance: p(X + ¢) =
p(X)—cif X € 2 and ¢ € R. Making a change of sign, we call a proper monotone (increasing)
convex function ¢ on 2 a convex risk function if

(7.1) pX+co)=pX)+c,¥X e X, ceR.

The relation between the two notions is obvious; if ¢ is a convex risk function, then p(X) =
©(—X) is a convex risk measure, and also —¢(—X) is called a concave monetary utility function.
Though it is just a matter of notation, we prefer monotone increasing and convex functions which
fit to our and standard notation of convex analysis, and it is also less confusing. Also, a convex
risk function ¢ is called coherent if it is positively homogeneous: gp(aX) = ap(X) if @ > 0. We
refer the reader to [16, Ch. 4] for a comprehensive account.

When 2" = L*, condition (7.1) for a monotone convex function ¢ is equivalent to

(7.2) '(Z)y<oo = Z>0and E[Z] = 1,
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i.e., ¢*(Z) is finite only if Z is a Radon-Nikodym density of a probability measure, say Q, abso-
lutely continuous w.r.t. P. Adopting the usual convention of identifying a probability measure
0 < P with its density dQ/dP, the representation (2.4) is written as

(7.3) o(X) = quQp (EolX]-¢"(Q)), X € L™,

where Q, = {Q < P : probability, dQ/dP € domg*}. Another consequence of cash-
invariance (7.1) is that it implies ¢ is finite on L*, since then —||X||cc = ©(—||X|lc) < @(X) <
©(IX]lo) = lIX]loo for all X € L*™ by the monotonicity and (7.1). Thus all of our main results
apply to any Lebesgue convex risk functions on L. Note also that any Lebesgue extension of
a convex risk function ¢y on L* retains the cash-invariance (7.1) since if (¢, Z") is a Lebesgue
extension of such ¢y,

(p(X + C) = llrll’l’l ‘;D(X]l{lesn} + C) = hrrll’l (,Do(X]l{pan} + C)
= lim go(XLyxi<ny) + ¢ = lim (XL yxi<n) + ¢
Consequently we have the following as a paraphrasing of Theorem 3.5:

Corollary 7.1. Let ¢g be a convex risk function on L™ with the Lebesgue property and ¢y(0) =
0, @5 its conjugate, Qo := Qy, and Dy := {X € L°: X~ € L'(Q), YO € Qq}. Then we have:

(1) The following are well-defined

(7.4) ¢(X) = sup (Eol[X] - ¢,(Q)), X € Dy
0o
(7.5) M,‘f = {X S LO . lijgn(??(a’le]l”XbN}) =0, Va > 0} C D() N (—Do).

(2) @ is a finite convex risk function on Mf with the Lebesgue property and @|i~ = g, and for
any other pair (¢, Z°) of a solid space Z~ c L° and a convex risk function on 2" with the
Lebesgue property and ¢|1~ = ¢o, we have 2" C M}, and ¢ = §| .

Note that the assumption ¢o(0) = 0 is just for notational simplicity; without this assumption,
(@, Mf _“’O(O)) is the maximum Lebesgue extension of . X

Here we examine some typical risk functions deriving the explicit forms of the space M;,. We
begin with a simple remark. Though we defined ¢ using the dual representation of ¢ on L™, it
may be more convenient to use other more explicit formula for ¢ if available. By Lemma 3.1,
we know that ¢ is continuous from below on Dy > LY. In particular,

(7.6) $(X) =limgy(X An), VX € L.

Note that this formula may not be true for X € Dy \ LY, but we need only consider |X| with
X € L? to derive the spaces M, and M?.

Example 7.2 (Entropic Risk Function). Let

1.7) Yent(X) := log E[exp(X)], X € L.

This is called the entropic risk function. It is straightforward from the dominated convergence
theorem that @en has the Lebesgue property on L. Its conjugate ¢ . is given as ¢ (Q) =
H(QIP) := E[(dQ/dP)log(dQ/dP)], the relative entropy (thus entropic), hence we have

Pent(X) = sup  (Eo[X]—H(QIP)), ¢
Q<P H(QIP)<eo
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and the identity @en(X) = log E[exp(X)] remains true for all X € Lg. In particular, M%n =
MPee C [P0 = [$er if (Q, F,P) is atomless, where Dexp(x) = €* =1 (x 2 0)and M P (resp.
L%) is the associated Orlicz heart (resp. space). Further, we see that Mf“‘ = M%et(= MPexp),
since if X € MP, exp(gent(AXILyx>ny) = Elexp(AX|Lyxsn)] = Elexp(UXDLyxsn] +
P(|X| < N) — 1 by the dominated convergence for every A4 > 0.

7.1. Utility Based Shortfall Risk

Let/: R — R be a (finite) increasing convex function with /(0) > inf, /(x) (thus not identically
constant). Then its conjugate [*(y) = sup,(xy — (x)) is a convex function with

o) _

(7.8) dom/* c R, and
yleo y

The second one shows also that for any ¢ > 0, there exist A(c), A(¢) € (0, ) such that

10) +I*(»)
y

(7.9) <c+1 = yelAl),Al)]

Eldeed, if I, :={y>0: (l(0)+I"(y))/y < c+ 1} is empty, put A(c) = A(c) = 1. Otherwise,
A(c) := sup I, is finite by (7.8), and picking xg < 0 with I(xp) < I(0) (by assumption),

1O+ _ sup (x L HO- l(X)) > x0+ 10) - l(Xo),

y

hence A(c) = O-lx0) () does the job.

(,+1 —X0
Now we define the associated shortfall risk function by

(7.10) @i(X) :=inflx e R: E[I(X - x)] <1(0)}, VXeL™.

This is a convex risk function with the Lebesgue property (2.3) and its conjugate is
» (142
dIP’

@1(1X]) = supinf{x : E[I(|X] An - x)] <I(0)} < inf{x : E[/(X| - x)] < {(0)},

(7.11) #/(Q) = ¢{(dQ/dP) = inf ~ (1(0)+E

(See [16, Ch.4]). Also, (7.6) implies that

while if ¢;(|X|) < oo, then E[I(1X| — &;(1X])] < lim, E[{(|X| A n — $;(1X]))] < limsup, E[I(|X]| A
n — ¢;(IX| A n))] < 1(0) by monotone convergence and ¢;(|1X| A n) < ¢;(|X]), thus

(7.12) &i(IX)) = inf{x : E[I(X]| - x)] < I(0)}, X € L°.

In this case, two spaces Mf’ and M% coincide and equal to the Orlicz heart associated to the
Young function &;(x) := I(|x]) — 1(0), i.e.,

Proposition 7.3. M?' = Mm% = M.
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Proof. To see M c Mf’ , it suffices that {XdQ/dP : ¢;(Q) < c} is uniformly integrable for any
c>0and X € M® by Theorem 3.8 . Soletus fixc > 0and X € M@ Observe that if 97(Q) <c,
then there exists a 4o > 0 such that

1 dQ 1(0) + I"(1p)
(7.13) c+lzz(l(0)+E[ (/l d—)])ZT

by (7.11) and Jensen’s inequality, and then 1o € [/_1(c),Z(c)] by (7.9). Since l(a|X|1,) =
D(alX14 + 1(0), Young’s inequality shows for any A € F, @ > 0 and Q with ¢;(Q) < c,

"oz

1
< mE D)(a| X4l +

1
EollX|14] < T (E[¢z(ale)]lA] + (1(0) +E

c+1

Since X € M?, the desired uniform integrability follows from a diagonal argument.
On the other hand, note that I(«|X|/2) < %l(a/lX | —x)+ %l(x) by convexity, hence M# ¢ M®
follows from (7.12), and we deduce that the three spaces agree. O

Remark 7.4. In definition (7.10), we have chosen /(0) for the acceptance level so that ¢;(0) = 0
If ¢ is defined with other acceptance level ¢ instead of /(0), we can normalize it by adding the
constant a'(8) := sup{x : {(x) < 6} or equivalently replacing the function [ by x — I(x + a\s)).
The case /(0) = inf, I(x) corresponds to the worst case risk function “°™'(X) = ess sup X. Also,
if I(x) = e*, then ¢; = Pent. ¢

7.2. Robust Shortfall Risk

Let [ be as above and fix a set P of probabilities P < P such that
(7.14) P is convex and weakly compact in L'.
Then we consider a robust shortfall risk function

(7.15) op(X) = inf{x € R : sup Ep[l(X — x)] < [(0)}, X e L™.
PeP

The function ¢; » on L™ is a convex risk function whose conjugate is given by

(7.16) @p(0) = mf (Z(O) + 1nf Ep [l*( fIIQ’)D

. . " d dQ/dP
with the convention [*(c0) := oo and d—g = %ﬂ{dp/d]}%o} + o0 - Nyg0/dP>0.4pP/aP=0; (see [16,

Corollary 4.119]). Slightly modifying the argument for (7.12), we still have

(7.17) G1p(IX)) = inf{x € R : sup Ep[l(X] — 0)] < K0)}, X e L.
PeP

We introduce a couple of “robust analogues” of M?::

MP(P):={X e L : sup Ep[D(AX])] < c0, YA > 0}
PeP

MPP):={xel: Jim sup Ep[@(UXDLpxisn] = 0, Y2 > 0).
— pep

When P = {P}, the two spaces coincide with M ®1 Now we have:
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Proposition 7.5. Assume (7.14). Then ¢;p is Lebesgue on L™ and
MP(P) = MIP < MPP ¢ MP(P).

Proof. With a similar reasoning as Proposition 7.3,if Q € Q. :={Q < P : gofP(Q) < c}, there
exist A € [A(c), A(c)] and Py € P such that

1 . (. dO 1 (. dQ
o (1(0) +inf Ep [z (AQ dp)]) (1(0) +Ep, [1 (AQ@)D <c+1.

In particular, inf pep Ep[l*(1pdQ/dP)] < A(c)(c + 1) — 1(0) whenever Q € Q.. In view of (7.8),

this shows that {1pdQ/dP : Q € Q.} is uniformly integrable thanks to the robust version of de la

Vallée-Poussin theorem [14, Lemma 2.12] (which is stated there for sets of probabilities, but the

exactly same proof works for sets of positive finite measures), hence so is Q. since 1p9 > A(c)

for each Q € Q.. Consequently, ¢; p is Lebesgue on L™ by the JST theorem (Theorem 2.4).
From the same inequality, we see also that

1 . dQ
EolIX[14] < QTQ(EPQ[QS(MXD]IA] +10) + Ep, [l (ﬂQ dPQ)D
c+1
2A©) 2161713 Ep[P(alXD14] + —

forany @ > 0, A € Fand Q € Q.. Hence if X € M@ (P), a diagonal argument shows that
{(XdQ/dP : Q € Q.} is uniformly integrable, hence MQ)’(P) c M?'” by Theorem 3.8.
To see MP(P) > MPP let X € M?” and @ > 0. By the definition of M?", there is a

sequence (N,), C N such that @; p(na|X|1x>n,)) < 27". Then by (7.17),

sup Ep[l(nalell{|X|>Ml} - 2—n)] < l(O)

PeP
Noting that @ (alX|14,) = le|X[1a,) - L0) < n~'(nalX|1,, — 27" + 2= 1l(2 =) — 1(0) with
A, :={|X] > N,} by the convexity, we have

1 L on—1 (2
sup Ep[®y(a|X|)14,] < — sup Ep[l(nalX|1s, —27)] + ( ) - 1(0)
PeP n pep n n-1

s@+n_ll( 2

n n

1)—Z(O) — 0+ 1(0) - 1(0) =

n—

Since @ > 0 is arbitrary, we have X € MP(P).
Finally, we show M#P c M® (P).IfX e M%7 then for every a > 0,

sup Ep[@(|X])] = sup Ep[l(a]X])] - I(0)

PeP PcP
1
< = sup Ep[l2alX| — x)] + —l(x) 1(0) < oo.
2 pep
for x > ¢ p(a|X]) by (7.17). Thus M#» ¢ MP(P). O

Example 7.6 (Robust Entropic Risk Functions). Let /(x) = ¢*. Then ¢; p is the entropic one,
and the associated Young function is @eyp(x) = €* — 1. In this case, we have M,;p PPy =
M®e(P), thus M;"" = M#.7. Indeed, by Holder’s inequality,

sup Ep[e alX] |]1 |X|>N}] < Sup (EP[ 2alX| 1/2P(|X| > N)1/2)

PeP

< sup Ep[ez""xl]”z sup P(IX| > N)'/2.
PeP PeP
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This and the uniform integrability of 7 show that limy supp.p Ep[e®® 1 x> = 0 for every
@ > 0 as soon as X € M®P=(P), hence Mfexp(P) = MPx(P). O

7.3. Law-Invariant Case

Recall that a convex risk function ¢y on L™ is called law-invariant if ¢o(X) = ¢o(Y) whenever
X and Y have the same distribution. Any law-invariant convex risk function on L™ has the
following Kusuoka representation ([24], [18]):

(7.18) @o(X) = sup (v[(;l]”(x)ﬂ(d/l)_ﬁw

HEM,((0,1])

where v (X) := % fOA gx(1 — t)dt, the average value at risk at level A (up to change of sign),
gx(?) = inf{x : P(X < x) > 1}, M1((0, 1]) is the set of all Borel probability measures on (0, 1]
and S is a lower semi-continuous penalty function. Then ¢ has the Lebesgue property on L>
if and only if all the level sets {u : B(u) < c} are relatively weak* compact in M((0, 1]) or
equivalently tight ([12, Ch. 5] or [21]). In particular, for any relatively weak™ compact convex

set M c M1((0, 1)),

em(X) 1= sup f va(X)u(d)
pueM J(0,1]

is a law-invariant coherent risk function on L™ satisfying the Lebesgue property.

Example 7.7 (AV@R). For every A € (0, 1], v; admits the representation:
(7.19) va(X) = sup{Eg[X]: Q€ P, dQ/dP < 1/4},

for all X € L*, and since P,(|X]) = sup, va(IX| A n),

R 1
X1l < Da XD = 11Xy, < EIIXIILl, X =0. 9
Hence we have Mfﬂ = M = L' for every A € (0, 1], and the representation (7.19) extends to
L'. In particular, 9, has the Lebesgue property on L.

Example 7.8 (Concave Distortions). Let u € M;((0, 1]) and define

ou(X) = f v(X)u(dr).
(0,1]

This type of risk functions are called concave distortion, and it is known that if the probability
space (2, F, P) is atomless, every law-invariant comonotonic risk function is written in this form
(see [16, Theorem 4.93]). For ¢,, two spaces Mf” and M% coincide. Indeed, if Gu(IX]) < o0
(& 7.(X]) € LY((0,1],u)), then from Example 7.7, we see that vi(l X Lyx>ny) < vi(|X[) and

limpy v/(|X|1yx;>ny) = O for (u-a.e., hence) all ¢ € (0, 1]. Thus the dominated convergence theo-
rem implies that

im | DXL yxsn)dr) = f Lim 9,1 XL (xj> 3 (1) = 0.
N Jo,1] o1 N

Repeating the same argument for @|X| (@ > 0) instead of X, we have Mf“ = M¥%. O
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Recall that any finite-valued convex risk function on a solid and rearrangement-invariant space
strictly bigger than L™ has the Lebesgue property restricted to L ([11, Theorem 3] or see the
comment after Theorem 2.4). The next example concerns how is the Lebesgue property on the
whole space. In our context, both M, and M? are (solid and) rearrangement-invariant if the ¢
is law-invariant, and M? is the maximum solid vector space on which ¢ is finite-valued. Then
the question is translated as: does it hold M}, = M¥ as soon as ¢ is law-invariant? The answer
is generally no.

Example 7.9 (A law-invariant risk function with Mf C M?). Let (Q, F,P) be atomless and
for each n, we define a Borel probability measure on (0, 1] by

1\ e 1 €
(7.20) Uy(dt) :=11- ; ;]l(e—l’l](t)dl + ;:]l(e—n’e—nn](l)dt.

Then (u,), (and hence conv(u,; n € N)) is uniformly integrable in L'((0,1], dt) (& weak* com-

pact in M ((0, 1])). Hence the law-invariant coherent risk function

@o(X) = SUPL)” vi(X)pn(dr) (=> ¢(|X|)=SUPI 9A(|X|)/Jn(d/l))

0,1]

has the Lebesgue property on L. In this case, Mf C M¥. Indeed, let X be an exponential
random variable with parameter 1, i.e., Fx(x) == P(X < x) = 1 —e* & gx(r) = —log(1l —1).
Then

1
X)) = /_lfo (—logt)dt =1 —-1logA.

For each n, [ %i(X)un(dr) = 4 = 255 = 5, 50 $(X) = sup, o, Vi(X)pn(dr) = 4 = 257 < eo.
This shows that X € M¥. We next compute limy (X1 x>ny). Since gx1,.r, () = gxLigya>n)
and gx(1-1)>N e t<1-Fx(N)=e™",

A 1 /1
PaX L) = ~ f gx(1 = Oigy1-n>ndt
0
={AAneN —(AAeM)log(d AeV)))/A

Thus forn > N + 1,

f V(XL x> nyun(dr)
0,11

1 1
=(1——) ¢ (e_N—e_Nloge_N)+—(2+n—
n

=)
e—1

(e_N — e Vlog e_N) + % {2 - ﬁ (1 +e NV —eNlog e_N)}

Hence @(X1x-n)) = sup, f(o n V(X Lx>npun(dt) = 1 + e%] (e‘N —eN log e N ) Consequently,
limy e @(XTixsny) 2 1+ limy 5 (e‘N —eNlog e‘N) = 1. Thus X ¢ M,f. O
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A. Appendix

We have used the following version of minimax theorem which should be known as it is an
immediate corollary to [20, Theorems 1 and 2]. But we could not find an appropriate reference,
so we include here a simple proof.

Theorem A.1. Let C be a convex subset of a Hausdorff topological vector space, and D an
arbitrary convex set. Suppose we are given a function f : C X D — R such that

(1) foranyy € D, x = f(x,y) is convex and {x € C : f(x,y) < ¢} is compact for each c € R;
(2) forany x € C, y — f(x,y) is concave on D.

Then we have

(A1) inf sup f(x,y) = supinf f(x,y).
xeC yED yED xeC

Proof. Note first that “>" is always true whatever C, D and f are. Thus there is nothing to prove
ifa:= SUPyep infec f(x,y) = co, hence we assume @ < co.

For any y € D and 8 € R, we set Af :={x € C: f(x,y) <pB}. Then [20, Theorem 1] implies
that the family {AJ**},ep has the finite intersection property for every & > 0. Noting that each
AJ™® is compact by assumption made on f, we have (yep A7" # 0 (indeed, fixing arbitrary
Yo € D, we have AJ™® is compact, AY™® N AJ' is its non-empty closed subset for each y € D,

Yo

and ﬂye D A;“E = ﬂyeD(A;,”g N A;f()* €) # 0). But this is a necessary and sufficient condition for

the equality (A.1) by [20, Theorem 2]. O

Proposition A.2. For a finite monotone convex function ¢ with the Fatou property on a solid
space 2 containing the constants, the Lebesgue property is equivalent to: for any countable
net (Xq)a»

(2.9) X, € L%, |Xol < |X|, Ve, and X, = X a.s. = ¢(X,) = ¢o(X).

Proof. The necessity is clear from Remark 2.2. Recall that the Lebesgue property of ¢ is
equivalent to the sequential continuity from above. For a sequence (X,), € £ with X,, |
X e X, consider a net X,,,, := (X, V (-n)) A m with indices (n,m) directed by (n,m) <
(' ,m’) ifft n < n’ and m < m’. Then X,,, € L™ for each (n,m) and X, ,, 5 Xin 2. In-
deed, limsup, ;) Xnm = i0fum) SUPyspmomXw V (=1")) Am’ = inf(,m X, V (1) = X, and
lim inf g my Xnm = SUP ) INEwrsnmrom (X V (-n") Am = Supg,m X A m = X. Therefore
@(X) = limg, ) (X,,m) by (2.9). On the other hand, ¢(X,,) < ¢(X,,V(-n)) = sup,, p((X,V—n)Am)
by Fatou and monotonicity, thus

inf (X)) < inf sup o((X,, V —n) A m) = limlim o((X,, V —n) A m)
n n m n m

= lim QD(Xn,m) = QD(X)
(n,m)

Hence ¢ has the Lebesgue property. O
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