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Monte Carlo Simulation with an Asymptotic
Expansion in HJM Framework

Akihiko Takahashi and Shuichiro Matsushima
The University of Tokyo

May 20, 2004

Abstract

We developed a variance reduction method of Monte Carlo simulations
as well as an approximation formula based on an asymptotic expansion
approach for pricing bond options and swaptions in HJM framework. As
a numerical example we applied the technique to a realistic two-factor
model and confirmed its validity.
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0000000000 (500 (800000000

v (0) = P(0,T) /_Oj(y +ex) [1 + E(éx‘?’ - 3%3:)} nlz; 0, £)dz + o(e)

Y
c

V(0) = P(0,T) /_; (—y — ex) [1 + 5(23 ad - 3%% nlz; 0, S)dz + o(e)

17

/T 9o (f(0,u), v, u)ag?l (v) /” or(f(0,u), s, u)a%?(s)dsdv) du
0 0



gbooooooboboboboboboboo

e}

chz)z(o) = P(07T)/ (y + ex) fe(z)dz + o(e)

—Y¥
e

= P(0,7) /oo [(y tex)+edms (x2 — Z)} n[z; 0, X]dx + o(e)

= P(0,7) (EZn[%; 0,%] + yN<55§> - Eéyn[%; 0, 2]) +o(e)

‘/252(0) =P(0,7) /_Z(_y —ex)f-(z)dx + o(e)

— P(0,7) /_% [(—y Cer) -2 (x2 - z)} nlz; 0, 5)de + ofe)

— P(0,7T) (EEn[%;O, 5] - yN(—E y2> —Eéyn[g;o, 2]) +o(e)

gooogd
gogoooboobobobobobooooogooooo
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goo
gbogoboboooboboooooooooboboboobooobooon
god

= Y Y c Y
=P, T)| e¥Xn|=;0,X| —yN| — —e= =0,%
(7 )(E n[gy ) ] Y ( E\/E) Ezyn[57 ) ]>
000 On[z0,X)]00000000000X000000O000O0O0ODO

1 ( x? >
———ex
Vory P 2

O000ON(x)OODOOOOOOOOO

nlz; 0,%] =

N(x)z\/%_ﬂ_/_ooe__

ob0ooooio¥bcdy0ooboooboboooobobooooon

E": 9o (f(0,u),v u)ag()l( )/ k(f(O,u),s,u)a%?(s)dsdv) du
i 0

a(f(0,2),v,2)00 ;000 o4(f(0,2),v,2) 0 nODO00O00OO0

Fo,u) = / o(f(0, 2), v, 2)dz

"\ P(0
ox, (v Zc] PO F(v,Tj)
=1
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4 ODO0O0O0OOOObOOOOOO0

00000000 0oo00oo00o0ooo00o0oDoooOoooDoooon
00000000000 ooooooooooooooDooOogooog
O00000000000000000 00 Takahashi and Yoshida[2001] 0 O
0000000000l o0o0ooooooooooooooooooon
JodbodoooooooOooooooooooo

ooodoooooo

Viah(0) = P(0,T)E[(y + X1 (T) + e2X2(T) + o)) ,]

E[Xy(T) | X1(T) = 2] = (2" = %)
000000000000

VL (0) & P(0, T)E[{y + eX1(T) + e*B[Xa(T) | X1(T)]}x, ()52}

call
= PO, DE[{y+eX1(T) + 255 (X (1)? = £) M, ry> )]

0000000 0X(7)0
T
0

X, (T) = _/ (Jﬁ; q%F(v,Tﬁ)ldW@)

00000000000000 V() O

call
_ — _ c —
V(D) = {y +eX:(T) + 55 (Xa(1) = D) Mpxy > 1)

0000000000000 0000000000 Xy(T)Oooooooo
goobobogoooobn
gboobbooooobooooooobooboboon

‘/C(ael)l(T) = (y + EX(E) (T)) 1{X(5)(T)Z_}Ei}

go

©) 7
P — Xo(T
X(E)(T): m{T;},{c;} o(T)
3
00000000000000000000000000000000000
000 Ve o v oooooo0000000000000000

oo vao

vV =VeT) - v +EVE (D)

call call call
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000000 D0000000000000000000 voooo ve(T)
000000000000000000000000 DE[VS(T)) 0000
00 Vv ()000D0D000000000000000000000 VOO
0o

V = Via(0)/PO,T) = (ViG(T) = Vegg (0)/ PO, 1)} = {Viia(T) = B[V, (T)]}

call call call call call

0000000000000000000000 V&)@ ooooooon
ooooooo Ve (@)oooooooooooooooooove( o
v (Toooooooooo0o 00000000000 vooooooo

gopooooboooooooboooooobboooboobovooooooog
googoboobbboobobbboobobbobobobooo

5 Uoooboouoobbooon

5.1 0O0OOooooond

gbooooboooboobooobobgoobooooobooobooooon
gobboooooooooooooooboooooooomooooooo
gboooooobooooobd0 K=10oooooooooooobooo
gooogooboboobobobobboobbobooobobooooooboo
goooobogo

ggooboobooobobobooboobbooooooboooo
gobooboboooooooooobooobsoobobobobooobo
gbobobooboobobooboboboobooooobobobbobooboobon
gbooobooo

goo
gboogobooboobobooobooboobobobbobobboobo
gobooboboobobooboobooooobn

UI(.I, U?u) = Ulh(x)a U;(.I, U?u) = 02(1 - Bexp—a(u—v))h(x)
o1,09,a, 00000003
h(x)DDDDDDDx>ODDDDDDDDDD

goooboobbobobobooboboboboooboboobboooon
goboooboooboooooobobooboooooboboo

gbooooooooboboobooooobobobbobbobooboobn
gobooooooobboobodb0ede=100000000000
c1,0o0000000000000000D000000O00O00 e=1000
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gbogobooooboooboooboobon
Moooooobooooboooobooog

F(0,u) =0.03+0.004v (DO0DO00O000 O

googooogo

5.2 UUOUOOooOOO

gooo

M O0000000A(x)ODO0O00O0OOOOOO0OOODO0OODOODOOO
gboooooobobbooboboon
gbooobgobooooobobboobobobobobooboobon
gboooboooboobboooobooboboboobobobboobo
000000 V() DO0O00000000000000000000000
gbobogooobooboboooooooboobboboobobbobo
gboooooobbooboobobooboobooboboao

h(z)=1 (const), o01=0.2, 02=0.08 «a=05 p=2

0000000000000 (D0o00ooo0)oooooooooooo

goboooooooobobooboboobooo
ggogobooboooobobbboobooboboobobooooobo

gobooooboboooobobooboobboobn

oo
00000 hy(z),he(z) 000000000

ho(10001 — ) ho(z — 10000)

(@) = ho(z — 10000) + ho (10001 — z) ho(w) = ho(z — 10000) + ho (10001 — z)
exp™ ¥ (x >0)

000 Oho(z) = oooOooooooo0oon
0 (x <0)

gbooobooooboboboboboobobbooooobooboooooobn
gbooooboooboboooboooobooboobooboo

goon
OO000o00oO h(e) O

h(z) = hy(z)x™ + ho(2)100007 (0<~y<1)

O000000000000000 {min(x,10000)}"0000000000
gboogoboobgooobobobobooobboobbobbobboobobob
U0y boobobOobOooooooobooobboooboobbooooobon
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gbooooboobooobobbobooooooboboooboobon
gboobooobogoboboobooobooboooobobbobooboooon
gboobooboobobooobboooboboobooboobobob
gobooooboobobooobobobooooobooooooooooooo
000000000000 00 (00o0oO00ooOoooO0)ooooooo
gooboooboobooboooboo

gbooobboobboobooboobobbooooooobooboboon
gboboooooooooobooobboboobooboboboobbon
00000 400000000000000000000000O0 (OODO
00000000 O)olooo00000oooooOoUs000000000
goobobooboooboboooooobooooobooooooboon
gbobooboooooooboooooobooobob100b0bo
(y=0.25040%0TM 000 10.78%) 10%0 00 000000000000
gboooboooobooobooon

5.3 UUggoono

gobdbooobboboooooooboobboboobbooooo
0000000 OTM(Out of The Money) 0 O ITM(In The Money) O O O
00000000000000000 40%0TMUO000O00OODOOOOO
4000000000000 0O0O000OU0ODODUOUOUODODOODODOODbDOn
0000000~«000000000000000 (y=0000)0000
Uiby0O0obboboboobooooobbooooobouobobo

googbboooodoooboooboobbooobbobbobobo
(y=00)00OOOOODODOOOO 0 00000000000000000O
godboobbbotboboobboobbouobobobooboogn v
gobodoobobboboobooodob oo bobbooo
oo0oooo oTMOOO0OO0O0OOODoDOOoOOoOoOoODODOooDOoOooDOoOD oo
godoooooobbobboooobooooboobobooooobobooo
gobooobobboodoobboobobooooboboooboboobo
goooogo

Ooon
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gobogboooobobbog3esboooobooobobooooooon
gbooboobooobooobooboobobooboooon 2500
gooooboboobobobooboobooooooboobooboboboo
gboooooboboobooboobooboboooboboooobobboobo
gooboooooboood

gboooboobooooooobo wogbobooboobooooo
gobwocoboobooobooobooobscobboobooooo
gbog2000000000000os00000000000D000O00O00
goooosotobobbbobboooobooooobboboooon
googo

*00000

gboooboobbooobooboobobboo 2000000000
gbobooogoobooboboooboobob 2o00bb0obooooon
goboboboooboboobooobooooobooobboobbb 1000
gooobooboso0bboobooboboobbobbobog2o0b0000
gboogobobbooboobobgscobbobbobobboboobn
gbooobooo

O 1: h(z) =1 (const), o1 =0.01, o092=0.004, a=05 [S=2

40%0TM | 20%O0TM | 10%OTM ATM 10%ITM | 20%ITM

40%ITM

ooooooo 0.006855 0.016660 0.024251 0.033899 | 0.045653 | 0.059431

0.092194

oooo 0.006852 0.016639 0.024230 0.033881 | 0.045633 | 0.059408

ooo -0.05% 0.13% 0.09% 0.05% 0.04% 0.04%

0.092190

0.00%
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0 2: y=0.25, o1 =0.02115, 02 =0.008459, «a=0.5, (=2
ooooon 40%0TM | 20%0TM | 10%0TM ATM 10%ITM | 20%ITM | 40%ITM
ooooooo 0.006468 0.017023 0.025120 | 0.035248 | 0.047374 | 0.061365 | 0.094068
oooo 0.006752 0.017223 0.025284 | 0.035395 | 0.047525 | 0.061537 | 0.094289
oono 4.38% 1.18% 0.65% 0.42% 0.32% 0.28% 0.23%
ooooon 40%0TM | 20%0TM | 10%O0TM ATM 10%ITM | 20%ITM | 40%ITM
ooooooon — — — — — — —
(1)oooo 6.58% 3.81% 2.97% 2.26% 1.64% 1.16% 0.58%
ooooon 22.86% 13.35% 9.91% 7.47% 5.47% 4.03% 1.94%
0oooo — — — — — — —
(2) 0000 0.71% 0.33% 0.24% 0.17% 0.11% 0.07% 0.05%
ooooon 2.37% 0.91% 0.64% 0.45% 0.35% 0.27% 0.19%
(2)/(1)(%) 10.78% 8.59% 8.18% 7.34% 6.45% 5.88% 7.76%
0 3: vy=0.5, o017 =0.04472, 05 =0.01789, a=0.5, (=2
ooooon 40%0TM | 20%0TM | 10%O0TM ATM 10%ITM | 20%ITM | 40%ITM
oooooo 0.006139 0.017472 0.026097 | 0.036729 | 0.049257 | 0.063506 | 0.096261
oooo 0.006557 0.017789 0.026360 | 0.036969 | 0.049515 | 0.063806 | 0.096648
oono 6.81% 1.82% 1.01% 0.65% 0.52% 0.47% 0.40%
ooooon 40%0TM | 20%0TM | 10%0TM ATM 10%ITM | 20%ITM | 40%ITM
ooooooon — — — — — — —
(1)oooo 7.66% 3.99% 3.01% 2.23% 1.60% 1.13% 0.58%
0oooo 25.32% 13.75% 10.05% 7.37% 5.37% 3.99% 1.94%
0oooo — — — — — — —
(2) 0000 0.71% 0.27% 0.19% 0.14% 0.10% 0.08% 0.05%
0oooo 2.91% 1.00% 0.76% 0.51% 0.39% 0.30% 0.22%
(2)/(1)(%) 9.24% 6.68% 6.21% 6.10% 6.37% 6.82% 8.84%
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O 4: v=0.75, o1 =0.09457, 02 =0.03783, «a=0.5, (=2
ooooon 40%0TM | 20%0TM | 10%0TM ATM 10%ITM | 20%ITM | 40%ITM
ooooooo 0.005830 0.017967 0.027144 | 0.038308 | 0.051282 | 0.065843 | 0.098787
oooog 0.006262 0.018365 0.027491 | 0.038641 | 0.051645 | 0.066263 | 0.099307
oono 7.41% 2.22% 1.28% 0.87% 0.71% 0.64% 0.53%
ooooon 40%0TM | 20%0TM | 10%O0TM ATM 10%ITM | 20%ITM | 40%ITM
ooooooon — — — — — — —
(1)oooo 9.21% 4.25% 3.10% 2.24% 1.59% 1.13% 0.60%
0oooo 30.92% 14.40% 10.79% 7.78% 5.41% 4.01% 2.00%
0oooo — — — — — — —
(2) 0000 0.62% 0.23% 0.17% 0.13% 0.10% 0.06% 0.04%
ooooon 2.20% 0.80% 0.56% 0.45% 0.31% 0.25% 0.13%
(2)/(1)(%) 6.70% 5.48% 5.45% 5.79% 6.08% 5.69% 6.60%
05 =10, 01=02, 0,=008 «a=05 pg=2
ooooon 40%0TM | 20%0TM | 10%O0TM ATM 10%ITM | 20%ITM | 40%ITM
ooooooo 0.005541 0.018523 0.028292 | 0.040028 | 0.053489 | 0.068414 | 0.101701
oooo 0.005850 0.018946 0.028678 | 0.040415 | 0.053925 | 0.068925 | 0.102290
ooo 5.57% 2.28% 1.36% 0.96% 0.82% 0.75% 0.58%
ooooon 40%0TM | 20%0TM | 10%0TM ATM 10%ITM | 20%ITM | 40%ITM
ooooooon — — — — — — —
(Hyoooo 11.27% 4.64% 3.25% 2.30% 1.62% 1.16% 0.63%
ooooon 38.59% 15.63% 10.71% 7.67% 5.56% 4.16% 2.23%
0oooo — — — — — — —
(2) 0000 0.51% 0.26% 0.22% 0.16% 0.12% 0.07% 0.03%
0oooo 1.66% 0.70% 0.67% 0.50% 0.33% 0.23% 0.06%
(2)/(1)(%) 4.55% 5.69% 6.77% 6.93% 7.14% 5.92% 4.58%
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