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Abstract

This supplementary file provides an example of the stochastic process v satisfying Assumptions
3 and 4 in Section 3, details of the proofs for the Proposition 6 and Lemma 8 in Appendix A,
the multi-agent equilibrium in the exponential utility case, and a possible extension to the case of

stochastic boundaries on agents’ views.

For the convenience of reference, the numbering of the equations, Propositions, and Lemmas is

subsequent to that of the main text.

1. Example of stochastic process v

In this section, we present an example of the stochastic process v satisfying Assumptions 3 and
4 in Section 3. We consider the following form for v.

Example 1. We consider v described as a sum of Ornstein-Uhlenbeck processes as follows. Under
the probability measure P,

d
Vr = § Xj,’m
Jj=1

Xjr=Xj0+ / (aj —bjXjs)ds + / o;dBjs,
0 0
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where a;,b; € R,0; > 0, which is rewritten as
Xjr=
Xj,o +/ (aj - ijj75)d8 +/ O'j(dBj:j* + A;?::ds)’
0 0

under PN, We confirm that v satisﬁes Assumption 3 as follows.
Taking the Malliavin derivative DJ s

-
Aoty DAy ,
Diy Xjr = _/ b; D5y Xjsds + 0y,
u
we obtain

k% —bi(T—
D;»:u Xjr=o0je bi(T=w) (4 < 7).

Then,

s - - s kx k%
/ E) [Dj-:u veldr = / E) [D;-ju X )dr
u

u

s 1 — e~ bi(s—u)
= / ojefbj(Tfu)dT = ajebis >0,
u J

where we denote EX""[-|F,] by BN
Also, this Ornstein-Uhlenbeck process also satisfies Assumption 4.
We note that
S S
Xj75 = Xj70 + a; / €_bj(8_u)du +0j / e_bj(s_u)diju.
0 0
Under PAk’*Jraj‘k,

s
X]’75 = Xj70 +a; / e_bj(s_“)du
0

S -~ ~
+0j / e~ bi(s—w) [dBQZ‘*+a*k + (/\;?;; +al},)dul.
0

BNy der PAY A hos the same distribution as BN under PA". Hence, we have
AR fa kP RN Akox T 3 —bj(s—u) 3k
E ZXj,stdt =E Z Xjs +ao;j e I )\j Ladu | dsdt|.
o Jo 5 o Jo \j3 0 ’
Then,

]. Ak*+ Xk T t d )\k* T t d
i Lo [ S]] [ 'S5
a—0 o 0 sz; I 0 0; Js
N Tq t s d ® ek t d
= lim BN / {/ < X-s—i—om-/ e_js_“)\-udu>ds—/ X'Sds}dt}
_E*’“*[/ / 0]/ (s=u) dudsdt] > 0.



Therefore, the Ornstein- Uhlenbeck process satisfies

1 ko1 o3k Tt kx Tt
lim {EA Tad [/ / usdsdt] —EM [/ / usdsdt]}
a=0 « o Jo o Jo

> 0.

2. Proof of Proposition 6

In this section, we provide the proof of Proposition 6. Particularly, we use a Malliavin calcu-
lus approach. (For Malliavin calculus approaches to optimal portfolio problems, see Ocone and
Karatzas [21] and Takahashi and Yoshida [32], for example).

k(A) First of all, (11) and (12) in Lemma 1 in the main text hold. In fact, since cf’* =
1

PUEIPY.
n, L T2E[f) Hocldt]
THo,

, we have

E |fy Hoehdt]

— (42

007 —

and

k,*
k, P
AL *)‘15 1)
t

0 = Hy,, (43)
Ct7

which corresponds to (11) in the main text in the log utility case. Also,

T
E [ / Ho,tcfv*dt]
0

E[fOT Hg,tsfdt} T T ke
[l

t

T 0
T
—E [ / Hoeld } , (44)
0

which indicates (12) in the main text.
(B) Thus, by Lemma 1 in the main text, we have only to show (13) in the main text holds,
that is, sgn(Z;) =1, j =1,...,d1, where

kAEAE
v

d1 _ di-+d2
j=1 Jj=d1+1
d kAR E
T3 ZiadByg, Vi =
j=1

0. (45)



We note that for )\k* = (—X’f,...,—ﬂ’;ﬂt if we show sgn(Z;) =1, j = 1,...,d1, where
Zj,j=1,...,d; are part of a solution (Vk)‘]lc’*’)‘g, Z) of a BSDE

de,A’f**,)J;
di+d2

= ( ZANZ]H— > A]tzjt>
Jj=di+1

- Z Z;4dBjy,

j=1
k d Ak kAR Ak
— —Uk(ct’*)dt—i—ZthdB 2yt = (46)

Jj=1

(Vk)‘lf’*)‘g, Z) is also a solution of BSDE (45).

Then, by the uniqueness a solution of BSDE (45), it results in sgn(Z;) =1, j =1,...,d; for
Z in (45).

In the following, we denote A¥*(A5) = (A¥*T XET 0,...,0)7.

K I,
/T (lel e Yl) sfdt]
0 €t
K l T
Y
_ iV [ / H07tefdt] , (47)
€0 0

where we used (23) in Proposition 2 in the main text in the first equality and (22) in the main text

Since

TY* = E

in the second equality, it follows that

TY*
U HOtafdt} 0 k=1,... K.

—K -7
Zl 1Yl
Hence,
PYILIPY
b VB[S Hoekdt]
@ = THo,
)‘Ilc*7 2vk
Y
= . (48)

In the following, we show sgn(Z;) =1, j=1,...,d; in Steps 1-3.
Step1: Representation of Z;, j=1,...,d1

We use a Malliavin calculus-based method to investigate the sign of Z; j =1,...,d;.



Noting (46), we let

Ao* 2B T k(o kx
+E1’2[/U(cs’)ds]
0

k,2*x vk
By taking the Malliavin derivative DZ‘ 2% for the both sides, we have

k* T k,x kyx yk
DY M k(1) = / DNz TaB ™ 7,
u

ko 3k LN

where DA1 A2 {5 the Malliavin derivative with respect to Bi‘ 122 We first suppose that the
TS T AT S T AT A
conditional expectation E) [, [Du Zs] ' dBg ]=0forall0 <u<T.

k,* k k,*
Then, by taking the conditional expectation Eil ’)‘2, by which we denote E* A [ Ful,

ke AR Ak A kAR Ak

Zo =E;' "D, xR

T k,* yk k,2x vk
— / Ei\l 7>‘2 |:-D1)L\1 7)‘2 Uk(clsc:*):| ds. (49)
u

kyax Zkox vk
In the following, we denote Z as Z,, A2 for clarity.

In Step 2, we first calculate 2T by (49) and later confirm the conditional expectation
is zero with the calculated Z¢" ATTAS
o aE* K
Step2: Calculation of Z; e ’AQ, j=1,...,d;
Here, we recall Assumption 1 and that we assumed any )\]2“ to be nonrandom.

By (48),

Taking the log of cf’*, we have

A’; oY
log cf =logV* + log ——— +loge;
77t

Kl
—log( 21; ) (50)
2t




ck’*’kllm*’)‘g 1

By (49) and (50), Z;

ck,*7)\11€;*7)\12€
]?u

T k,* k,*
PV IS UL Y.
:/ E;t 2D 72 log ¢P*)ds
u

j7u

T k% k,*
AR Ak zRex gk
:/ {Eu1 *[D}, 7? loges]
u

- U?T,*’Ag
log = —
Ms

k,*
AE Ak

k,*
+E’U,1 ’ >‘1 7>"2C

j7u

D

PV ISUABY & 772’* !
_ Eu1 »AY D],qu yAY log 1+ Z nl’*Y
1=2 "ls

}ds. (51)

We consider the first term of the integrand in (51). Under P , by (20) in the main text,

loges is given by

’ Lo DT RATTA |y kaeyk
loges = logegp + ; (vr — 5\p7| )dr + ; p, [dBzr + A7 (AS)dT]

° Lo Tyksoyk T AR AR
= 10g€0+ (VT - §‘p7'| +IO7' )‘77 (AQ))dT—F Pr dBT .
0 0

Since )\k’*(/\éC ) is nonrandom, taking Malliavin derivative of log e with respect to Brownian motion

k,*
JRELERY

7 )

PUEPY- HEOVAPY:
Djﬂlt 2logES:/ DjﬂlL v dT 4 pju- (52)
u

For the second term of the integrand in (51), by the definition of nf‘k,

d t d t
k 1
n) = exp g /())\‘I;’sdBj7S_25 /O|)\?’s|2ds , (53)
=1 =1

we have

e

log ™ = =5 [N — AL Pyar

MNs 0

S kyox \k

* / (NE*(A5) = AP TdBR 7% 4 A (Af)dr]
0
1

s S k%
:2/ IXE*(AF) = AL Pdr + / (N (Af) = AL TaBM ™,
0 0

Thus, by nonrandomness of A**(A5) and AL,

AR 2k
775 1 72 k7>|< 17* .
IOgT:)\J}u_/\]}u’ Jj=1,...,d;. (54)
S

k,
JEVRRY
j7u



For the third term of the integrand in (51),

Ak’* Ak K L%
K 1 72 Ns l
i g (135 ) L 2 Y
Jyu * -
=2

1 1,%
El K )
s (1 + K, ”f’*Yl)
ns
kv yk 53
K nb iAo s
1—9 ni’*Y Dj,u log %=~
S 775

1%
(1+ 5, 2v)

Similarly, by (53), we have

2)dT

ly* S

7 1 x «

log e = =5 [ (AP~ A
Ns 0

S

k,*
+ /0 (AL7 = AL BN % 4 AE= (M) dr].

By nonrandomness of A% Ab* and AF*(A5),

AR Ak 77[’* !

1A s Sk 1, .

D3, log = A=A 7=1,....d1.
S

Thus,

K 1%
Ao* AE s <1
DY M og (1 +Y Y )
S

1=2 "

K nb* l, 1,
=2 77771’* l()‘jj; o J:;)
= : . (55)

1%
(1+ 58, %)

By (52), (54) and (55), (51) is

ko AP Ak
J’u

K nb* 0y bx 1,%
T (ke sn [ 5 g . B ylabr — \bn
AP* \E AP* Ak AP* \E =2 pTx Jou Ju
= Ey' 2| [ DYL undr| 4 pja+ (AN B s ds
J,u ’ J,u J,u K ni,* 1
u v 1+, ni’*Y

K 0" sl
UL R A | L iz Y
= E, [D veldr + pju + Ey (A
u u

7w 1%
s

(1+ 5, 25)

k,* 1,%
o ™ Aju)

K b rgbe gL
Ao A]Q{; Zl:Q;l;ﬁk ni*y ( Ju A]vu)

—E' " —
(1 +> s Zf,*Yl)

ke y1% K AR AV R
T s ko yk kox yk ko yk ()‘u - )\u) +El:2'l7§k ni*Y ()‘u B )\u)
AP R AF AE AP Ak 7, 7, I#k 1 7 Js
By DG Rvrdr 4 pju+ B Pa— ds.
v Lu (1+ 58, ZT,*YZ)
S

ds




Using Y! = 1, we have

K né’* IENE kx
e Nz T 5 ko \k kot yk N Zl:l;l [y Y ()\. - A ) )
76T E). DN M2y Jdr + pi, — B3 ? P Vs,
Ju J,u Js K

u U <1 + Z T]g Yl>

(56)

. . . k,x ykox \k
Next, with this expression of Z¢ A" A3,

AN k.,
ko yEo 3k T E 3R k3R gk ko 3k Zz Lk o 1*Y<)\ )‘j,s)
75 NN = / { / B DN Mudr + i — BN }dt,
s s <1+ZK nt >

=0forall0<u<T.

(57)

k }\k,*,}\k k,*7Aka*7Ak3 }\k,*7}\k
we will confirm EA™ A8 [fu [Dyt 72 zg 7 72 TdB 72

By (25) in the main text in Assumption 3 and nonrandomness of p;, we have only to show

K m xR
. T ki [T ko gk | 2oietazk 1Y (Mg =A%) kot \k
BN A / Dy / EM 7 P agTdBM M =0, (58)
u s < +ZK 77t >

Foral 0 <u<s<T,m=1,...,di, noting that

D, ™ Al dt
(e 2Eor)

AN k,*
T ke gk kx kZl Lk o 1*Y<)\ —Aj )
—/ B} | ppi,
s (1+ZK m >

where we exchanged the order between Malliavin derivative and conditional expectation due to

l
AR 2 G OVIER )

i as in (65) below, we calculate
w>

1,*
K e Ty 0y* k,*
}\116» 7}\lc/ E)\’“y Ak Zl—l,l;ﬁk 771’ ( 7,8 ],s)
S

dt, (59)

boundedness of

<1+El1i2 nf,*
Mt

77 AN k%

)\k*)\kZl Lk 1*Y(>‘ - Ajs)

Dmu
k,x
ZZ 1; l;ﬁk 77{ * Yl()\j s )\], )

K l
$ k l,x k,*
- D ( E i )\s—)\ )—log(l—i—
<1+Z "t ) =13l —

L=
3
T~
~
v
N———

i




. 5, ”f SV AR Ok, )

K l
/\k Py n 1% k.,
Dinta ™ log | D> Y (A = A7) — . (61)
=1k T <1 +38, m YIS, — Ajfi))
and
K n l 1,%
K I« t Y ()\ - A )
k% \k , 1=2 m,u
D, )‘21g< +Z”§*Y’>= e’ : (62)
=2 Mt <1 + ZK "7t )
Then,
k,x
D)\k* kzl 1;l#k ni*Yl()\js )\j,s)
m,u
E=xe
1% k,* L% 1,%
<2 R— D ’
- 1:1,...]{1}(%3(§ng‘)\]*3 /\375 | l:1,...{?{%§u§T At i )\m“‘
< 00, (63)
and thus

AN k,x
- T e ko i Li#k ) 1*Y(/\-’ - %) -
EM ’*’5[/ o ’”5/ gy N T P aTaBM M =0, (64)
! ’ ( + 30, nf Yl)

N kox \Ek k,x yk
Therefore, | DRI [fuT [D)‘1 Az ZS]Tng‘l ’)‘2] =0forall0<u<T.

S k,* yk
Step3: sgn(Z AL HN=1,j=1,...,d;

L%
!
. Zl:l;l;ék ni*y
Using k -
(1+Zl 2 n1 )

t

€ (0,1), we have

L,* k,* K é»*
i Lik ) 1* VIO = A7) e ok Zl:}[;ﬁk %Yl
< max N W
<1+ZK 775 Yl) Lke{l,... K}il#k <1+ZK ns Yl>

< AbE By o
l,ke{lr,r.l..a,‘[}g};l;ék( J5u ],u) ( )

( j7u J’u)

k,2x vk
By Assumptions 1-3, the right hand side of (56) is positive, that is Z TATAT 0, Yu € [0,T7,

ko« yko*x
AL ) =1.

and thus s gn(Z;
Therefore,

Sk ck’*)\k’*,)\k Nk AEx
—)\jsgn(Zj ! 2)——)\j—)\j , j=1,...,d;.



3. Proof of Lemma 8

1% 1 !
Let A5™ = ()‘d*+1’ . )\df+d2) ,
where )\d’ IR '?)‘21+d2 are defined in (21) in the main text, and A, = (5\&14_1, .. .,5\21+d2)T, l =
., K. Also, we let B3 = (Bd1+d2+17"'7Bd)T> P1 = (pla"'vpd1)T7 pP2 = (pd1+17"' 7pd1+d2)T7

and p3 = (pdy1dyt1s--->Pd) - By (22) in the main text, we have

K
logHOt—log< —i—Zn )—logat—i—logsg—log <1+ZYI>.

=2

Since logeg — log (1 + Z{i 9 Yl) is a constant, we have only to consider

T K
E*”Aél/ {hgst—lm;<%*-%§:n?1”)}d4,
0 1=2

which is a part of EMAS [fOT —log Ho,tdt}.
We define F(A}) as follows.

F(X5) = Fi(A5) + Fa(A5),
k Ao Ak T
Fl()\z) =EM "2 [/ logstdt} ,
0

T K
I E EATAS [/0 —log (ntl* + Zni’*Yl> dt

=2

For any nonrandom A§ < A5 (0 < 5\ X? j=di+1,...,d1 +da),

F(X5 + aXb) — F(A))

lim
a—0 (%
iy LS+ adf) - Bi(AS) 4 lim Fy(Af + aAf) — Fh(A5)
a—0 o a—0 «
Step 1: Calculation of lim,_sq Fl(Anga)f)_Fl()‘é)
For loge,,
log e¢

t 1 t
:10g50+/ (Vs_ps‘g)ds"i_/ p;—st
0 2 0
t 1 9
:10g50+/ (Vs_*‘PS‘ )ds
)\ +alk

¢
+/ P1s[d31§ 7 : "‘)‘lf:ds}

t R t &
+/phw31“*“?+u +a@3wrﬁ/p%ﬂ3l“+m

10



PSP V.S Y D Lab VRIS L LAV S L kox sk 3k o
(B! 2, By 7 ,B3" 2) under P 224223 has the same distribution as

PLEBY: ,\’“*,Ak Ao Ak Eox yk
(By 72, Byt 7% B3 7?) under PMT A2, Hence, we have

EAT A oS [/ / pl[aBN MFeXs —I—)\'f:ds]dt]

— ENTAS [ / / plSdB A +>\’f;;‘ds]dt],

and
) T ot - .
EATT A ad] [ / / Pl dB) M | (\k +oz)\l§75)ds]dt}
* k A
EATAS [ / / gl dB T L (b, —s—a)\’;,s)ds]dt].
Hence,
i B (N + aS\k) — Fi(A)
a—0
. Ak +adl Al
= hn}) A Vsdsdt —EM A Vsdsdt
a—0 «
+E*l’*’*’5[ / / ps, sﬂg,sdsdt] (66)
o Jo

For the term containing v, by Assumption 4,
1 .
lim { AL S oA [/ / Vsdsdt] EANTA [/ / Vsdsdt} } . (67)
a—0

k \kY_ k
Step 2: Calculation of limg_q FQ(A2+Q>‘;) Fa(23)

Fori=1,... K,

t k * 3k k
1% 1T Rk l Ak ,}\k—i—a)\ A3 +oz)\
ny" = exp {/ A aAZSdS} Z,(B1! B ),
0

where we set

ZHBN AN g Ara]

k,2x vk Lk
— exp { / AT (dBR TN b )

/ AL *T(dB2 s’ TS ey + b ds) — / IAL*|2 ds}

. * Akl AR Ak LAk ko sk Sk L
Since Zl(B v ,B5! ) under P>‘1 227923 has the same distribution as ni’ =

exp{ AT @BNM £ A ds) + [EALT (@B M 4 g ds) — L ! |,\’;*12ds} under PATAS

11



we have

FQ(AS + ij\];)

. T K
s [ (7 St
0

=2

~ T t k,* N k,* k Ik
Ao 4o dk 14T Rk AP AE Lol AT AE Lo
= EMto 2[/ —log<exp{/ Ay a>\275d5} 7y (B ARt gt Ateds
0 0

and

Fa(A5 + ag) — Fy(Xf)

t ~ k,2*x yk N
+ Zexp {/ Aé’fa)\]z{,sds} Z,f(Bl’n Ab+adh
0

ko vk N
,B)! ’*2““*2)1/1) dt]

1,xT
2,8

aj\gysds} ni’*Yl> dt] )

T K
k,* ty1,xT Sk tyLxT Sk
= EMA [/ —log <ef0 A2l a)‘2,sd377tl’* + E eJo A akz,sdsn?*yl)dt]
0
=2

EATAS

T K
/—MC#+Z%WQ&
0

=2

Thus, we can obtain Gateaux derivative of Fy as

i P28 + ad) — Fy(A5)

a—0 (%

a—0 «

K
+moﬁ+z¢wﬁp4
=2

1x
un y!

Noting that T r —r I
TR v ST

€ (0,1), we have

K
d EALTTOAE ds 1 EALTT Ak ds Lkl
‘m{_log(efo 2,s 2,s nt’ +Zef0 2,s 2,s nt’ Y )}
=2

LT

ty1,xT 3 1,% K tyUxT 1,
' (fo >‘2,s A’S,sdsm + ZZ:Q(fo )‘2,5 A’S,st)m Y
1% K lx
m Y

t K
< /D A5 LAS ds+ ) /0 ALTAS Jds < oo,
=2

12

T K
k,* 1 ty1,xT 3k tyLxT Rk
— lim E}\l ,}\]2“ L) 10g efo )\2; a)\zysdsnl,* + efo A2; aA2deS’I7[’*Yl
0 t t
=2

a=0



for all (w,t) € Q x [0,T]. Then, by the dominated convergence theorem, we have

o P2 + 0A) — BN

a—0 «

T
= EAT’*7A§ |:/ lln%) 1{ — log (efo 1 :TOCAk 8 1* + Z fO ZQ*STOCAIQCS S l*Yl>
0 a—U
K
+log (ml* + Z%’*Y’) }dt}
=2

E}\k*}\k-/‘Tddlog< fOAl*Ta)‘k ds 1* Z fo l*STa)\k ds l*Y>
LJo ac

t\1,xT 3 1,% I,xT 3 1%
E}‘k * )\k /T (fo AQ,S A12€75d8)7]t + ZZZQ fo AQ,S A273d8)nt Yl dt:|
1% K 1%
LJ0 ny T+ ZZ:Q un Y!

LT T gt . 1% K pbryl
_pAbt / { max (ASZTAS,5> ds x 77t1 . + Zz;z 777; - } dt]
o 0 1=1,..K M+ DY

r T t
— RN / max (A;;TA’;S) dsdt]. (68)
0 0

dt]
a=0

I=1,.. K

F(A+aXb)—F(A\5)
[0

Step 3: Calculation of lim,_0
Therefore, by (66), (67), (68), and Assumption 2, we obtain

PO +0Ab) - F(M)

a—0 «

> 0.

Hence, (A.4) in the main text is increasing with respect to A%. O

13



4. E[fOT log(Ef’*)Zdt] < oo in the proof of Theorem 3

E[ fOT log(éf ™2dt] < oo is confirmed as follows.

T 2
(log 5?:*)2 — <log Uf’* +logE [/ Hoytgfdt} — log Ho7t>
0

T 2
<3 ((bg ny")? + (log Hoy)® + <1OgE [/ Ho,tsfdtD )
0
1 [t t 2 t 1 [t t
3((—/ )\’;’*\st—i—/ )\’;’*TdBS> + (—/ rsds—/ |05\2ds+/ odes)
2 0 0 2 0 0
2
<logE/ HOtEtdt]> >
t 2
< <<—/ )\"“*st> +</ A’;*Tst)

+ </0 rsds> <—/ A ds> + (/0t0§d35>2+ (logE [/OTHO,tafdtD2>.

(69)

2

IN

Thus,

T T 1 rt 2 t
/ E[(logcf’*)2]dt§9/ EK(—/ )\’;’*\st> +</ A’;’*Tst)
0 0 2 Jo 0
t 2 1 st 2 t 2 T 2
+</ rsds> +<—/ \esy2ds> +</ edes> +<1ogEU Ho,tefdtD )]dt.
0 2 /o 0 0

(70)

2

Noting that

t 2 T ot
( / A’;*Td&) dt = / / IAF*2dsdt,
0
T
/E (/ erB> dt = // [1651°] dsdt, (71)
0

[ (/Tsds>]dt<T// ] asit
—T/OT/;E <us—!ps + 7 fj( Vi )A’“

2
) dsdt
k Zl lyl
Tt 2 < k., i
§2T/0 /0 (EV <|p8 +pJ ;(21 i l*>>\s D dsdt, (72)

since <21¥k7§z;l> (0,1), A¥* and p are bounded, and fo fo 2]dsdt < oo, we have fo log(c}*)2)dt <
=1 s

T
| ®
0

Q.
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5. Exponential utility case

In the exponential utility case, we consider a market where each agent has a exponential-utility

ok
function U* given by U*(z) = —¢ 72 0 < 4F < o0, and the aggregate endowment process e
satisfies an SDE de; = vy dt + ptT dBy, where v is a R-valued {F;}-progressively measurable process

with fOT |v]|dt < oo a.s. and E[f(;[ exp(—er 1 Jo vsds)dt] < oo, and py = (pr,-..,pay)| is a

=K
nonrandom process satisfying Assumptionzlnf_1 ’

The state-price density process in equilibrium Hy is searched by first solving the individual
optimization problems (5) as the optimal consumption problems presupposing a form of the con-
servative and aggressive views of the agents (21) in Section 3 in the main text and then by imposing
the market clearing conditions, particularly the clearing on the commodity market (17).

In the following, we first provide Hy obtained in the above way and confirm that the state-price
density process is in fact in equilibrium. That is, given the state-price density process Hy, we first
solve the individual optimization problems (5) in Proposition 9, and then show that the market
is in equilibrium in Proposition 13, namely the solutions of the individual optimization problems
satisfy the market clearing conditions (17)-(19).

Hereafter, we assume that v is driven by the following Ornstein-Uhlenbeck processes. For
aj,bj € R,0; >0, 1y = Z;l:l Xjt, where X, = X0+ fg(aj —b;X;s)ds + f(f 0jdBj .

We further assume the following. Let A = 25:1 vi’"

Assumption 5. Forj=1,...,d,

w—A Abx Ny A% >0, Yu e [0,T).
p],u max[l,ke{f}}%}}é};lik( 7,U j,u) lE{I{l,a}fK} 7,U u [ ]

Then, the state-price density process Hy in equilibrium in the exponential utility case is given

by

K 1
Ho = exp <—€t AEO) IT (nf) "™ (73)

k=1

where nf* = 17>‘k'*, and A** is given by (21), i.e. AF* = ()\lf’*, e )\Z’*)T, where

Xk je gt

k,* - .
Ay = +)\§?’t7j€‘72k , 05t < T.
07j € \73k7

Namely, the following propositions hold.

15



Proposition 9. Under Assumptions 1 and 5, given Hy in (73), )\f’*,j € JF, T of AF* in (21)

_ Lk H _k
and (&%, wh*) with ¢, = —%k log < 0:) +e7",

k
"t
T T log('?f>
ko 1 k g’ ko :
where ¢, = EUOTM{E [fo Ho e} dt] +E | [y Hop—5—~dt }, and ©"* in (15) attain the
individual optimization problem (5), i.e.,
sup sup inf

(ck k) Ak |NE|<XE, jegg NISA], jeTf

E [/OT nt)‘kUk(cf)dt] (: B [/OT Uk(cf)dtD. (74)

Hereafter, we assume JF = {1,...,d1}, Jf = {d1 +1,...,d1 +da}, j3k ={dy+da+1,...,d},

Proof.

without loss of generality.
Thus, we consider the following individual optimization problem
T k
sup sup inf E [ / ny U* (c,’f)dt]
(ck k) e AR |NF|<NE, jegh INFISAT, jeTT 0

= sup sup inf JE(F AE B
(ck,mh)eAR |NF|<XE, jegh INFISAT, GETT

= sup sup inf IR AT AB), (75)
A et (chmh et DEISAE jet
where we set J*(cF, A¥ A5 =B [ OT ng‘kUk(cf)dt .
In the following, we first consider sup(ck e 4 inf|/\§|§\§7 ek JF(F, B ) for given AL satis-
fying |)\f| < 5\?, j € JFin Lemma 10, then show that A5* attains SUPAR [\b|<3E, je gk JE(ck N \EY,

where cF*, )\’f* attains the first part, i.e., SUP(ck k) AR inf|)\k‘<;\k jegk Jk(ck7 )\If, )\]2“), in Lemma 11.
b ] -_— j?

First, the following lemma holds.

Lemma 10. For given A5 satisfying \)\ﬂ < 5\?, j=di+1,...,dy + do, )\]f’* = (=M. —j\sl)T
k,2x yk _ _
and cf’* = —,Yik log <H07t/77t>\1 ’)‘2> + clg’* with )\]f’* = (=M. —)\21)—'— attain the sup-inf problem
below:
sup inf JE(EF A AE) = TRk, )\]f’*, 5. (76)

(ck,mk)e Ak INF|SNE, jeTf
Proof.

In the exponential-utility case, since

16



and cf ™ satisfying the first order condition in Lemma 1 in the main text
is given by

taking log, we have
" 1 kot 3k .
" = _? (lOgHo,t —logn; ! +log UM (cf )>
AT S k%
*710g Ho/m; +cp s (77)

k . .
where co’* is obtained as

k*Ak

e UO HDtdt{ [/ HOtgtdt]—i—E[/ H0t10g<H07;/:t17 )dt]}>

due to the budget constraint

T T
E [/ ngtcf’*dt] =E |:/ Ho¢€fdtj| .
0 0

*}\k*}\k
) =

By Lemmal in the main text, we have only to show sgn(Z] =1 5=1,...,d for

k;v
A" = (=0 —/\fll) .
First, we note that the Ornstein-Uhlenbeck process X is solved as
S S
Xj75 = jvoefbjs —|—aj/ ebj(ST)dT—i-O'j/ efbj(sz)dBjﬂ—
0 0

S
= Pjs+ Uj/o e_bj(S_T)dBj,T,

where we set the deterministic term ¢; 5 as follows:

s
¢j,s = Xj’oe_bjs + a; / e_bj(S_T)dT.
0

Then, ¢ is expressed as

ee=co+ Y / Bjsds + / oj [ e ¥TdB; ds + > / p;j.sdBj s
Pl o 0 o
d t d t t
=€+ Z/ gb]’st + Z/ (,0],3 + 0 / e bj (T—S)d7—> dB] s

17



In the following, we denote A**(\5) = (z\’f’*T, AET0,...,0)T.

. Ck’* Ak’* }\k
Step1: Calculation of Zj T2
We note
AT [T A [
Zju = Ey D5, U (cs™)| ds
u
T ke -
)\’7)\k kR )\vy)\kk
:/ E,' 77 [e Ve DI TRe" | ds.
u
By

taking log of Hy, we have

Due to

*
77A

)\If ]5 k,* .
dBj, = dB)L ™ 4 \Ma (j=1,...,dy),

AP Ak k )
dBju =dBj; "+ Ajdt (j=di+1,...,di + do),

AB Nk
dBjJZdBj’t (]:d1+d2+1,...,d),

. . . ARo* 2k .. . . . Ao* \E
with Brownian motions under P %2, by (93), Malliavin derivative with respect to Bj* "2,
jzl,...,dl is

K
Ao 2k 1 b 1 1% T ks
_D-1 2 ’*:7 . J(T u)d — ) _ ’
ju  Cs ~FA (pJVU"'UJ/u € T ZZ;’YIWZA dru Tk P
1 W
— 1, k,*
:kA{ <Pj,u+<7]/ e b (7 U)dT>_Zl)\]u+AA]u}
" u =1
K
1 {( —b; (r—u) I 1 ko
=k Pjut 0 / ! dr | — Z TN Z | A
YrA u = =
1 s K
b (17— l, k,x
= "ykA{ (p]7U + 0 / € i U)dT> - Z ?()\],Z - )‘],u)}
u 1=1;l£k
Hence, we have
T _ Ak ok s K
NEVPY; e T— L ko
Zqu b _/ [ kA {(Pj,u+0j/ ebil u)dT> - Z 71(/\J7U_)\Jju) d (78)
u Y u I=1;l#k

18



Step2: Determination of sgn( )

Since

s b 1 — ¢~ bils—u)
of / e Ty = O > 0 (equality holds at s = u),
u J

kykx yk
by Assumptions 1 and 5, the right hand side of (78) is positive, that is Z AT 0, Yu € [0,T7,

k2« ykox yk —
and thus sgn(Z;T A ’)‘2) = 1. Hence, since )\f’* = —)\f, we have
K AT Tk _ ke
- sgn( )= A7 =
g
Next, we solve the following problem on A% for (c%* (%), )\lf*()\é“))
T k,2*x vk
ATTAS
o B| [ i Mok op. (79)
A§,|/\§\S)\f,j:d1+1,~-,d1+d2 0

Lemma 11. )\g t = ()‘21+1’ . .,X§1+d2)T is optimal in (79).

k2 vk
Proof. Since the optimal consumption for fixed A5 is (93), 77;\ Ak (cf T(AE)) is

k, Ho,
exp | log | U¥'(c5™(A8)) <25
k,* yEk >\1 7>\2
>‘17 7)‘2 o un

Ak * )\k: ]{,‘ "
MU ) =i a
APk Low ) ke Hozt
=t X = U (g (M)
v AT
Us
1 ' kyx
= *gU’“( o (X5))Ho,
Substituting (93) to
T T
E |:/ HO’tC?’*dt] =E [/ H07t€fdt:| ,
0 0
we have
k * )\k
T log | Ho t/nt T
/ H()’t — = + CO kyx dt| = E |:/ H()’t&"fdt] .
0 Y 0

Hence, we obtain

log (Hot/”t M Ak) dt] } (80)

(A = E[f HOtdt{ [/ HOtgtdt}jLE[/ Hoy %
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Since CO *(A\K) is (80), the objective function of A% is

APk

UM ()
,)\

Ho, E [fOT Ho,ts{fdt} E [f Hoy {1og (Hw/m ' )}dt}
=——% exp | —v - X exp | — -

g E |y Houdt] E |fy Houdt]
k,2x yk
E [fOT Ho, lognf‘l ’Ath]

E [ I H07tdt}

= —I'texp

where we defined I'; independent of A5 as

Ho, B | J Hogelat] E | o Ho,log Hodt]
I'i=——exp | —v T X exp T > 0.
gl E [ I5 Ho,tdt} E [ I Ho,tdt}
Moreover, using
A 2k
logn
Lok | AP Euy " 1 (" ko
7* 7* K
:Z (/ Aj,SdBj,S—2/ (A5) ds) + > </ )\j’sdBj7s—2/ )\jysds>
j=1 /0 0 j=di+1 O 0
¢ kT 1 ¢ k%2 2
= Als dBis — 3 |>\1:S| ds + dBQ s — ])\2 S|“ds,
0 0
we rewrite
A 2k
it UM (M) = —TiFL(AT) Fa(AD),
where

st}dtD,
Fy(A8) = exp (W [/0 HOt{/ )\QTngs—;/Ot|)\l§,5|2ds}dt]>.
o Ho,

The optimization problem is equivalent to

k,x 1 T ¢ kT 1 [ k,*
Fi(A")=exp| —————=E / Hy / Al dBq s — / IATS
E [fOT HO,tdt} 0 o 2Jo &

and

T
sup E [/ —FtF1()\]f’*)F2()\]§)dt] . (81)
ABNE|<NE j=dy 41,....d1+d2 0

Since 'y Fy A% is positive and independent of A5, we only have to investigate Fy(AE). If Fyp(A5
1 2 2 2

is minimized, the expected utility is maximized with respect to )\’2“. Thus, we have to confirm that
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Fy(\5) is decreasing as a functional of the deterministic process A\§ = ()\sl TR A§1 +d2)T, and
minimized at A’;’*. Note that Hy is
1 d d t
Hyt = exp < — A{ Z/ ®j,sds + Z/ <,0j75 + aj/ ebj(‘l's)d7-> dBm})
j=1"0 j=170 s
K 1 d t 1 t
L% o 1,%\2
x [ exp <M{Z </0 \7%dB; s 2/0 (A3%) ds>}>.
=1 j=1
Set & = (£qy415- -+ Edy4dy) |, Where
_ 1 ! —b]'(’r—s)d < 1 l,*
é.j,s — _Z Pj,s + g . € T + ; "yliA)\j’S’ (82)
j=di+1,...,d1 + do. Then, we rewrite Hy as follows:
t 1 t 1 t
Hoy = exp ( | €5 | |£s|2ds> exp < / |es|2ds)
xexp(—{Z/ ¢zsd3+ Z / (st—i-dz/ i(T_s)dT>dBi,s}>
=1i¢ Ty
. 1 d 1 [t 1t
L% T [,%\2 i - [x\2
x [ exp <71A{ > (/0 AidBis — 5 /0 (A2 ds>} Z 5 /O (A)%) ds>
=1 i=1;i¢ Ty J=1
t 1 t
—ew ([ €Tapa. - [ leas) e 3y,
0 2 Jo
where we set
H(t,B;)
= exp < / ‘Es‘ d8> exXp < - { Z/ ¢7, st + Z / (pz s + Uz/ _bi(T_S)dT> de,s})
=10 Ty
X 1 d t 1
,x T l* 2 l* 2
XHexp(M{ > </0 A 5dBi 2/ (A7 d)} Z / (A; d>>0.
=1 i=1ig T

We define a probability measure P with a positive martingale as

t 1 t
78 = exp < / ¢ldBy, — = / \5512d5> :
0 2 0

Then, we obtain Brownian motions under P as follows:

Bii= Bis (i ¢ J¥),

¢
B;+ = B —/ Eisds (i € TF).
0
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Set BQ = (Bd1+1, ceey Bd1+d2)T. Then,

Fy(A5)

— exp (W{EP[/()TH(uB;)(/OtA’gl(des+gsds)—/OtWgﬁ@)dt”).

Since B; and Bs are independent and
. ¢ ~
EP { / A’gldes] 0,
0

we have

Fy(A5)
= exp (W{Ef’ [/OT H(t, B;)(/Ot A5 Tg.ds — ;/Ot |>\’2isy2ds> dt} })

Since H(t, B;) > 0, we only have to consider
K Y kT Lk 2
f21(A3) = /0 <>‘2,35s - §|>\2,s| ) ds.

For any nonrandom 5\’5 = (5\d1+1, . .,5\d1+d2)—r with 0 < 5\9“ < 5\;‘?, j=di+1,...,dy+ dy, we
calculate

lim for (A5 + aXb) — f2,t()‘§).

a—0 (67

Since

For NS+ aAb) = for(AD)
! 3 >\k +O(5\k 2 t )\k 2

:/ ((Ag’s rode) 6 ‘222‘ ds - / AiTe, | ) ds
0 0
t . R Ak

- / (M’;;gs —aASIAE, Pl
0

\EJ2
a2> ds,
2

Ak Xk: o Ak t, R
lim f24(A3 + aX5) — fa1(A3) :/ (ASIES _)‘124;)\1575) ds.
0

a—0 (6

If & < 0 for all 0 < s < ¢, then fg,t()\é”) is decreasing in A5 since the integrand is decreasing
in & < )\’2“’3 < 5"5,3- Hence, fo;(A5) is minimized at A5 = A&, and thus the expected utility is

maximized. In fact, by Assumption 5, & < 0 holds for all 0 < s < t. O
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The admissibility of (¢%*,7%*) follows in the same manner as in the proof of Theorem 3 in
the main text. Particularly, E[ fOT Uk(éf’*)th] < oo follows from the nonrandomness of p and AL*
and E[fOT exp(— % fot vsds)dt] < oo (see Remark 6 below for details). Thus, by Lemmas 10 and 11,
Proposition 9 holds. O

Remark 6. For the admissibility of (¢"*, mh*), E[f(;[ Uk(éf’*)th] < 00 is confirmed as follows.
First, we note that since

* 1 *
U (e} )=~ exp(= —*e),
Ef’ = —klog< e > —l-_lg ) (83)
v U
we have
K [ H
k% 0,t
e >:—7k< k) (84)
Us
where K = exp(—’ykég’*). Then,
K2 (Hy,\’
Uk (e*)? = o) 85
(t ) ("Yk)Q <T]f7* ( )
Here,
Ho.\ 2 N
0,t &t — &0 1% k,*x
( k> —exp (2552 [Tk s s
U =1
= exp M+i<1/t|Al’*|2dS+2/tAl*TdB> /t’Ak,* 2d$ 2/tAk’*TdB
A — ’}/lA 0 S ")’ZA 0 S 0 S B S S 9
(86)
where
t t
Et=€0+/ V3d8+/ p;rdBS. (87)
0 0
Hence,
T K2 T 4t T
E [/ Uk(éf’*)th] < —51/E {/ exp (—/ Vsd8> dt] E {/ exp(At)dt}, (88)
0 (v%) 0 A Jo 0
where
1, ! 1xT ! k|2 ! kT
Ay = A dB +Z( IA/|}\ |ds+ )\s’ dBS)JrZ/O |}\S’|ds4/0 A" dBs.
(89)

Since p and N;* are nonrandom and E[f exp(—x fO vsds)dt] < oo, we obtain E| fo Uk (& 224t <
0.
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Finally, we show that the clearing conditions (17)-(19) are satisfied.

Proposition 12. Under Assumptions 1 and 5, given Hy in (73), the clearing conditions (17)-(19)
hold.

Proof.

First, we confirm the clearing condition of the consumption goods market. Since

1 H,

_k,x 0,t _k,x

G :—klog< k7*>+co ,
M

v
10g<H;3;f>
ko 1 T k T ng’
where CO = W{E |:f0 H07t€t dt:| +E|:f0 H{]}t’y,:dt:| },

k=1 k=1 T k=1
Note that
K K
1 Hy; 1
> =1 g( : ) = - —(log Hy — log ;™)
k k% k t
=1/ Mt =1/
S|
k,*
= —Alog Hy; + Z - logmy”
k=1 v
=&t —€o,
since
S}
Alog Hyt = —(et — o) + Z 7Uf’*-
=1 '
Moreover,

Ho,t

r st )
E [fo H(),tatdt] + E[fo Hy Zk:1 szdt]

K
_k,x _
; o E [ I Ho,tdt}
- E |:f0T H(Lté‘tdt] + E |:f0T H(],t(—é‘t + 60)dti|

E [ I Ho,tdt}

= &0-

Hence, we have

K
G =ep, te 0,7,
k=1
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The clearing conditions for the security market and the money market also follow in the same way

as in the proof of Theorem 4 in the main text. O

O
Furthermore, by applying Ito’s formula to (73) and comparing the result with (2), we have the
following expressions for the interest rate and the market price of risk with heterogeneous views

on the fundamental risks in the exponential utility case.

Proposition 13. The interest rate v and the market price of risk —0 in equilibrium are given by

k,x |2
_ v lpe|? K A Ty Kok _ 1 L ok
Tt = Kt — 9AZ2 + Zk 1 27’“A2 <Zm7$k ,;m + 2pt )‘t s and *Ot = Kpt Zk 1 )\

Proof.
1
By Ho; = exp (—5%0) I, ( k. *) "2 log Hy is expressed as

€t — €0 1 k,
log Hy = — X +Z’ykA log n,”™.

Thus, we have

legHO,t:_ dEt‘i‘Z kAdIOgnt
1 Ko 1
kxT k.,
—x (mdt + p; dB;) + ; M(At dB; — o |X, 2dt)
K K T
1 1 N 1 Lk

M N D VT L I VR — A\ 4B,

[ Ayt 2;’}/RA| t | + Apt+;’7kA t t

On the other hand,
dHoy = Ho[—redt + 0, dBy], (90)

and thus
1
leg H()’t = |:—Tt - 2|0t|2:| dt + OtTdBt

By these representations of dlog Hy ¢, the market price of risks —6 and the interest rate r are given

by

1 Ko
J— k’*
—0t = Pt — ké_l Tk )\t 5
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and

v 1 K
= R e
k=
K *2 K
V¢ 11 1 k%2
A Z —**Pt—Z,YTAAt |
k=1 k=1
-%- 2’*’”’2 5+ 3 S
A 2A2 271% =
_u el +Z Z\)\k*\ + 27 AL
TA 2A2 kA? 2 "
m

g

Remark 7. Since p; and A are nonrandom, Z, = exp (fo 0, dB, — 1 [0, \2d8> t€[0,7] is
in fact a martingale in the exponential case.

6. Possible extension to an exponential utility case with stochastic boundaries

In this section, we show a possible extension of the model to the case where the boundaries
of the views 5\5, j € J1,J2 are stochastic, namely, we assume j\f are positive {F;}-progressively
measurable processes.

In the exponential utility case, we consider a market where each agent has a exponential-utility
k
e r®

function U* given by U*(z) = ”

, 0 < ¥ < 00, and the aggregate endowment process ¢ is a

normal type stochastic process expressed as

t t
5t:50+/ VTdTJr/ p; dB, (91)
0 0

where v, p are {F; }-progressively measurable processes with E[fOT |vr|dT] < o0, E[fOT |p-|2dT] < oo,

and each element of p being positive, i.e. p; >0 (j =1,---,d).
1
vka

Then, for a given state-price density process Hy in (73), namely, Ho; = exp (—%) Hszl (nf *>

we consider the following individual optimization problem for the k-th agent

sup sup inf
(ck,mk)eAR NE|<XE, jegh INJISA], GeTT

E[/OTnt)‘kUk(cf)dt] (: B [/0 Uk(cf)dtD

T
= o Sup sup inf B [ / U k(c,’?)dt} : (92)
INE|<XE, G Td (ck mk)e Ak INF|<NE, jegf 0
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Then, as in the discussion in Section 5, under certain conditions, /\jt = , j € Jl , ]t =

t

log< t>
,] cJy e _k* = —W—ilog <Zv )+_§* with 5’5’* = I{E[f(;f Ho,tefdt] +E fOT Ho,tyidt },

E[[) Ho,dt]

attain SUP|\K| <Ak, je 7k SUP(ck mk)e.Ab infp\?‘g;\? jegk JE(cE,AF, AE) and satisfy the clearing condi-
tions (17)-(19) as in Proposition 12 of Section 5.

Hereafter, we assume JF = {1,...,d1}, ¥ = {d1 +1,...,d1 + do}, TF = {d1 +d2 + 1,...,d},
without loss of generality.

In the following, we particularly investigate the conditions under which the individual op-
timization problem is solved as mentioned. We first consider conditions where for given A%,
sgn(Z;) = +1,j € j =1,...,d; for Z; in (14) of Lemma 1 and then examine conditions where

maximization with respect to /\15 is attained at Ag’*.

6.1. SUP(ck ke Ak inf|)\§|§5\§, ek TRk, NE NEY for given A&
First, for given A5, [A¥| < \F 5 e JF id inf| x|y VAP IPY
st, for given AJ), | j| < AJ, J € Jy’, we consider sup(ck rkyer in IE[<3E, jegh (", A7, A5).

As in Lemma 10 of Section 5,
. A B k%
¢ = ’Y 10g Ho ¢ /n; +c s (93)

where clg’* and log Ho; are given respectively as

Ic * Ak
log | Ho t/’?t
Cg:* — { [/ H() tEE dt:| + E|:/ H(]t % dt:| },
[ fo HOtdt Y

1 Koo,
log Hy+ = A —(et —eo) + Z ? logn,™ |,
=1

where nl* = p*" with Ab* given by (21), and A= (=2F —5\51) attain

SUP(ck ke Ak infp\;ﬂg?\f, jegk Jk(ck,)\lf,)\g) if sgn(ZJ]fu) =41, 7 =1,...,d; where we denote Zj;
of agent k in (14) as Z’l-C .

Also, we will use the result shown in Appendix A. Namely, Z , 1s calculated as follows:

T ko yk 1 * 3 . k,* vk
2t = [ B [(k )(A?%{%Da(c’;v*)—Daaogn?l ’*2)})} ds,  (94)
9 u /'y 9

j=1,...,d;.
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k k,x . .
To know sgn(Z]’?u), as Vike*'y ¢ > (, we only have to examine the sign of

- . k,2x vk
A+ {kai(c’i’*) — Dj(log " ’AQ)} . (95)

Hereafter, we consider a special case of K = 2, d = 1. Also, we assume that agent 1 is

conservative against the risk B = B, and agent 2 is aggressive against the risk B = By. Thus, we

Al’*,)\l )\1,*70 1
note n;t 2 =t U =m0t

Hence, for agent 1, noting that in Lemma 10,

* 1 )\1’*,0 *
ot = ~rlog (Ho,t/ml >+cé’ : (96)

el — (1 > v2e +10g£ + {CL* - (72 )6 } (97)
T\ 2 g O )

Next, suppose that the aggregate endowment process is given as

we have

e =¢&o+ /t v dr + /t prdB;, (98)
t ’ ’ t
vy =1 —i—/o (a — burg)ds —I—/O odBs. (99)
Then, we have
V! Dyey™ = ( 17172 2) Dyés + (1712) (Dulogng™ — Dylogni™) , (100)
v+ v+

and thus,

1 1 1 7172 ’Yz 1 ’Yl 2
Dycl* — Dylognl* = Dues — [ =) Dylognt — [ =) D, log n*.
T u OB s <71+72> e (71‘1‘72) u OB <71+72> u OB

We also calculate
1.2
Y

——— | Dy

(71 + 72> o

s 1.2 s 1.2 1.2
i v T
= ——— | D VTdT+/ () DyprdB; + () Pu- (102)
/u <71+72> ' w \YV 2 ya?)

Hence, plugging those into

A 4 {7 Du(cy®) — Du(logni ™)}, (103)
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we obtain the following:
AL* 44 Dyel* — D, lognt*
S R R
+/us{(717:_7272> Dypr — <711272) DA\ — (711172> Du)\z’*}dBT
! <771:272> put (712:72) i <V1i72> X (104)

Then, to have —Al to be optimal for the conservative agent 1 in the random boundary case,

that is, to get sgn(Z') = 1 as in Lemma 10 of Section 5, we need the following conditions:
Dyvr + D |/\1 12+ D ])\2 *12 > 0, ((integrand of integration w.r.t dr in (104) ) > 0),
(105)
Dypr = (711> DAL+ <V12) D A" ((integrand of integration w.r.t dB, in (104)) = 0), (106)
Pu > (f;) (A2* — AL*), (the last term in (104) > 0), (107)

k,
6.2. supxx pyej<xk, jegr (AT AD)
Next, we consider SUD Xk |\k|<XE, ek Jk(ck’*,)\]f’*,)\g) for ¢** and )\’f’* that attain the first
SAFI<AE,
SUD (o k) e A infp\?‘S;?’ jegk JE(F AE AE) part for given A,
As in Lemma 11 of Section 5, by using (82) with d =1, d; =0, d2 = 1 and K = 2, we need the

following condition for A3 to be optimal for the aggressive agent 2 in the random boundary case:
- Ly Lo
Ps + DSVt = Ps + O'/ e (T_s)dT > TAS’* + 72)\8’*, (108)
s 8 8
where we note Dy = o f; e =s)dr > 0. Hence, the next condition is sufficient:
1 * 1 *
ps > ﬁAé’ + ?Ai’ (109)

Moreover, noting )\11[* < 0and )\12;* > 0, the condition p, > (7%) (Ai* — )\i*) is more stringent
than p, > A" + HAT". Thus, if (107) holds, (109) follows.

6.3. Sufficient conditions and implications

Noting Dsvy = o fst e (7=%)dr > 0, the next condition is sufficient for (105):

1
\Al*]2+DuW\A3’*\2 > 0. (110)
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Also, the following condition is sufficient for (106):

1
pr — Cpr = <1) AL 4 ( > A2*: ¢, > 0, nonrandom. (111)
Y ok
Then, both conditions, (107) and (111) imply that
1,2 1,2
T 1, : 1% i
——— | ¢, > —A"" >0, equivalently, \"" > — <> Cp- (112)
<71+72) g ya2)

Namely, |A\1*|, the magnitude of agent 1’s random conservative view /sentiment should be bounded
by the nonrandom process (%) Cp-

In sum, the equations (110), (111) and (112) are sufficient conditions for A'* = —A! and
A2* = )2,

Furthermore, (111) with (112) indicates that

71 1 2
(= e, > (=) a2 >o. 113
P ('v“rv?)% (72> (113)

We also note that for a given aggregate endowment’s random volatility p, we can interpret that
those conditions (112) and (113) specify ranges where the agents’ views/sentiments vary. That is,
given p, ¢, > 0, the equations (112) and (113) provide lower and upper limits for the range of
agent 1’s conservative and agent 2’s aggressive views/sentiments, respectively.

Moreover, we remark that as in Proposition 13 of Section 5, we can obtain the equilibrium

interest rate r and market price of risk —6. Namely, let us recall that

v+ = Z |)\k*’2

= — |:7“t + 2’0t2:| dt + edet

T
dBy

2

Z A

k=1

1
legHOt = -

A dt——

Hence, in the current setting with (111) we have the following:
1 2

—0=c,/A = (7 T )cp, and
1< 1 1
k%2 2
Vt‘f‘i E $|)\t | ] —5\9t|
Z 2 1 7172 ? 2
(’Y +’Y> Tt ‘)\t’ _< ! 2) o (114)

vt
As an example, given each agent’s ARA parameter v* > 0 (k = 1,2) and a nonrandom process

cp > 0, let My := (#272) ¢, — ¢ > 0 for an arbitrary small constant ¢ > 0. We also define each

Y* >0, k= 1,2 as a mean-reverting square-root process:

Ay = (af — b8 YM)dt + o\ /VFdBy; Y >0, ab, b5 >0, af > (0})?/2, (115)
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where D,{\/Y*} > 0 and D,{Y*} > 0 (7 > u) thanks to Proposition 4.1 and Corollary 4.2 in
Alos and Ewald (2008).
Moreover, let f(y) be a smoothly modified function of min{Mi,/y} (y > 0) to define f'(y) >0

for all y > 0 including y = (M7)2. Then, we set the aggregate endowment volatility p as
p=c,— f(Y)+VY2>0. (116)

We finally put A! = ~f(Y'!) and A2 = 49V Y2. Using those A! and A\? with (99), the equation
(114) explicitly gives us the equilibrium interest rate r.
(Reference) Alos, E., and Ewald, C. O. (2008). Malliavin differentiability of the Heston

volatility and applications to option pricing. Advances in Applied Probability, 40(1), 144-162.

Appendix A. Derivation of Z7, in (94)

Firstly, for Z¥ and Z% * in the martingale representations,

T o o [ [T T AR AL
/ UR(F*)ds = BN A U U’“(c’;*)ds] +/ ZFTaBsr 72, (A1)
0 0 0
and
T ko yk T kot \k T
/ 7o ’AQU"”(c’Q*)ds—E[ / ot ’)""U’“(c’;’*)ds] + / ZP+T4B,, (A.2)
0 0 0
the relation
zh* EAETXE
Zy=—mg Va o TAM (A, (A.3)
’LLI N2
holds, which is shown as follows. We note the notation A**(A%) = ()\]f’*T, AET0,...,0)T.

First, let us recall the definition:
EAVTAS ks [T
VAT L g V U <c;*>ds!ft] (A4)
t
Then,
kvkkﬁ*v)‘k )\k’* Ak e k kx
|7 D B U*(ci™)ds|F
LJ¢
b o [T t
= EM A2 / Uk(cl;’*)ds‘ft] —/ U (c*)ds
LJo 0

RV L kT AT AR bk e
= EM A2 Ub(c2*)ds| + | Z]'dBs — [ U%(cg")ds. (A.5)
Lo 0 0
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In the second equality, we used the martingale representation theorem:

Tk ok [T e g T kT AR AL
/ UF () ds — BM S U U (csv*)ds] +/ ZFTapM N
0 0 0

Thus,

kAR A

k,*
AV = ZBT g (k) gy
= ZFT(dB; — NP (AB),dt) — UF(cF)dt

= ZFTdB, — (U (") 4+ ZFT AR (AE), ) dt.

On the other hand, we note

kv vk " T 17
V;k’)‘l A EATTAS [/ Uk(cf’*)ds‘}'t] =E / Tis
t t
This is derived as follows:

k* Yk Sk T
e T
t
E

1 Ak (T
BEBVERY [nTl 2/ Uk(ch*)ds‘}_t]
,r]tl 172 t
1 T Nk
B | [ MUl
nAl’ A3 t
t

The third equality holds as follows.

kyx \Ek T B k% vk
E[n%l & / U’“(C?’*)dSIFt] —E |np
t

ko yk
AL

:E ’]’IT]" ’

Here,
. v k,* v k,*
d<n31 * / Uk(cf’*)dS) = (/ Uk(c’;v*>d8> ot Uk dv.
0 0

Integrating from 0 to ¢,

NSV L SOk e AAE [N
i 2/0 Uk )dSZ/O (/0 UR(c*)ds | dny? 2-1—/0 mot RUR()dv

I

k

S~
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|
k,* T T k% t
=E 77;:1 )\’2“/0 Uk(clg’*)ds‘ft —E[n?l ’)‘g}}}]/o Uk(cf:’*)ds
|

1 t
Uk(cf’*)ds‘}"t —n; / Uk(cf’*)ds.
| 0

(A7)

(A.8)

(A.9)

T T k,x yk t
Uk(clg’*)ds‘]:t —-E [U;I A / Uk(cg’*)dslft]
J 0

(A.10)

(A.11)

k,* vk t k%
Uk(clsﬁ*)ds) 7]’5‘1 7A2)\k7*()\§>UTdBU +/ 77’5‘1 A5 Uk(ij’*)dv,
0

(A.12)



NN _

k,2x vk
where we used dny* = ni‘ 1Az Ak*()\’g)j dB,. Therefore, when we note that the first term is a

stochastic integral with Brownian motion, we obtain

kx vk T B k,* yEk T - t
E |:77;1 7>‘2 / Uk(clsgv*)ds“rt] — E 7];1 7A2 / Uk(clg’*)ds‘ﬂ] . 77;\1 7>\2 / Uk.(cl';.’*)ds
t L 0 0

B T k,2x vk
=E / 17?1 ’AZUk(c’;’*)ds’]:t}
t

Now, we use the martingale representation theorem:

T k,2*x yk T k,2*x yk T
/ 7! ’AQU"”(c’Q*)ds:E[ / ! ’A"’Uk(c’;’*)ds] + / ZP*TdB,.
0 0 0

T k,x y\k T kx vk t
E[ / ol ’A"’U’“(c’;’*)ds\]:t] —E [ / ol ’AQU’“(c’;’*)ds] + / ZPkT 4B,
0 0 0

Here, since

E A Ak 1 T ykor b .
Vit =B U st UR(el )ds}}'t}

1 72 t

t
1 T )\k',* Ak . t )\k,*)\k .

= 7Akv* 3F {E |:/ 7781 ’ QUk(C];’ )ds‘ft —/ 7781 2Uk(C§’ )ds ,
n R 0 0
we have

T k,x vk k,2*x Yk k,2* yk t k,2*x yE
A7 ATTANE R A7
E|:/ 7751 ) 2Uk(C§’*)d$‘ft:| :ntl ) 2‘/; A  RRTL Y +/ 7751 ) 2Uk(C§7*)dS.
0 0
We calculate

t
A5 Nk kB Ak A* Ak
d(ntl 2 f 1 2 4 7]51 QUk(CI;’*)dS
0

EAPEAE AREAE AR NE R AP AR

:‘/;5 172d77t1’2+,r]t1’2d‘/'tk

k,2x vk k,2x vk k,2* yk
=y AR NR (AR TdBy 4t P2 (ZETdB, — (UR(E) + ZET N (M) di)

kyx vk k,2x yk
M ZETAR (e MR

B NE e AE
:ntl ) 2(Vta 1 > 2>\k, (Ag)t—FZf)TdBt.

Since this volatility coefficient must equal Z? ’k, we obtain
z"

k,*
PNy

kyx yk
k BT AT v K k
Z; = -V, TR *(AS)¢-
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r T k% \k t k,* yE
R e,
0 0

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

,)‘ k,x yk k,2x yk Akv*’Ak k
UoA2 d(’n}‘l ,AQ’Vk,Al ’A2>t +n; 1 QUk(Ct’*)dt

(A.18)

(A.19)



k,2*x vk
Then, we have the following expressions for Zi f and _Vuk,/\l A5 )\k,*( )\lg)u:

r [ i kot \E _1 k,x
7k A ,A _~k &
Ziu _/u E, Di (7751 2@6 e >:| ds

r k% k,*
A’,Akikk,* ik _17]@’6,* . )\,7)\k
S e T ) + e Dyt ) | ds
u

T - k,* \k ko ) 1 ' ko \k
AT kR AR A
= / Eu T]Sl 26 Y Cs {Di(cga*) _ TD%‘(]-Ognsl 2)}:| dS,
u L Y
T AP
ko _]. k,*
VRN (), — B, | | @my<k€“%>w A (AR),
u ol 2 Y
T Ak 2k 1 K
_/ E,ﬁ\l A5 |:<k€—"/kcS >d8:| Ak7*(AIQ§)u7
u Y
o Ak * k,2x vk
where By (] := EX A [-|Fu] and the expression for Zﬁf/nil A as

k,2*x yk
Y T MM o, A 1 . For &
Zi’f/ni‘l A5 :7’“/ E, 778. <ke—wkc5 >{Di(cf’*)—7kl)i(10g77?1 ,AQ)} ds
u

AN
k T )\If’*v)\é 1 —yk ko 7 (o kx 1 Y AI;’*)\IQC
=7 E, %€ ° ‘Du(cs7 ) - 7Du(10g77s ) ds.
u 8 gl
Hence, we obtain a simple form of Zj]fu,j =1,...,d; as follows:
k ik AVTNERATTAS
Zj,u = Zj,u /77u - Vu )‘j,u

v

T k,x yk 1 * ) ) ke sk
=/ By N [(keykc(: ) <)‘§,’;+{VkDi(cl§’*)—D{L(logn?1 ’A2)}>]ds.
u

34

(A.21)

(A.22)

(A.23)
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