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Abstract

This supplementary file provides an example of the stochastic process ν satisfying Assumptions

3 and 4 in Section 3, details of the proofs for the Proposition 6 and Lemma 8 in Appendix A,

the multi-agent equilibrium in the exponential utility case, and a possible extension to the case of

stochastic boundaries on agents’ views.

For the convenience of reference, the numbering of the equations, Propositions, and Lemmas is

subsequent to that of the main text.

1. Example of stochastic process ν

In this section, we present an example of the stochastic process ν satisfying Assumptions 3 and

4 in Section 3. We consider the following form for ν.

Example 1. We consider ν described as a sum of Ornstein-Uhlenbeck processes as follows. Under
the probability measure P,

ντ =

d∑
j=1

Xj,τ ,

Xj,τ = Xj,0 +

∫ τ

0
(aj − bjXj,s)ds+

∫ τ

0
σjdBj,s,
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where aj , bj ∈ R, σj > 0, which is rewritten as

Xj,τ =

Xj,0 +

∫ τ

0
(aj − bjXj,s)ds+

∫ τ

0
σj(dB

λk,⋆

j,s + λk,⋆
j,s ds),

under Pλk,⋆
. We confirm that ν satisfies Assumption 3 as follows.

Taking the Malliavin derivative Dλk,⋆

j,u ,

Dλk,⋆

j,u Xj,τ = −
∫ τ

u
bjD

λk,⋆

j,u Xj,sds+ σj ,

we obtain

Dλk,⋆

j,u Xj,τ = σje
−bj(τ−u), (u ≤ τ).

Then, ∫ s

u
Eλk,⋆

u [Dλk,⋆

j,u ντ ]dτ =

∫ s

u
Eλk,⋆

u [Dλk,⋆

j,u Xj,τ ]dτ

=

∫ s

u
σje

−bj(τ−u)dτ = σj
1− e−bj(s−u)

bj
≥ 0,

where we denote Eλk,⋆
[·|Fu] by Eλk,⋆

u .
Also, this Ornstein-Uhlenbeck process also satisfies Assumption 4.
We note that

Xj,s = Xj,0 + aj

∫ s

0
e−bj(s−u)du+ σj

∫ s

0
e−bj(s−u)dBj,u.

Under Pλk,⋆+αλ̂k
,

Xj,s = Xj,0 + aj

∫ s

0
e−bj(s−u)du

+ σj

∫ s

0
e−bj(s−u)[dBλk,⋆+αλ̂k

j,u + (λk,⋆
j,u + αλ̂k

j,u)du].

Bλk,⋆+αλ̂k
under Pλk,⋆+αλ̂k

has the same distribution as Bλk,⋆
under Pλk,⋆

. Hence, we have

Eλk,⋆+αλ̂k

[ ∫ T

0

∫ t

0

d∑
j=1

Xj,sdsdt

]
= Eλk,⋆

[ ∫ T

0

∫ t

0

( d∑
j=1

Xj,s + ασj

∫ s

0
e−bj(s−u)λ̂k

j,udu

)
dsdt

]
.

Then,

lim
α→0

1

α

{
Eλk,⋆+αλ̂k

[ ∫ T

0

∫ t

0

d∑
j=1

Xj,sdsdt

]
−Eλk,⋆

[ ∫ T

0

∫ t

0

d∑
j=1

Xj,sdsdt

]}

= lim
α→0

Eλk,⋆

[ ∫ T

0

1

α

{∫ t

0

( d∑
j=1

Xj,s + ασj

∫ s

0
e−bj(s−u)λ̂k

j,udu

)
ds−

∫ t

0

d∑
j=1

Xj,sds

}
dt

]

= Eλk,⋆

[ ∫ T

0

∫ t

0

d∑
j=1

σj

∫ s

0
e−bj(s−u)λ̂k

j,ududsdt

]
> 0.
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Therefore, the Ornstein-Uhlenbeck process satisfies

lim
α→0

1

α

{
Eλk,⋆+αλ̂k

[ ∫ T

0

∫ t

0
νsdsdt

]
−Eλk,⋆

[ ∫ T

0

∫ t

0
νsdsdt

]}
> 0.

2. Proof of Proposition 6

In this section, we provide the proof of Proposition 6. Particularly, we use a Malliavin calcu-

lus approach. (For Malliavin calculus approaches to optimal portfolio problems, see Ocone and

Karatzas [21] and Takahashi and Yoshida [32], for example).

(A) First of all, (11) and (12) in Lemma 1 in the main text hold. In fact, since ck,∗t =

η
λ
k,∗
1 ,λk

2
t E[

∫ T
0 H0,tεkt dt]

TH0,t
, we have

ck,∗0 =
E
[∫ T

0 H0,tε
k
t dt
]

T
, (42)

and

η
λk,∗
1 ,λk

2
t

ck,∗0

ck,∗t

= H0,t, (43)

which corresponds to (11) in the main text in the log utility case. Also,

E

[∫ T

0
H0,tc

k,∗
t dt

]

=
E
[∫ T

0 H0,tε
k
t dt
]

T

∫ T

0
E

[
η
λk,∗
1 ,λk

2
t

]
dt

= E

[∫ T

0
H0,tε

k
t dt

]
, (44)

which indicates (12) in the main text.

(B) Thus, by Lemma 1 in the main text, we have only to show (13) in the main text holds,

that is, sgn(Zj) = 1, j = 1, . . . , d1, where

dV
k,λ̂k

1 ,λ
k
2

t

= −
(
Uk(ck,∗t )−

d1∑
j=1

λ̄k
j,t|Zj,t|+

d1+d2∑
j=d1+1

λk
j,tZj,t

)
dt

+

d∑
j=1

Zj,tdBj,t, V
k,λ̂k

1 ,λ
k
2

T = 0. (45)
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We note that for λk,∗
1 = (−λ̄k

1, . . . ,−λ̄k
d1
)⊤, if we show sgn(Zj) = 1, j = 1, . . . , d1, where

Zj , j = 1, . . . , d1 are part of a solution (V k,λk,∗
1 ,λk

2 , Z) of a BSDE

dV
k,λk,∗

1 ,λk
2

t

= −
(
Uk(ck,∗t )−

d1∑
j=1

λ̄k
j,tZj,t +

d1+d2∑
j=d1+1

λk
j,tZj,t

)
dt

+
d∑

j=1

Zj,tdBj,t,

= −Uk(ck,∗t )dt+

d∑
j=1

Zj,tdB
λk,∗
1 ,λk

2
j,t , V

k,λk,∗
1 ,λk

2
T = 0, (46)

(V k,λk,∗
1 ,λk

2 , Z) is also a solution of BSDE (45).

Then, by the uniqueness a solution of BSDE (45), it results in sgn(Zj) = 1, j = 1, . . . , d1 for

Z in (45).

In the following, we denote λk,∗(λk
2) = (λk,∗⊤

1 ,λk⊤
2 , 0, . . . , 0)⊤.

Since

TY k = E

[∫ T

0

(∑K
l=1 η

l,∗
t Y l

εt

)
εkt dt

]

=

∑K
l=1 Y

l

ε0
E

[∫ T

0
H0,tε

k
t dt

]
, (47)

where we used (23) in Proposition 2 in the main text in the first equality and (22) in the main text

in the second equality, it follows that

E

[∫ T

0
H0,tε

k
t dt

]
=

ε0TY
k∑K

l=1 Y
l
, k = 1, . . . ,K.

Hence,

ck,∗t =
η
λk,∗
1 ,λk

2
t E

[∫ T
0 H0,tε

k
t dt
]

TH0,t

=
η
λk,∗
1 ,λk

2
t Y k(

η1,∗t +
∑K

l=2 η
l,∗
t Y l

)εt. (48)

In the following, we show sgn(Zj) = 1, j = 1, . . . , d1 in Steps 1-3.

Step1: Representation of Zj , j = 1, . . . , d1

We use a Malliavin calculus-based method to investigate the sign of Zj j = 1, . . . , d1.
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Noting (46), we let

X k(T ) :=

∫ T

0
Uk(ck,∗s )ds =

∫ T

0
Z⊤
s dB

λk,∗
1 ,λk

2
s

+Eλk,∗
1 ,λk

2

[∫ T

0
Uk(ck,∗s )ds

]
.

By taking the Malliavin derivative D
λk,∗
1 ,λk

2
u for the both sides, we have

D
λk,∗
1 ,λk

2
u X k(T ) =

∫ T

u
[D

λk,∗
1 ,λk

2
u Zs]

⊤dB
λk,∗
1 ,λk

2
s + Zu,

where D
λk,∗
1 ,λk

2
u is the Malliavin derivative with respect to B

λk,∗
1 ,λk

2
u . We first suppose that the

conditional expectation E
λk,∗
1 ,λk

2
u [

∫ T
u [D

λk,∗
1 ,λk

2
u Zs]

⊤dB
λk,∗
1 ,λk

2
s ] = 0 for all 0 ≤ u ≤ T .

Then, by taking the conditional expectation E
λk,∗
1 ,λk

2
u , by which we denote Eλk,∗

1 ,λk
2 [·|Fu],

Z
ck,∗,λk,∗

1 ,λk
2

u = E
λk,∗
1 ,λk

2
u [D

λk,∗
1 ,λk

2
u X k(T )]

=

∫ T

u
E

λk,∗
1 ,λk

2
u

[
D

λk,∗
1 ,λk

2
u Uk(ck,∗s )

]
ds. (49)

In the following, we denote Z as Z
ck,∗,λk,∗

1 ,λk
2

u for clarity.

In Step 2, we first calculate Zck,∗,λk,∗
1 ,λk

2 by (49) and later confirm the conditional expectation

is zero with the calculated Zck,∗,λk,∗
1 ,λk

2 .

Step2: Calculation of Z
ck,∗,λk,∗

1 ,λk
2

j , j = 1, . . . , d1

Here, we recall Assumption 1 and that we assumed any λk
2 to be nonrandom.

By (48),

ck,∗t =
η
λk,∗
1 ,λk

2
t Y k(

η1,∗t +
∑K

l=2 η
l,∗
t Y l

)εt = η
λ
k,∗
1 ,λk

2
t

η1,∗t

Y k(
1 +

∑K
l=2

ηl,∗t

η1,∗t

Y l

)εt.

Taking the log of ck,∗t , we have

log ck,∗t = log Y k + log
η
λk,∗
1 ,λk

2
t

η1,∗t

+ log εt

− log

(
1 +

K∑
l=2

ηl,∗t

η1,∗t

Y l

)
. (50)
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By (49) and (50), Z
ck,∗,λk,∗

1 ,λk
2

j is

Z
ck,∗,λk,∗

1 ,λk
2

j,u

=

∫ T

u
E

λk,∗
1 ,λk

2
u [D

λk,∗
1 ,λk

2
j,u log ck,∗s ]ds

=

∫ T

u

{
E

λk,∗
1 ,λk

2
u [D

λk,∗
1 ,λk

2
j,u log εs]

+E
λk,∗
1 ,λk

2
u

Dλk,∗
1 ,λk

2
j,u log

η
λk,∗
1 ,λk

2
s

η1,∗s


−E

λk,∗
1 ,λk

2
u

[
D

λk,∗
1 ,λk

2
j,u log

(
1 +

K∑
l=2

ηl,∗s

η1,∗s

Y l

)]}
ds. (51)

We consider the first term of the integrand in (51). Under Pλk,∗
1 ,λk

2 , by (20) in the main text,

log εs is given by

log εs = log ε0 +

∫ s

0
(ντ −

1

2
|ρτ |2)dτ +

∫ s

0
ρ⊤τ [dB

λk,∗
1 ,λk

2
τ + λk,∗

τ (λk
2)dτ ]

= log ε0 +

∫ s

0
(ντ −

1

2
|ρτ |2 + ρ⊤τ λ

k,∗
τ (λk

2))dτ +

∫ s

0
ρ⊤τ dB

λk,∗
1 ,λk

2
τ .

Since λk,∗(λk
2) is nonrandom, taking Malliavin derivative of log ε with respect to Brownian motion

B
λk,∗
1 ,λk

2
j ,

D
λk,∗
1 ,λk

2
j,u log εs =

∫ s

u
D

λk,∗
1 ,λk

2
j,u ντdτ + ρj,u. (52)

For the second term of the integrand in (51), by the definition of ηλ
k

t ,

ηλ
k

t = exp


d∑

j=1

∫ t

0
λk
j,sdBj,s −

1

2

d∑
j=1

∫ t

0
|λk

j,s|2ds

 , (53)

we have

log
η
λk,∗
1 ,λk

2
s

η1,∗s

= −1

2

∫ s

0
(|λk,∗

τ (λk
2)|2 − |λ1,∗

τ |2)dτ

+

∫ s

0
(λk,∗

τ (λk
2)− λ1,∗

τ )⊤[dB
λk,∗
1 ,λk

2
τ + λk,∗

τ (λk
2)dτ ]

=
1

2

∫ s

0
|λk,∗

τ (λk
2)− λ1,∗

τ |2dτ +

∫ s

0
(λk,∗

τ (λk
2)− λ1,∗

τ )⊤dB
λk,∗
1 ,λk

2
τ .

Thus, by nonrandomness of λk,∗(λk
2) and λ1,∗,

D
λk,∗
1 ,λk

2
j,u log

η
λk,∗
1 ,λk

2
s

η1,∗s

= λk,∗
j,u − λ1,∗

j,u, j = 1, . . . , d1. (54)
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For the third term of the integrand in (51),

D
λk,∗
1 ,λk

2
j,u log

(
1 +

K∑
l=2

ηl,∗s

η1,∗s

Y l

)
=

D
λk,∗
1 ,λk

2
j,u

∑K
l=2

ηl,∗s

η1,∗s
Y l(

1 +
∑K

l=2
ηl,∗s

η1,∗s
Y l
)

=

∑K
l=2

ηl,∗s

η1,∗s
Y lD

λk,∗
1 ,λk

2
j,u log ηl,∗s

η1,∗s(
1 +

∑K
l=2

ηl,∗s

η1,∗s
Y l
) .

Similarly, by (53), we have

log
ηl,∗s

η1,∗s

= −1

2

∫ s

0
(|λl,∗

τ |2 − |λ1,∗
τ |2)dτ

+

∫ s

0
(λl,∗

τ − λ1,∗
τ )⊤[dB

λk,∗
1 ,λk

2
τ + λk,∗

τ (λk
2)dτ ].

By nonrandomness of λ1,∗,λl,∗ and λk,∗(λk
2),

D
λk,∗
1 ,λk

2
j,u log

ηl,∗s

η1,∗s

= λl,∗
j,u − λ1,∗

j,u, j = 1, . . . , d1.

Thus,

D
λk,∗
1 ,λk

2
j,u log

(
1 +

K∑
l=2

ηl,∗s

η1,∗s

Y l

)

=

∑K
l=2

ηl,∗s

η1,∗s
Y l(λl,∗

j,u − λ1,∗
j,u)(

1 +
∑K

l=2
ηl,∗s

η1,∗s
Y l
) . (55)

By (52), (54) and (55), (51) is

Z
ck,∗,λk,∗

1 ,λk
2

j,u

=

∫ T

u

{
E

λk,∗
1 ,λk

2
u

[∫ s

u
D

λk,∗
1 ,λk

2
j,u ντdτ

]
+ ρj,u + (λk,∗

j,u − λ1,∗
j,u)−E

λk,∗
1 ,λk

2
u

∑K
l=2

ηl,∗s

η1,∗s
Y l(λl,∗

j,u − λ1,∗
j,u)(

1 +
∑K

l=2
ηl,∗s

η1,∗s
Y l
)

}ds
=

∫ T

u

{∫ s

u
E

λk,∗
1 ,λk

2
u [D

λk,∗
1 ,λk

2
j,u ντ ]dτ + ρj,u +E

λk,∗
1 ,λk

2
u

1 +∑K
l=2;l ̸=k

ηl,∗s

η1,∗s
Y l(

1 +
∑K

l=2
ηl,∗s

η1,∗s
Y l
) (λk,∗

j,u − λ1,∗
j,u)


−E

λk,∗
1 ,λk

2
u

∑K
l=2;l ̸=k

ηl,∗s

η1,∗s
Y l(λl,∗

j,u − λ1,∗
j,u)(

1 +
∑K

l=2
ηl,∗s

η1,∗s
Y l
)

}ds
=

∫ T

u

{∫ s

u
E

λk,∗
1 ,λk

2
u [D

λk,∗
1 ,λk

2
j,u ντ ]dτ + ρj,u +E

λk,∗
1 ,λk

2
u

(λk,∗
j,u − λ1,∗

j,u) +
∑K

l=2;l ̸=k
ηl,∗s

η1,∗s
Y l(λk,∗

j,u − λl,∗
j,u)(

1 +
∑K

l=2
ηl,∗s

η1,∗s
Y l
)

}ds.
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Using Y 1 = 1, we have

Z
ck,∗,λk,∗

1 ,λk
2

j,u =

∫ T

u

{∫ s

u
E

λk,∗
1 ,λk

2
u [D

λk,∗
1 ,λk

2
j,u ντ ]dτ + ρj,u −E

λk,∗
1 ,λk

2
u

∑K
l=1;l ̸=k

ηl,∗s

η1,∗s
Y l(λl,∗

j,u − λk,∗
j,u)(

1 +
∑K

l=2
ηl,∗s

η1,∗s
Y l
)

}ds.
(56)

Next, with this expression of Zck,∗,λk,∗
1 ,λk

2 ,

Z
ck,∗,λk,∗

1 ,λk
2

j,s =

∫ T

s

{∫ t

s
E

λk,∗
1 ,λk

2
s [D

λk,∗
1 ,λk

2
j,s ντ ]dτ + ρj,s −E

λk,∗
1 ,λk

2
s


∑K

l=1;l ̸=k
ηl,∗t

η1,∗t

Y l(λl,∗
j,s − λk,∗

j,s )(
1 +

∑K
l=2

ηl,∗t

η1,∗t

Y l

)
}dt,
(57)

we will confirm Eλk,∗
1 ,λk

2 [
∫ T
u [D

λk,∗
1 ,λk

2
u Z

ck,∗,λk,∗
1 ,λk

2
s ]⊤dB

λk,∗
1 ,λk

2
s ] = 0 for all 0 ≤ u ≤ T .

By (25) in the main text in Assumption 3 and nonrandomness of ρj , we have only to show

Eλk,∗
1 ,λk

2

∫ T

u
[D

λk,∗
1 ,λk

2
u

∫ T

s
E

λk,∗
1 ,λk

2
s


∑K

l=1;l ̸=k
ηl,∗t

η1,∗t

Y l(λl,∗
j,s − λk,∗

j,s )(
1 +

∑K
l=2

ηl,∗t

η1,∗t

Y l

)
 dt]⊤dB

λk,∗
1 ,λk

2
s

 = 0. (58)

For all 0 ≤ u ≤ s ≤ T , m = 1, . . . , d1, noting that

D
λk,∗
1 ,λk

2
m,u

∫ T

s
E

λk,∗
1 ,λk

2
s


∑K

l=1;l ̸=k
ηl,∗t

η1,∗t

Y l(λl,∗
j,s − λk,∗

j,s )(
1 +

∑K
l=2

ηl,∗t

η1,∗t

Y l

)
 dt

=

∫ T

s
E

λk,∗
1 ,λk

2
s

Dλk,∗
1 ,λk

2
m,u

∑K
l=1;l ̸=k

ηl,∗t

η1,∗t

Y l(λl,∗
j,s − λk,∗

j,s )(
1 +

∑K
l=2

ηl,∗t

η1,∗t

Y l

)
 dt, (59)

where we exchanged the order between Malliavin derivative and conditional expectation due to

boundedness of

∑K
l=1;l ̸=k

η
l,∗
t

η
1,∗
t

Y l(λl,∗
j,s−λk,∗

j,s )(
1+
∑K

l=2

η
l,∗
t

η
1,∗
t

Y l

) as in (65) below, we calculate

D
λk,∗
1 ,λk

2
m,u

∑K
l=1;l ̸=k

ηl,∗t

η1,∗t

Y l(λl,∗
j,s − λk,∗

j,s )(
1 +

∑K
l=2

ηl,∗t

η1,∗t

Y l

)

=

∑K
l=1;l ̸=k

ηl,∗t

η1,∗t

Y l(λl,∗
j,s − λk,∗

j,s )(
1 +

∑K
l=2

ηl,∗t

η1,∗t

Y l

) D
λk,∗
1 ,λk

2
m,u

(
log

K∑
l=1;l ̸=k

ηl,∗t

η1,∗t

Y l(λl,∗
j,s − λk,∗

j,s )− log

(
1 +

K∑
l=2

ηl,∗t

η1,∗t

Y l

))
,

(60)
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D
λk,∗
1 ,λk

2
m,u log

 K∑
l=1;l ̸=k

ηl,∗t

η1,∗t

Y l(λl,∗
j,s − λk,∗

j,s )

 =

∑K
l=2

ηl,∗t

η1,∗t

Y l(λl,∗
j,s − λk,∗

j,s )(λ
l,∗
m,u − λ1,∗

m,u)(
1 +

∑K
l=2

ηl,∗t

η1,∗t

Y l(λl,∗
j,s − λk,∗

j,s )

) , (61)

and

D
λk,∗
1 ,λk

2
m,u log

(
1 +

K∑
l=2

ηl,∗t

η1,∗t

Y l

)
=

∑K
l=2

ηl,∗t

η1,∗t

Y l(λl,∗
m,u − λ1,∗

m,u)(
1 +

∑K
l=2

ηl,∗t

η1,∗t

Y l

) . (62)

Then, ∣∣∣∣∣∣∣∣D
λk,∗
1 ,λk

2
m,u

∑K
l=1;l ̸=k

ηl,∗t

η1,∗t

Y l(λl,∗
j,s − λk,∗

j,s )(
1 +

∑K
l=2

ηl,∗t

η1,∗t

Y l

)
∣∣∣∣∣∣∣∣

≤ 2 max
l=1,...,K,0≤s≤T

|λl,∗
j,s − λk,∗

j,s | max
l=1,...,K,0≤u≤T

|λl,∗
m,u − λ1,∗

m,u|

< ∞, (63)

and thus

Eλk,∗
1 ,λk

2 [

∫ T

u

Dλk,∗
1 ,λk

2
u

∫ T

s
E

λk,∗
1 ,λk

2
s


∑K

l=1;l ̸=k
ηl,∗t

η1,∗t

Y l(λl,∗
j,s − λk,∗

j,s )(
1 +

∑K
l=2

ηl,∗t

η1,∗t

Y l

)
 dt]⊤dB

λk,∗
1 ,λk

2
s

 = 0. (64)

Therefore, Eλk,∗
1 ,λk

2 [
∫ T
u [D

λk,∗
1 ,λk

2
u Zs]

⊤dB
λk,∗
1 ,λk

2
s ] = 0 for all 0 ≤ u ≤ T .

Step3: sgn(Z
ck,∗,λk,∗

1 ,λk
2

j ) = 1, j = 1, . . . , d1

Using

∑K
l=1;l̸=k

η
l,∗
s

η
1,∗
s

Y l(
1+
∑K

l=2

η
k,∗
t

η
1,∗
t

Y l

) ∈ (0, 1), we have

∑K
l=1;l ̸=k

ηl,∗s

η1,∗s
Y l(λl,∗

j,u − λk,∗
j,u)(

1 +
∑K

l=2
ηl,∗s

η1,∗s
Y l
) ≤ max

l,k∈{1,...,K};l ̸=k
(λl,∗

j,u − λk,∗
j,u)

∑K
l=1;l ̸=k

ηl,∗s

η1,∗s
Y l(

1 +
∑K

l=2
ηl,∗s

η1,∗s
Y l
)

< max
l,k∈{1,...,K};l ̸=k

(λl,∗
j,u − λk,∗

j,u). (65)

By Assumptions 1-3, the right hand side of (56) is positive, that is Z
ck,∗,λk,∗

1 ,λk
2

j,u > 0, ∀u ∈ [0, T ],

and thus sgn(Z
ck,∗,λk,∗

1 ,λk
2

j ) ≡ 1.

Therefore,

−λ̄k
j sgn(Z

ck,∗,λk,∗
1 ,λk

2
j ) = −λ̄k

j = λk,∗
j , j = 1, . . . , d1.

□
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3. Proof of Lemma 8

Let λl,∗
2 = (λl,∗

d1+1, . . . , λ
l,∗
d1+d2

)⊤,

where λl,∗
d1+1, . . . , λ

l,∗
d1+d2

are defined in (21) in the main text, and λ̄l
2 = (λ̄l

d1+1, . . . , λ̄
l
d1+d2

)⊤, l =

1, . . . ,K. Also, we let B3 = (Bd1+d2+1, . . . , Bd)
⊤, ρ1 = (ρ1, . . . , ρd1)

⊤, ρ2 = (ρd1+1, . . . , ρd1+d2)
⊤,

and ρ3 = (ρd1+d2+1, . . . , ρd)
⊤. By (22) in the main text, we have

logH0,t = log

(
η1,∗t +

K∑
l=2

ηl,∗t Y l

)
− log εt + log ε0 − log

(
1 +

K∑
l=2

Y l

)
.

Since log ε0 − log
(
1 +

∑K
l=2 Y

l
)
is a constant, we have only to consider

Eλk,∗
1 ,λk

2

[∫ T

0

{
log εt − log

(
η1,∗t +

K∑
l=2

ηl,∗t Y l

)}
dt

]
,

which is a part of Eλk,∗
1 ,λk

2

[∫ T
0 − logH0,tdt

]
.

We define F (λk
2) as follows.

F (λk
2) = F1(λ

k
2) + F2(λ

k
2),

F1(λ
k
2) = Eλk,∗

1 ,λk
2

[∫ T

0
log εtdt

]
,

F2(λ
k
2) = Eλk,∗

1 ,λk
2

[∫ T

0
− log

(
η1,∗t +

K∑
l=2

ηl,∗t Y l

)
dt

]
.

For any nonrandom λ̂k
2 ≤ λ̄k

2 (0 ≤ λ̂k
j ≤ λ̄k

j , j = d1 + 1, . . . , d1 + d2),

lim
α→0

F (λk
2 + αλ̂k

2)− F (λk
2)

α

= lim
α→0

F1(λ
k
2 + αλ̂k

2)− F1(λ
k
2)

α
+ lim

α→0

F2(λ
k
2 + αλ̂k

2)− F2(λ
k
2)

α
.

Step 1: Calculation of limα→0
F1(λk

2+αλ̂k
2)−F1(λk

2)
α

For log εt,

log εt

= log ε0 +

∫ t

0
(νs −

1

2
|ρs|2)ds+

∫ t

0
ρ⊤
s dBs

= log ε0 +

∫ t

0
(νs −

1

2
|ρs|2)ds

+

∫ t

0
ρ⊤
1,s[dB

λk,∗
1 ,λk

2+αλ̂k
2

1,s + λk,∗
1,sds]

+

∫ t

0
ρ⊤
2,s[dB

λk,∗
1 ,λk

2+αλ̂k
2

2,s + (λk
2,s + αλ̂k

2,s)ds] +

∫ t

0
ρ⊤
3,sdB

λk,∗
1 ,λk

2+αλ̂k
2

3,s .

10



(B
λk,∗
1 ,λk

2+αλ̂k
2

1 ,B
λk,∗
1 ,λk

2+αλ̂k
2

2 ,B
λk,∗
1 ,λk

2+αλ̂k
2

3 ) under Pλk,∗
1 ,λk

2+αλ̂k
2 has the same distribution as

(B
λk,∗
1 ,λk

2
1 ,B

λk,∗
1 ,λk

2
2 ,B

λk,∗
1 ,λk

2
3 ) under Pλk,∗

1 ,λk
2 . Hence, we have

Eλk,∗
1 ,λk

2+αλ̂k
2

[∫ T

0

∫ t

0
ρ⊤
1,s[dB

λk,∗
1 ,λk

2+αλ̂k
2

1,s + λk,∗
1,sds]dt

]
= Eλk,∗

1 ,λk
2

[∫ T

0

∫ t

0
ρ⊤
1,s[dB

λk,∗
1 ,λk

2
1,s + λk,∗

1,sds]dt

]
,

and

Eλk,∗
1 ,λk

2+αλ̂k
2

[∫ T

0

∫ t

0
ρ⊤
2,s[dB

λk,∗
1 ,λk

2+αλ̂k
2

2,s + (λk
2,s + αλ̂k

2,s)ds]dt

]
= Eλk,∗

1 ,λk
2

[ ∫ T

0

∫ t

0
ρ⊤
2,s[dB

λk,∗
1 ,λk

2
2,s + (λk

2,s + αλ̂k
2,s)ds]dt

]
.

Hence,

lim
α→0

F1(λ
k
2 + αλ̂k

2)− F1(λ
k
2)

α

= lim
α→0

1

α

{
Eλk,∗

1 ,λk
2+αλ̂k

2

[ ∫ T

0

∫ t

0
νsdsdt

]
−Eλk,∗

1 ,λk
2

[ ∫ T

0

∫ t

0
νsdsdt

]}
+Eλk,∗

1 ,λk
2

[ ∫ T

0

∫ t

0
ρ⊤
2,sλ̂

k
2,sdsdt

]
. (66)

For the term containing ν, by Assumption 4,

lim
α→0

1

α

{
Eλk,∗

1 ,λk
2+αλ̂k

2

[ ∫ T

0

∫ t

0
νsdsdt

]
−Eλk,∗

1 ,λk
2

[ ∫ T

0

∫ t

0
νsdsdt

]}
≥ 0. (67)

Step 2: Calculation of limα→0
F2(λk

2+αλ̂k
2)−F2(λk

2)
α

For l = 1, . . . ,K,

ηl,∗t = exp

{∫ t

0
λl,∗⊤
2,s αλ̂k

2,sds

}
Z l
t(B

λk,∗
1 ,λk

2+αλ̂k
2

1 ,B
λk,∗
1 ,λk

2+αλ̂k
2

2 ),

where we set

Z l
t(B

λk,∗
1 ,λk

2+αλ̂k
2

1 ,B
λk,∗
1 ,λk

2+αλ̂k
2

2 )

= exp

{∫ t

0
λl,∗⊤
1,s (dB

λk,∗
1 ,λk

2+αλ̂k
2

1,s + λk,∗
1,sds)

+

∫ t

0
λl,∗⊤
2,s (dB

λk,∗
1 ,λk

2+αλ̂k
2

2,s + λk
2,sds)−

1

2

∫ t

0
|λl,∗

s |2ds
}
.

Since Z l
t(B

λk,∗
1 ,λk

2+αλ̂k
2

1 ,B
λk,∗
1 ,λk

2+αλ̂k
2

2 ) under Pλk,∗
1 ,λk

2+αλ̂k
2 has the same distribution as ηl,∗t =

exp

{∫ t
0 λ

l,∗⊤
1,s (dB

λk,∗
1 ,λk

2
1,s + λk,∗

1,sds) +
∫ t
0 λ

l,∗⊤
2,s (dB

λk,∗
1 ,λk

2
2,s + λk

2,sds) − 1
2

∫ t
0 |λ

l,∗
s |2ds

}
under Pλk,∗

1 ,λk
2 ,
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we have

F2(λ
k
2 + αλ̂k

2)

= Eλk
2+αλ̂k

2

[∫ T

0
− log

(
η1,∗t +

K∑
l=2

ηl,∗t Y l

)
dt

]

= Eλk
2+αλ̂k

2

[∫ T

0
− log

(
exp

{∫ t

0
λ1,∗⊤
2,s αλ̂k

2,sds

}
Z1,t(B

λk,∗
1 ,λk

2+αλ̂k
2

1 ,B
λk,∗
1 ,λk

2+αλ̂k
2

2 )

+

K∑
l=2

exp

{∫ t

0
λl,∗⊤
2,s αλ̂k

2,sds

}
Z l
t(B

λk,∗
1 ,λk

2+αλ̂k
2

1 ,B
λk,∗
1 ,λk

2+αλ̂k
2

2 )Y l

)
dt

]

= Eλk,∗
1 ,λk

2

[ ∫ T

0
− log

(
exp

{∫ t

0
λ1,∗⊤
2,s αλ̂k

2,sds

}
η1,∗t +

K∑
l=2

exp

{∫ t

0
λl,∗⊤
2,s αλ̂k

2,sds

}
ηl,∗t Y l

)
dt

]
,

and

F2(λ
k
2 + αλ̂k

2)− F2(λ
k
2)

= Eλk,∗
1 ,λk

2

[ ∫ T

0
− log

(
e
∫ t
0 λ1,∗⊤

2,s αλ̂k
2,sdsη1,∗t +

K∑
l=2

e
∫ t
0 λl,∗⊤

2,s αλ̂k
2,sdsηl,∗t Y l

)
dt

]

−Eλk,∗
1 ,λk

2

[∫ T

0
− log

(
η1,∗t +

K∑
l=2

ηl,∗t Y l

)
dt

]
.

Thus, we can obtain Gateaux derivative of F2 as

lim
α→0

F2(λ
k
2 + αλ̂k

2)− F2(λ
k
2)

α

= lim
α→0

Eλk,∗
1 ,λk

2

[ ∫ T

0

1

α

{
− log

(
e
∫ t
0 λ1,∗⊤

2,s αλ̂k
2,sdsη1,∗t +

K∑
l=2

e
∫ t
0 λl,∗⊤

2,s αλ̂k
2,sdsηl,∗t Y l

)

+ log

(
η1,∗t +

K∑
l=2

ηl,∗t Y l

)}
dt

]

Noting that
ηl,∗t Y l

η1,∗t +
∑K

l=2 η
l,∗
t Y l

∈ (0, 1), we have

∣∣∣∣ ddα{− log(e
∫ t
0 λ1,∗⊤

2,s αλ̂k
2,sdsη1,∗t +

K∑
l=2

e
∫ t
0 λl,∗⊤

2,s αλ̂k
2,sdsηl,∗t Y l)}

∣∣∣∣
α=0

∣∣∣∣
=

∣∣∣∣∣(
∫ t
0 λ

1,∗⊤
2,s λ̂k

2,sds)η
1,∗
t +

∑K
l=2(

∫ t
0 λ

l,∗⊤
2,s λ̂k

2,sds)η
l,∗
t Y l

η1,∗t +
∑K

l=2 η
l,∗
t Y l

∣∣∣∣∣
≤
∫ t

0
λ̄1⊤
2,sλ̂

k
2,sds+

K∑
l=2

∫ t

0
λ̄l⊤
2,sλ̂

k
2,sds < ∞,
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for all (ω, t) ∈ Ω× [0, T ]. Then, by the dominated convergence theorem, we have

lim
α→0

F2(λ
k
2 + αλ̂k

2)− F2(λ
k
2)

α

= Eλk,∗
1 ,λk

2

[ ∫ T

0
lim
α→0

1

α

{
− log

(
e
∫ t
0 λ1,∗⊤

2,s αλ̂k
2,sdsη1,∗t +

K∑
l=2

e
∫ t
0 λl,∗⊤

2,s αλ̂k
2,sdsηl,∗t Y l

)

+ log

(
η1,∗t +

K∑
l=2

ηl,∗t Y l

)}
dt

]

= −Eλk,∗
1 ,λk

2

[ ∫ T

0

d

dα
log

(
e
∫ t
0 λ1,∗⊤

2,s αλ̂k
2,sdsη1,∗t +

K∑
l=2

e
∫ t
0 λl,∗⊤

2,s αλ̂k
2,sdsηl,∗t Y l

)∣∣∣∣
α=0

dt

]

= −Eλk,∗
1 ,λk

2

[ ∫ T

0

(
∫ t
0 λ

1,∗⊤
2,s λ̂k

2,sds)η
1,∗
t +

∑K
l=2(

∫ t
0 λ

l,∗⊤
2,s λ̂k

2,sds)η
l,∗
t Y l

η1,∗t +
∑K

l=2 η
l,∗
t Y l

dt

]

≥ −Eλk,∗
1 ,λk

2

[ ∫ T

0

{∫ t

0
max

l=1,...,K

(
λl,∗⊤
2,s λ̂k

2,s

)
ds×

η1,∗t +
∑K

l=2 η
l,∗
t Y l

η1,∗t +
∑K

l=2 η
l,∗
t Y l

}
dt

]
= −Eλk,∗

1 ,λk
2

[ ∫ T

0

∫ t

0
max

l=1,...,K

(
λl,∗⊤
2,s λ̂k

2,s

)
dsdt

]
. (68)

Step 3: Calculation of limα→0
F (λk

2+αλ̂k
2)−F (λk

2)
α

Therefore, by (66), (67), (68), and Assumption 2, we obtain

lim
α→0

F (λk
2 + αλ̂k

2)− F (λk
2)

α
> 0.

Hence, (A.4) in the main text is increasing with respect to λk
2. □
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4. E[
∫ T
0 log(c̄k,∗t )2dt] < ∞ in the proof of Theorem 3

E[
∫ T
0 log(c̄k,∗t )2dt] < ∞ is confirmed as follows.

(log c̄k,∗t )2 =

(
log ηk,∗t + logE

[∫ T

0
H0,tε

k
t dt

]
− logH0,t

)2

≤ 3

(
(log ηk,∗t )2 + (logH0,t)

2 +

(
logE

[∫ T

0
H0,tε

k
t dt

])2
)

≤ 3

((
−1

2

∫ t

0
|λk,∗

s |2ds+
∫ t

0
λk,∗⊤
s dBs

)2

+

(
−
∫ t

0
rsds−

1

2

∫ t

0
|θs|2ds+

∫ t

0
θ⊤
s dBs

)2

+

(
logE[

∫ T

0
H0,tε

k
t dt]

)2)
≤ 9

((
−1

2

∫ t

0
|λk,∗

s |2ds
)2

+

(∫ t

0
λk,∗⊤
s dBs

)2

+

(∫ t

0
rsds

)2

+

(
−1

2

∫ t

0
|θs|2ds

)2

+

(∫ t

0
θ⊤
s dBs

)2

+

(
logE

[∫ T

0
H0,tε

k
t dt

])2)
.

(69)

Thus,∫ T

0
E[(log c̄k,∗t )2]dt ≤ 9

∫ T

0
E

[((
−1

2

∫ t

0
|λk,∗

s |2ds
)2

+

(∫ t

0
λk,∗⊤
s dBs

)2

+

(∫ t

0
rsds

)2

+

(
−1

2

∫ t

0
|θs|2ds

)2

+

(∫ t

0
θ⊤
s dBs

)2

+

(
logE

[∫ T

0
H0,tε

k
t dt

])2)]
dt.

(70)

Noting that ∫ T

0
E

[(∫ t

0
λk,∗⊤
s dBs

)2
]
dt =

∫ T

0

∫ t

0
|λk,∗

s |2dsdt,

∫ T

0
E

[(∫ t

0
θ⊤
s dBs

)2
]
dt =

∫ T

0

∫ t

0
E
[
|θs|2

]
dsdt, (71)

∫ T

0
E

[(∫ t

0
rsds

)2
]
dt ≤ T

∫ T

0

∫ t

0
E
[
r2s
]
dsdt

= T

∫ T

0

∫ t

0
E

(νs − |ρs|2 + ρ⊤
s

[
K∑
k=1

(
Y kηk,∗s∑K
l=1 Y

lηl,∗s

)
λk,∗
s

])2
 dsdt

≤ 2T

∫ T

0

∫ t

0

E[ν2s ] +E

(|ρs|2 + ρ⊤
s

[
K∑
k=1

(
Y kηk,∗s∑K
l=1 Y

lηl,∗s

)
λk,∗
s

])2
 dsdt, (72)

since

(
Y kηk,∗s∑K
l=1 Y

lηl,∗s

)
∈ (0, 1), λk,∗ and ρ are bounded, and

∫ T
0

∫ t
0 E[ν2s ]dsdt < ∞, we have

∫ T
0 E[log(c̄k,∗t )2]dt <

∞.
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5. Exponential utility case

In the exponential utility case, we consider a market where each agent has a exponential-utility

function Uk given by Uk(x) = − e−γkx

γk , 0 < γk < ∞, and the aggregate endowment process ε

satisfies an SDE dεt = νtdt+ρ⊤
t dBt, where ν is a R-valued {Ft}-progressively measurable process

with
∫ T
0 |νt|dt < ∞ a.s. and E[

∫ T
0 exp(− 4∑K

m=1
1

γm

∫ t
0 νsds)dt] < ∞, and ρt = (ρ1,t, . . . , ρd,t)

⊤ is a

nonrandom process satisfying Assumption 1.

The state-price density process in equilibrium H0 is searched by first solving the individual

optimization problems (5) as the optimal consumption problems presupposing a form of the con-

servative and aggressive views of the agents (21) in Section 3 in the main text and then by imposing

the market clearing conditions, particularly the clearing on the commodity market (17).

In the following, we first provide H0 obtained in the above way and confirm that the state-price

density process is in fact in equilibrium. That is, given the state-price density process H0, we first

solve the individual optimization problems (5) in Proposition 9, and then show that the market

is in equilibrium in Proposition 13, namely the solutions of the individual optimization problems

satisfy the market clearing conditions (17)-(19).

Hereafter, we assume that ν is driven by the following Ornstein-Uhlenbeck processes. For

aj , bj ∈ R, σj > 0, νt =
∑d

j=1Xj,t, where Xj,t = Xj,0 +
∫ t
0 (aj − bjXj,s)ds+

∫ t
0 σjdBj,s.

We further assume the following. Let ∆ =
∑K

m=1
1
γm .

Assumption 5. For j = 1, . . . , d,

ρj,u −∆max

[
max

l,k∈{1,...,K};l ̸=k
(λl,∗

j,u − λk,∗
j,u), max

l∈{1,...,K}
λl,∗
j,u

]
> 0, ∀u ∈ [0, T ].

Then, the state-price density process H0 in equilibrium in the exponential utility case is given

by

H0,t = exp

(
−εt − ε0

∆

) K∏
k=1

(
ηk,∗t

) 1

γk∆ , (73)

where ηk,∗ = ηλ
k,∗

, and λk,∗ is given by (21), i.e. λk,∗ = (λk,∗
1 , . . . , λk,∗

d )⊤, where

λk,∗
j,t =


−λ̄k

j,t, j ∈ J k
1

+λ̄k
j,t, j ∈ J k

2

0, j ∈ J k
3 ,

, 0 ≤ t ≤ T.

Namely, the following propositions hold.
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Proposition 9. Under Assumptions 1 and 5, given H0 in (73), λk,∗
j , j ∈ J k

1 ,J k
2 of λk,∗ in (21)

and (c̄k,∗,πk,∗) with c̄k,∗t = − 1
γk log

(
H0,t

ηk,∗t

)
+ c̄k,∗0 ,

where c̄k,∗0 = 1

E[
∫ T
0 H0,tdt]

{
E
[∫ T

0 H0,tε
k
t dt
]
+E

∫ T
0 H0,t

log

(
H0,t

η
k,∗
t

)
γk dt

}, and πk,∗ in (15) attain the

individual optimization problem (5), i.e.,

sup
(ck,πk)∈Ak

sup
|λk

j |≤λ̄k
j , j∈J k

2

inf
|λk

j |≤λ̄k
j , j∈J k

1

E

[∫ T

0
ηλ

k

t Uk(ckt )dt

](
= EPλk

[∫ T

0
Uk(ckt )dt

])
. (74)

Proof.

Hereafter, we assume J k
1 = {1, . . . , d1}, J k

2 = {d1 + 1, . . . , d1 + d2}, J k
3 = {d1 + d2 + 1, . . . , d},

without loss of generality.

Thus, we consider the following individual optimization problem

sup
(ck,πk)∈Ak

sup
|λk

j |≤λ̄k
j , j∈J k

2

inf
|λk

j |≤λ̄k
j , j∈J k

1

E

[∫ T

0
ηλ

k

t Uk(ckt )dt

]
= sup

(ck,πk)∈Ak

sup
|λk

j |≤λ̄k
j , j∈J k

2

inf
|λk

j |≤λ̄k
j , j∈J k

1

Jk(ck,λk
1,λ

k
2)

= sup
|λk

j |≤λ̄k
j , j∈J k

2

sup
(ck,πk)∈Ak

inf
|λk

j |≤λ̄k
j , j∈J k

1

Jk(ck,λk
1,λ

k
2), (75)

where we set Jk(ck,λk
1,λ

k
2) = E

[∫ T
0 ηλ

k

t Uk(ckt )dt
]
.

In the following, we first consider sup(ck,πk)∈Ak inf |λk
j |≤λ̄k

j , j∈J k
1
Jk(ck,λk

1,λ
k
2) for given λk

2 satis-

fying |λk
j | ≤ λ̄k

j , j ∈ J k
2 in Lemma 10, then show that λk∗

2 attains supλk
2 ,|λk

j |≤λ̄k
j , j∈J k

2
Jk(ck∗,λk∗

1 ,λk
2),

where ck∗,λk∗
1 attains the first part, i.e., sup(ck,πk)∈Ak inf |λk

j |≤λ̄k
j , j∈J k

1
Jk(ck,λk

1,λ
k
2), in Lemma 11.

First, the following lemma holds.

Lemma 10. For given λk
2 satisfying |λk

j | ≤ λ̄k
j , j = d1 + 1, . . . , d1 + d2, λ

k,∗
1 = (−λ̄k

1, . . . ,−λ̄k
d1
)⊤

and ck,∗t = − 1
γk log

(
H0,t/η

λk,∗
1 ,λk

2
t

)
+ ck,∗0 with λk,∗

1 = (−λ̄k
1, . . . ,−λ̄k

d1
)⊤ attain the sup-inf problem

below:

sup
(ck,πk)∈Ak

inf
|λk

j |≤λ̄k
j , j∈J k

1

Jk(ck,λk
1,λ

k
2) = Jk(ck,∗,λk,∗

1 ,λk
2). (76)

Proof.

In the exponential-utility case, since

Uk′(ck) = e−γkck ,
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and ck,∗t satisfying the first order condition in Lemma 1 in the main text

H0,t = η
λk,∗
1 ,λk

2
t

Uk′(ck,∗t )

Uk′(ck,∗0 )
,

is given by

H0,t = η
λk,∗
1 ,λk

2
t e−γkck,∗t /Uk′(ck,∗0 ),

taking log, we have

ck,∗t = − 1

γk

(
logH0,t − log η

λk,∗
1 ,λk

2
t + logUk′(ck,∗0 )

)
= − 1

γk
log

(
H0,t/η

λk,∗
1 ,λk

2
t

)
+ ck,∗0 , (77)

where ck,∗0 is obtained as

ck,∗0 =
1

E
[∫ T

0 H0,tdt
]{E [∫ T

0
H0,tε

k
t dt

]
+E

[ ∫ T

0
H0,t

log

(
H0,t/η

λk,∗
1 ,λk

2
t

)
γk

dt

]}
,

due to the budget constraint

E

[∫ T

0
H0,tc

k,∗
t dt

]
= E

[∫ T

0
H0,tε

k
t dt

]
.

By Lemma1 in the main text, we have only to show sgn(Z
ck,∗,λk,∗

1 ,λk
2

j ) = 1, j = 1, . . . , d1 for

λk,∗
1 = (−λ̄k

1, . . . ,−λ̄k
d1
)⊤.

First, we note that the Ornstein-Uhlenbeck process Xj is solved as

Xj,s = Xj,0e
−bjs + aj

∫ s

0
e−bj(s−τ)dτ + σj

∫ s

0
e−bj(s−τ)dBj,τ

= ϕj,s + σj

∫ s

0
e−bj(s−τ)dBj,τ ,

where we set the deterministic term ϕj,s as follows:

ϕj,s = Xj,0e
−bjs + aj

∫ s

0
e−bj(s−τ)dτ.

Then, ε is expressed as

εt = ε0 +
d∑

j=1

∫ t

0
ϕj,sds+

d∑
j=1

∫ t

0
σj

∫ s

0
e−bj(s−τ)dBj,τds+

d∑
j=1

∫ t

0
ρj,sdBj,s

= ε0 +
d∑

j=1

∫ t

0
ϕj,sds+

d∑
j=1

∫ t

0

(
ρj,s + σj

∫ t

s
e−bj(τ−s)dτ

)
dBj,s.

17



In the following, we denote λk,∗(λk
2) = (λk,∗⊤

1 ,λk⊤
2 , 0, . . . , 0)⊤.

Step1: Calculation of Z
ck,∗,λk,∗

1 ,λk
2

j

We note

Z
ck,∗,λk,∗

1 ,λk
2

j,u =

∫ T

u
E

λk,∗
1 ,λk

2
u

[
D

λk,∗
1 ,λk

2
j,u Uk(ck,∗s )

]
ds

=

∫ T

u
E

λk,∗
1 ,λk

2
u

[
e−γkck,∗s D

λk,∗
1 ,λk

2
j,u ck,∗s

]
ds.

By

H0,t = exp

(
−εt − ε0

∆

) K∏
l=1

(
ηl,∗t

) 1

γl∆ ,

taking log of H0, we have

logH0,t = −εt − ε0
∆

+

K∑
l=1

1

γl∆
log ηl,∗t .

Due to

dBj,t = dB
λk,∗
1 ,λk

2
j,t + λk,∗

j,t dt (j = 1, . . . , d1),

dBj,t = dB
λk,∗
1 ,λk

2
j,t + λk

j,tdt (j = d1 + 1, . . . , d1 + d2),

dBj,t = dB
λk,∗
1 ,λk

2
j,t (j = d1 + d2 + 1, . . . , d),

with Brownian motions under Pλk,∗
1 ,λk

2 , by (93), Malliavin derivative with respect to B
λk,∗
1 ,λk

2
j ,

j = 1, . . . , d1 is

D
λk,∗
1 ,λk

2
j,u ck,∗s =

1

γk∆

(
ρj,u + σj

∫ s

u
e−bj(τ−u)dτ

)
−

K∑
l=1

1

γkγl∆
λl,∗
j,u +

1

γk
λk,∗
j,u

=
1

γk∆

{(
ρj,u + σj

∫ s

u
e−bj(τ−u)dτ

)
−

K∑
l=1

1

γl
λl,∗
j,u +∆λk,∗

j,u

}

=
1

γk∆

{(
ρj,u + σj

∫ s

u
e−bj(τ−u)dτ

)
−

K∑
l=1

1

γl
λl,∗
j,u +

(
K∑
l=1

1

γl

)
λk,∗
j,u

}

=
1

γk∆

{(
ρj,u + σj

∫ s

u
e−bj(τ−u)dτ

)
−

K∑
l=1;l ̸=k

1

γl
(λl,∗

j,u − λk,∗
j,u)

}
.

Hence, we have

Z
ck,∗,λk,∗

1 ,λk
2

j,u =

∫ T

u

[
e−γkck,∗s

γk∆

{(
ρj,u + σj

∫ s

u
e−bj(τ−u)dτ

)
−

K∑
l=1;l≠k

1

γl
(λl,∗

j,u − λk,∗
j,u)

}]
ds. (78)
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Step2: Determination of sgn(Z
ck,∗,λk,∗

1 ,λk
2

j )

Since

σj

∫ s

u
e−bj(τ−u)dτ = σj

1− e−bj(s−u)

bj
≥ 0 (equality holds at s = u),

by Assumptions 1 and 5, the right hand side of (78) is positive, that is Z
ck,∗,λk,∗

1 ,λk
2

j,u > 0, ∀u ∈ [0, T ],

and thus sgn(Z
ck,∗,λk,∗

1 ,λk
2

j ) ≡ 1. Hence, since λk,∗
j = −λ̄k

j , we have

−λ̄k
j sgn(Z

ck,∗,λk,∗
1 ,λk

2
j ) = −λ̄k

j = λk,∗
j .

□

Next, we solve the following problem on λk
2 for (ck,∗(λk

2),λ
k,∗
1 (λk

2)):

sup
λk
2 ,|λk

j |≤λ̄k
j ,j=d1+1,...,d1+d2

E

[∫ T

0
η
λk,∗
1 ,λk

2
t Uk(ck,∗t (λk

2))dt

]
. (79)

Lemma 11. λk,∗
2 = (λ̄k

d1+1, . . . , λ̄
k
d1+d2

)⊤ is optimal in (79).

Proof. Since the optimal consumption for fixed λk
2 is (93), η

λk,∗
1 ,λk

2
t Uk(ck,∗t (λk

2)) is

η
λk,∗
1 ,λk

2
t Uk(ck,∗t (λk

2)) = η
λk,∗
1 ,λk

2
t ×−

exp

(
log

(
Uk′(ck,∗0 (λk

2))
H0,t

η
λ
k,∗
1 ,λk

2
t

))
γk

= η
λk,∗
1 ,λk

2
t ×− 1

γk
Uk′(ck,∗0 (λk

2))
H0,t

η
λk,∗
1 ,λk

2
t

= − 1

γk
Uk′(ck,∗0 (λk

2))H0,t.

Substituting (93) to

E

[∫ T

0
H0,tc

k,∗
t dt

]
= E

[∫ T

0
H0,tε

k
t dt

]
,

we have

E

∫ T

0
H0,t

−
log

(
H0,t/η

λk,∗
1 ,λk

2
t

)
γk

+ ck,∗0

 dt

 = E

[∫ T

0
H0,tε

k
t dt

]
.

Hence, we obtain

ck,∗0 (λk
2) =

1

E
[∫ T

0 H0,tdt
]{E [∫ T

0
H0,tε

k
t dt

]
+E

[ ∫ T

0
H0,t

log

(
H0,t/η

λk,∗
1 ,λk

2
t

)
γk

dt

]}
. (80)
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Since ck,∗0 (λk
2) is (80), the objective function of λk

2 is

η
λk,∗
1 ,λk

2
t Uk(ck,∗t (λk

2))

= −H0,t

γk
exp

−γk
E
[∫ T

0 H0,tε
k
t dt
]

E
[∫ T

0 H0,tdt
]
× exp

−
E

[∫ T
0 H0,t

{
log

(
H0,t/η

λk,∗
1 ,λk

2
t

)}
dt

]
E
[∫ T

0 H0,tdt
]



= −Γt exp

E

[∫ T
0 H0,t log η

λk,∗
1 ,λk

2
t dt

]
E
[∫ T

0 H0,tdt
]

 ,

where we defined Γt independent of λ
k
2 as

Γt =
H0,t

γk
exp

−γk
E
[∫ T

0 H0,tε
k
t dt
]

E
[∫ T

0 H0,tdt
]
× exp

−
E
[∫ T

0 H0,t logH0,tdt
]

E
[∫ T

0 H0,tdt
]

 > 0.

Moreover, using

log η
λk,∗
1 ,λk

2
t

=

d1∑
j=1

(∫ t

0
λk,∗
j,s dBj,s −

1

2

∫ t

0
(λk,∗

j,s )
2ds

)
+

d1+d2∑
j=d1+1

(∫ t

0
λk
j,sdBj,s −

1

2

∫ t

0
λk,2
j,s ds

)

=

∫ t

0
λk,∗⊤
1,s dB1,s −

1

2

∫ t

0
|λk,∗

1,s |
2ds+

∫ t

0
λk⊤
2,sdB2,s −

1

2

∫ t

0
|λk

2,s|2ds,

we rewrite

η
λk,∗
1 ,λk

2
t Uk(ck,∗t (λk

2)) = −ΓtF1(λ
k,∗
1 )F2(λ

k
2),

where

F1(λ
k,∗
1 ) = exp

(
1

E
[∫ T

0 H0,tdt
]E[∫ T

0
H0,t

{∫ t

0
λk,∗⊤
1,s dB1,s −

1

2

∫ t

0
|λk,∗

1,s |
2ds

}
dt

])
,

and

F2(λ
k
2) = exp

(
1

E
[∫ T

0 H0,tdt
]E[∫ T

0
H0,t

{∫ t

0
λk⊤
2,sdB2,s −

1

2

∫ t

0
|λk

2,s|2ds
}
dt

])
.

The optimization problem is equivalent to

sup
λk
2 ,|λk

j |≤λ̄k
j ,j=d1+1,...,d1+d2

E

[∫ T

0
−ΓtF1(λ

k,∗
1 )F2(λ

k
2)dt

]
. (81)

Since ΓtF1(λ
k,∗
1 ) is positive and independent of λk

2, we only have to investigate F2(λ
k
2). If F2(λ

k
2)

is minimized, the expected utility is maximized with respect to λk
2. Thus, we have to confirm that
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F2(λ
k
2) is decreasing as a functional of the deterministic process λk

2 = (λk
d1+1, . . . , λ

k
d1+d2

)⊤, and

minimized at λk,∗
2 . Note that H0 is

H0,t = exp

(
− 1

∆

{ d∑
j=1

∫ t

0
ϕj,sds+

d∑
j=1

∫ t

0

(
ρj,s + σj

∫ t

s
e−bj(τ−s)dτ

)
dBj,s

})

×
K∏
l=1

exp

(
1

γl∆

{ d∑
j=1

(∫ t

0
λl,∗
j,sdBj,s −

1

2

∫ t

0
(λl,∗

j,s)
2ds

)})
.

Set ξ = (ξd1+1, . . . , ξd1+d2)
⊤, where

ξj,s = − 1

∆

(
ρj,s + σj

∫ t

s
e−bj(τ−s)dτ

)
+

K∑
l=1

1

γl∆
λl,∗
j,s, (82)

j = d1 + 1, . . . , d1 + d2. Then, we rewrite H0 as follows:

H0,t = exp

(∫ t

0
ξ⊤s dB2,s −

1

2

∫ t

0
|ξs|2ds

)
exp

(
1

2

∫ t

0
|ξs|2ds

)
× exp

(
− 1

∆

{ d∑
i=1

∫ t

0
ϕi,sds+

d∑
i=1;i/∈J k

2

∫ t

0

(
ρi,s + σi

∫ t

s
e−bi(τ−s)dτ

)
dBi,s

})

×
K∏
l=1

exp

(
1

γl∆

{ d∑
i=1;i/∈J k

2

(∫ t

0
λl,∗
i,sdBi,s −

1

2

∫ t

0
(λl,∗

i,s)
2ds

)}
−

d∑
j=1

1

2

∫ t

0
(λl,∗

j,s)
2ds

)

= exp

(∫ t

0
ξ⊤s dB2,s −

1

2

∫ t

0
|ξs|2ds

)
H(t,B−

2 ),

where we set

H(t,B−
2 )

= exp

(
1

2

∫ t

0
|ξs|2ds

)
exp

(
− 1

∆

{ d∑
i=1

∫ t

0
ϕi,sds+

d∑
i=1;i/∈J k

2

∫ t

0

(
ρi,s + σi

∫ t

s
e−bi(τ−s)dτ

)
dBi,s

})

×
K∏
l=1

exp

(
1

γl∆

{ d∑
i=1;i/∈J k

2

(∫ t

0
λl,∗
i,sdBi,s −

1

2

∫ t

0
(λl,∗

i,s)
2ds

)}
−

d∑
j=1

1

2

∫ t

0
(λl,∗

j,s)
2ds

)
> 0.

We define a probability measure P̃ with a positive martingale as

Zξ
t = exp

(∫ t

0
ξ⊤s dB2,s −

1

2

∫ t

0
|ξs|2ds

)
.

Then, we obtain Brownian motions under P̃ as follows:

B̃i,t = Bi,t (i /∈ J k
2 ),

B̃i,t = Bi,t −
∫ t

0
ξi,sds (i ∈ J k

2 ).
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Set B̃2 = (B̃d1+1, . . . , B̃d1+d2)
⊤. Then,

F2(λ
k
2)

= exp

(
1

E
[∫ T

0 H0,tdt
]{EP̃

[ ∫ T

0
H(t, B̃−

2 )

(∫ t

0
λk⊤
2,s(dB̃2,s + ξsds)−

∫ t

0

|λk
2,s|2

2
ds

)
dt

]})
.

Since B̃−
2 and B̃2 are independent and

EP̃

[∫ t

0
λk⊤
2,sdB̃2,s

]
= 0,

we have

F2(λ
k
2)

= exp

(
1

E
[∫ T

0 H0,tdt
]{EP̃

[ ∫ T

0
H(t, B̃−

2 )

(∫ t

0
λk⊤
2,sξsds−

1

2

∫ t

0
|λk

2,s|2ds
)
dt

]})
.

Since H(t, B̃−
2 ) > 0, we only have to consider

f2,t(λ
k
2) =

∫ t

0

(
λk⊤
2,sξs −

1

2
|λk

2,s|2
)
ds.

For any nonrandom λ̂k
2 = (λ̂d1+1, . . . , λ̂d1+d2)

⊤ with 0 < λ̂k
j ≤ λ̄k

j , j = d1 + 1, . . . , d1 + d2, we

calculate

lim
α→0

f2,t(λ
k
2 + αλ̂k

2)− f2,t(λ
k
2)

α
.

Since

f2,t(λ
k
2 + αλ̂k

2)− f2,t(λ
k
2)

=

∫ t

0

(
(λk

2,s + αλ̂k
2,s)

⊤ξs −
|λk

2,s + αλ̂k
2,s|2

2

)
ds−

∫ t

0

(
λk⊤
2,sξs −

|λk
2,s|2

2

)
ds

=

∫ t

0

(
αλ̂k⊤

2,sξs − αλ̂k⊤
2,sλ

k
2,s −

|λ̂k
2,s|2

2
α2

)
ds,

lim
α→0

f2,t(λ
k
2 + αλ̂k

2)− f2,t(λ
k
2)

α
=

∫ t

0

(
λ̂k⊤
2,sξs − λ̂k⊤

2,sλ
k
2,s

)
ds.

If ξs < 0 for all 0 ≤ s ≤ t, then f2,t(λ
k
2) is decreasing in λk

2 since the integrand is decreasing

in ξs ≤ λk
2,s ≤ λ̄k

2,s. Hence, f2,t(λ
k
2) is minimized at λk

2 = λ̄k
2, and thus the expected utility is

maximized. In fact, by Assumption 5, ξs < 0 holds for all 0 ≤ s ≤ t. □
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The admissibility of (c̄k,∗, πk,∗) follows in the same manner as in the proof of Theorem 3 in

the main text. Particularly, E[
∫ T
0 Uk(c̄k,∗t )2dt] < ∞ follows from the nonrandomness of ρ and λl,∗

s

and E[
∫ T
0 exp(− 4

∆

∫ t
0 νsds)dt] < ∞ (see Remark 6 below for details). Thus, by Lemmas 10 and 11,

Proposition 9 holds. □

Remark 6. For the admissibility of (c̄k,∗, πk,∗), E[
∫ T
0 Uk(c̄k,∗t )2dt] < ∞ is confirmed as follows.

First, we note that since

Uk(c̄k,∗t ) = − 1

γk
exp(−γk c̄k,∗t ),

c̄k,∗t = − 1

γk
log

(
H0,t

ηk,∗t

)
+ c̄k,∗0 , (83)

we have

Uk(c̄k,∗t ) = −K

γk

(
H0,t

ηk,∗t

)
, (84)

where K = exp(−γk c̄k,∗0 ). Then,

Uk(c̄k,∗t )2 =
K2

(γk)2

(
H0,t

ηk,∗t

)2

. (85)

Here, (
H0,t

ηk,∗t

)2

= exp

(
−2(εt − ε0)

∆

) K∏
l=1

(ηl,∗t )
2

γl∆ /(ηk,∗t )2

= exp

(
−2(εt − ε0)

∆
+

K∑
l=1

(
− 1

γl∆

∫ t

0
|λl,∗

s |2ds+ 2

γl∆

∫ t

0
λl,∗⊤
s dBs

)
+

∫ t

0
|λk,∗

s |2ds− 2

∫ t

0
λk,∗⊤
s dBs

)
,

(86)

where

εt = ε0 +

∫ t

0
νsds+

∫ t

0
ρ⊤
s dBs. (87)

Hence,

E

[∫ T

0
Uk(c̄k,∗t )2dt

]
≤ K2

(γk)2

√
E

[∫ T

0
exp

(
− 4

∆

∫ t

0
νsds

)
dt

]√
E

[∫ T

0
exp(At)dt

]
, (88)

where

At = − 4

∆

∫ t

0
ρ⊤
s dBs +

K∑
l=1

(
− 2

γl∆

∫ t

0
|λl,∗

s |2ds+ 4

γl∆

∫ t

0
λl,∗⊤
s dBs

)
+ 2

∫ t

0
|λk,∗

s |2ds− 4

∫ t

0
λk,∗⊤
s dBs.

(89)

Since ρ and λl,∗
s are nonrandom and E[

∫ T
0 exp(− 4

∆

∫ t
0 νsds)dt] < ∞, we obtain E[

∫ T
0 Uk(c̄k,∗t )2dt] <

∞.
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□

Finally, we show that the clearing conditions (17)-(19) are satisfied.

Proposition 12. Under Assumptions 1 and 5, given H0 in (73), the clearing conditions (17)-(19)
hold.

Proof.

First, we confirm the clearing condition of the consumption goods market. Since

c̄k,∗t = − 1

γk
log

(
H0,t

ηk,∗t

)
+ c̄k,∗0 ,

where c̄k,∗0 = 1

E[
∫ T
0 H0,tdt]

{
E
[∫ T

0 H0,tε
k
t dt
]
+E

[ ∫ T
0 H0,t

log

(
H0,t

η
k,∗
t

)
γk dt

]}
,

K∑
k=1

c̄k,∗t = −
K∑
k=1

1

γk
log

(
H0,t

ηk,∗t

)
+

K∑
k=1

c̄k,∗0 .

Note that

−
K∑
k=1

1

γk
log

(
H0,t

ηk,∗t

)
= −

K∑
k=1

1

γk
(logH0,t − log ηk,∗t )

= −∆logH0,t +

K∑
k=1

1

γk
log ηk,∗t

= εt − ε0,

since

∆ logH0,t = −(εt − ε0) +
K∑
k=1

1

γk
ηk,∗t .

Moreover,

K∑
k=1

c̄k,∗0 =

E
[∫ T

0 H0,tεtdt
]
+E

[ ∫ T
0 H0,t

∑K
k=1

log

(
H0,t

η
k,∗
t

)
γk dt

]
E
[∫ T

0 H0,tdt
]

=
E
[∫ T

0 H0,tεtdt
]
+E

[∫ T
0 H0,t(−εt + ε0)dt

]
E
[∫ T

0 H0,tdt
] = ε0.

Hence, we have

K∑
k=1

c̄k,∗t = εt, t ∈ [0, T ].
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The clearing conditions for the security market and the money market also follow in the same way

as in the proof of Theorem 4 in the main text. □

□

Furthermore, by applying Ito’s formula to (73) and comparing the result with (2), we have the

following expressions for the interest rate and the market price of risk with heterogeneous views

on the fundamental risks in the exponential utility case.

Proposition 13. The interest rate r and the market price of risk −θ in equilibrium are given by

rt =
νt
∆ − |ρt|2

2∆2 +
∑K

k=1
1

2γk∆2

(∑K
m̸=k

|λk,∗
t |2
γm + 2ρ⊤

t λ
k,∗
t

)
, and −θt =

1
∆ρt −

∑K
k=1

1
γk∆

λk,∗
t .

Proof.

By H0,t = exp
(
− εt−ε0

∆

)∏K
k=1

(
ηk,∗t

) 1

γk∆ ,logH0 is expressed as

logH0 = −εt − ε0
∆

+

K∑
k=1

1

γk∆
log ηk,∗t .

Thus, we have

d logH0,t = − 1

∆
dεt +

K∑
k=1

1

γk∆
d log ηk,∗t

= − 1

∆
(νtdt+ ρ⊤

t dBt) +
K∑
k=1

1

γk∆
(λk,∗⊤

t dBt −
1

2
|λk,∗

t |2dt)

=

[
− 1

∆
νt −

1

2

K∑
k=1

1

γk∆
|λk,∗

t |2
]
dt+

[
− 1

∆
ρt +

K∑
k=1

1

γk∆
λk,∗
t

]⊤
dBt.

On the other hand,

dH0,t = H0,t[−rtdt+ θ⊤
t dBt], (90)

and thus

d logH0,t =

[
−rt −

1

2
|θt|2

]
dt+ θ⊤

t dBt.

By these representations of d logH0,t, the market price of risks −θ and the interest rate r are given

by

−θt =
1

∆
ρt −

K∑
k=1

1

γk∆
λk,∗
t ,
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and

rt =
νt
∆

+
1

2

K∑
k=1

1

γk∆
|λk,∗

t |2 − 1

2
|θt|2

=
νt
∆

+
K∑
k=1

|λk,∗
t |2

2γk∆
− 1

2
| 1
∆
ρt −

K∑
k=1

1

γk∆
λk,∗
t |2

=
νt
∆

− |ρt|2

2∆2
+

K∑
k=1

|λk,∗
t |2

2γk∆
(1− 1

γk∆
) +

K∑
k=1

ρ⊤
t λ

k,∗
t

γk∆2

=
νt
∆

− |ρt|2

2∆2
+

K∑
k=1

1

2γk∆2

 K∑
m̸=k

|λk,∗
t |2

γm
+ 2ρ⊤

t λ
k,∗
t

 .

□

Remark 7. Since ρt and λk,∗
t are nonrandom, Zt = exp

(∫ t
0 θ

⊤
s dBs − 1

2

∫ t
0 |θs|

2ds
)
, t ∈ [0, T ] is

in fact a martingale in the exponential case.

6. Possible extension to an exponential utility case with stochastic boundaries

In this section, we show a possible extension of the model to the case where the boundaries

of the views λ̄k
j , j ∈ J1,J2 are stochastic, namely, we assume λ̄k

j are positive {Ft}-progressively

measurable processes.

In the exponential utility case, we consider a market where each agent has a exponential-utility

function Uk given by Uk(x) = − e−γkx

γk , 0 < γk < ∞, and the aggregate endowment process ε is a

normal type stochastic process expressed as

εt = ε0 +

∫ t

0
ντdτ +

∫ t

0
ρ⊤
τ dBτ , (91)

where ν,ρ are {Ft}-progressively measurable processes with E[
∫ T
0 |ντ |dτ ] < ∞, E[

∫ T
0 |ρτ |2dτ ] < ∞,

and each element of ρ being positive, i.e. ρj > 0 (j = 1, · · · , d).

Then, for a given state-price density processH0 in (73), namely,H0,t = exp
(
− εt−ε0

∆

)∏K
k=1

(
ηk,∗t

) 1

γk∆ ,

we consider the following individual optimization problem for the k-th agent

sup
(ck,πk)∈Ak

sup
|λk

j |≤λ̄k
j , j∈J k

2

inf
|λk

j |≤λ̄k
j , j∈J k

1

E

[∫ T

0
ηλ

k

t Uk(ckt )dt

](
= EPλk

[∫ T

0
Uk(ckt )dt

])
= sup

|λk
j |≤λ̄k

j , j∈J k
2

sup
(ck,πk)∈Ak

inf
|λk

j |≤λ̄k
j , j∈J k

1

E

[∫ T

0
ηλ

k

t Uk(ckt )dt

]
. (92)
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Then, as in the discussion in Section 5, under certain conditions, λk,∗
j,t = −λ̄k

j , j ∈ J k
1 , λ

k,∗
j,t =

λ̄k
j , j ∈ J k

2 , c̄
k,∗
t = − 1

γk log

(
H0,t

ηk,∗t

)
+c̄k,∗0 with c̄k,∗0 = 1

E[
∫ T
0 H0,tdt]

{
E

[∫ T
0 H0,tε

k
t dt

]
+E

∫ T
0 H0,t

log

(
H0,t

η
k,∗
t

)
γk dt

},
attain sup|λk

j |≤λ̄k
j , j∈J k

2
sup(ck,πk)∈Ak inf |λk

j |≤λ̄k
j , j∈J k

1
Jk(ck,λk

1,λ
k
2) and satisfy the clearing condi-

tions (17)-(19) as in Proposition 12 of Section 5.

Hereafter, we assume J k
1 = {1, . . . , d1}, J k

2 = {d1 + 1, . . . , d1 + d2}, J k
3 = {d1 + d2 + 1, . . . , d},

without loss of generality.

In the following, we particularly investigate the conditions under which the individual op-

timization problem is solved as mentioned. We first consider conditions where for given λk
2,

sgn(Zj) = +1, j ∈ j = 1, . . . , d1 for Zj in (14) of Lemma 1 and then examine conditions where

maximization with respect to λk
2 is attained at λk,∗

2 .

6.1. sup(ck,πk)∈Ak inf |λk
j |≤λ̄k

j , j∈J k
1
Jk(ck,λk

1,λ
k
2) for given λk

2

First, for given λk
2, |λk

j | ≤ λ̄k
j , j ∈ J k

2 , we consider sup(ck,πk)∈Ak inf |λk
j |≤λ̄k

j , j∈J k
1
Jk(ck,λk

1,λ
k
2).

As in Lemma 10 of Section 5,

ck,∗t = − 1

γk
log

(
H0,t/η

λk,∗
1 ,λk

2
t

)
+ ck,∗0 , (93)

where ck,∗0 and logH0,t are given respectively as

ck,∗0 =
1

E
[∫ T

0 H0,tdt
]{E [∫ T

0
H0,tε

k
t dt

]
+E

[ ∫ T

0
H0,t

log

(
H0,t/η

λk,∗
1 ,λk

2
t

)
γk

dt

]}
,

logH0,t =
1

∆

(
−(εt − ε0) +

K∑
l=1

1

γl
log ηl,∗t

)
,

where ηl,∗ = ηλ
l,∗

with λl,∗ given by (21), and λk∗
1 = (−λ̄k

1, . . . ,−λ̄k
d1
) attain

sup(ck,πk)∈Ak inf |λk
j |≤λ̄k

j , j∈J k
1
Jk(ck,λk

1,λ
k
2) if sgn(Zk

j,u) = +1, j = 1, . . . , d1 where we denote Zj,t

of agent k in (14) as Zk
j,t.

Also, we will use the result shown in Appendix A. Namely, Zk
j,u is calculated as follows:

Zk
j,u =

∫ T

u
E

λk,∗
1 ,λk

2
u

[(
1

γk
e−γkck,∗s

)(
λk,∗
j,u +

{
γkDj

u(c
k,∗
s )−Dj

u(log η
λk,∗
1 ,λk

2
s )

})]
ds, (94)

j = 1, . . . , d1.
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To know sgn(Zk
j,u), as

1
γk e

−γkck,∗s > 0, we only have to examine the sign of

λk,∗
j,u +

{
γkDj

u(c
k,∗
s )−Dj

u(log η
λk,∗
1 ,λk

2
s )

}
. (95)

Hereafter, we consider a special case of K = 2, d = 1. Also, we assume that agent 1 is

conservative against the risk B ≡ B1, and agent 2 is aggressive against the risk B ≡ B1. Thus, we

note η
λ1,∗
1 ,λ1

2
t = η

λ1,∗
1 ,0

t = η1,∗t .

Hence, for agent 1, noting that in Lemma 10,

c1,∗t = − 1

γ1
log

(
H0,t/η

λ1,∗
1 ,0

t

)
+ c1,∗0 , (96)

we have

c1,∗s =

(
1

γ1 + γ2

)(
γ2εs + log

η1,∗s

η2,∗s

)
+

{
c1,∗0 −

(
γ2

γ1 + γ2

)
ε0

}
. (97)

Next, suppose that the aggregate endowment process is given as

εt = ε0 +

∫ t

0
ντdτ +

∫ t

0
ρτdBτ , (98)

νt = ν0 +

∫ t

0
(a− bνs)ds+

∫ t

0
σdBs. (99)

Then, we have

γ1Duc
1,∗
s =

(
γ1γ2

γ1 + γ2

)
Duεs +

(
γ1

γ1 + γ2

)(
Du log η

1,∗
s −Du log η

2,∗
s

)
, (100)

and thus,

γ1Duc
1,∗
s −Du log η

1,∗
s =

(
γ1γ2

γ1 + γ2

)
Duεs −

(
γ2

γ1 + γ2

)
Du log η

1,∗
s −

(
γ1

γ1 + γ2

)
Du log η

2,∗
s .

(101)

We also calculate(
γ1γ2

γ1 + γ2

)
Duεs

=

∫ s

u

(
γ1γ2

γ1 + γ2

)
Duντdτ +

∫ s

u

(
γ1γ2

γ1 + γ2

)
DuρτdBτ +

(
γ1γ2

γ1 + γ2

)
ρu. (102)

Hence, plugging those into

λ1,∗
u +

{
γ1Du(c

1,∗
s )−Du(log η

1,∗
s )
}
, (103)
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we obtain the following:

λ1,∗
u + γ1Duc

1,∗
s −Du log η

1,∗
s

=

∫ s

u

{(
γ1γ2

γ1 + γ2

)
Duντ +

(
γ2

γ1 + γ2

)
Du

1

2
|λ1,∗

τ |2 +
(

γ1

γ1 + γ2

)
Du

1

2
|λ2,∗

τ |2
}
dτ

+

∫ s

u

{(
γ1γ2

γ1 + γ2

)
Duρτ −

(
γ2

γ1 + γ2

)
Duλ

1,∗
τ −

(
γ1

γ1 + γ2

)
Duλ

2,∗
τ

}
dBτ

+

(
γ1γ2

γ1 + γ2

)
ρu +

(
γ1

γ1 + γ2

)
λ1,∗
u −

(
γ1

γ1 + γ2

)
λ2,∗
u . (104)

Then, to have −λ̄1
1 to be optimal for the conservative agent 1 in the random boundary case,

that is, to get sgn(Z1) = 1 as in Lemma 10 of Section 5, we need the following conditions:

Duντ +Du
1

2γ1
|λ1,∗

τ |2 +Du
1

2γ2
|λ2,∗

τ |2 > 0, ((integrand of integration w.r.t dτ in (104) ) > 0),

(105)

Duρτ =

(
1

γ1

)
Duλ

1,∗
τ +

(
1

γ2

)
Duλ

2,∗
τ , ((integrand of integration w.r.t dBτ in (104)) = 0), (106)

ρu >

(
1

γ2

)(
λ2,∗
u − λ1,∗

u

)
, (the last term in (104) > 0), (107)

6.2. supλk
2 ,|λk

j |≤λ̄k
j , j∈J k

2
Jk(ck,∗,λk,∗

1 ,λk
2)

Next, we consider supλk
2 ,|λk

j |≤λ̄k
j , j∈J k

2
Jk(ck,∗,λk,∗

1 ,λk
2) for ck,∗ and λk,∗

1 that attain the first

sup(ck,πk)∈Ak inf |λk
j |≤λ̄k

j , j∈J k
1
Jk(ck,λk

1,λ
k
2) part for given λk

2.

As in Lemma 11 of Section 5, by using (82) with d = 1, d1 = 0, d2 = 1 and K = 2, we need the

following condition for λ̄2
2 to be optimal for the aggressive agent 2 in the random boundary case:

ρs +Dsνt = ρs + σ

∫ t

s
e−b(τ−s)dτ >

1

γ1
λ1,∗
s +

1

γ2
λ2,∗
s , (108)

where we note Dsνt = σ
∫ t
s e

−b(τ−s)dτ ≥ 0. Hence, the next condition is sufficient:

ρs >
1

γ1
λ1,∗
s +

1

γ2
λ2,∗
s (109)

Moreover, noting λ1,∗
u < 0 and λ2,∗

u > 0, the condition ρu >
(

1
γ2

)(
λ2,∗
u − λ1,∗

u

)
is more stringent

than ρs >
1
γ1λ

1,∗
s + 1

γ2λ
2,∗
s . Thus, if (107) holds, (109) follows.

6.3. Sufficient conditions and implications

Noting Dsνt = σ
∫ t
s e

−b(τ−s)dτ ≥ 0, the next condition is sufficient for (105):

Du
1

2γ1
|λ1,∗

τ |2 +Du
1

2γ2
|λ2,∗

τ |2 > 0. (110)
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Also, the following condition is sufficient for (106):

ρτ − cρ,τ =

(
1

γ1

)
λ1,∗
τ +

(
1

γ2

)
λ2,∗
τ ; cρ,τ > 0, nonrandom. (111)

Then, both conditions, (107) and (111) imply that(
γ1γ2

γ1 + γ2

)
cρ > −λ1,∗ > 0, equivalently, λ1,∗ > −

(
γ1γ2

γ1 + γ2

)
cρ. (112)

Namely, |λ1,∗|, the magnitude of agent 1’s random conservative view/sentiment should be bounded

by the nonrandom process
(

γ1γ2

γ1+γ2

)
cρ.

In sum, the equations (110), (111) and (112) are sufficient conditions for λ1,∗ = −λ̄1 and

λ2,∗ = λ̄2.

Furthermore, (111) with (112) indicates that

ρ−
(

γ1

γ1 + γ2

)
cρ >

(
1

γ2

)
λ2,∗ > 0. (113)

We also note that for a given aggregate endowment’s random volatility ρ, we can interpret that

those conditions (112) and (113) specify ranges where the agents’ views/sentiments vary. That is,

given ρ, cρ > 0, the equations (112) and (113) provide lower and upper limits for the range of

agent 1’s conservative and agent 2’s aggressive views/sentiments, respectively.

Moreover, we remark that as in Proposition 13 of Section 5, we can obtain the equilibrium

interest rate r and market price of risk −θ. Namely, let us recall that

d logH0,t = − 1

∆

[
νt +

1

2

2∑
k=1

1

γk
|λk,∗

t |2
]
dt− 1

∆

[
ρt −

2∑
k=1

1

γk
λk,∗
t

]⊤
dBt

= −
[
rt +

1

2
|θt|2

]
dt+ θ⊤

t dBt.

Hence, in the current setting with (111) we have the following:

−θ = cρ/∆ =
(

γ1γ2

γ1+γ2

)
cρ, and

rt =
1

∆

[
νt +

1

2

2∑
k=1

1

γk
|λk,∗

t |2
]
− 1

2
|θt|2

=

(
γ1γ2

γ1 + γ2

)[
νt +

1

2

2∑
k=1

1

γk
|λ̄t

k|2
]
− 1

2

(
γ1γ2

γ1 + γ2

)2

c2ρ,t. (114)

As an example, given each agent’s ARA parameter γk > 0 (k = 1, 2) and a nonrandom process

cρ > 0, let M1 :=
(

γ2

γ1+γ2

)
cρ − c > 0 for an arbitrary small constant c > 0. We also define each

Y k > 0, k = 1, 2 as a mean-reverting square-root process:

dY k
t = (aky − bky Y k

t )dt+ σk
y

√
Y k
t dBt; Y k

0 > 0, aky , bky > 0, aky > (σk
y )

2/2, (115)

30



where Du{
√

Y k
τ } > 0 and Du{Y k

τ } > 0 (τ > u) thanks to Proposition 4.1 and Corollary 4.2 in

Alos and Ewald (2008).

Moreover, let f(y) be a smoothly modified function of min{M1,
√
y} (y > 0) to define f ′(y) ≥ 0

for all y > 0 including y = (M1)
2. Then, we set the aggregate endowment volatility ρ as

ρ = cρ − f(Y 1) +
√
Y 2 > 0. (116)

We finally put λ̄1 = γ1f(Y
1) and λ̄2 = γ2

√
Y 2. Using those λ̄1 and λ̄2 with (99), the equation

(114) explicitly gives us the equilibrium interest rate r.

(Reference) Alos, E., and Ewald, C. O. (2008). Malliavin differentiability of the Heston

volatility and applications to option pricing. Advances in Applied Probability, 40(1), 144-162.

Appendix A. Derivation of Zk
j,u in (94)

Firstly, for Zk
s and Zp,k

s in the martingale representations,∫ T

0
Uk(ck,∗s )ds = Eλk,∗

1 ,λk
2

[∫ T

0
Uk(ck,∗s )ds

]
+

∫ T

0
Zk⊤

s dB
λk,∗
1 ,λk

2
s , (A.1)

and ∫ T

0
η
λk,∗
1 ,λk

2
s Uk(ck,∗s )ds = E

[∫ T

0
η
λk,∗
1 ,λk

2
s Uk(ck,∗s )ds

]
+

∫ T

0
Zp,k⊤

s dBs, (A.2)

the relation

Zk
u =

Zp,k
u

η
λk,∗
1 ,λk

2
u

− V
k,λk,∗

1 ,λk
2

u λk,∗(λk
2)u, (A.3)

holds, which is shown as follows. We note the notation λk,∗(λk
2) = (λk,∗⊤

1 ,λk⊤
2 , 0, . . . , 0)⊤.

First, let us recall the definition:

V
k,λk,∗

1 ,λk
2

t = Eλk,∗
1 ,λk

2

[∫ T

t
Uk(ck,∗s )ds

∣∣Ft

]
. (A.4)

Then,

V
k,λk,∗

1 ,λk
2

t = Eλk,∗
1 ,λk

2

[∫ T

t
Uk(ck,∗s )ds

∣∣Ft

]
= Eλk,∗

1 ,λk
2

[∫ T

0
Uk(ck,∗s )ds

∣∣Ft

]
−
∫ t

0
Uk(ck,∗s )ds

= Eλk,∗
1 ,λk

2

[∫ T

0
Uk(ck,∗s )ds

]
+

∫ t

0
Zk⊤

s dB
λk,∗
1 ,λk

2
s −

∫ t

0
Uk(ck,∗s )ds. (A.5)
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In the second equality, we used the martingale representation theorem:∫ T

0
Uk(ck,∗s )ds = Eλk,∗

1 ,λk
2

[∫ T

0
Uk(ck,∗s )ds

]
+

∫ T

0
Zk⊤

s dB
λk,∗
1 ,λk

2
s . (A.6)

Thus,

dV
k,λk,∗

1 ,λk
2

t = Zk⊤
t dB

λk,∗
1 ,λk

2
t − Uk(ck,∗t )dt

= Zk⊤
t (dBt − λk,∗(λk

2)tdt)− Uk(ck,∗t )dt

= Zk⊤
t dBt − (Uk(ck,∗t ) +Zk⊤

t λk,∗(λk
2)t)dt. (A.7)

On the other hand, we note

V
k,λk,∗

1 ,λk
2

t = Eλk,∗
1 ,λk

2

[∫ T

t
Uk(ck,∗s )ds

∣∣Ft

]
= E

∫ T

t

η
λk,∗
1 ,λk

2
s

η
λk,∗
1 ,λk

2
t

Uk(ck,∗s )ds
∣∣Ft

 . (A.8)

This is derived as follows:

V
k,λk,∗

1 ,λk
2

t = Eλk,∗
1 ,λk

2

[∫ T

t
Uk(ck,∗s )ds

∣∣Ft

]
=

1

η
λk,∗
1 ,λk

2
t

E

[
η
λk,∗
1 ,λk

2
T

∫ T

t
Uk(ck,∗s )ds

∣∣Ft

]

=
1

η
λk,∗
1 ,λk

2
t

E

[∫ T

t
η
λk,∗
1 ,λk

2
s Uk(ck,∗s )ds

∣∣Ft

]
. (A.9)

The third equality holds as follows.

E

[
η
λk,∗
1 ,λk

2
T

∫ T

t
Uk(ck,∗s )ds

∣∣Ft

]
= E

[
η
λk,∗
1 ,λk

2
T

∫ T

0
Uk(ck,∗s )ds

∣∣Ft

]
−E

[
η
λk,∗
1 ,λk

2
T

∫ t

0
Uk(ck,∗s )ds

∣∣Ft

]
= E

[
η
λk,∗
1 ,λk

2
T

∫ T

0
Uk(ck,∗s )ds

∣∣Ft

]
−E

[
η
λk,∗
1 ,λk

2
T

∣∣Ft

] ∫ t

0
Uk(ck,∗s )ds

= E

[
η
λk,∗
1 ,λk

2
T

∫ T

0
Uk(ck,∗s )ds

∣∣Ft

]
− η

λk,∗
1 ,λk

2
t

∫ t

0
Uk(ck,∗s )ds. (A.10)

Here,

d

(
η
λk,∗
1 ,λk

2
v

∫ v

0
Uk(ck,∗s )ds

)
= dη

λk,∗
1 ,λk

2
v

(∫ v

0
Uk(ck,∗s )ds

)
+ η

λk,∗
1 ,λk

2
v Uk(ck,∗v )dv. (A.11)

Integrating from 0 to t,

η
λk,∗
1 ,λk

2
t

∫ t

0
Uk(ck,∗s )ds =

∫ t

0

(∫ v

0
Uk(ck,∗s )ds

)
dη

λk,∗
1 ,λk

2
v +

∫ t

0
η
λk,∗
1 ,λk

2
v Uk(ck,∗v )dv

=

∫ t

0

(∫ v

0
Uk(ck,∗s )ds

)
η
λk,∗
1 ,λk

2
v λk,∗(λk

2)
⊤
v dBv +

∫ t

0
η
λk,∗
1 ,λk

2
v Uk(ck,∗v )dv,

(A.12)
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where we used dη
λk,∗
1 ,λk

2
v = η

λk,∗
1 ,λk

2
v λk,∗(λk

2)
⊤
v dBv. Therefore, when we note that the first term is a

stochastic integral with Brownian motion, we obtain

E

[
η
λk,∗
1 ,λk

2
T

∫ T

t
Uk(ck,∗s )ds

∣∣Ft

]
= E

[
η
λk,∗
1 ,λk

2
T

∫ T

0
Uk(ck,∗s )ds

∣∣Ft

]
− η

λk,∗
1 ,λk

2
t

∫ t

0
Uk(ck,∗s )ds

= E

[∫ T

0
η
λk,∗
1 ,λk

2
v Uk(ck,∗v )dv

∣∣Ft

]
−
∫ t

0
η
λk,∗
1 ,λk

2
v Uk(ck,∗v )dv

= E

[∫ T

t
η
λk,∗
1 ,λk

2
s Uk(ck,∗s )ds

∣∣Ft

]
. (A.13)

Now, we use the martingale representation theorem:∫ T

0
η
λk,∗
1 ,λk

2
s Uk(ck,∗s )ds = E

[∫ T

0
η
λk,∗
1 ,λk

2
s Uk(ck,∗s )ds

]
+

∫ T

0
Zp,k⊤

s dBs. (A.14)

Thus,

E

[∫ T

0
η
λk,∗
1 ,λk

2
s Uk(ck,∗s )ds

∣∣Ft

]
= E

[∫ T

0
η
λk,∗
1 ,λk

2
s Uk(ck,∗s )ds

]
+

∫ t

0
Zp,k⊤

s dBs. (A.15)

Here, since

V
k,λk,∗

1 ,λk
2

t =
1

η
λk,∗
1 ,λk

2
t

E

[∫ T

t
η
λk,∗
1 ,λk

2
s Uk(ck,∗s )ds

∣∣Ft

]

=
1

η
λk,∗
1 ,λk

2
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{
E

[∫ T

0
η
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1 ,λk

2
s Uk(ck,∗s )ds

∣∣Ft

]
−
∫ t

0
η
λk,∗
1 ,λk

2
s Uk(ck,∗s )ds

}
, (A.16)

we have

E

[∫ T

0
η
λk,∗
1 ,λk

2
s Uk(ck,∗s )ds

∣∣Ft

]
= η

λk,∗
1 ,λk

2
t V

k,λk,∗
1 ,λk

2
t +

∫ t

0
η
λk,∗
1 ,λk

2
s Uk(ck,∗s )ds. (A.17)

We calculate

d

(
η
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1 ,λk

2
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1 ,λk

2
t +
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0
η
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1 ,λk

2
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k,λk,∗
1 ,λk

2
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1 ,λk
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1 ,λk

2
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1 ,λk

2
t (V
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1 ,λk

2
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2)t +Zk
t )
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Since this volatility coefficient must equal Zp,k
t , we obtain

Zk
t =

Zp,k
t

η
λk,∗
1 ,λk

2
t

− V
k,λk,∗

1 ,λk
2

t λk,∗(λk
2)t. (A.19)
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Then, we have the following expressions for Zp,k
j,u and −V

k,λk,∗
1 ,λk

2
u λk,∗(λk

2)u:

Zp,k
j,u =

∫ T

u
Eu

[
Dj

u

(
η
λk,∗
1 ,λk

2
s
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)]
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=
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2
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]
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2
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Dj
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u(log η
λk,∗
1 ,λk

2
s )

}]
ds, (A.20)

−V k,λk,∗
1 ,λk

2λk,∗(λk
2)u = −Eu

∫ T

u
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1 ,λk

2
s
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[(
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2)u, (A.21)

where E
λk,∗
1 ,λk

2
u [·] := Eλk,∗

1 ,λk
2 [·|Fu] and the expression for Zp,k

j,u /η
λk,∗
1 ,λk

2
u as

Zp,k
j,u /η
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2
u = γk
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Hence, we obtain a simple form of Zk
j,u, j = 1, . . . , d1 as follows:
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j,u = Zp,k

j,u /η
λk,∗
1 ,λk

2
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2
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(A.23)
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