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Abstract

In this paper, we study a problem of equilibrium price formation among many investors
with exponential utility. The investors are heterogeneous in their initial wealth, risk-averseness
parameter, as well as stochastic liability at the terminal time. We characterize the equilibrium
risk-premium process of the risky stocks in terms of the solution to a novel mean-field backward
stochastic differential equation (BSDE), whose driver has quadratic growth both in the stochas-
tic integrands and in their conditional expectations. We prove the existence of a solution to the
mean-field BSDE under several conditions and show that the resultant risk-premium process
actually clears the market in the large population limit.

Keywords: market clearing, equilibrium price formation, exponential utility, optimal martingale
principle, McKean-Vlasov type

1 Introduction

Since the pioneering works of Lasry & Lions [36, 37, 38] and Huang et al. [27, 28, 29], the great
developments in the mean-field game (MFG) theory have made us possible to understand some of
the long-standing issues of multi-agent games. If the interactions among the agents are symmetric,
then the MFG techniques can render, in the large population limit, a very complex problem of
solving a large coupled system of equations that characterizes a Nash equilibrium feasible by trans-
forming it into separate and simpler problems of the optimization for a representative agent and of
finding a fixed point. The resultant solution in the mean field equilibrium is known to provide an
e-Nash equilibrium for the original game with a large but a finite number of agents. The details of
the MFG theory and many applications can be found, for example, in two volumes by Carmona &
Delarue [5, 6] and in a lecture note by Cardaliaguet [4].

In this paper, we consider a problem of equilibrium price formation with exponential utility
via a MFG approach. We seek the price processes of risky stocks (more precisely, the associated
risk-premium process) endogenously so that they balance the demand and supply among a large
number of investors facing the market-wide common noise as well as their own idiosyncratic noise.
Unfortunately, this market clearing condition does not fit well to the concept of Nash equilibrium.
Actually, if we change a trading strategy of one agent away from her equilibrium solution while
keeping the other agents’ strategies unchanged, then the balance of demand and supply will in-
evitably be broken down. Since the MFG theory has been developed primarily for the Nash games,
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most of its applications have not treated the market-clearing equilibrium. In fact, in many of the
existing examples, their primary interests are not in the price formation and the asset price pro-
cess is typically assumed exogenously. For example, let us refer to [8, 11, 12, 13, 34] as related
works dealing with optimal investment problems with exponential and power utilities. All of these
works concern with the Nash equilibrium among the investors competing in a relative performance
criterion, while the relevant price processes are given exogenously. In particular, the associated
risk-premium process is assumed to be bounded.

Recently, there also has been progress in the MFG theory for the problem of equilibrium price
formation under the market clearing condition. Gomes & Satide [22] present a deterministic model
of electricity price. Its extension with random supply is given by Gomes et al. [20]. The same
authors also study, in [21], a price formation problem of a commodity whose production is subject
to random fluctuations. Evangelista et al. [9] investigate the price formation of an asset being traded
in a limit order book and show promising numerical results using the actual high-frequency data of
the listed stocks in several exchanges. Shrivats et al. [40] deal with a price formation problem for
the solar renewable energy certificate (SREC) by solving forward-backward stochastic differential
equations (FBSDEs) of McKean-Vlasov type, and Firoozi et al. [10] deal with a principal-agent
problem in the associated emission market. Fujii & Takahashi [16] solve a stochastic mean-field
price model of securities in the presence of stochastic order flows, and in [17], the same authors
prove the strong convergence to the mean-field limit from the setup with finite number of agents.
Fujii & Takahashi [18] extend the above model to the presence of a major player. Recently, Fujii [19]
develops a model that allows the co-presence of cooperative and non-cooperative populations to
learn how the price process is formed when a group of agents act in a coordinated manner.

Interestingly, there exist two important restrictions in all of these papers given above: firstly,
the relevant control of each agent is interpreted as the trading rate that is absolutely continuous
with respect to the Lebesgue measure i.e. dt; secondly, the cost function of each agent consists of
terms representing some penalties on the trading speed and on the inventory size of the assets. In
particular, if we want to apply their techniques to financial securities markets, we cannot deal with
the general self-financing trading strategies nor the cost (or utility) function given directly in terms
of the associated wealth process of portfolios. !

In this paper, we investigate an equilibrium price formation problem of the risky stocks by
addressing the above two concerns. Our goal is to construct the risk-premium process endogenously
so that the demand and supply of the associated stocks always balance among a large number of
investors (agents) who are allowed to deploy general self-financing trading strategies. We assume
that the agents have a common type of preference specified by exponential utility with respect
to their wealth. The agents are allowed to have heterogeneities in their initial wealth, the size of
risk-averseness parameter as well as the stochastic liability at the terminal time. In particular, the
liability can depend on the common as well as the idiosyncratic noise, and hence can be associated
with, for example, financial markets, individual endowment, consumption, and/or some budgetary
target imposed on each agent by her manager. For solving the optimization problem of each agent,
we adopt the optimal martingale principle developed by Hu, Imkeller & Miiller [24], instead of the
Pontryagin’s maximal principle. We will see that, in general, it is necessary to relax the boundedness
assumption on the risk-premium process, which is often used in the existing literature. Although
this fact makes us unable to use the standard results on quadratic-growth BSDEs (qg-BSDEs) [33]
as in [24], the special form of the relevant BSDE inherited from the exponential utility allows us to
solve the problem. We then characterize the mean-field equilibrium in terms of a novel mean-field
BSDE whose driver has quadratic growth both in the stochastic integrands and in their conditional

!See also a very recent work by Lavigne & Tankov [35] which adopts a very different approach to investigate the
mean-field equilibrium of the carbon emissions among the firms.



expectations. The new BSDE is interesting in its own right since the same type of equations may
become relevant for similar applications of mean-field equilibrium to other utility functions. We
show the existence of a solution to this novel mean-field BSDE under several conditions, and then
prove that the risk-premium process expressed by its solution actually clears the market in the
large population limit.

The organization of the paper is as follows. After explaining some notations in Section 2, we
solve the optimization problem of each agent with exponential utility in Section 3. In particular,
a special attention is paid to allow the unbounded risk-premium process. In Section 4, we derive a
novel mean-field BSDE and prove its existence of a solution under several conditions. We show that
the risk-premium process characterized by the solution of this BSDE actually clears the market in
the large population limit in Section 5. We concludes the paper by Section 6.

2 Notations

Throughout this work 7" > 0 denotes a given time horizon. For random variables and stochastic
processes defined on a given complete probability space (€2, F,P) endowed with a filtration F :=
(Ft)t>0 satisfying the usual conditions, we use the following conventions to represent frequently
used function spaces:

o H2(P,F;R'*?) (or simply H?) denotes the set of R'*%-valued F-progressively measurable
processes Z satisfying

T 1
1Z |2 := EF [/ |zt|2dt} ? < 0.
0

o H2,\ (P, F; R?) (or simply H2, ;) is a subset of H?(P, F; R1*?) satisfying

T
|21 o= sup||E? [/ 1z 7| < oo (2.1)
BMO 7_67' T o0

Here, T is the set of F-stopping times with values in [0, 7], and || - || denotes the P-essential
supremum over 2. In this case, thanks to the result of Kazamaki [32], the Dolean-Dade

exponential 5([0' stWs> , t €[0,7] is known to be uniformly integrable (i.e. of class D),
t
and ( fo ZSdWS> 0] is called a BMO-martingale. Here, W is a d-dimensional standard
tefo,
Brownian motion defined on (2, F,P;F). As an important property of Z € H2BMO, let us
mention the so-called energy inequality: For every n € N, the next inequality holds;

EP[(/OT yzs|2ds)"] <nl(| 203 )" (2.2)

See [7][Lemma 9.6.5].

o S?(P,IF; R?) (or simply S?) is the set of R%valued F-adapted continuous processes X satisfying

1
| X ||ls2 := IE]P[ sup | X;[%]? < co.
t€[0,T]



e S®(P,F;RY) (or simply S) is a subset of S?(P, F; R?) satisfying

| X||gee == || sup |X,5|HOO < 0.
te[0,T

When there is no risk of confusion, the specification such as (P,F,R%) or part of it will be often
omitted for notional simplicity.

The relevant probability spaces used in the first part of this work are given below.

o (Y, F9 PV is a complete probability space with a complete and right-continuous filtration
FO := (F?)i>0 generated by do-dimensional standard Brownian motion W0 := (W)>0. This
space is used to model common noise and information.

o (Y, F1PY) is a complete probability space with a complete and right-continuous filtration
F! := (F})i>0 generated by d-dimensional standard Brownian motion W := (W}!);>¢ and a
o-algebra o (&4, 41), which defines ¢}, generated by a bounded R-valued random variable £
and a strictly positive bounded random variable v'. This space is used to model idiosyncratic
noise and information for an agent (agent-1). In later sections, we create copies (¢, F%, P*);cn
of this space endowed with F* := (F});>¢ to model information for a large number of agents,
(agent-i, i € N).

o (0L FOLPOLY is a probability space defined on the product set Q%! := Q0 x Q! with
(FO1 PO1) the completion of (FO @ F1, PO @ P1). FO! := (F)!);>0 denotes the complete
and right-continuous augmentation of (7 ® F})i>0. A generic element of Q%! is denoted by
w:= (W wh) € N0 x L.

o 7% is the set of all FO'-stopping times with values in [0, 7).
e TV is the set of all FO-stopping times with values in [0, T7].

Throughout this work, we do not distinguish a random variable defined on a marginal probability
space with its trivial extension to a bigger one for notational simplicity. For example, we will use
a same symbol X for a random variable X (w°) defined on the space (Q°, F°,P%) and for its trivial
extension X (w? w!) := X (w”) defined on the product space (201, 701 PO:1),

3 Exponential utility optimization for a given agent

In this section, we consider the optimization problem for an agent (agent-1) whose preference is
given by exponential utility. We characterize her optimal trading strategy in terms of the quadratic-
growth BSDE by the approach proposed by Hu, Imkeller & Miiller [24]. In particular, however, in
order to deal with the mean-field price formation as in [16], we need to relax their assumption on
the boundedness of the risk-premium process 6 := (Ht)te[O,T] to the unbounded one in H]Q_D,MO.

3.1 The market and utility

The market dynamics and the (agent-1)’s idiosyncratic environment are modeled on the filtered
probability space (Q%!, FOI PO FO1) defined in the last section. In this section, the expectation
with respect to P%! is simply denoted by E[-]. The financial market is specified as follows.



Assumption 3.1. (i) The risk-free interest rate is zero.
(ii) There are n € N non-dividend paying risky stocks whose price dynamics is given by

t
S = S0+ / diag(Sy) (sds + 02dWP), t € [0, 7]
0

where Sy € R, is the initial stock price, j = (,Ut)te[o,T] is an R™-valued, FO-progressively mea-

2

surable process belonging to Hyy;o (P, F%) 2. o := (0¢)ieo1) s an R™*90 _yalued, bounded, and

FO-progressively measurable process such that there exist positive constants 0 < X\ < X satisfying
M, < (040, ) < X, dt @ P’-a.e.
Here, I, denotes n X n identity matrix.

Since the interest rate is zero, the risk-premium process 6 := (et)te[O,T] is defined by 6; :=
o, (010 ) Ly Hence, for any t > 0, 6; € Range(o]) = Ker(oy)=. Note that 0 is in H3yq
due to the boundedness of the process o. By the regularity of (0o "), we have rank(c) = n. The
financial market is incomplete in general since n < dj.

Definition 3.1. For each s € [0,T], let us denote by
Ls:={u"ogu € R"}

the linear subspace of R spanned by the n row vectors of o5. For any z € R1*% Tl (z) denotes
the orthogonal projection of z onto the linear subspace L.

Notice that 6] € Lg for every s € [0,T] by its construction.
The idiosyncratic characters of the agent-1 are modeled by a triple (¢!, 41, F'!).

Assumption 3.2. (i) ¢! is an R-valued, bounded, and f()l—measurable random variable denoting
the initial wealth for the agent-1.
(i) ! is an R-valued, bounded, and ]:&—measumble random variable, satisfying

1<+ <7,

with some positive constants 0 < v < 7. v' denotes the size of risk-averseness of the agent-1.

(iii) F! is an R-valued, bounded, and fg’l—measurable random variable denoting the liability of the
agent-1 at time T'.

(iv) The agent-1 has a negligible market share and hence her trading activities have no impact on
the stock prices, i.e., she is a price taker.

Remark 3.1. Notice that the liability F' is subject to common shocks from .7:% as well as idiosyn-
cratic shocks from .7-"%.

The wealth process of the agent-1 using the trading strategy = is given by

n t ' t
WHT = ¢ 4 Z/ %dsg =¢! +/ 7] og(dWO + 0,ds).
oo S 0

2Clearly, p is also in Hyo(P®!, FOY). In fact, additional information from F' cannot increase the Hjyo-norm
(2.1) since p is F°-adapted which is independent from F*.



Here, 7 := (7¢)sc(0,r) 18 an R"-valued, FO1_progressively measurable process representing the in-
vested amount of money in each of the n stocks. The problem of the agent-1 is to solve

sup U ().
meAl

where the functional U' is called exponential utility (for the agent-1). It is defined by
T
U () = E[ - exp( ¢! +/ w o dW? + 0,ds) — F))]. (3.1)
0

It means that the low performance in the sense of W}’W — F' < 0 is punished heavily and the high
performance qufr — F! > 0 is only weakly valued.

In this paper, we will not delve into the concrete modeling of the liability, which can include
common as well as idiosyncratic shocks associated with, for example, financial market, endowment,
consumption, local price of commodities, and/or budgetary target imposed on the agent by her
manager.

Definition 3.2. The admissible space A' is the set of all R™-valued, FO'-progressively measurable
trading strategies 7 that satisfy E [fOT |7T;FO'5|2d8} < 00, and such that

{exp(—WIWTl’”);T € 7-0,1}
is uniformly integrable (i.e. of class D). We also define A' := {p =7lome Al}.

Note that p is R'*%-valued and satisfies ps € L for any s € [0,T]. The problem for the agent-1
can be equivalently said to find the value function:

v .= pseufl E[— exp(—’y1 (51 + /OTpS(de + 05ds) — Fl)”

3.2 Characterization of the optimal trading strategy

Thanks to the work [24], we can characterize the optimal trading strategy by using a solution to a
certain BSDE (instead of FBSDESs) in a rather straightforward way. When a utility (or equivalently
cost) function has a special homothetic form as in the current case, their method often provides
much simpler description of the optimal strategy than in the case where the Pontryagin’s maximal
principle is applied.

We try to construct a family of stochastic processes {RP := (RY});cjo.1],P € A'} satisfying the
following properties:

Definition 3.3. (Condition-R)

(i) RE = —exp(—y'Wg" — FY)) as. for allp e A"

(ii) RS = Ry a.s. for allp € A' for some F} (= .Fg’l)—measumble random variable Ry.

(iii) RP is an (FO', PY1Y)-supermartingale for all p € A', and there exists some p* € A' such that
RP" is an (FO1, POV -martingale.

In fact, if we can find a such a family {RP}, then for any p € A, we have

E[— exp(—y' (Wy” = F"))] < E[Ro] = E[— exp(—y' W — F1))],



and hence p* is an optimal strategy for the agent-1.
In order to construct the family {RP}, we try to find an appropriate process Y := (Y1);c[01]
with which the process RP is given by

R = —exp(—/'OW? - V), tel0,T], pe AL (3.2)

Here, the triple (Y, Z°, Z1), which is a (R, R R1*9)_valued process, is an FO!'-adapted solution
to the BSDE

T T
=F'+ /stO —/ ZQdWSO—/ Ziawl, telo,T].
t t

The concrete form of the driver f is to be determined below so that {RP} satisfies the desired
properties.
Under the hypothesis of (3.2), we get, by Itd formula,

1\2
AR} = RY (7' (W} = Yi) + (72) AW - v),)
1
= R (= it + 1,20, 20) + L (= 20 4120 )
+ R (A (o — ZD)dW? + 41 2w}, e [0,T).

In order to guess an appropriate form of f, let us formally solve it as

(vH)?
2

t
R} = —exp(—/'(¢' = V) eXP(/O [ (sbs + F(5, 20, Z2)) + = (Ips — 2012 + 12} ds)
x 5(/ [ (ps — ZJ)aw) + fylzgdwg})t.
0

We want to set the driver f(s, Z°, Z!) so that, for all s € [0, 7],

o —i(psbs+ f(5,29,Z1)) + #(\ps —Z92 +|Z?) > 0 for all p € A,

o 3p* € Al such that = (pi0s + F(s, 28, Z1)) + S5 (pt = 202 + | Z12) = 0.

The above conditions suggest that

0 o1y _ - 02 1)2
F(s.20.20) = inf {=pb.+ 7 (- 202 + |22}

1
= inf {7—
peLs

This is a special case treated by [24][Section 2] with a trading constraint m; € C by a general closed
subset C' C R™, which is now replaced by the whole space R™. A candidate of the optimal strategy
p* is then given by

GT 2 1 71
0 0 2 12
—(ZS+751)‘ ~ 200, = 510+ 12 3

ol , 0
pr =27+ 7—2 te[0,7). (3.3)

Here, for notational simplicity, we have written Zg o= 11, (Z2%) and 729+ .= 70 —11,(Z°). They are
orthogonal each other and |Z9|? = |ZOH |2 +Z% 2. Recall that I1,(6)) = 0/ for every s. With this



convention, we have
0 1 0 1 2 7! 012 1)2
f(s,25,25) = —Z0, — 1lﬁsl + 5 (1271 +1Z:])
A1
—29, _7‘98,2 (IZSLIQHZQQ)

where we used the fact 6] € L and hence Z%10, = 0 in the second equality.
Therefore, the associated qg-BSDE is given by

9 T T
Y2:F1+/ ( A —‘7’ %(|ZOL| +\Zl|2))ds / ngwf—/ Zw!, t € [0,T]. (3.5)
t t t

In order to make its appearance simpler, we rewrite the equation with G! := v F!, and (y, 20, 2') :=
(Y'Y, 41 Z° 4t Z1). Then, we can equivalently work on the normalized BSDE,

T T T
:G1+/ (~=l, —f|9 24 (| 0i|2+|z;|2))ds—/ zgdwg—/ 1AW, e 0,7, (3.6)
t

t t

In this case, p* is given by v'pf = z? I + 0; . There should be no confusion which BSDE is being

discussed by checking the terminal function and the presence of ¥!'. In order to conclude that they

are actually what we want, we need to verify that the resultant family {RP} (3.2) and the process
* (3.3) satisfy (Condition-R).

3.3 Solution of the BSDE and its verification

We emphasize that, in contrast to the work [24], our risk-premium process 6 € HZBMO is unbounded.
As we will see in later sections, this generalization is necessary to handle the mean-field market
clearing equilibrium. Due to this unbounded risk-premium process, we cannot apply the standard
results on qg-BSDEs given by Kobylanski [33]. Moreover, since the exponential integrability of
(16¢|%,t € [0,T]) is not guaranteed in general, we cannot apply the extensions on the qg-BSDE
theories such as [2, 3, 26], either. In particular, the case (|0;|'T, a < 1) is covered by the result in
[26] but not the case where |0;|?-term is contained in the driver. Fortunately, thanks to the special
form of its driver inherited from the exponential utility, we can show the existence of a unique
solution (y, 2%, 2!) to the BSDE (3.6) (and equivalently (3.5)) in the space S® x Hy,;o X Hiyo by
a simple modification of the standard approach [33].

Lemma 3.1. Let Assumptions 3.1 and 3.2 be in force. If there exists a bounded (with respect to
the y-component) solution, i.e. (y,2°, 2') € S x H? x H2, to the BSDE (3.6), then z := (2°,2') is
m H%MO'

Proof. By It6 formula, we have,

de?t = €21 (22010, + (62 — (|20 + |28 1%) + 201202 + |2 2)) dt
+ 262t (20dWY + 2} dW})
> &2 (— 212 — (|01 + 212) + 2012017 + |24 ) de
+ 2e2Y (20dWY + ztaw})
> (1207 + |21 dt + 26?9 (2 dW} + 2 dW)



and thus, for any ¢ € [0, T,

T T
eMT — M > / Vs (|29 + |22 %) ds +/ 2e2s (0aW? + zlaw}).
t ¢

Thus, it is easy to obtain [[z]|2, = sup,c7oa E[fTT(],zSF + |Zsl‘2)d8‘.7:79’1} H < eAllylls> O
BMO oo
The above lemma is now used to guarantee the uniqueness of solution if y € S*.

Theorem 3.1. Let Assumptions 3.1 and 3.2 be in force. If the solution to (3.6) is bounded, i.e.
(y,2%, 21) € S*® x H? x H2, then such a solution is unique.

Proof. Suppose that there are two bounded solutions (y, 2%, 2!) and (g, 2%, !). By Lemma 3.1, we
know that (20, z1) and (29, £1) are actually in H3,;,. Let us put;

— g 0._ .0 20 1. 1 1
Ay =y — U, Az =2 — %, Az =2z —%.

From the orthogonality between 2% and 2%, we have

T 1 1 T T
Ay = / (8010, 4+ AL+ 20T+ JAZ (2D s - / ALAWO — / Aztaw!
t t t
T T T
1 1
- / (—Azg’ (95 — 50t +z’2i)T) + 542 +z';)T>ds— / ALdW?O — / Azlaw!
t t t

T T
- —/ A0 (dWQ (0 — S0t 1 z';?i)T)ds) - / Azl (dW; 1
t

5 t 5 (z; + ésl)Tds>

T N T N
. / AT — / AL,
t t
where we have defined a new measure P equivalent to P%! by

dP
dPO.1

‘ 1 "1
o e T Lo 0L, 400 0 o1, 4 1
o = M, = 5( /0 (6, 52+ ))dW +/0 5 (% + zs)dWS>

)
t

and (WN/D, V[N/l) denote the standard Brownians under P. This measure change is well-defined since
(07,200 4 20+ 21 4+ £1) are in H%,;0 and hence M is an uniformly integrable martingale. By
the result of Kazamaki [31] and [32][Remark 3.1], the following so-called reverse Holder inequality
holds:

E[Mp|F] < OM,

where C' > 0 and r > 1 are some constants depending only on the ]H[]%Mo—norm of (07,20 +
0L 2t 4 £Y). With ¢ = 4 >1and j=0,1, Hélder and the energy inequality (2.2) imply

EP [/DT Az]2ds] = E[MT(/OT Az]2ds ) |
1
< E[M}]iEK/T |Az§|2ds>q} ! < 0.
0

Thus Ay is an (F%!, ﬁ))—martingale. Thus we can conclude that Ay = 0 and so are (Az°, Az!). O



Since 6 is in H),q, it is natural to change the measure to absorb the term (—2°1) (= —200)
in the driver of (3.6). Let us define the measure Q (~ P%!) by

19 oy =e(- /O oraw?) .

where the standard Brownian motions under Q are given by

dHJJO,l

—~— t —_—
wo=wp +/ Osds, W'=Ww} te[o,T].
0

Therefore, instead of (3.6), we can equivalently work on the BSDE defined on (Q%!, F! Q;F%!)
endowed with the Brownian motions (W°, W1);

T T T
1 1 — o
g =G +/ (—§yes|2 + 5 (25 + |z;12))ds —/ 29dW° —/ 2idW), te 0, 7). (3.7)

t t t
Although in general, the filtration FO! is bigger than those generated by (WO, Wl), we can still
apply the standard technique of BSDEs thanks to the stability of the martingale representation
property under the absolutely continuous measure changes. See [23]|[Theorem 13.12] for general
case and [30][Section 1.7.7] for Brownian case. Moreover, by Kazamaki [32][Theorem 3.3], 0 is still
in HZ,,0(Q,F%!). Obviously, BSDE (3.6) (and equivalently (3.5)) has a bounded solution if and
only if BSDE (3.7) has a bounded solution.

We now provide our first main result.

Theorem 3.2. Let Assumptions 3.1 and 3.2 be in force. Then there is a unique bounded solution
(y, 2%, 21) € S®°(Q,F™) x HE\ 10 (Q,FO1) x HE )\ (Q,FOY) to the BSDE (3.7).

Proof. Since we work under measure Q throughout this proof, we write E[-] instead of E[] for
notational simplicity. Firstly, for each n € N, we consider the truncated BSDE;

T T T
1 1 —~ —~
Yy = el +/t (—§(|98|2 An)+ §(|Z;L’OJ‘|2 + \z?’l 2)>d8 /t zg’OdWS /t z?’ldWsl, t€[0,7].

(3.8)
Clearly, the truncated BSDE (3.8) has a unique bounded solution (y", 2%, 2™!) € S*° x Hy\o X
H123M0 by the standard result of [33]. Moreover, by the comparison principle obtained in the same
work, we have y"t! < y" for all n € N 3. In particular, uniformly in n € N, the solution y" is
bounded from above as y” < 7, where 7 is the solution to another quadratic-growth BSDE;

T T T
1 — —
7, = Gt +/ 5(|52\2 +[zL%)ds — / Z22aw? —/ zZawl, tel0,7).
¢ t t
It also has a unique bounded solution (7,z°,z') € S* x H3\ ;o X H\;o With |[F]s= < [|GYeo by
the standard result.
Once again, by the comparison principle, y™ is also bounded from below uniformly in n € N as

3Here, we use |z004|% — |20H104L12 = A(RDOL) (2004 4 20t L0 T — ARm0(pm0L | 10T {6 absorb it into

the stochastic integral.
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y <y", where y is the solution to the next simple BSDE;

T, 4 T T
y, =G +/t (—§|95\2)ds —/t 22aw? —/t 2ldwl,  telo,T).
Obviously, it has a unique solution (y, 2V, 21) € S? x H? x H2. Moreover, for any t € [0, 7],

101, 1 o 0,1
y, = BIG" A = 5B[ [ Io.Pasi 7]
1
1 2
> (116G oo + 510113, ) > —oc-

Hence we conclude that, uniformly in n € N, y" satisfies the following bound,
1
1 2 1
—(IG oo + 510025 ) < 9" < 1IG e (3.9)

Since {y"} is bounded from below and it is monotonically decreasing in n € N, we can define

the process y := (yt)iecfo,7] DY
y = lim ¢".

n—o0

Moreover, by repeating the proof of Lemma 3.1, we get from the estimate (3.9)
n,0 _n,1\|2 1 2
neN, [0 < oGl + 21003 ).

In particular, (2™°, 2™1), ey are weakly relatively compact in H? and hence, under an appropriate

subsequence (still denoted by n), we have 3(z%, z!) € H? x H?, such that

n,0 0 n,l 1

A A A weakly in H? as n — oc.

The remaining procedures to show the triple (y, 2%, z!') actually solves (3.7) are the same as those
in [33]. See also [7][Section 9.6]. For readers convenience, we shall give the details below.
Let us define a smooth convex function ¢ : R — R satisfying

¢(0) =0, ¢'(0)=0,
whose concrete form is to be determined later. We consider m,n € N such that m > n and put

, Azn,m;l — Zn,l _ Zm,l.

Ayn,m — yn _ ym Azn,m;o — Zn,O . Zm,O

Y

Note that Ay™"™ > 0 since m > n. From Itd formula, we obtain for any ¢ € [0,T],
1 0,2 12
n,m . .
HAG) + [ 5o AR A ) ds
r ! n,m 1 2 1 n,0L 2 n,1|2 1 2 1 m,0L |2 m,1|2
= [ SO G0 Am)+ G 4 )+ 00 Am) = SR 412 s

T —~ —~
— / ¢ (Ay™™) (AP ™OdW0 + Azmmilaiv ).
t
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Since ¢(y), ¢'(y) > 0,Vy > 0, we get
r 1 ;012 ;112
B[ 50 (A OR + A ) ds
1
<E [ SOOI + 20 + 1) ds (3.10)
0
T
<E [ gm0 4180 — 8P 40 - 2l 4 2 + [aAF) b
0

We now choose the function ¢ as

1

o(y) = gl — 4y — 1],

which gives ¢(y) = 3[e® — 1] and ¢"(y) = 2¢*. In particular, we have ¢"(y) = 4¢/(y) + 2. This
yields, from (3.10),

T
E / 26/ (Ay™™) + 1)(| A0 1 A0 2)ds
0 . (3.11)
<E / G (AYE™) (02 + |20 — 0P 1 [0 — 212 4 12012 4 |21 P)ds.
0

Note that, since (Ay™™)my,>n are bounded and strongly convergent Ay™™ — y" —y as m — 00,

we also have, under an appropriate subsequence (still denoted by m), the following weak convergence
in H?:

V20 (Aymm) + TAZY™T /29 (yn — y) + 1(2™ — 27), as m — oo,

with j = 0,1. Hence, by [1][Proposition 3.5] and monotone convergence, we obtain from (3.11),

T
B[R0 — )+ (00— S0P+ |22 2P
0
T
< lim infE/ [2¢ (Ay2™) + 1](\Azg’m;0]2 + \Az?’m;lﬁ)ds
m—0oQ 0
g 2 0_ 02 1 12 02 12
/
< E/ &' (ys — ys) (0" + [287 — 25" + 12877 — 257 + |25 + |25 ") ds.
0
By rearranging the |27 — 27|?-terms (j = 0,1), we get
T
E [ (002 - ) + 10220 = 87 4 2 - AP
0
g 2 02 12
<E [ ¢ -y + 5P + P
0
Since the right-hand side converges to zero as n — oo by the monotone convergence theorem, we

obtain
20 200 2l 52l strongly in HP.

Then, from Burkholder-Davis-Gundy (BDG) inequality #, it implies that the following convergence

“See, for example, [39][Thorem 48 in TV].

12



holds for (j = 0,1) under an appropriate subsequence,

T —~ .
sup ‘/ (z07 — 2)dW!| — 0, Q-as. asn — oo
tefo,r)! Ji

so is the case for supycp 77 [y7 — yt|. It is now easy to see (y, 29,21 € S™° x H3 )10 X HEy o actually
solves the BSDE (3.7). The uniqueness of the solution follows exactly in the same way as in
Theorem 3.1. O

Corollary 3.1. Let Assumptions 3.1 and 3.2 be in force. Then, the BSDE (3.5) (resp. (3.6))
has a unique bounded solution (Y,Z°, Z1) (resp. (y, 2, z1)) in S (PO, FO1) x HE\ 0P, FO) x
H2 (HJ)O,I FO,I)

BMO ) '

We are now ready to verify the Condition-R.

Theorem 3.3. Let Assumptions 3.1 and 3.2 be in force. The family of processes {RP,p € Al}
defined by (3.2) with the process Y as the unique bounded solution to the BSDE (3.5) satisfies the
Condition-R, and the process p* given by (3.3) gives the unique (up to dt @ P%1-null set) optimal
trading strategy for the agent-1.

Proof. From (3.2), we have
Ry = —exp(—7' WP = Y))) = —exp(—y' Wi P + wi), ¢ € [0, T,
and
R = —exp(=7'¢" +1p)

for all p € A Here, y := (y)tejo.7) is the solution to (3.6). Since y € S, (RY,t € [0,T]) is clearly
of class D for any p € A! by the definition of admissibility .A'.
Let us choose p = p* as in (3.3). Then we have

dR?* = Rf* (_’71(29: - Z?)thO + ’Ythlthl)
= Rf* (_(02— - ZEL)thO + Ztlthl)a le [Oa T]a
and hence, for any t € [0, 77,
RY* = —exp(—y'W + )

= —exp(—'¢' + yo)é’(—/o (6] — 205)dw? +/0 z}de)t.
Since (7 — 24, 21) are in H3\ 0 and (71, &Y, yo) are all bounded, RP* is a uniformly integrable mar-
tingale. Uniform integrability of RP* and the boundedness of i then imply that (exp(—'ylVVt1 v ))telo,7]
is also uniformly integrable. Therefore, we obtain the admissibility p* € .A'. The uniqueness of
p* follows from the strict convexity of —v1(pf + f(s,2°,21)) + #(\p — 2912 +|21|?) with respect
to p, which induces a strictly negative drift for RP if p # p*. Since we know RP is of class D, its
supermartingale property is now obvious. ]

Remark 3.2. It is important to note that the optimal trading strategy © (or equivalently p*) is
independent from the initial wealth £'. It is a well-known characteristic of exponential-type utilities.
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This fact, combined with the specification of U'(n) in (3.1), the problem for the agent-1 and her
optimal trading strategy are invariant under the following transformation:

¢ — (&' —EIF|FR)),
F' — (F' —E[F'|F)). (312)

4 Mean-field equilibrium model

We are now going to investigate a financial market being participated by many agents, who are
interacting each other through the price process of risky stocks. Recall that, our final goal of this
paper is to find an risk-premium process 6 = (6;):>0 of the n risky stocks endogenously by imposing
the market-clearing condition, which requires the demand and supply of the risky stocks to be
always balanced among the agents. In this section, we shall propose a novel mean-field BSDE with
a quadratic-growth driver, which is expected to provide, at least intuitively, the characterization of
the desired equilibrium in the large population limit.

4.1 Heuristic derivation of the mean-field BSDE

Suppose that there are N € N agents (agent-i, 1 < i < N) participating in the same financial market
given in Assumption 3.1. For each 1 < ¢ < N, the information set of agent-i is provided by the prob-
ability space (Q°¢, F% P%%) which is a completion of the product space (Q°, FV, PY) @ (QF, F¢, PY).
The associated filtration FO := (]-"to ’i)tzo is the complete and right-continuous augmentation of
(FY @ F})es0. T is the set of F%-measurable stopping times with values in [0,7]. Here, for each
i, the filtered probability space (Q¢, F*,P*; F?) is an independent copy of (Q!, F!, PL; F!) constructed
exactly in the same way as in Section 2 with (£, 7%, W?) instead of (&%, ~%, W),

In order to model all the agents in a common probability space, we define the complete proba-
bility space (€2, F,P) with filtration F := (F;);>0 such that

o 0:=00x Hf\il Q' and (F,P) is the completion of (F'@F' @ - @ FN PP@P' @---@PV).
F denotes the complete and the right-continuous augmentation of (Fp ® F} @ --- @ F )i>0.
E[-] denotes the expectation with respect to P.

We also introduce the liability F* of the agent-i, 1 < i < N. Each agent-i is assumed to face
the optimization problem '
sup U (),
TEA?
where the utility functional U? is defined by U'(r) := JE[— exp(—vi (VV}7r - F2)>], with V\/ti’7r =

&+ fot 7l os(dWO 4 0sds). The admissible space A’ (and A?) is defined by the same way as in
Definition 3.2 with all the superscripts “1” replaced by “i”.

Definition 4.1. The admissible space A’ is the set of all R™-valued, F'-progressively measurable
trading strategies w that satisfy EUOT |7T;r0's|2d8:| < 00, and such that

{exp(—y'WpT);m e T}
is uniformly integrable (i.e. of class D). We also define A" := {p=nTo;m € A’}

We work under the following assumption.
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Assumption 4.1. (i) The statements in Assumption 3.2 hold with “1” replaced by “i”, 1 <1 < N.
(i) {(¢%,4%),1 < i < N} have the same distribution. In other words, they are mdependently and
identically distributed (i.i.d.) on (Q, F,P).

(iii) {F, 1 <i < N} are F°-conditionally i.i.d.

We want to find the risk-premium process 6 that clears the market. Let us first derive, heuris-
tically, the relevant mean-field BSDE, which will be shown to characterize the market-clearing
risk-premium process in the large population limit, by the idea proposed by Fujii & Takahashi [16].

Suppose that a risk-premium process 6 € HZBMO(]P’, FO; R%) is given. Recall that € has values
in Range(c') = Ker(o)*, ie. 0] € L, for every s € [0,T]. By repeating the analysis done in
Section 3, one can show that the unique optimal strategy of agent-i, 1 < i < N, is given by

.
iof 0
t

)Ton =2+ re ) (4.1)

py (= (m
where Z™Y is associated to the solution (Y?, Z9, Z%) of the following BSDE:

. . T ‘ 0,2 A% . T T o
Y = F! +/t (—Z;@”es — W + §(|Z;»0L|2 + yz;|2))ds - /t Z50qw? —/t ZLdW?E, t e [0,T].
(4.2)

Under Assumptions 3.1 and 4.1, we already know, from Corollary 3.1, that there is a unique
bounded solution (Y, Z%0, Z%) € S*°(P,F%") x H, o (P, F*) x H&) o (P, F*) to (4.2), 1 <i < N.

Definition 4.2. We say that the market-clearing condition is satisfied if

1o
Nsz’*:O, dt @ P —a.e.
i=1

The market-clearing condition given by Definiton 4.2 requires that the risk-premium process 6
to be
RN T I LA
0 :_<7 f.) SN2 e o, ). 43
=-(FX5) wx@" ren (43)

Unfortunately, the suggested 6 by (4.3) is inconsistent with our information assumption that re-
quires 6 is F'-adapted i.e. being dependent only on the common market information. However,
at this moment, let us formally consider the N-coupled system of quadratic-BSDEs obtained from
(4.2) with 6 replaced by the one given in (4.3); 1 <i < N,

viepiy [ {zion(l LS (770 LS~ 1) 2L o
£ +/t{(NZ ) ;1 <N;w) )N;‘

5(|Z“”! +|Z¢| )}ds/ Zgodwg/ ZLdW?,
t t

(4.4)

It is important to observe that the coupling among the agents through 6 is symmetric. Thus,
from Assumption 4.1, if there is a solution {(Y*, Z%0, Z%),1 < i < N} to the system (4.4), then
they are exchangeable. In particular, (Z°)N, (and hence (Z;’Ou)fv ,) are exchangeable random
variables, i.e. their joint distribution is invariant under the permutation o (i) of their orders. Thus,
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in this case, De Finetti’s theory of exchangeable sequence of random variables would imply that

N
1 0 1,0 ol .
lim ;_1 70l :E[Zt ”k[>]la{zg I i>k}| as.

See, for example, [6][Theorem 2.1]. We can also naturally expect that the tail o-field converges
to F_ since (F")i>1 are independent. In this way, we can expect, at least heuristically, that the
equilibrium risk-premium process 6 in the large-N limit may be given by

0, = —E[Z, 1| FO|T = —AE[Z; 1| FO T,

where 7 is defined by
- 1
Ni= .
E[1/~']

The above heuristic discussions motivate us to study the following mean-field BSDE defined on
the filtered probability space (201, FO:1 PYL FO1) by choosing the agent-1 as the representative;
T B 22 1 T T
V= Pt [ (G2~ AP G20 P ds [ 22wt [ Zbawl, ve .1,
t t t (4.5)
Here, we have defined that, for any X € H?(P%!, FO1),

E[X;|FO)(w?) = EF' [X; (w0, )] if it exits

0 otherwise

E[X/] () := {

Note that we have E[X;|F] = E[X{] a.s., because c({W? — W s > t}) does not provide any
additional information. As in [6][Section 4.3.1], we always choose F-progressively measurable
modification of E[X]. In the remainder of this section, we show that there is a solution to this
mean-field BSDE under some conditions. In Section 5, we will show that the risk-premium process
defined as

ot .= AE[ZNT, teo,T] (4.6)

by the solution of the mean-field BSDE (4.5) actually clears the market in the large population
limit.
4.2 Existence of a solution to the mean-field BSDE

We will work on the filtered probability space (Q%1, 791 P01 F0.1) For notational ease, we simply
write (F,~) instead of (F'',¥!) and investigate the well-posedness of the mean-field BSDE:

T 22 T T
V=P [ (RZOBIZ) - B2 (2 P2 ) ds [ Z0awd- [ Zlawl, e o.7)
t gl t t
(4.7)
Note that, by Assumption 3.2 (ii), 7 is a strictly positive constant.

Lemma 4.1. If there exists a bounded solution (Y,Z° Z') € S® x H? x H? to the BSDE (4.7),
then Z := (Z°,Z1) is in Hyyo-
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Proof. By applying It6 formula to e27** and using | Z?|? = |Zt0|| 2 4| Z2+)2, we get

d(e*") = ¥ (2ydY; + 272(\ZO|2 + |Zl\2)dt)
— o2 —QWQZOHE ZOII 2Elz 0|| 2 70112 L7112y 4 272 7912 4 171 12)) dt
t t t t t t
+ 21 24(Z20aw? + Z} th )
> P (1 Z1P + |2 P)dt + e 2y (Z0aW) + ZL W),

Hence, for any 7 € 79,

T
B[ - I FL] 2 B[ [ M2 Z0P 4 (2L P)asl 7).

T

which then gives ||(Z0 )||H2BMO < fy12exp(47HYH§oo). O

Proving the well-posedness of the mean-field BSDE (4.7) is a very difficult task. First of all,
due to the presence of conditional expectations, the comparison principle is not available. This
makes many of the existing techniques for qg-BSDEs such as in [33, 2, 3] inapplicable. Due to
the conditional McKean-Vlasov nature of the BSDE (4.7), the traditional approach of MFGs using
Shauder’s fixed point theorem does not work, either. Second, we did not succeed to obtain any
a priori bound on ||Y||s~ nor any stability result such as [14][Lemma 3.3]. Thus, the strategy
of constructing a compact set for the decoupling functions of the regularized BSDEs under the
Markovian setup as in [15][Theorem 4.1] cannot be used.

Therefore, in the following, we will try the method proposed by Tevzadze [41][Proposition 1].
Among the existing literature on qg-BSDEs, a unique characteristic of his work is to solve a prob-
lem by a contraction mapping theorem without relying on the comparison principle. This method
is also adopted by Hu et.al. [25] to deal with an anticipated BSDE with quadratic growth terms,
which is related to the optimization problem with delay.

For notational simplicity, let us define the driver f of the mean-field BSDE by, for any (2%, 2!) €
H2(]P>O,1 FO,I. Rlxdo % Rlxd)

A~

2
£ 20) = AR = NP + S04 + 1), s € 0.7,

$717S

Since
OH Nl 0II‘ ([ 0L 152
e ‘r IR+ 22042 + 121 )
_ 0H fg“‘ |ZO‘ +|Z|)
=-| &
we have, for any (20, 2!),
e < PR+ P, 0 < DR+ D0
b
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Hence, in particular,

A~

0 .1 02 ’ﬁ* 0712
|f(z7,2)] < (2] +12\)+7!E[2H- (4.8)

w\«é\

Moreover, by Assumptlon 3.2 (ii), there is a positive constant C.,, which depends only on (v,7%,7),
such that, for any (20, z1), (£°, £) € H?,

(2%, 21) = £(£,2Y)]

_ _ _ (4.9)
<O (I2° + 12+ 121 4 121 + B0 + [E[2°))) (12° — 201 + |2 = 21| + [E[2° — 2°])).

Let us observe the following simple fact.

Lemma 4.2. For any input (2°, 2') € Hy ;o (P, FO1), the neat inequality holds;

T
0,1
<
sup B[ [ 17G8 DlasR| < el i,
7,7
where ¢, is a positive constant given by cy := 5 + —.
s

Proof. For any input 2° € H2, 4, (E[20],t € [0,T]) is an F%-adapted process and hence independent
from F'. This implies that

T
E IE[22]|?ds| F1 = sup
T 3 T o T€TO

E| / B Pasl ]

sup ’
70,1 %)
" . . (4.10)
< sup E[/ \z2|2ds|}'$] ‘ < sup E[/ |zg]2ds|]:$’1} H
770 - © 701 r o)
Now the conclusion immediately follows from (4.8). O

We now define the map I' : Hjy o (P01, FOL RIXd0 5 RIX) 5 (20 21) 15 T(29,21) = (20, 2Y) €
H%MO(PO’l,FO’l;R1XdO % Rlxd) by

T
Y, = F+/ f(22, 2} s—/ ZSdWsO—/ Zaw}, (4.11)
t

where T'(20, 21) = (Z°, Z1) is the stochastic integrands associated to the BSDE (4.11).
Lemma 4.3. Under Assumption 3.2, the map T is well-defined.

Proof. For any (2%, 2') € H3,,0, the existence of the unique solution (Y, 2%, Z1) to (4.11) is obvious.
By taking a conditional expectation, we have from Lemma 4.2,

[V lls < 1Flloo + 4| (2% 2)liZ2 < 0.

Moreover, by Ité formula applied to |Y;|?, we obtain for any ¢ € [0, 77,

T T
E[/t (1221 + 122 P)dsl F| < IFIZ + 20Y [ls~E| / F(0,h)ldsl ).

Thus, [[(2°, "))

2, < IFIB + 26, [V llge 20, 2112

HHQBMO < 0. O
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For each positive constant R, let Br be a subset of H2BMO defined by
B i={(2",2") € Hno (PO FOL R x RO (0,212, < R}
BMO

Proposition 4.1. Let Assumption 3.2 be in force. If ||F|loo < 1/(2¢y), then with R := V/2||F||c,
the set Br is stable under the map T, i.e. (2%, 21) € Br implies T'(2°, 21) € Br. Moreover, in this
case, the y-component of the solution to (4.11) satisfies ||Y ||s < V3R.

Proof. By It6 formula, we have
T T T
Wi+ [ 202+ |2 yds = PP+ [ 2vig(aRahas = [ 2v(ztaw? + zkawd).
t t t
Taking conditional expectations and using Lemma 4.2, we obtain

T
P+ E[ [ (208 +121P)dsl 7]
t

T
4.12
<IPIE + 2V o[ [ 172, 2Dlasi ] (12

< 11 + 1Y 13w + 0Dl
Taking esssup ,)e(o,rxqo1 in the left-hand side with Z := (Z°,Z') and z := (20, 21), we get

2 < 2 2 4 .
1213 < IFI% + el

We now try to find an R > 0 such that
IF|% + AR < R?

holds. By completing the square, one sees that this is solvable if and only if || F|| < 1/(2¢y), and in
this case, we can choose R = v/2||F||«. This proves the first statement. Moreover, by rearranging
the first inequality in (4.12), we get

Vil < IIFIZ + S0 B 4221l
and hence
IV 3w < 2012 + 4(IFI% + Ellzlks )
This yields [|Y 2. < 3R?if z € Bg. O
Now, we provide the second main result of this paper.

Theorem 4.1. Let Assumption 3.2 be in force. If the terminal function F' is small enough in the
sense that

1 F oo (4.13)

1
< SEA
12v2C,

where Cs, is a constant used in (4.9), then there exists a unique solution (Y, Z°, Z') to the mean-field
BSDE (4.7) in the domain
(2°,2Y) € Br, ||Y|s~ < V3R
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with R := v/2|| F|so-

Proof. Note that the requirement (4.13) is more stringent than the one used in Proposition 4.1.
Thus it suffices to prove that the map I' is a strict contraction.
To prove the contraction, let us consider two arbitrary inputs z := (29, 21), 2 := (£, 2!) € Bg.
We set
Z:=(2°2"Y) :=T(2), Z:=(Z°2"):=T(2),

and Y,Y as the y-component of the solution of (4.11) with input 2z and 2, respectively. For notational
simplicity, we put
Az:=z2—-4  AY =Y -Y, AZ=7-17.

This gives
T
AY; —/ (f(22,20) — f(22,4)) / AZ2dW? — / AZLdW,
t
and hence by It6 formula,

T T T
AY; 2+ / (IAZ02+AZ! )ds = / ANV, (f(20, 2D)— (20, 21))ds— / INY,(AZ0AWO+ AZ W),
t t t

By taking the conditional expectation, we have, from Hélder inequality,

T T
|AYt|2+E[/ (8202 +AZIP)slF] < 20 AY o[ [ 172 21) - (22, 2h)1as| 7
t

< 18V + (B[ [ 622D 762 st 7))

T _ 2
/t (10] + 1201+ |23 + 1221+ (B0 + (BI040 + Az + [E[Az)])ds| 7] )

.

|
<Ay 3~ + 3 (E]
(=]

< NAY B+ CE(E[ [ (1221 + 1221+ Joll + 122) + B2 + (B2 sl 7]
t
T

< (B] [ (a0l + 1Az + [ElAf])ds| 7 |)
T
< ||AY |3 + 2 (6E| / (120 + 1200 + 222 + 122 P + ElI=00)% + B[ 20)]2)ds| 7' ])

« (31@[/ (AP + 1821 + [ElAaz0]P)ds| 7] ).

Using (4.10), taking esssup ,,)e[o,1)xqo1 in the both hands of the above inequality, we get

o[+ 572 |)o sp ][0rasz]| )

T

||AZ||]%I2 < C? (12 sup
BMO TeTO01

Since z, Z € Br, we get
2 2 2 2
HAZHHQBMO < 144CIR HAzHHgBMO

Hence the map I' on Br becomes contraction if R < ﬁ Under the choice of R = v/2||F||s, this
is equivalent to

1
Fllo < ——F——.
1Pl < 5o
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In this case AZ — 0 in ]HIQBMO under the repeated application of the map I', and it is also clear
that AY — 0 in S°°. The unique fixed point Z € Bpg of the map I' and the associated Y gives a
unique solution to the mean-field BSDE (4.7) in the domain Z € Bg. O

Remark 4.1. Recall that there is an invariance of the optimal trading strategy under the transfor-
mation given by (3.12). Therefore, for our purposes to obtain an equilibrium model with exponential
utility, the constraint on the terminal function F in Theorem 4.1 is not a direct restriction on the
absolute size of liability, but on the size of deviation from its mean:

|[F —E[F|F)]| = |F - E[F|F]|.

4.3 Existence under the special situation

Let us provide one special example where the mean-field BSDE (4.7) has, at least, one solution
(Y, 29, Z') € S® xHZ)\ 0 x Hiy o even when the terminal function F does not satisfy the constraint
(4.13). Let us rewrite the mean-field BSDE (4.7) with the rescaled variables: °

(y,2°,2%) i= (vY,72°,7ZY), G =~F

which yields

T oo™ A m(] 21 ol g g LR
Y = G+/ (’yzS”IE[fzs”} ——‘E[fzguﬂ 4= (12242 )22 ))ds—/ zSdWS—/ zgdWy, t €10,T).
t v 2 v 2 t t
(4.14)
We put the following assumption.

Assumption 4.2. The rescaled terminal function G has a separable form:
G=G"+G",

where GV (resp. G') is a bounded F2 (resp. Fr)-measurable random variable.

Remark 4.2. In terms of the original liability F' (= F'), the above condition is equivalent to
assume that F' has the following structure:

1~ ~
F=>-F'4+F!
¥

where FO (resp. F') is a bounded FY (resp. Fr)-measurable random variable. In the financial
market with distribution of agents as specified by Assumption 4.1, this implies that the part of
liability dependent on the common noise are distributed as inversely proportional to the agents’
risk-averseness parameters (v',i € N).

Theorem 4.2. Under Assumptions 3.2 and 4.2, there is, at least, one solution (y, 2%, 2) € S x
H2 0 X Hayo to (4.14), or equivalently a solution (Y, Z°, Z1) € S x Hiy o X Hiyo to (4.7).

Proof. Consider the following two BSDEs:
Tq T
Y =GY +/ §|ZS\2ds —/ 2aw?, teo,T],
t t

T4 T
ytl:Gl—i-/t 2|z;\2ds—/ zkdwl te|o,T).
t

SRecall that, in this subsection, we are working on the convention (F,v) = (F*',~v').
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It is clear that there exists a unique solution (¢, z!) € S* x ]HIQBMO with ¢ = 0,1 by the standard
results on qg-BSDEs in [33]. Since (y°, 2°) is F%-adapted and so is 2%, we have

E[lzgll} _ [ ] ol — Lo,
Y Y Y

Therefore, (y°, 2°) also solves the BSDE

:GO+/tT( OIED oll] Z‘E[i ou” ;|Zgl|2>d8_/thg)dWSO'

It is now clear that (y, 2%, 2!) := (3 + 4!, 20, 2!) provides a solution to (4.14). O

Remark 4.3. Under the assumptions used in Theorem 4.2, we actually have a closed form solution,
= ln(E[exp(Gj)LFg]), j=0,1.

This result can be easily confirmed by the Cole-Hopf transformation, exp(yg).

5 Market clearing in the large population limit

Finally, in this section, we shall show that the process (6} irel0,1) e H%,,o defined by (4.6) in
terms of the solution to the mean-field BSDE is actually a good approximate of the risk-premium
process in the market-clearing equilibrium.

In order to treat the large population limit, we first enlarge the complete probability space
(Q, F,P) with filtration F := (F;)i>0 as follows.

o Q:=Q"x[[2, Q and (F,P) is the completion of (F* @ @;°; F',P° @ @;°, P"). F denotes
the complete and the right-continuous augmentation of (7Y ® @52, Ff)i>0. E[-] denotes the
expectation with respect to P.

Suppose that the financial market is defined as in Assumption 3.1 with the process p given by
(ut := o0)" e ¢ c [0, 7). Notice that the process 6™ (and hence also ) is F0-adapted and consis-
tent with our assumption on the information structure. In particular, this means that each agent
(agent-i) can implement her strategy based on the common and her own idiosyncratic informations
FY ® F? without taking care of idiosyncratic noise of the other agents. Therefore, for each i € N,
the optimal trading strategy of the agent-i is provided by, as in (4.1),

% i % W0 Y =40
A (= @) o) =2 - CEE, te T, (5.1)
where Z™Y is associated to the solution of the BSDE (see, (4.2))

. . T . JR— A2 JR— Z . .
Y= Pt [ (3BT - LEEME + L2 + 12 ds
' (5.2)
T T
— / ZH0aw? — / ZHdW!, t € [0,T),
t t
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and Z° is associated to the solution of the mean-field BSDE (4.5) ¢

T 2 1 T T
W =Pt [ (2N BT - LB G20 P2 s [ zbawd- [ zlawd e 7).

From Theorem 4.1 and Theorem 4.2, we already know that there exists a bounded solution (possibly
not unique) (Y1, 2% Z1) € §™ x H3,;o x H3yo to the mean-field BSDE (4.5) under certain
conditions.

Here is the last main result of this paper.

Theorem 5.1. Let Assumptions 3.1 and 4.1 be in force. Assume in addition that there is a bounded
solution (Y', 2%, 21) € ™ x Hi\io x Hi\o to the mean-field BSDE (4.5) and that we select an

arbitrary but fized solution from it to define the risk-premium process (Gflfg = 'yE[ZOH]T, t e
[0,T)). Then, ™% clears the market in the large population limit in the sense that, the agents’
optimal trading strategies (m"*);cn satisfy the estimate

Ty N2
E ‘7 i |” gt
%

with some constant C' > 0 uniformly in N € N.

¢
N

<

Proof. For a given ™% (= —3E[2%1]T), which is in H3,,, by (4.10), it follows from Corollary 3.1
that the BSDE (5.2) has a unique bounded solution (Y*, Z%0, Z) € §* x H, ¢ X H%MO for every
i € N. In particular, this uniqueness of the solution implies (Y'!, Z10, Z1) = (yl 20, Z1), the latter

of which is the one used to define the process #™%. Thus we have E[ZOH] E[Z1 0”]
The uniqueness of the solution of (5.2) also implies, by Yamada-Watanabe Theorem (see, for
example, [6][Theorem 1.33]), that there exists a some measurable function ® such that

(Yi, 210, 7) = @(WO,&',#,W@', (emfg,Fi)), Vie N
where ® depends only on the joint distribution £(W0,£i,’yi,Wi, (™t Z)) Since 6™ is FO-
adapted and F' is F-conditionally i.i.d, this expression implies that the solutions { (Y%, Z49, Z%), i €

N} are FO condmonally iid.
Since 7% = (o407 ) Loy (p™) T, we have, from Assumption 3.1 (ii),

N N
E/T‘l i /T‘l i
0 IN & o IN &

with some constant C. Since 20 = Z1.0 , we have

{RRCLI g 79 g7 4 L = 7101
N;pt _Nz:: NZ::< ) )

5For a clear distinction, we have changed the symbols.
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which then yields

E/T‘l i /T‘li(zwn _E[Zl’o“] “dt 42 QE/ ‘ 1>E[Z“’”]‘ dt
0 Ni:lp o IV 3 t t ! N t
T
_ 70 1,0] ’2 ‘ 1_1 )2 / 10012
2E/\ EZM)|dt + 25°E [N (7 ,Y)}EOH )2t

where we used the independence of (v!);cyy and FY in the second line. Since (1/4))Y, are i.i.d. and

(ZZ’OH)iA;l are FO-conditionally i.i.d., the cross terms of the two expectations both vanish. Hence,
we obtain

T o1 N2
E ‘7
/ v

A2N

2 Ly 0.1 T 102
77/ b
dtgm;E/O 2% _ B[22t + 2L ZEH H /0 1210 2at
4 SRS
< (14 22)12°

which gives the desired estimate. O

BMO

Remark 5.1. Since the contraction mapping approach by Tevzadze [41][Proposition 1] used in
our proof of Theorem 4.1 is applicable to multi-dimensional setups, it may be used to prove the
existence of the equilibrium among the finite number of (say, N ) agents, by directly solving the
coupled system of qg-BSDEs (4.4). However, for this purpose, we need to relax the assumption on
the FO-adaptedness of the risk-premium process 6. Moreover, this approach requires the smallness of

the total size of liabilities among the agents; ||[\/ SN, |Fi|?||oo, and hence the constraint becomes
more and more stringent as the population grows.

6 Conclusion and discussions

In this paper, we studied a problem of equilibrium price formation among many investors with
exponential utility. We allowed the agents to be heterogeneous in their initial wealth, risk-averseness
parameter, as well as stochastic liability at the terminal time. We showed that the equilibrium risk-
premium process of risky stocks is characterized by the solution to a novel mean-field BSDE, whose
driver has quadratic growth both in the stochastic integrands and in their conditional expectations.
We proved the existence of a solution to the mean-field BSDE under several conditions and showed
that the resultant risk-premium process actually clears the market in the large population limit.

There are several directions for further research. We can likely to apply similar techniques
to study mean-field equilibrium for other utilities. Applications to macroeconomic models in the
presence of consumption in addition to the investment may also be possible. The novel mean-field
BSDE (4.5) also deserves further study. The same type of BSDEs are likely to appear in similar
and more general applications of the proposed method.
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