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Abstract

For global multi-asset fund managers, reflecting their macroeconomic views in the prediction of expected
interest rates across countries, exchange rates, and equity prices in a manner consistent with economic theory
is challenging. The existing literature has yet to provide an established multi-currency model that is flexible
enough to incorporate such views into the prediction of future asset price dynamics.

To address this problem, this paper proposes a novel multi-currency incomplete market model in which
agents in each country have logarithmic utility but differ in their time preferences and subjective beliefs,
within a market equilibrium framework, namely, supply and demand equilibrium.

With only a few exogenous inputs, such as each country’s output process and agents’ preference pa-
rameters, the model endogenously determines equilibrium interest rates, exchange rates, and stock prices,
along with optimal consumption and portfolios. Thus, the model enables us to (i) flexibly incorporate cross-
country differences in investors’ time preferences and macroeconomic outlooks, and (ii) examine how these
differences affect equilibrium interest rates and asset prices, including stock prices and exchange rates.

Moreover, by applying the particle filtering method within a state-space framework based on the two-
country, two-currency version of the model to Japanese and U.S. market data (equity index futures, short-
term interest rates, and the exchange rate), the model not only fits the observed dynamics of equity indices,
short rates, and the exchange rate, but also effectively estimates the dynamics of home-country biases and
latent economic factors, which can be utilized in making investment decisions in asset management practice.
Keywords: multi-currency equilibrium model, incomplete market, subjective beliefs, multi-asset

investment, state-space model

Preprint submitted to Springer August 27, 2025
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1. Introduction and Related Work

1.1. Introduction

The globalization of financial markets has led investors to increasingly allocate capital across bor-
ders, seeking diversification and enhanced returns. This trend has fueled the rapid growth of multi-asset
investment funds, which invest in multiple assets across multiple countries and now play a significant
role in both institutional and individual portfolios worldwide. For example, in the U.S., target-date
multi-asset funds are frequently used as default investment options in 401(k) retirement plans.

However, when operating such funds, even if the manager holds macroeconomic views, mapping
them into predictions for each country’s expected interest rates, exchange rates, and equity prices is
challenging: these variables cannot be assigned arbitrarily but must be specified in a manner consis-
tent with economic theory. Unfortunately, to the best of our knowledge, the existing literature has
not provided an established multi-currency asset allocation framework that is sufficiently flexible to
incorporate such a manager’s macroeconomic views. As a result, multi-asset fund managers some-
times abandon rational asset allocation and resort to ad hoc methods (e.g., a naive 25%-25%-25%-25%
allocation across domestic equities, foreign equities, domestic bonds, and foreign bonds).

To address this problem, we develop a novel multi-currency incomplete market model in which
agents in each country have logarithmic utility but may differ in time preferences and subjective beliefs
within a market equilibrium framework, namely, supply and demand equilibrium. This framework uses
only a few exogenous inputs, such as each country’s output process and agents’ preference parameters,
and endogenously delivers equilibrium interest rates, exchange rates, and stock prices, along with
optimal consumption and portfolios. With the model, we can flexibly capture cross-country differences
in investors’ time preferences and macroeconomic outlooks, and analyze how those differences influence
equilibrium macro variables. Thus, the model enables practitioners to examine how investors’ time
preferences and macroeconomic views affect equilibrium asset prices in a manner consistent with the
equilibrium framework, in which supply matches demand.

The main contributions of this study are as follows: (i) First, we extend an incomplete equilibrium
model that incorporates heterogeneous time preferences and subjective beliefs to a multi-currency
environment. (ii) Second, we obtain closed-form expressions for optimal consumption, investment
strategies, interest rates, market prices of risk, and stock prices in equilibrium. (iii) Third, we empiri-
cally estimate transitions in agents’ subjective beliefs and latent factors, which are reasonably explained
by market reactions to past economic events, and demonstrate the flexibility of our model by fitting
it to real-market data using state-space modeling and particle filtering.

The remainder of the paper is organized as follows. Subsection @ reviews the related literature.
Section E introduces the multi-currency equilibrium model in an incomplete market setting, allowing for
agent heterogeneity in time preferences and subjective beliefs. Section E specializes the multi-currency

model to a two-currency case and conducts an empirical study using Japanese and U.S. market data,
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demonstrating the model’s applicability to actual market data. Section H concludes this paper and

discusses future research directions.

1.2. Related Work

The general equilibrium model is a major topic in mathematical finance. Early foundational work

includes box et all (h985|), who developed a continuous-time general equilibrium model for a sim-

ple but complete economy and analyzed asset price dynamics. lEpstein & Miao| (l2003|) examined a

pure-exchange, continuous-time economy with two heterogeneous agents and complete markets under
Knightian uncertainty. () established existence and uniqueness results for stochastic equi-
libria in a class of incomplete continuous-time financial markets, where agents are exponential utility
maximizers with heterogeneous risk aversion and general Markovian random endowments.
() derive closed-form solutions for the equilibrium interest rate and market price of risk

processes in an incomplete continuous-time market which has a finite number of heterogeneous ex-

ponential utility investors. ILarsen & Sae—Suel (lZOld) construct continuous-time equilibrium models

based on a finite number of exponential utility investors. For comprehensive textbook treatments,

see IKaratzas & Shrevd (|199§) for rigorous analysis of complete markets driven by Brownian motions,

and () for discussion of incomplete markets and trading constraints in a semimartingale

framework.
Studies focusing on the individual optimal investment problem include the following. [Temoci

(2018) considered the optimal portfolio problem with minimum guarantee protection in a de-

fined contribution pension scheme using a classical stochastic control approach. |Chen et all (IZOQ]J)

studied optimal investment problems for a pool of investors demanding minimum guarantees under two
financial market settings. () investigated a portfolio optimization problem with the following
features: (i) a no-short selling constraint; (ii) a leverage constraint; and (iii) a performance criterion

based on the lower mean square error between the investor’s wealth and a predetermined target wealth

level. bhen et all (b025|) studied the optimal investment and consumption strategy for an agent who

has the addictive habit formation preference. () researched optimal investment and
consumption problems with various utilities, in a regime switching market with random coefficients

and possibly subject to non-convex constraints. As a practitioner-authored paper from T. Rowe Price,

lAboagye et all (l2024l) extended the standard optimal investment problem for target date funds and

estimated that their enhancements deliver an additional 5-6% per year in risk-adjusted spending.

In recent years, the following papers have addressed multi-agent settings and the mathematical

techniques required in such contexts. lSaito & Takahashi (IZOQJJ) addressed sup-inf problems aris-

ing from agents’ best- and worst-case scenario choices of probability measures, a situation frequently

encountered in incomplete equilibrium models. ISaito & Takahashi (l202?l) introduced a new portfolio

optimization problem for a single agent facing model uncertainty, employing Malliavin calculus to han-

dle uncertainties in fundamental risks. IKizaki et all (b024al) proposed an equilibrium-based multi-agent
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model in a complete market, allowing agents to have heterogeneous sentiments regarding fundamental
risks modeled by Brownian motion. [Kizaki et al| (2024h) extended this line of research to incom-
plete markets, developing a multi-agent equilibrium model with heterogeneous risk preferences and
income/payout profiles. Maggistro et al) (2025) considered a multi-agent portfolio optimization model
with life insurance for two players with random lifetime under a dynamic game approach. Saito &
Takahashij (2025) contributed by presenting a multi-agent equilibrium model in an incomplete market,
incorporating a super-long discount rate for insurance companies and explicitly modeling government
financing and central bank operations.

Building on the incomplete multi-agent equilibrium frameworks developed by Kizaki et al| (2024b)
and Saito & Takahashi (2025), we extend the model to a multi-currency environment. The proposed
framework is highly general and flexible, allowing for a realistic representation of international invest-
ment environments. This enables a systematic analysis of how cross-country differences in preferences

and beliefs influence key financial variables such as equity prices, interest rates, and exchange rates.

2. Multi-Currency Model

This section develops an incomplete multi-currency general equilibrium model, allowing for het-
erogeneous agents with distinct time preferences and subjective beliefs. Each country is populated
by many agents and endowed with a financial market consisting of many stocks and a single money
market account, together with a goods market for a single domestic good. Also, we consider a finite
time horizon [0, 7] (T > 0) and work on a filtered probability space (Q, F,{F;}o<i<r, P) that satisfies
the usual conditions. The uncertainty in the economy is modeled by a m-dimensional Brownian motion

W, defined on this space, with the filtration {F;}o<t<r generated by W;.

2.1. Model Setting

We consider N countries, where each country i (i = 1,...,N) has L% agents, K* stocks, and
one money market account. Thus, an agent in country ¢ can invest in Zjvzl K stocks (including
foreign stocks), (N — 1) foreign money market accounts and one riskless money market account.
Here, to consider an incomplete market, we assume that m is greater than the number of risky assets
Z;’V:I KJ 4+ N —1. Also, we consider exogenously given dividend processes for the k-th stock in country

i §Z’k, driven by a latent factor process Y;, are given by:

doir = 5o+ {uf;k(Yt,t)dt + oyt - th} : (1)

dY, = py (Ve t)dt + oy (Yy, 1) - AWy, (2)

where ug’k(Yt,t) and g, (Y, t) denote the drift terms and agk(Yt,t) and o, (Y%,t) represent m X 1-

dimensional volatility vectors, respectively. In addition, we introduce the aggregate dividend process
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dsy = o {ps(Ye, t)dt + a5(Ye,t) - AWy } (6)

zk th’ ) (4)

(Y1), (®)

where pi (Y, t) and o} (Y;,t) are the drift and m x 1-dimensional volatility of the aggregate dividend
105 process, respectively.
The stock price process for the k-th stock in country i and aggregate stock price process S; are

specified as:

asp = Syt { sk (Vi Ot + ot (v s — oitas Sy =0, (7)

= Z Stz’ka (8)
k=1

dS; = S; {us(Ye, t)dt + o (Yy, t)dW, } — 6idt; Sp =0, (9)

where ugk(Yt, t), pis(Yz, t), agk(Yt, t), and o'’ (Y:,t) are the drift and 1 x m-dimensional volatility terms.

Moreover, the money market account in country i, denoted by B¢, is given by:
dB; = riBjdt, (10)

1o where 7} is the interest rate in country 4.
Next, we consider the exchange rate process g;” between countries 7 and j, where ¢, denotes the
relative price of one unit of country j’s consumption good in terms of country i’s consumption good,

evolving according to the following stochastic differential equation (SDE):

day? = g {pihat + oyaw ) (11)

= g {(rt - rt> dt + (9;’ - 9{) (AW + egdt)} : (12)

where u;’ﬁ is the drift term, O’;”; is the 1 x m-dimensional volatility term, and 6¢ and 6/ are the
us  m x l-dimensional market price of risk processes in countries ¢ and j, respectively. This follows from
no-arbitrage condition, which requires that the drift of the exchange rate ,u;ﬂ is given by the difference
in interest rates between the two countries, ri — 7"{ , and the volatility is given by the difference in the

market prices of risk, #7 — 6. When i = j, we have ¢ = 1. Note that, if (ciciT)~! exists, 0 are

defined as follows:

91 —Ut (Uifff) (N‘ _Tt1> (13)
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o where oy isa (30,2, K'+ N — 1) x m matrix given by , where each row corresponds

i,N
q;t
to a risky asset and the row associated with a;’ﬁ (the country i’s money market account) is omitted.

1,1 i1 1,1, 4,1
Mgy T N;,t +T0g: (U;,t)T
N,KN N N,KN ;i N\T
. ) ) +u, ;s +0og; o,
Similarly, uy is a (Zf\;l K"+ N —1) x 1 vector given by K.t Hat Asl’t (o) . 1is the
Z’
Ttl + /u‘q,t
N
ry +Mf;,t
(sz\; K%+ N —1) x 1 vector of ones.
2.2. Optimal Consumption Problem
125 This subsection formulates and solves each agent’s optimal consumption problem in the multi-

currency model. We introduce following notations about portfolio position for the [-th agent in country

i (all values are denominated by one unit of country ¢’s consumption good):

ﬂz’l’(j ). investment value in stock k of country 7,

il,j K9 il (5,k . . .
. wZ’l’] =3y T @R, total investment value in country j’s stock market,

i1 N+
130 . 7Tz +.

: investment value in country j’s money market account,

il i,0,(1,1) iL(N,KNY i1 N+1
o ) = (m yeee s Ty LTy

domestic (country 7) money market account,

ﬁz’l’zN)T: vector of all risky positions except the

geeey

Note that the pair (W:’l,ﬂz7l’N+i) represents the agent’s investment strategy for all securities. Also,
while 7447 (j = 1,...,N) and 7%N+7 (j = 1,..., N) denote the amounts invested in country j’s
s stocks and money market account, we sometimes collectively denote them by %7 for j =1,...,2N.

Then, the agent’s optimization problem is formulated as follows:

T
 max E / ult (@ N (14)
L e P I 0
N K i.j aj.k i.j ik N i.J RJ
il i,l,(j,k)d(Qt St )JF‘Jt 5t dt i,lyN+jd(qf/ Bt)
st dXy" = Zzﬂt 0.3 gi:k + Zﬁt ij gi
j=1k=1 4y o j=1 4y~ Dy
N
— D> @it ) dt; X5t =i >0, (15)
j=1
X >0, ¢ >0; Ve e 0,7, (16)
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where ¢, is the consumption of the agent for a good in country j, X; “!is the wealth process of the
agent, and :cé’l is the initial wealth of the agent. Here, X = Zle ribd,
The utility function ul! (¢4t .. ¢tbN) in (@) is given by:
ui’l(ci’l’l,... LU ” ” Z’y““ logcl ba) 74 e 0,1], (17)
ai’l = eiﬁut, (18)
1 where nt is the subjective belief, %7 is the preference parameter for goods with Z A»bi =1 and

B%! is the time preference parameter of the agent. The subjective belief nt is defined as:

t t
. _ 1 . _ A
nzyl o </ )\;’l LW = 5/ |)\;’l|2d5); /\?l = /\’L’l()sv S)a (19)
0 0

where \!(Yj, s) is the subjective view of agent. Here, A" represents the subjective views of the agent
[ in country i on the Brownian motion W;. Namely, for the probability measure P*! defined as

dpi,l
aP =Ty

by Girsanov’s theorem, WP defined as thPi’l =dwf — )\i’ldt is a P“!-Brownian motion and A%
s indicates the agent I’s bias on the Brownian motion under the physical measure P.

Constraint (@) represents the wealth evolution of the agent, which consists of the returns from
investments in risky assets and money market accounts, minus the consumption. Constraint (@)
represents the budget constraint and non-negative condition for wealth and consumption, respectively.

To solve the optimization problem, defined by (@), (@), and (E)7 we first rewrite the constraints

1o as follows:

N KJ 2 N 6.7 i N
. d( »J‘Sij ,]6] dt ) d(d*’? B? S
dX,fl Z Z Gk d(qy )]-i-jit Zﬂ_z,l,N-&-] (qitj jt) _ Zqzaci,m dt (20)
=1 k=1 a4’ 57 j=1 9" By j=1
= riX{dt + 7t ol (AW + Gidt) — Zq ey (21)

Next, we consider the admissibility of the consumption process. The admissibility derives from the

condition:
X}t > 0;vt € [0,7). (22)

This means that the total wealth of the agent must be non-negative at all times, which is a standard
assumption in financial models to prevent bankruptcy. Here, we consider the (subjective) state price
155 density process H} o
' = 7]" /B, (23)
i 1t to
Z}" = exp {2/0 10 + v Pds — /0 (05 +v") - dWs}- (24)



Here, Z¢ "' is the Radon-Nikodym derivative induced by the agent’s beliefs, which consists of common
part 0} and the agent specific part uti’l. The Z/Z’l is an orthogonal vector of the risky assets’ volatility
vector space range (o7 '), i.e., oiv! = 0. When the market is complete, we have /" = 0. Then, we

obtain the following relationship:
X = —HECS i+ B (o - X T (29
Jj=1

1o Then, we have:
H;lxgw/ HY Z gt dt:xé’l+/ H {71'2’”02 —XZ’Z(0§+1/§’l)T}th. (26)
0

Here, since wealth and consumption are non-negative, the left-hand side of (@) is lower bounded.
Thus, local martingale on the right-hand side of (@) must be a supermartingale. Taking expectations

on both sides, we have:

/ ” Zq’J b gt Sxé’l. (27)

Then, we consider the following admissible set of consumption processes:

A= 8 () 9> 0B / i Pty )| <ag! vHP' R, (28
Ct =1 |y = . Zq xo (28)

s where the non-negative condition for consumption in A»! is automatically satisfied, since we adopt the
log utility function.
Summarizing the above discussion, directly addressing the original optimization is difficult, thus,

we instead consider the following consumption-only optimization problem:

T N
max B / oyt [ YA log et | dt | (29)
eyt 0 J=1
s.t. E / H Zq T de| < bt v HP satistying iyt = 0. (30)
0

After we find the optimal solution ¢/"7™* for (@) under (@), we confirm that there exists an

(7Tz‘,l,>k7 Wz,l,NJri,*)

o investment strategy achieving the optimal consumption because, unlike the complete

market case, the existence of the investment strategy is not guaranteed in incomplete markets. By this

_ AR, ; i1, N +i,
confirmation, we ensure that the pair (ci'"7*, (zbb*, mpb N T0%))

problem (14), (14), and (id).

To proceed, we define the Lagrangian as follows:

constitutes a solution to the original

N

T T
L=FE / nlapt (O log et )dt | +ytt | af' — B / HPY> gyt | ], (31)
0 0



s where y*! is the Lagrange multiplier. Then, the agent’s optimization problem can be rewritten as

following sup-inf problem:

. T
sup inf L™yt vh. (32)
0,5 qinl vl giyhl—o

Cy Wt Y tTt

Since the market is incomplete, there exist multiple risk-neutral measures. Thus, each agent chooses
the consumption process under the worst case scenario among all measures Z/Z’l, which is represented
by the infimum over utl’l in the above problem.

180 To solve the sup-inf problem, we reformulate it as the following dual (inf-sup) problem:

| o
nfsup £y ). (33)
vt otit=0 gt

The solution to the dual problem (@) can be obtained by Proposition m

Proposition 1. ci’l’j’*, Z/ti’l, and y*! set as follows solve the inf-sup dual problem (@)
i0,5 6l pi il
il _ Yoy BiZy
it = 3
Yyt Zyay
vt = =N (35)
, 1—e BT
yz,l —_ — (36)
B T

Here, Zfi and Z'" are defined as follows:

i t 1/t i
7 = exp < [oaw—5 [ |e;|2ds);zg _1, (37)
0 0
1

t t
Z = exp (/ ot aw, — 5/ |/\i,’l|2ds) ; Zé’l =1, (38)
0 0
and S\i’l’J‘ 1s the projection of )\i’l onto the orthogonal space of range (U%T). Here, we assume that )\i’l
15 admits the following decomposition: /\i’l = ;\il & /A\i’l’l, where 5\;[ € range(oi") and /A\f;’l’L lies in its

orthogonal space.

Proof. See . O

We next confirm that the dual solution also solves the original optimization problem, which is

guaranteed by the following Theorem m

1w Theorem 1. The solution of the dual problem (@), ci’l’j’*, V,f’l, and y*', is also a solution of the
primal problem (@)

01,5 0l R il
v oy By Zy

i,0,5,%
Cy - yz,thglq;’j I (39)
i = -3t (10)
: 1—e BT
yl’l = - a1 (4].)
Bz,lxsv



Proof. See App B. O

( 7,0,% :,l,N+’i,*)

Finally, the following Theorem E shows that the investment strategy (7w achieves the

i,0,5,%

, which means that ¢, are the optimal solution

I Lx _il,N
optimal consumption c;’ Lhi* and (wbb* bR

105 for the original consumption problem defined in (@), (@), and (@)

Theorem 2. Under the assumption that rank (o}) = Ziv Ki+ N —1, ie. (ciolT)™t exists, the

i,0,% i,l,N+i,*
ur )

optimal wealth X”* and investment strategy (m,"", achieving the optimal consumption

70,5,

¢ s given by:
‘ _gily _ __gblT i’lBiZi’l
. € e x
Xthl) = il . tz‘ L ) (42)
1—e AT VA4S

mht = Xy (otolT) T o0 + A, (43)

IHACRRMESS S (44)

Proof. See |App . O

200 Having established the explicit solutions for each agent’s optimal consumption and investment

strategies in the multi-currency setting, we now turn to the considerations of equilibrium asset prices
and market clearing. In the following Section, we derive the equilibrium interest rates and market

prices of risk by imposing goods market clearing conditions.

2.3. Interest Rate, Market Price of Risk, and Goods Market Clearing
205 This subsection introduces Theorem B, which determines the equilibrium interest rate r! and market

price of risk ! based on the goods market clearing conditions given by:

N L’

SN et =6j; Vi=1,..,N. (45)

j=11=1

Theorem 3. Equilibrium interest rate vi and market price of risk 0% are given by:
) IR AR 1

N L () 2

g, il
(/’(’ét |U5t| +ZZ Y q f‘?,yfgz f ;‘,7
j= 1z12f 12 (7)Zt’g

fig
Y94,
U1 .
J o gyl
S (y“q )Zt

A 46

+0'6t lezl Z Z <a{=9,yf,vg‘,i) Zf’g t ( )
J f=1 yFagl? t

0 =5 =) Z A (47)

£r9.f,9,i
Jlllzf 12 (#)th,g

ylagd

Proof. The relationship between Z¢' /B¢ and Z 0! /B is expressed as:

o o LV 1. 1 . o .
a7 = g exp [ / < 4 3161 - 2|9;|2> ds+ [ (o o;»dws} (48)
0 0
- Bi 7%
=gl L2t 49
qO Ztgz Bi ( )

10



By substituting ¢*b7* and (@) into the goods market clearing conditions (@), we have:

ZG’ 1 YRR ]szy ; . ;

RS S} e L o
j=11=1

dzt = Z,f’l)\i’l - dWy; Zg’l =1; M =X'a M N e range(ol ). (51)

20 By differentiating both sides of equation (@) and comparing the coefficients, we can derive the ex-

pressions for the interest rate and market price of risk.

<.

N L (a{’l’)’j_'l_’i)ZjJ

yhlg)” il
el 13 o
=1 Zf 1 Z 7) Zt

i=1
J yh9q)

N L ( ;71,.’lj>zg"l
q; {4,
o5 DD T (52)
=S L () Z
N Li (Oétj ;Y;lil)th,l
i Yy qp’ 34,0
0 =0k —> > Fonrad ﬁg)\{. (53)
Jlllzf 12 (7)%

ylaq]

Moreover, we obtain the following expression for the volatility term of qz’j

3,5 T 7
Ot _9

e
g aJv,nyx ]71
N L (f]iji)Zt N
-> A
fq fgl
v 19
TR L Tl () 22

yhag

N It (ai’lv?ljj) Zi

yilqy? 2yl

+ZZ 7 fg,yqu f,g)\t . (54)
il SN Zg:l (W) Z;

2.4. Stock Valuation and Financial Market Equilibrium

215 This subsection focuses on the stock valuation and financial market clearing. The aggregate and

individual stock prices S} and Sti’k are given by the following Theorem H

Theorem 4. FEquilibrium aggregate and individual stock prices are given by:

) 51 N L ’}/j“Z]l —pity 7ﬁj*‘T) %l
i _
St - Li 77 l ze—BJ ltZJ [ lﬂ7 l Z Z e,ﬁj,lT) I (55)
ZJ IE Jz(l e_ﬁJlT) j=11l=1
. . N LI P .
. 61 T 51,16 j’l’ZOLJ’lZJ’l
Sit = S B S (56)
yiliadtZ) ot 5,1 dst
Ej 12 W t % 1= Y
Proof. See |App D). O

Next, we confirm the market clearing in the financial market by Proposition E

11
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’] are independent volatility vectors,

Proposition 2. Under the assumption that (O‘St + U ) and o,
equilibrium stock price Sti’k and optimal investment amounts (ﬂi’l’(i’k)’* and Wf’l’NH’*) satisfy the

following market clearing conditions in financial market based on 1-st country currency.

N LI
SON @ w I = SR i =1, LN Y =1, K (57)
j=11=1
N L7
Zthl’jﬂ'z’l’NH’* =0; Vi=1,...,N. (58)
j=11=1

Proof. See |App F]. O

Here, we remark on the recursive structure in Theorem H that the stock prices SZ’k are determined
by ZZ’I ((z, )=(1,1),...,(N, LN)), which includes j\il Since X;l is the projection of the exogenously
given subjective view )\i’l onto the risky assets’ volatility vector space range (Ué—r)7 X;l also depends
on the volatility of Szk Thus, when we simulate the model, we need to properly find 5\;1 so that the
recursive structure in Theorem H is satisfied.

This recursive structure arises from the incompleteness of the market, which is generated by the
incorporation of different subjective views of agents on fundamental risks represented by Brownian
motions or equivalently on the expected return of the stock prices Sz’k. Here, )\i’l is associated with
some factors that cannot be hedged with the investable assets in the market, which lead to different

state price density processes H, ol — VA 0" /B i’l /Zi’l in their individual optimization problems.

g

Proposition 3. The volatility vector agﬁ is obtained as follows:

To specify 5\ , we need to consider the equilibrium volatility vectors 0‘ prov1ded in Proposition

AL (59)

s

g
) T 6L ko f gl y Fsbi gl il
N LU ( Et [ 5; ( yds qufi Zj’ ds yj quti Zt

SISl E [ 5 (Sne) 2ivas]) S L () 2l

Proof. See . O

Here, j\i’l is the projections onto the space spanned by the stock volatility vectors US : " and exchange

rate volatility vectors o7, which means that S\;l is a linear combination of these vectors:

qt’
4 N KJ
Ai’l:ZZat’kag”zT—i—Zb] o (60)
Jj=1k=1 VE]

On the other hand, from the Proposition E 05 . can be expressed as linear combinations of 05 : * and

AL as shown in equation (EI) Similarly, from (@), a;’ft is expressed as a linear combination of 0% ,,
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250

255

260

265

] NV . 1 . . . . a1 ik ;
o3, and AJ". Since o}, is also a linear combinations of the volatility vectors ogy (k = 1,..., K*) from

(E) q’Jt is expressed as (@)

N L
j kT j ko j,155.1
0%y =ogi+y Y N (61)
j=11=1
N LY
T k ik k_jk 159,
J Zdl (ZStJFZe] UfSt +ZZf£q’>\tg’~ (62)
g=11=1

Therefore, by substituting (@) and (@) into (@) and rearranging terms, it follows that "' must be
constructed as a linear combination of the output process volatility vectors Ug:f.

Concretely, we discuss the simple two-country two-currency model (N =2, K? =1, and L' = 1 for
i =1,2) in Section EI, where the country subscripts d (domestic) and f (foreign) are used instead of
1 = 1,2, respectively. In this case, (@), (@) and (@) become:

X = APtoll + APPol, + Bloy, (63)
M = AP ol + AP0 +B2 Tyt (64)
ol fa“+c“xi+c”xf (65)
oy =05, + COIN + O] (66)
ogr =04, — ol +DiX! + DI (67)

where Ai’j, Bi, Ci’j and D: (i,j = 1,2) are the coefficients. If this system of equations has a solution,
5\‘3, 5\1{ , Ug—';, agjt— and 0; ; nheed to be represented as a linear combination of the af;l’t and 0;{ , In
particular, an example case for A¢ and A/ is provided in equations (@) and (@) Note that,
although Section @ omits a detailed discussion of A{ for simplicity, once 5\? is specified, the full
subjective belief A can be constructed by adding any vector X;”- orthogonal to the span of af{t and
Ad o jdL
0“ M=\ L
Based on the above discussion, once we specify 5\{’1 that satisfies the recursive structure, we confirm
that the optimal consumption, investment strategy, interest rates, market prices of risk, and stock
prices determined by Theorems ﬂ E, E, and H ensure that both the goods and financial markets are
in equilibrium. This establishes the internal consistency and validity of the equilibrium framework
developed in this paper.
Finally, while the discussion so far has been based on real values under the neutrality of money,

the next subsection briefly confirms that these arguments can be easily extended to the nominal case

by introducing country specific price level processes.

2.5. Nominal Case
This subsection concisely discusses the equilibrium asset pricing in nominal situation. Let pi denote

the (exogenous) price level in country 4, evolving as:

dp; = pi { i, (Ye, t)dt + o},(Yy, 1) - AWy } 5 pfy > 0. (68)

13



Then, the nominal exchange rate between countries 7 and j (one unit of currency j equals ¢;" hd

units of currency 4) can be expressed as:

n,i,j i 'Pi
q;’ 7= qtdfjw (69)

Py

Thus, its dynamics follow:
dqf“ i piy  pi i J J |2 i J i pj i J
qn’i’] {Tt - 7"t (0; —0)) -0, + L i |‘7p,t| —Opt Opt Tt (0; —0;)- (Up,t - Up,t)} dt
t

(0] — 0] +0b, — ol ) - AW (70)

Also, nominal interest rate and market price of risk are obtained by differentiating the nominal

a0 state price density (as seen in the proof of Theorem E) The nominal state price density satisfies:

g R
2 i 2
BM pi By

"y o 1/t
20— exp (_ / g qw, — X / |9;“|2ds), (72)
0 2 0
B"" = exp </ T?’Zd8>, (73)
0

n,i ; ; ; . i, . . . .
where 29", B"*, ri"" and 6} are the nominal counterparts of Z¢", B}, ri and 6}, respectively. Here,

z¥ z¥ , .
d ( B) = (B ) (—ridt — 0} - dWy), (74)
t t

with 7} and 6} given in Theorem E Hence:

(71)

following equation holds:

T?7i:7"§+ﬂ;t ‘o-pt‘ iU;imv (75)

07”—914—0

Dt

(76)

Finally, the nominal stock price S} K can be written by multiplying the price level and the real

a5 stock price, and is therefore expressed as follows:
it =pisy" (77)
In addition, from (@) and (@), SPHF s as follows:

nzk t
S Zel R,

/ R ’f 1 (78)
[ o f;::ds

That is, the nominal stock price equals the present value of the nominal dividend (output) stream.

Bn,z

Tz Zom

(79)
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3. Empirical Study

This section demonstrates that the model introduced in Section E can be calibrated to actual
economic variables in the two-currency setting of Japan and the U.S. In particular, after specifying
the two-currency model, a special case of the multi-currency model presented in Section E, in Section
@, we describe the state-space model used to estimate transitions in the latent economic factors and
subjective beliefs of the two countries in Section @ Moreover, in Section @, we show that the
transitions of the estimated state variables are consistent with changes in market environments and
are well explained by key economic events that occurred during the period, which may be useful for
making investment decisions in international asset management practices. Also, in the calibration,

nominal data are deflated by the price indices and we examine the real-terms version of our model.

3.1. Two-Currency Model

This subsection describes the two-currency model, which is a special case of the multi-currency
model presented in Section B, involving two countries, each with one agent and one stock index. The
model will serve as the basis for the state-space model introduced in the following subsection, which
is used to estimate latent economic factors and subjective beliefs. The two-currency model consists of
a domestic country (denoted by d) and a foreign country (denoted by f). Each country is assumed to
have a single agent, one stock, one money market account and its own currency. Also, this subsection
focuses on country d; the foreign case is analogous by replacing d with f.

Exogenously given output processes for the domestic and foreign countries, 6¢ and (51{c , driven by a

factor process Y; are described by the following stochastic differential equations:

o = 6 [ud (Y, t)dt + 0§, (Y, t) - dWy] (80)
af = of [u] (v,0)dt + o, (v, 1) - aWi] (81)
dYy = py(Y,t)dt + oy (Y, t) - dW. (82)

Here, we assume that m (dimension of Brownian motion) > 3, which means that the market is incom-
plete.
The foreign exchange rates between the two countries, denoted by ¢; (domestic/foreign) and 1/¢;

(foreign/domestic), evolve according to the following SDEs:

dar = qi [ufdt + ofdWi] = g, | (rf = r{)dt + o7 (AW, + 0]d) | (83)

A(1/a) = (1/a) [(~f + |ofP)dt = ofaWi] = (/) |(r] = ri)at = o (@W + 6{a)] . (84)

The ri (i = d, f) represents the risk-free interest rate in country i.

We assume an agent in country d invests in three risky assets (S¢, thtf , th{ ) and a domestic

15



money market account (B¢), which follow these SDEs:

dSy = (r{S, — &) dt + Sfcd (AW, + 67dt); S5 =0, (85)
das) = (riast - aof ) dt + aS{ (ol +of) (W + 0fa); sf =0, (86)
dB¢ = rdBddt, (87)
d(qBf) = riq Bl dt + ¢ Bf o2 (dW, + 6%dt). (88)
305 Also, as seen in Section @, the agent’s optimization problem involving only consumption is as
follows:
T T

max E / ul(c B Ndt| st B HY (4 g Dydt | < 28, vHE, (89)

c.lhey’ 0 0

where H{ is the state price density process for currency d and the utility function uf(c ,C ’f ) is given
by:
ut (et = niaf [y 0g e + (1 =y log ¢ | 47 € 0,1, (90)
at = 5 (91)
1 t
nt = exp </ )\‘si-dVVs—i/ /\§l|2d5>; M= \(Yy, ). (92)
0 0

Here 7 is the subjective belief, 3¢ is the time preference, v is the preference of the goods between
20 domestic and foreign countries, A4(Y, s) is the subjective belief process.

Then, we obtain the following equilibrium variables needed for the empirical analysis.

() (t)z
> : Bl+od, - > : Nty (93)

d d
= (/u‘é,t - |05,t|2) + adrydqd ) adydgd .
j=d.f Ejd,f( o J)Zﬁ =LY i g ( T ) Z

aviqd j
d d ( E ) Z 5
0f = o5 — E mdad “Ajits (94)
s () 7

(1— e*ﬁ (T— t))

KddZd_F%(T”)deZf

st =gt 95
b K zd + KM Z] )
where ¢f =1 (¢} = qo) when j =d (j = f) , and K& and K& are defined as follows:
d.dpd, —B%
dd _ gy B
Kt - (1 B efﬁdT) ’ (96)
_af

K — qoxé(l —)ple Pt (97)

t (1 —e=B'T) '

Since these derivations are analogous to those in Section E, we do not repeat them; see Section

for details.
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s 3.2. State-Space Model for Particle Filtering

This subsection presents a state-space model for particle filtering, used to estimate latent economic
factors and home biases, based on the two-currency model in Section EI, applied to the specific case
of Japan (domestic, d) and the U.S. (foreign, f).

First, we present the following state equations:

Yigr1 =Y — Hy,lYl,tAt + Uy,lYl,tAVVl,t; Yi0=0, l=1,...,4, (98)
4

I L 1 P (Z amt> At+ok-AW,|, i=d,f (99)
=1

/A\f-s-l = ad(Yl,t,YQ,t,Y&t, Yzl,t)afsi + bd(Yl,t7Y2,ta Y3,t7Y4,t)U(Jsca (100)

5‘tf+1 =a’(YV14,Y24, Y34, Yar)of + 0/ (Y14, Yo, Vs, Y47t)0(]sc, (101)

L =Zi R ZIN AW Zh =1, i=d, f (102)

w whereof = ot (5%, 1T (0 — 7~ (7)ol =0 (o). T (T — T~ (1)
a(Y14, Yo, Y3, Ya,) = max{Y1 41,0} — min{Y2 41,0} + max {¥341,0}, b4 (Y1, Yo, Yoy, Ya,) =
min {Y7 441, 0}4+min {Y2 4+1,0}+min {Ya 111,0}, a/ (Y14, Yau, Y34, Yay) = min {Y7 441, 0} —max {Ya 41,0} +
min {Ya 11,0}, b/ (Y14, Yo, Y, Yai) = max {Y 441,0} + max {Ya 41,0} +max {Yy 41,0} and §¢ and

(5{; are chosen to satisfy the following equations:

d.d F(1—=~f

%= [mgu = Ty e %( 6});1)0} K 1o
d(] _ ~d faf

5] = {xg(lﬁ_(e_ﬁdvT )>q0 +af q _ﬂef mJ B{. (104)

»s  For more detailed information about the necessity of these initial conditions for §¢ and 5{; , see the
proof of Corollary 2 in .

Since the calibration is conducted at a monthly frequency, we set At =1/12 and AW; , ~ N(0, At)
for i = 1,...,4, assumed to be independent. Although \! (i = d, f) can be introduced as a state
variable, the equilibrium is characterized by its projection 5@ (i =d, f), thus we adopt 5\% as the state

s variable. Also, as discussed toward the end of Section @, A and 5\{ can be represented as linear

combinations of o§ and a({ for the following reasons.

e Since 5\§l and ;\f are the projections onto the space spanned by ag, of;, and o4, they can be

written as linear combinations of those three vectors.

o Conversely, since 0%, Ué, and o, themselves can be expressed as linear combinations of o¢, a({ ,

335 5\?, and ;\{ For the explicit forms, see equations (k}63|), (b64l), (k}4d) in |Appendix d

Thus, A\¢ and /\{ can be represented as linear combinations of ¢¢ and Ug unless exceptional conditions
arise.

We assume the following latent economic factors: Y7, Ys, Y3, Yy,
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Factor

Interpretation

Yis Macroeconomic factor influencing both Japan and U.S.; proxy for global business-cycle conditions.
Yo, Common commodity price factor; detrimental to resource-poor Japan, beneficial to resource-rich U.S.
Y3 4 Country-specific factor for Japan.

Yy Country-specific factor for the U.S.

Table 1: Interpretation of latent factors in the model

Each Y; ; is modeled as a Vasicek-type stochastic differential equation that mean-reverts to zero.

Also, 6¢, which represents the domestic output, is influenced by the factors Y1, Yo, Y3y, and
Ys;. The drift terms are specified to be influenced by all of Y7, Yo,, Y3,, and Ys,;. In subsequent
parameter estimation, if any of these factors are irrelevant, their corresponding coefficients are expected
to become zero. The volatility terms are also modeled to be influenced by all elements of AW, =
(AW ¢, AWy, AWs 4, AWM)T. The same modeling approach is applied to 55.

The state variables S\f and 5\{ are specified as linear combinations of 0? and alj; , and are interpreted
as representing the home-country bias in each agent’s subjective view. Home-country bias refers to
the empirical tendency for agents to be more optimistic about their own country and less optimistic
about foreign countries. For example, under the domestic agent’s subjective measure n¢, the drifts of
54 and (5{ are shifted to ud +o¢ - A and ,uf; + ag - A, respectively. To capture home-country bias, it is
expected that og . 5\? is positive (reflecting optimism toward domestic output), while og . 5\? is negative
(reflecting pessimism toward foreign output). Therefore, by specifying the functional form so that the
coefficient of o¢ is positive and that of ag is negative as in (@), and by appropriately setting the

parameters described later, the model tends to capture the home-country bias.
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Next, we introduce the following observation equations:

1—eXp(—5d(T—t))Kd,dZd n 1—exp(—Bf(T—t))Kd Iz

R — A a— 58+ e,
Kt’ Zéj‘i’Kt)fZg
MK{,dth_FMKffzf

Sf = B B 5 +62
f KETZ+ K77 "

(fw%)za (#ﬁ#>zg
yJ . y7 ~
+ ) Bl+od- N Aj

- O‘zﬁfc‘iqd J = a{’y‘.iq‘.i j it + 637t7
j=d.,f Zj:d,f ( yg J > Zt j=d,f Zj:d,f < y; j > Zt
7{ |‘75|
(“fﬁ 7 () 2
Y . Y ~
+ Z J‘quf Bf + U(J; . Z aj—yqu _>\j,t + €4t
j=d.f Z] d,f ( tyf ) th j=d.f Zj:dvf ( tyJJ . ) th

Q1 = @ + q{(rd —r])dt + (08 — 6] ) - (AW + 07dt)} + €54,

(105)

(106)

(107)

(108)

(109)

where €14, €24, €3¢, €4, and €5, are independent Gaussian noise terms with mean zero and variances

. dd 1-d d . .
0?9717 0?972, 03717 0?72, 03, respectively, and K, ", K; ’f, th’ , th’f, ¢, and 9{ are calculated as in Section

51

In this study, we calibrate the model in real-term settings. Then, S{ is proxied by the inflation-

adjusted TOPIXﬂ futures price series, while Stf is proxied by the inflation-adjusted S&P 500 futures

price series. Also, following Fisher equationE, ré and r{ are defined as the nominal short-term interest

rates of Japan and the U.S., respectively, minus the corresponding inflation rates, while ¢; denotes the

price-deflated USD/JPY exchange rate. In summary, the variables are defined as follows.

. S = TOPIX:,

cpr : TOPIX futures prices/Japan price index

. S/ = % S&P 500 futures prices/U.S. price index

o 7 = JP short rate — ACPI¢: Japan nominal short rate - monthly inflation rate

. rt = US short rate — ACPI; : /. U.S. nominal short rates - monthly inflation rate

e ¢ =USDJPY; ggd USD/JPY exchange rates * U.S. price index/Japan price index

1The Tokyo Stock Price Index, commonly known as TOPIX, is one of the most widely used stock market indices in

Japan. It is a broad-based, capitalization-weighted benchmark that tracks all listed companies on the Prime Market of

the Tokyo Stock Exchange.

2The Fisher equation states that the nominal interest rate is approximately equal to the real interest rate plus the

expected inflation rate.
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Here, the stock-price, interest-rate, and exchange-rate data are retrieved from Bloomberg, with
tickers TP1 Index (TOPIX futures), SP1 Index (S&P 500 futures), MUTSCALM Index (Japan nom-
inal short rate), FEDLO1 and SOFRRATE Indexd (U.S. nominal short rate), and USDJPY Curncy,
respectively. Regarding price index data, we obtain the Japanese series from the Statistics Bureau of
J apanE and the U.S. series from the Federal Reserve Bank of St. LouisE.

The data spans from January 2000 to December 2021. Also, to remove the effect of scale hetero-
geneity across the series in the particle-filter estimation, the raw data were rescaled so that, over the
entire sample period, each series has a mean of 1 and a standard deviation of 1. All estimations were
then performed on these standardized series.

The model thus contains the following approximately 40 parameters: [, 1, 0y 1, fy,2, Oy,2, Hy,3,

2

d J 1 . d =d »d =f 5 d f 2 2
Oy,3y Hyds Oy d, Ugy sy, O 5 P75 P~y P7, O, pfa pfa pfa Os, 05, A1, A2, A3, G4, b17 b2’ b37 b47 O-S,l’ O-S,27

2 2 2 nd d ,.f ~dd
Ur,lﬂo'r,27o'qa5 7/8f7x075307’7 )

4 f ~4Fd and 4Ff. Given the high dimensionality of the parameter
space, a full grid search or exhaustive optimization is computationally infeasible. Therefore, several
parameters are fixed exogenously based on empirical considerations.

First, we set 0! = 02 = 0.2, reflecting the fact that the process § is intended to capture equity
market dynamics, which typically exhibit annualized volatility around 20%. Second, for the volatility
loading vectors, we set p? = 0.6, p? = —0.6, and p¢ = 0.5, resulting in ¢¢ = 0.2(0.6,—0.6,0.5,0) T, so
that the weights on the common factors Y7, Y5, and the domestic-specific factor Y3 are approximately
balanced. Similarly, we set p/ = 0.6, 5/ = 0.6, and p/ = 0, yielding o = 0.2(0.6,0.6,0,0.5)T.

Third, we set the time preference parameters to 8% = 0.05 and B/ = 0.1, consistent with the
empirical observation that Japanese investors tend to have longer investment horizons, while U.S.
investors are generally more short-term oriented. Fourth, we set the preference parameters as y»% =
0.7, v%f = 0.3, v/? = 0.5, and 4>/ = 0.5, indicating that the domestic agent (interpreted as a Japanese
investor) exhibits a stronger preference for domestic goods relative to foreign goods. Additionally, we
set xd = xg = 100, and the observation noise variances as ‘7?@,1 = 0'_29’2 =0.01, 07, = 07, = 0.02, and
crg = 0.01.

Based on the above settings, we perform a grid search over the remaining parameters based on
the loglikelihood loss function. Using the parameter set that maximizes the likelihood, we further
adjust several parameters manually to enhance interpretability, while ensuring that the likelihood is
not significantly compromised. The final parameter values are chosen to balance empirical fit and
economic plausibility: py1 = 1,051 = 0.1,y2 = 0.5,042 = 0.1, uy3 = 01,03 = 0.1, uy4 =

01,054 = 0.5, 4% = 0.1, uf =0.1,a¢ = 05,04 = 1,04 = 0.5,af = —0.5,a] = 1,4} = —0.5,af =1,

3Since the SOFRRATE Index is available only from April 2018, we proxy the earlier period with the FRDLO1 Index.
4https://www.e-stat.go.jp/stat-search/files?page=1&layout=datalist&toukei=00200573&tstat=

000001150147&cycle=1&year=20250&month=12040605&tclass1=000001150149 (in Japanese)
Shttps://fred.stlouisfed.org/series/CPTIAUCSL
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and a = 0.5. The empirical results presented in Section @ are based on this parameter set.

Parameter Description Values

Drift and Volatility of Y Process

Ly1, Oyl Drift and volatility of Y1, (global macro factor) 1, 0.1

Ly,2, Oy,2 Drift and volatility of Y2 ; (commodity factor) 0.5, 0.1

[hy,3, Oy.3 Drift and volatility of Y3 (Japan-specific) 0.1, 0.1

Ly,d, Oy.a Drift and volatility of Y4, (U.S.-specific) 0.1, 0.5

Drift and Volatility of § Process

g, pg Components of drift for §¢ and 5[ 0.1, 0.1

al, ad, a4, a¢  Components of drift for §¢ 0.5, 1, 0.5, —0.5
a{, aﬁ, a:ﬁf, af; Components of drift for 5[ -1, —0.5, 1, 0.5
of Volatility vector for §¢ 0.2(0.6,—0.6,0.5,0) "
of Volatility vector for &7 0.2(0.6,0.6,0,0.5)"
Preference and Initial Condition

g%, gf Time preference parameters 0.05, 0.1

ybd o f Domestic agent’s preference for goods 0.7, 0.3

Pl A Ef Foreign agent’s preference for goods 0.5, 0.5

zg, a:g Initial wealth levels 100, 100
Observation Noise Variance

0%1, 0% Noise in stock prices 0.01, 0.01

O’%ﬁl, U,%’Q Noise in interest rates 0.02, 0.02

02 Noise in exchange rate 0.01

Table 2: List of model parameters, their roles, and assigned values

3.3. Estimation Results for State-space Model

This subsection examines the estimation results of the state-space model, including the latent
economic factors and the home biases of Japan and the U.S. In particular, we demonstrate that the
transitions of the estimated factor processes and the biases are consistent and can be explained by the
changes in the economic environments of the two countries.

First, the estimation results for the unobservable state variable Y; (i = 1, ..., 4) are shown in Figures
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Figure 1: Estimated state variables Y; (i = 1,2,3,4).

Regarding Y7 ¢+, which we assume to be the global business-cycle factor, the following dynamics are

observed over the sample period:

Period

Transition of Y1; and Key Events

Early 2000s

Declined due to the collapse of the global IT bubble.

2003-2007 Increased steadily, supported by BRICS expansion and the U.S. housing boom; entered positive territory.
2008 Dropped sharply due to the Lehman shock and global financial crisis.
2010-2015 Recovered gradually, driven by quantitative easing; exceeded pre-crisis levels by the mid-2010s.
2015-2016 Suppressed by the China shock, oil-price collapse, and U.S.—China trade tensions; remained moderately positive.
2020-2021 Temporarily declined during the Covid-19 pandemic; remained above zero due to global monetary easing.
Table 3: Transition of Y1 ¢ in response to global macroeconomic events
410 Turning to Y5 ;—interpreted as the commodity price factor—its trajectory over the sample horizon

can be summarized as follows:

Period Transition of Y>; and Key Events

2000-2010  Fluctuated around zero.

2012-2013  Declined significantly due to the U.S. shale gas revolution and global energy oversupply.
2014- Returned to near zero and remained relatively stable.

Table 4: Transition of Y2 ; in response to global commodity market dynamics

As for Y3, interpreted as the Japan specific factor, its evolution can be characterized as follows:
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Period

Transition of Y3, and Key Events

Early 2000s

Declined due to Japan’s economic stagnation following the collapse of the IT bubble.

2003-2011 Experienced a cyclical upswing under Koizumi’s financial reforms;
remained negative due to the 2008 global financial crisis and the 2011 Tohoku earthquake.
2013- Rebounded under Abenomics;

aggressive monetary easing and yen depreciation enhanced corporate earnings and Y3 ; recoverd to near zero.

Table 5: Transition of Y3 ; in response to Japan-specific economic events

Regarding Y4 ;, which we assume to be the U.S. specific factor, the following dynamics are observed

over the sample period:

Period Transition of Ys; and Key Events

Early 2000s  Declined following the collapse of the IT bubble.

2003-2007 Increased due to the housing boom and strong consumer spending; entered positive territory.
2008 Dropped sharply during the Lehman shock.
2009-2015 Expanded significantly with the Federal Reserve’s quantitative easing,
the shale gas boom, and growth in the technology sector.
2015- Remained elevated despite the China shock, oil price decline, trade tensions, and the Covid-19 pandemic.

Table 6: Transition of Y4 ¢ in response to U.S.-specific events

Second, the estimation results for state variables 6¢ and & are shown in Figure E

—— DELTA_D_t
50 = DELTA_F_t
40
30
20
10
0
2000 2005 2010 2015 2020

Figure 2: Estimated 6? and 6{.

 Both ¢ and 6{ display similar paths to the corresponding equity indices, respectively.

Since 62 and 8/ are the most important variables for S¢ and S} as seen in (@) and (), it is natural

that they follow a similar path as the equity indices.
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Third, the estimated results for A¢ are shown in Figure E, where af denotes the coefficient of o¢,

20 (max {Y7441,0}—min {Ys 11,0} +max {Y34+1,0}), and b¢ denotes the coefficient of 0(’;, (min {Y7 ¢41,0}+
min {Ys 441,0}+min {Yy 4 41,0}). As discussed in Subsection @7 M is specified as a linear combination
of the volatility vectors: A% = alod + bfag . In this formulation, the degree of positive (negative) bias
toward domestic (foreign) output is captured by the inner product % A\¢ = af|o¢|? (O’(J; M= bf|a£|2),
where the cross term vanishes due to Jg . 0(’; = 0. Thus, the coefficients af and b¢ quantify the strength

w5 of the positive home bias and the negative foreign bias, respectively.

m— g
¥ — bd
0.5
a \\/v w
-0.5
=
2000 2005 2010 2015 2020
Figure 3: Estimated a? and bf.
The following biases are estimated in Japan.
Period Transition of Home Bias in Japan
Early 2000s No positive bias observed before/after the IT bubble collapse.
2003-2007 Gradual increase in positive home bias under Koizumi’s financial reforms.
2008 Positive bias erased by Lehman shock; negative bias toward U.S. intensified.
2013-2015 Abenomics improved domestic conditions; positive bias rose again.
2016-2019 Positive bias peaked and then retreated due to limited impact of fiscal and structural reforms.
2020- Covid-19 and yen depreciation boosted corporate earnings; positive bias increased again.

Table 7: Transition of Japan’s estimated home bias parameter

Similarly, the estimated results for ;\{ are shown in Figure H, where a{ denotes the coefficient of agl,
(min{Y1 441,0}—max {Y541,0}+min{Y5:41,0}), and b denotes the coefficient of O'g, (max {Y7,t41,0}+
max {Ys ¢41,0}+max {Yy,41,0}). Thus, the coefficients a/ and b/ quantify the strength of the negative

a0 foreign bias and the positive home bias from the view of the foreign country, respectively.
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Figure 4: Estimated a{ and b{ .
The following biases are estimated in the U.S.
Period Transition of Home Bias in the U.S.
Early 2000s  After dot-com bubble burst, positive home bias collapsed.
2003-2007 Housing boom generated positive bias.
2008 Lehman shock eliminated positive home bias and generated negative foreign bias.
2010-2014 Positive bias recovered with Fed’s quantitative easing and subsequent recovery of the U.S. economy.

2014-2016 Further boosted by shale-gas revolution and tech sector growth (GAFAM).
2015-2016 Temporary correction from China shock, oil price crash, and U.S.-China trade tensions.
2020- Despite the Covid-19 shock, extensive fiscal and monetary stimulus enabled the economy

to survive the downturn and this also prevented the positive bias from dropping.

Table 8: Transition of U.S. estimated home bias parameter

Finally, we examine the filtering results for observation variables S¢, S{ ,rd 7{ , and ¢; in Figures
E, E, ﬁ, E, and H, respectively. Since the initial values of the raw data and filtered values are not

necessarily at the same level due to estimation settings, we plot the data after 2002 to avoid confusion.
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Figure 5: Raw data and its filtered value for TOPIX futures price Sf .
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Figure 6: Raw data and its filtered value for S&P 500 futures price Stf.
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Figure 7: Raw data and its filtered value for Japan short rate rf.
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Figure 8: Raw data and its filtered value for U.S. short rate r{ .
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Figure 9: Raw data and its filtered value for exchange rate g;.

435  All filtered values shown in Figures E, E, ﬂ, E, and E closely track or at least follow the trend of

the raw data.

4. Conclusion

As financial markets have become increasingly globalized, multi-asset investment funds have as-

sumed a more prominent role. However, the effective operation of such multi-asset funds remains

w0 challenging. Even if a fund manager has an outlook on macroeconomic conditions, mapping these
views into implications for each country’s expected interest rates, exchange rates, and equity prices is
difficult. These variables cannot be assigned arbitrarily but must be specified in a manner consistent
with economic theory. Unfortunately, the existing literature does not provide an established multi-
currency asset allocation framework that is sufficiently flexible to incorporate such practical needs.

ws  As a result, multi-asset fund managers sometimes abandon rational asset allocation and resort to ad
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hoc methods (e.g., a naive 25%-25%-25%-25% allocation across domestic equities, foreign equities,
domestic bonds, and foreign bonds).

To address this issue, this paper develops a novel multi-currency incomplete market equilibrium
model with agents who have logarithmic utility and heterogeneous time preferences and subjective
beliefs, within a market equilibrium framework based on supply and demand. Despite relying on
only a few exogenous inputs (e.g., each country’s output process and agents’ preference parameters),
the model endogenously generates equilibrium interest rates, exchange rates, stock prices, and opti-
mal consumption and portfolios. From a practical perspective, the model offers (i) the flexibility to
capture cross-country differences in investors’ time preferences and macroeconomic outlooks, and (ii)
the tractability to examine how these differences affect equilibrium interest rates and asset prices,
including stock prices and exchange rates. This enables practitioners to evaluate how investors’ time
preferences and macroeconomic views affect equilibrium asset prices in a manner consistent with the
equilibrium framework.

As an application of the proposed model, we calibrate it to actual market data, specifically equity
indices, short-term interest rates, and exchange rates for Japan and the United States, using state-
space modeling and particle filtering techniques. The calibration is performed under the assumption
of home-country bias, reflecting the empirical tendency of investors to be more optimistic about their
domestic markets and more pessimistic about foreign markets. The estimated results not only replicate
the observed dynamics of equity indices, short-term interest rates, and exchange rates, but also capture
transitions in time-varying home-country biases and latent economic factors, which may be useful for
practical investment decision-making. Future research may explore applications in risk management,
portfolio optimization, and the development of investment strategies that achieve high risk-adjusted

returns.
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Appendix A. Proof of Proposition E

Proof. First, we consider the following supremum problem:

N N
sup i tapt [ Dy log et | =yt HP (D Daiiept |, (A.1)

eyt =1 =

s and obtain the first-order condition:
o 0,0, 000 z l
i,0,0,% YN
Ct = ﬁ (A2)
“Hy gy
Second, setting

U(yz,lHZ,l _ 772 lail Z il Jog Cz R yz,le,l Zqé”cﬁ“’* , (A.3)

j=1 j=1

we address the following infimum problem:

inf E

U g il
l/t vy =0

T
/ Uy H, t)dt] : (A.4)
0
Here, the expectation term can be rewritten as:

E

T
/ Uy H, t)dt] (A.5)
0

~E / oy ZV”’]logc”’J’ dt| —y"'E / Hy' ZQ““’ (A.6)
0

T N
-E / eyt ) 7" (log " +logmy! + log ay! —logy™' —log Hy' —logqy”) b dt
0

L ]:1

T N
-E / > yttainptapt | dt (A7)

j=1

Thus, to solve the infimum problem on VZ’l, we only need to consider the following problem:
T .
. mfl E / —nitaltlog Hdt | . (A.8)
ut ,O’;th =0 0

s In addition, the objective for the infimum can be rewritten as:

T .
E / nzla;llogHZ’ldt] (A.9)
0
T t 1 [t ) t )
=E / n'ta l</ rgderf/ |0;+u;’l|2ds+/ (¢9§+y§’l)~dWS> dt (A.10)
0 0 2 0 0
) T L 1 rt ) L . ) )
= EY / a;l</ r;ds+§/ |9§+z{;’l|2ds+/(0;—#1/;’1)-(Ag’lds+dW§,*l)> dt|, (A.11)
0 0 0 0
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where E®! denotes the expectation under the subjective belief of agent [ in country i. Since vi! 1 6%,

T
/ ( |Vt + ;‘J-Af;l) dt]. (A.12)
0

yit = —ABbE (A.13)

we can consider the term relating to v!

inf B
il
2% ,Uf vy’ ‘=0

The infimum is attained at

This means that o' /H"' = (Bi/2¢")Z!". Here, Zfi represents the common part of the risk neutral

s measures, and ZZ ! is the specific part related to each agent.

UNI

Also, we rewrite the consumption process ¢, by substituting nz’l / HZ ! as follows:

il 1,0 il il it
kg yHbInay _ "oy Bz, (A.14)
“ o lellm_ il 707 I :
[V = PR YLy Gy

Third, since the constraint must be satisfied, we have:
_gilr
g _1—e’

= . A5
Y gid 81 ( )
Appendix B. Proof of Theorem E

s0  Proof. We show this by a convex duality technique. Noting that for y;(¢ = 1,..., N) > 0, u(x1,...,xN)

twice continuously differentiable and @(y1, ...,yn) = sup,, .. (u(z1, ..., 2N) — Zj\;l TiYj)s

w(y1,..,yn) = sup | u(xy,...,xN) —ijyj > u(z1, ..., TN) —ijyj, (B.1)
L1y TN P ;o
N
w(ul, ..., uly) :u(zl,...,xN)—iju;, (B.2)
j=1

where u; is the derivative of u(z1,...,xn) with respect to z;, respectively.

Here, we set:

w(xy, ..., xy) = ablinht Z v log aj, (B.3)
LAl sl
v ayny
wj(z)) = ——"—— (B.4)
Ty
For any ¢ satisfying the constraint with y; =y Hy blgid | we have:

U(Ci’l’l, CilN zl llZ’YMJ logczl,J (B5)

N N
iy, yn) + >y = a(y  HY gyt HY N ) ) eyt HP g (BL6)

i=1 =

32



545

550

and, for ¢*!* we have:

N
ft(ull(ci’l’l’*), ...,UIN(Ci’l’N’*)) _ U(Ci’l’l’*, ...,Ci’l’N’*) . Zci7l,j7*u9(ci7l,j7*) (B7)
N
i gt 3 g o8
= =

By budget constraint, we have:
B [ St |oarta <e | [0St | aital @)
0 0

Jj=1 Jj=1

Therefore, using (@), (@), and (@), we have:

B / n'tap! ZW’Jlogc 7 )dt| =E

T .
/ u(ctt et N)dt] (B.10)
0

[T T
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T
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0

e[ Sempvna

T
:E/o a(uy (cphh), vyl () +Z”ﬂ*; (e b dt (B.13)

T
=E / u(c;’l’l’*7...,ci’l’N’*)dtl. (B.14)
0

This means that the solution ci’l’j "* for the dual problem (@) is also a solution for the primal problem

(3. O

Appendix C. Proof of Theorem E

Proof. If we find the wealth process X” with an investment strategy (.’ b z’l’NH’*)

X —|—f0 H (ZJ L aeiegts *) ds is a martingale and X2"* = 0, then ¢"7* is in the admissible

such that

set A"!. We can find such wealth process based on the following equation:

t N
XZ’Z’*HZ’l—f—/ HA (> gl | ds = B, X;l’*H;ML/ Hi Zq” it | ds | (C.1)
0

j=1 0
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Then, we can express the wealth process X,f’l’* as follows:

, 1 o
Xz,l,* _ Hi,l E, / Hzl Zqz J Lg% ds| — / HZ,’Z Z q1 Joi l (I ds (02)
t 0 0

1
= B / Hi qu;lﬂ* ds (C.3)
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1 g NN
= WEt /t nytag'ds (C.4)
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y e H Sy
_giil _git i i il
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Applying Ito’s formula, we have:

il Al ; R
e Bt _ gAY [ bl gi gt
1—e BT VAN

= ri X+ X (a;’ + X;’J> (dW, + 6dt) Z qri i (C.8)

ax;" =d

Thus, we find that an investment strategy (w-"* xitN %)

(SE)E

achieving the following equation satisfies

7'(';1*7 i XLZ*(QZ—F)\Z l) (Cg)
AT G St (C.10)
It (ata}f—r) exists, Wzl* Xti’l’*(otat ) (Ql )\;‘,l)‘ O

Appendix D. Proof of Theorem H

Proof. Since SZZfi/B,f + fot 5;Z§i/32ds is a martingale and S% = 0, we obtain the following equation:

Zel S S
Sy Bi / st ds E, ST B / 5t Bi ds . (D.1)
By rearranging the above equation, we can express the stock price S; as follows:
Sl = thl E, / 5t BSZ ds| . (D.2)
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This equation implies that the stock price is the present value of the future dividend stream. Here,

substituting (@) into the above equation, we have:

N L ii il
; ) T Jilsi dil 735
5i = SoRIReR T S (D.3)
Li ry.} )L zaJ ZJ y]’lqj’l
E] 1 Z il ] B Jj= 1 l 1 0
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As for the individual stock price Sz’k, replacing 0! with 6Z’k in the above discussion, we have:
% T 91
x B VA
SZ’ = etl E, / 5Z k ; (D7)
VA ¢ ‘B
5i T gik N L yitigilzil
= i i gdob 7dok E, S § E ﬁdS . (D.8)
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565 D

Appendix E. Proof of Proposition

Proof. Before confirming the market clearing conditions, we check that the following relationship

holds:

N LI N K
ZZ “X“l qutlvsthk (E.1)
=1 =1 i=1 k=1

From (@) and (@)7 we obtain the following expression for the wealth process:
N

dlar ' x;") = al X [{rt 01 (0} + N b+ (0 + X)) - awy] - Z et | d(B.2)

—al' X} [rhdt + (0} + AP - awe] - Zq’J it | at, (E.3)

s where thl’* is the Brownian motion under the risk-neutral measure associated with the first country:
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dW}* = dW, + 0}. Summing up the above equation, we have:
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Then, we have:
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i=1 I=1 s \j=1 i=1 i=1 k=1

where E! is the expectation under the risk-neutral measure associated with the first country. Thus,

we obtain (@)
575 Then, we examine the market clearing conditions (a) and (@) According to equation (3.3) on
page 11 of Karatzas & Shrevd (1998), the I-financed (consumption-financed) strategy (""*, itV Tix)

ensures that X*! satisfies the following equation:

N L' N L'
ZZ llel —Tt ququl dt — thu(gjdt
=1 =1 =1 1l=1

Lt 2N N L

N K
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j=1i=1 j=N+1i=1 1=1

1 _ 1j—-N

LN+1
gt = Tqt

where o o, t =0,

when 7 > N, and o = (. This equation means that the dynamics of
wealth process dXti’ is driven by three components: (i) the risk-free rate part, (i) the consumption
se0  part, and (iii) the investment on risky asset part.

On the other hand, S} satisfies the following equation:
d <Z . ’Sl> =7 (Z . 151) dt — Zq dt+ > > gl SPE (oL + o)) aw ot (E.8)
i=1 i=1 j=1k=1

As aggregate wealth equals aggregate stock price as in (@), the volatility terms in (@) and (@)

must be equal:

N N KJ L* N L?
1,4 _4,0,(4,k),* 1,2 'Ll,j* 1,]
>0 N G Z > a0
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Since (03912 +o0,7
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sss  market clearing conditions:

N L?

qtl’ng7k = Zqu’iwi’l’(j’k)’*; j=1,..,N;k=1,..,K’,
i=1 =1

7‘

N
ozzzq“ whis. (j =N +2,..,2N),

(E.10)

(E.11)

which are equivalent to the market clearing conditions (a) and (@) except for the case of j = N + 1.

11 ll(],k:), 1z i g% 11 4,1 Ljydl _
For j = N+1, SlnceE 1Zk 14t +Z; N1 @ T =q Xy andZ; 121 147 Xy
1,5 aj,k
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Thus, we have:
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j=1k=11i=1 =1 =1 l=1 j=N+2i=1 [=1 =1

s By substituting the market clearing condition (@), we have:

N K’ N L' N _
qutljsjk+zqul le+1*+0:Zqi,zSZ‘.
j=1k= i=1 1=1 i=1

Then we obtain:

N L®

N+1,%
>SS o
=1 =1

Therefore, we can conclude that the market clearing conditions are satisfied.

Appendix F. Proof of Proposition E

Proof. The derivative of Sti’kai/Bf is given by:

(S < (S (- -t (o) )

ss ' Thus, we obtain the following relationship:

Stz i [ SPFzY
Dt( mr) = () | )

where D; is the Malliavin derivative operator.

On the other hand, from (@) and (@), Sz’k can be expressed as following:

i, k 61 FELE l l
st | [ BSOS atzitas|
S j=11=1
Ai,jJ _ ey]; O[J’
s yﬁl YK
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By applying D; to both sides, we have:

sz /T
=E D
(St Bi 1

5?’“ N L’
S

S j=11=1

ALz ds

(F.5)

Here, when t < s, applying chain rule of D; to exponential martingale ZJ!, §¢* and 6, we have:

3l — NIl il
D Z7" =N\ Z7,

i,k _ Zk i,k
D4, t5s ,

1 1 .
D - = —— v .
t(éz) 5170
N L7

T §i-k o )
B | [ D| % Yoy avizt) as
t

s j=11=1

so Using these relationship,

_ - Dt6i7k N Li 6 E N LI
_ i k Lzl 4 | N
—E, /t ( 5 +Dt51 6! >ZZAZ] Zi 5g SN Al D, z3tds
L ’ j=11=1 S j=11=1
[ ik N L ik N L
=E; / (U“— ) ZZAZNZJZ 5 ZZA”lZ]l)\“dS
i t 9 j=11=1 S j=1li=1
( . Ztei) | zN:i Et[ [ G A zgtas| .
= SZ’ 7 Z’t aét + k- AL
B j=11=1 Zf 12 [ tT 65; Ai’f’gZ!’gdS}
The last equality follows from (@) Thus, we have:
o N U E, [ - AL 25| .
(Ug’t _92): UM‘“M"‘ZZ AP

Jlllzf 12 1 B

Therefore, using (@), the volatility vector Ugi is given by:

[t 5%214?]0’92;’9618}

e i LZJ Al g o
7, 17 ];
Ogy = - r .,
=ia Zf ) Z A f,qu,q
N LI E, [ } Ny
DY i
j=1 1= 1Zf IE |: . A1f7ng7$]d5:|

Appendix G. Detailed Information about Two-Currency

605 Let 7 and 7d

Model in Section @

(F.10)

(F.11)

(F.12)

(F.13)

(F.14)

(F.15)

;+ be the investment values in the three risky assets and money market account held

by the agent d, respectively. The investment value in risky assets is set to 7f = (7ri'l7t,7rg7t,7rg7t)T,

where 7¢, and 7§, are the investment value in domestic and foreign stocks, respectively, and 74, is

the investment value in the foreign money market account.
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Then, the optimization problem of agent d is given by:

T
/ u?<cf’d7cf’f>dt]7 (G.1)
0

4 4B} @ dS§ + ofdt ¢ d(@S]) + 0] dt d d(q:B])

max E

d d nd,d d,f
0,657 Ce 1Cy

s.t. de =Tg4 T4 T 4 e
" B ’ St ’ q:S] Y oaBf
—(c 4 gyt Xd =2 >0, (G.2)
X¢>0; >0 >0 vieo,T) (G.3)
610 As seen in Section @, we can focus on the following optimization problem involving only consump-

tion:

T
dd d,
max B [ (et f)dt], (G4)
T
s.t. E / HY (A 4 e Dydt | < 28, vHE, (G.5)
0

where H{ is the state price density process for currency d.

Thus, to solve the optimization problem (@) and (@)7 define the Lagrangian as follows:

L=F

T
/ aind (vd log ¢! + (1 — v log i/ ) dt]
0

+y* <zg -k

T
/ H (e + qtcf’f)dtD : (G.6)
0

where y¢ is the Lagrange multiplier. Then, the optimization problem can be rewritten as the following

615 sup-inf problem:

sup inf E(Cf’d, cf’f, ye, I/d), (G.7)

d d ydjd_
Cf,d)cf,f y4>0,v¢,0fvi=0

and we focus on its dual problem:

inf sup  L(c ey vy, (G.8)

d d gdy,d_
y*>0,v¢,0fvi=0 cf’d,cf’f

The solution to the dual problem (@) is given by the following Corollary.

Corollary 1. Following Cf’d’*, c?’f’*, vl and y?, attain the optimal solution of the inf-sup dual problem
G.4).

ddx _ Z{ B oy Q.9

Ct = Wa (G.9)

1o _ 2Bl 1) oo

G - d 704 ’ ( . )

(AT
vl = A\ (G.11)
1—e AT
d
= G.12
Y 5 (G.12)
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e20 Here, Zfd and Z2 are defined as follows:

t ¢
1
79" = exp (—/ 0% AW, — 5/ 9g|2ds); Z0" =1, (G.13)
0 0
¢ 1/t
Z¢ = exp (/ A aw, — 5/ |)\‘si|2ds); Zd=1. (G.14)
0 0
Jg,t
Also, S\f’L is the projection of A} onto the orthogonal space of range (of"), where of = Uét +of
ot

Proof. First, we consider the following supremum problem:

( d.d a. did
sup afn! (v log ! + (1= log ') — y B (e + quel). (G.15)

d,d d,f
Ct' Gy

Then, we obtain the optimal consumption as follows:

d.d.d
d,dx _ T QY
per = TR (C.16)
Yoy
d.d d
d, f,* & (1 -7 )
Y i1y qe

Next, setting
Oy Hi, 1) = ot {7 log ¢ + (1= ) log I} = y HI (P + quel ), (Gu1s)
e we address the following infimum problem:

inf E

d d,d_
vi,ofvgd=0

/T ff(detd,t)dt] . (G.19)
0

Here, the expectation term can be expressed as:

T
E / U(yiHE, t)dt]
0
T
=E / afniy?(lognf +log af +log~? —logy? — log th)dt]
0
T
+E / afni(1 =~y (logn +log af +log (1 —y%) —logy — log H' —log Qt)dt‘|
0
T
-E / Y HE (b —&—qtcf’f’*)dt] . (G.20)
0

d

To solve the infimum problem on v*, we need to focus on:

inf E

d +d,,d_
vi,ofvd=0

T
/ —adndlog thdt] (G.21)
0

T t 1 t t
/ adnd (/ rsds + 5/ 10 + v42ds + / (07 + vy dWS> dt (G.22)
0 0 0 0

T t 1 t t
/ af(/ r5d8+§/ |9§+ug|2ds+/ (09 + vy - (\lds + dW))dt
0 0 0 0

inf E
Vf,o'?utd:O

inf E¢

d ~d,,d__
vi,ofvs=0

(G.23)
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630

635

640

where E¢ denotes the expectation under the subjective view. Since v¢ L 6, we pick up the term

T
/ <2|ug|2+ug->\g> dt| . (G.24)
0

relating to v%:

inf E?
uf ,af Vf =0

The infimum is attained at
VA Vi (G.25)

which implies that nd/H¢ = (B,/2¢")Z2.

Moreover, substituting n¢/H¢ into ¢;*** and ¢/* reveals the following equations:
ZdBdad d
e = 2T (G.26)
Yz
d’f7* — w G 27
Cy - d 704 ’ ( . )
Yz a

As in the same way, consumption for the agent f is given by:

e ZiBlaly!

A (G.28)

rae  ZIBlal(1—97)q

e = o (G.29)
th

where ozf and «f are the subjective belief and preference for domestic versus foreign goods for agent
f, respectively.

Finally, since the constraint must be bind, y? is determined by the following relationship:

d_ l—e_ﬁdT

Y a (G.30)
deo
O
As seen in Section E, the solution cf’d"*, cf’f’*, v and y? is also a solution of the original problem

(@), (@), and (@) Also, the equilibrium interest rate r¢ and market price of risk 6¢ can be
derived from the following Corollary B

Corollary 2. Equilibrium interest rate v{ and market price of risk 0% are given by:
d d d |2
Ty = (M&,t - |06,t| )

(Jvﬁqi) 7 (4@;) 7
yJ ) y R
d
+ Z ad~dagd Bg +U§vt ' Z ad~dgd ‘)\j,t, (G31)
= Y g ( e ) i =S Y i g ( r > Zy

alydqd j
d d ( tyj J > Zt] 3
o) =of, - Z o jAj,t. (G.32)
g=dS Yy < e > VA
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Proof. From market clearing conditions, we have:

g efd = s (G.33)
el + e =4 (G.34)

The relationship between Zfi /B! in domestic (i = d) and foreign (i = f) countries is given by:

t t
@ = qo exp U <7’d —rf (02 —0])-0 |9d 9{|2) ds+/ 02 —0f). dWs} (G.35)
0 0
Bl 79’
W0 57 B (G.36)

By substituting optimal consumption and () into the market-clearing conditions () and
645 (), we obtain the following relationship:

cdz =70 aw,; 780 =1, (G.37)

z% 1 [ yladzd L= v gdal z]
Bg 5d yd yf

7 1 Walzl (1~ Z
: [Vat UVl B g et aw 2 <1, (69

Bl s | W y
dZi = ZiN; - dWy; Zi=1; Xl =X\ @ A\t A\ € range(o'); i =d, f, (G.39)

where qg = qp and q(’; =1/qp. Since 78 =latt= 0, the following equations must be hold:

dad f 1— f

54 = [:68(1 _ﬂejng) + ) ﬂ(1(_ e_zf)Tq)O} B, (G.40)
A1 — 4 Bt

o = [ St P G

Given &, B, 7%, xf (i = d, f), and g, the values of B and Bg must satisfy these equations. Alterna-
tively, if 63, 8%, 7%, By (i = d, f), and qo are given, then ¢ and mg should satisfy these equations.
Differentiating the state price density processes in (), we obtain:

A AN q
d(ﬁ) = (ﬁ)[_ﬁ dt — 0y - dWy], (G.42)
t t
d ’Yda(tizii + (1- ’Vf)‘Ioat Zf
yio; y/ o

= Z < ;jgdj Zj[{ /~L5t+|05t| Jt 052& Bt}dt+{>‘Jt Ugl,t}'th]» (G.43)
j=d.f ¢

0 Where fyj =4 (7 =1-~/)whenj =d (j = f), and q}i =1 (q;i = qd) when j = d (j = f). Comparing
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the (E.Zd) and (E.é@), we derive expressions for the equilibrium interest rate and market price of risk:

= (150 = log*)

jd d . Jod d .
(aizgqj ) Zg ‘ <Qé;54j > Zt]
+ 2 LR A

adydgd) .t t adydgd\ 0T (G-44)
=S Y jmd s ( . > Zi =48 Y jma s < v > Zi
Jad d .
(e
0 =05, — , Aj G.45
CRp> AT (G)
J f Zj d,f yJ Zt
O
Furthermore, we derive the equilibrium volatility of the foreign exchange rate:
<a{;§q;i> th < t'yYJJf J ) Z]
- . -
ol = Ug,t — o(];t — Z i )\j,t + Z e Ajt
=S Y ima s < o ) Z = Y g < NE 7>ZJ
(G.46)
Finally, we obtain the equilibrium stock price S¢ by the following Corollary E
s Corollary 3. The equilibrium stock price S is given by:
_e—BYT-1) _e—Bl(T-1)
. . ¢! _ )th;dztd + ( =7 )K;Lthf
S{ =0 T 77 , (G.A4T)
Kz + K 7}
where th’d and K;Lf are defined as follows:
d~dpad, —B%
da . _ 5V p%
K = 7(1 — AT (G.48)
f(1 = ~H\pleB't
af _ qorp(l—~7)Ble
K= (1= e7'7) . (G.49)

Proof. Since Stded/Btd + fot 5?Z§d/3gds is a martingale and S% = 0, we obtain the following rela-

tionship:
70" .z i
d s s
Stﬁ /6Sdes—Et STBd / (55de5 (G.50)
Thus, we can express the stock price S as follows:
B¢ 70"
Sd = ng E, /t §d 5%} ) (G.51)
660 To calculate the stock price, we utilize the following relationships:
2" _ 1 [ateizd (oo Daded 2l ] 1y 6tedZl) v (oDl )
B ety y/ o yly/ '
Bd d, f
o = 01 — 27 ; (G.53)
Zi v (i Z) + y2 (1 = +F)gdel Z])
E, [Z]] =Z}; s>t i=d,f. (G.54)
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By substituting ((G.59) and () into (), we obtain the expression of the stock price in

equilibrium as follows:

T T
B, [ [ y/vtadzids| + By [y (1 = 4 )agad 2L ds]

S = g4 G.55
L yf (vl Z8) + yi((1 — v/ )gdad Z]) (G.55)
=Bt _ —plT o—8ft_ —sfT

" yiyd (5 ) 28yt (- e () 2 (C.56)

f— t .

yf (vl Z8) + y((1 — v )qdad Z])
1—e=B1T=0) g4 1—e 8T T-0y g
d( ﬁd )Kt th+ ( [jf )Kt fZif
=4 a7 77 . (G.57)
Ky Z¢ + Ky Z;

0

Also, since this model can express S¢ without complex integral or expectation unlike (@), we can

es derive the volatility of the stock directly as follows:

(1=e=#T0) podid g | (1=e=PTT70) podif oy
Loe ) y e Kz
Sd = §d—B° - &’ A e (G.58)

KM zi+ K Z]
with

1— —pd(T—1) d,d 1— —-pf(T-1) d,
Zd’f B ( . B )Kt Z;i+ ( < B )Kt fZif
t = .

(G.59)
K zi + KM z]

Note that the volatility of th 4 , denoted by atZd’f, is given by

_gd(T_ d,d
o7 ) g L A
pe KMz KMzl )T

_gf d,
(A=) ay K 7] S (G.60)
B! ! K*zd 4 kM 7zl )7

Hence, as S¢ = 642 | by comparing the diffusion terms of dS¢ and d(62Z), we obtain:
zf

Sioll =6z of, + 68a?" (G.61)

Dividing both sides by S¢, we obtain the stock volatility as follows:

1 )
ath = Ufsl,t + Tfafd ! (G.62)
Zy
670 Thus, we can express the volatility of the stock price S¢ as follows:
_gd(r— d,d
o — g7 1 [((1—e P t))—Zd’f K; 7457
o 787 pd ! Kiizd w kB zf ) 700
1 1 — =B (T—t) Jre .
_— (1—e - ) _ s a7 | 25 (G.63)
zy B K Z¢+ KM Z] ’
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Similarly, the volatility of S} is as follows:

—_Bd(T— ,d
O-f _ O_&f'r i 1 (1 — € BT t)) _ Zf’d Kif Zdj\;lr
St z{ B4 ' Klzg+ Kkl zf )

1 [((1—e T f.d e FAT
+ -7 AD NI G.64
Z ( Z © ) \KFzE R ) T (G0

45



	F604-hyoshi.pdf
	F604_原本_20250827_equilibrium_03.pdf
	Introduction and Related Work
	Introduction
	Related Work

	Multi-Currency Model
	Model Setting
	Optimal Consumption Problem
	Interest Rate, Market Price of Risk, and Goods Market Clearing
	Stock Valuation and Financial Market Equilibrium
	Nominal Case

	Empirical Study
	Two-Currency Model
	State-Space Model for Particle Filtering
	Estimation Results for State-space Model

	Conclusion
	Proof of Proposition 1
	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Theorem 4
	Proof of Proposition 2
	Proof of Proposition 3
	Detailed Information about Two-Currency Model in Section 3.1


